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Etude Mathématique et Numérique des Problèmes de

Pollution Environnementale

Résumé

Dans cette thèse, nous étudions des modèles mathématiques qui décrivent le mouvement de
polluants non réactifs à l’aide d’équations des eaux peu profondes. Nous commençons par
étudier le mouvement de la hauteur d’écoulement à l’aide d’un modèle en eaux peu profondes.
À cette fin, nous utilisons la solution des ondes progressives pour démontrer des résultats
théoriques à travers les théorèmes du point fixe de Schauder et Banach. Dans le deuxième
modèle, nous ajoutons une équation de transport pour effectuer une analyse de la propaga-
tion des polluants. Dans la troisième partie de notre travail, nous étudions le système couplé
d’un système de Saint-Venant régularisé avec l’équation de transport pour prendre en compte
le mouvement des polluants dans l’écoulement, en présentant des résultats théoriques sur sa
bonne position, c’est-à-dire que nous montrons les conditions nécessaires et suffisantes pour
que le modèle dérivé soit bien posé. Sur la base d’un schéma de différences finies fiable, nous
examinons la discrétisation des modèles proposés et leurs implémentations, pour fournir des
résultats numériques et montrer le comportement effectif des phénomènes.

Mots-clés: système de Saint-Venant, modèle d’eau peu profonde, équation de transport,
solutions à ondes progressives, méthode des différences finies.
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Mathematical and numerical study of environmental

pollution problems

Abstract

In this thesis, we study mathematical models that describe the motion of non-reactive pol-
lutants using shallow water equations. We begin by studying the motion of the flow height
using a shallow water model. For this purpose, we utilize the traveling wave solutions to
demonstrate theoretical results through Schauder’s and Banach’s fixed point theorems. In
the second model, we add a transport equation to conduct an analysis of pollutant propaga-
tion. In the third part of our work, we study the coupled system of a regularized Saint-Venant
system together with the transport equation to take into account the motion of pollutants
within the flow; presenting theoretical results on its well-posedness, i.e we show the necessary
and sufficient conditions for the derived model to be well posed. Based on a reliable finite
difference scheme, we examine the discretization of the proposed models and the implemen-
tations, to provide numerical results and show the effective behavior of the phenomena.

Keywords: Saint-Venant system, shallow water model, transport equation, traveling
wave solutions, finite difference method.
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Introduction

Nowadays, our world is grappling with the critical issue of environmental pollution, a prob-

lem that poses a significant and lasting threat to humanity. Pollution comes in various forms,

encompassing the air we breathe and the water we drink. This pervasive issue arises when

contaminants are introduced, whether through natural processes or human activities.

Organic pollution in surface waters is a pressing concern that demands urgent attention.

In 1925 Streeter and Phelps [50] offer valuable insights into the sources of pollution, the mech-

anisms of pollutant dispersion, and the river’s inherent capacity for self-purification. Their

research sheds light on the interplay between human activities and environmental health,

providing a foundational understanding that informs strategies for water resource manage-

ment and pollution control.

Our main focus is on addressing the issue of organic pollution in surface waters, with

a specific focus on employing mathematical and numerical techniques to analyze a system

of partial differential equations that models the distribution of organic pollution in lakes or

estuaries.

To approach this challenge, it is essential to understand the motion of water flow and

one of the most used models in this context, at least as a first approximation, is the Saint-

Venant system, introduced in 1871 [46], while the transport equation provides a framework
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for analyzing the movement of pollutants within the water system. By integrating these two

equations, we can gain insights into how organic pollutants disperse and impact the dynamics

of water flow.

Figure 1 shows the propagation of Pollution in the Water presented as follows:

Figure 1: Water Pollution.

The saint-Venant system (SV-S) is a mathematical model that characterizes the dynamics

of fluid flows in rivers and lakes. It was derived by integrating the Navier-Stokes equations

[39] to account for situations where the horizontal flow length significantly exceeds the verti-

cal one. This system was formulated by Saint-Venant in 1871 [46] and subsequently, another

version was developed by Gerbeau et al. in 2000 [23]. Since then, there has been a growing

interest among researchers in exploring and studying the implications and applications of
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these equations over the past two decades, for example, see [1], [12], [22] and [52], there are

also who studied the regularisation of this model see for example [20], [36] and [45].

Recently, this system has been utilized to model a wide range of scenarios, including environ-

mental pollution. Several numerical methods have been proposed to investigate the behavior

of surface flow in SV-S, such as finite differences see for examples [28]. Additionally, for finite

element method, we can cite [37], for volume method to [12] and for method of characteristics

[29] can be cited.

Numerous researchers have investigated this phenomenon, where the bottom topography

non-flat see For example [23] and [43].

In 2008 Mamadou et al [10] derived a shallow water model (SWM) based on certain assump-

tions, and gave theoretical results for the linear problem. We studied the non-linear of this

model theoretically and numerically cited in [33].

Nevertheless, the transportation of pollutants through flows continues to pose a significant

threat from both an environmental and industrial perspective. Several authors have also

formulated mathematical models for analyzing pollution dispersion; for instance, refer to [16]

and [55].

Here, we are focused on studying the connection between the SV-S and the transport equa-

tion (T-E), a topic that has garnered significant attention from a multitude of researchers.

Many have delved into this area in order to calculate the motion of passive pollutants using

the SV-S, see for example [5], [9], [19], [38] and [54].

The uniqueness of our work lies in our proposal, exploration and discussion of new meth-

ods which were represented in: First, our investigation of traveling wave forms (refer to [33]).

This approach holds great significance in various scientific domains such as computer science,

physics, biology, and medicine, as it aids in simplifying complex problems, thereby contribut-

ing to their analysis and understanding. Secondly, We use the notion of Gibbs equilibrium to
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turn the regularized version of the SV-S with a transport equation into The Boltzmann-type

kinetic equations to demonstrate existence and uniqueness of solution.

The present thesis is structured into four separate chapters, as follows.

In the first chapter, we establish the foundation of our study by outlining the mathematical

models and reviewing fundamental concepts that are essential for our further exploration;

These include the SV-S, the T-E, and the fixed point theorems of Banach and Schauder.

In the second chapter, To illustrate the dynamics of flow height motion, we investigate a

nonlinear SWM. We prove theoretical results based on the traveling wave solutions trough

the fixed point theorems of Schauder and Banach. For numerical experiments, we examine

the two models which are the linear and nonlinear models and assess the behavior solutions

for the height and the discharge using a finite difference method.

The results obtained in this chapter have been published in a globally renowned journal cited

in [33].

In the third chapter, we examine a non linear SWM coupled with T-E to describe the

pollution propagation by conducting a mathematical analysis to establish the well-posedness

of the model, utilizing traveling wave solutions to support our findings. Through Schauder’s

and Banach’s fixed point theorems, we prove the well-possess. For numerical discretisation

we examine the proposed model and assess its stability conditions using a finite difference

method.

An article presenting the results obtained in this chapter has just been submitted.

In the fourth chapter, We examine an alternate model, which is represented by a distinct

version of the SV-S, that describes the movement of a passive pollutant. For this, we take

into account a regularization of the SV-S. to which we add a T-E. We present theoretical

results on its well posedness. and then, based on a reliable finite difference scheme, we exam-
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ine discretisations of the proposed model to provide numerical results and show an effective

behavior of the phenomena.

An article presenting the results obtained in this chapter has just been submitted.
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Chapter 1

Preliminaries and Mathematical

modeling

In this chapter, we establish the foundation of our study by outlining the mathematical

models and reviewing fundamental concepts essential for further exploration. Initially, we

define fluid mechanics and explore the concept and various types of fluids. Then we transition

to introducing different mathematical models, starting with the SWM and extending to the

SV-S system and its regularized type. We also discuss the transport equation and Boltzmann-

type kinetic equations. Additionally, we provide background materials, including traveling

wave solutions and fixed point theorems.

1.1 Fluid mechanics

1.1.1 What is the fluid mechanics

Fluid mechanics explores the behavior of fluids, both stationary and in motion, and is divided

into two primary branches. Fluid statics examines fluids at rest, while fluid dynamics focuses

on fluids in motion, including fields such as hydrodynamics.
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Furthermore, fluid mechanics encompasses the study of the interaction between solids and

fluids. This field has wide-ranging applications in various areas, such as aerodynamics, plasma

studies, geophysics and hydraulics.

Fluid mechanics is important because it provides a well-developed mathematical theory that

can be applied to various fields, particularly industries. This highlights its significance in

multiple disciplines, especially in industrial sectors.

1.1.2 Concept of fluids

We differentiate between a solid and a fluid by [2] and [49]:

A fluid: which is neither solid nor thick, which flows easily..

A solid is something that has consistency but is not liquid..

From a microscopic point of view, a fluid is a body whose molecules slide easily past each

other (liquid) or move freely relative to each other (gas).

A fluid is a body that is deformable under the action of very weak forces, and even if the

deformation is large, this does not cause a loss of cohesion between its molecules. Fluid

mechanics is interested in the deformations of fluids.

Liquid: any body that flows or tends to flow.

A liquid is characterized by its flow capacity and therefore has no shape of its own; it takes

the shape of the container that contains it but has its own volume.

1.1.3 Types of Fluids

Fluids can be classified into various types, as outlined by [2] and [57]:

• Ideal fluid: This type of fluid is characterized by the absence of viscosity and incom-

pressibility. However, ideal fluids do not exist in practical scenarios.

• Real fluid: Fluids with viscosity include compounds such as oil.
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• Newtonian fluid: fluids that adhere to Newton’s law of viscosity, such as water and

most gases, have a constant viscosity regardless of the applied shear stress.

• Non-Newtonian fluid: like blood, do not have a constant viscosity.

• Ideal plastic fluid: is a form of fluid that behaves like a solid under specific conditions.

For example clay.

• Incompressible fluid: Fluids whose density remains constant under the application

of force such as water.

• Compressible fluid: This category includes fluids whose density varies with the ap-

plication of force. For examples gas.

1.2 Mathematical models

1.2.1 Shallow water model

Usually, the SWM types of equations are applied when the horizontal flow length scale

significantly exceeds the vertical fluid scale. Many authors have investigated this model for

describing the hydrodynamics of rivers and lakes, see for example [12], [18], [23], [28] and [30].

In 2008, Mamadou et al. [10] derived a model with specified assumptions, written as

follows:

• The depth and width are substantially smaller than the length of the river.

• The variations in water height are minimal.

• The domain’s geometry remains fixed.

• The domain is assumed to have a rectangular shape.
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• Energy and momentum fluxes are assessed for the whole river length.

• Only gravity force is considered, neglecting the influence of the Coriolis force.

Figure 1.1 shows the flow section presented as follows:

Figure 1.1: Flow section.

Let Ω = (0, T )×Γ, with Γ = [0, L] such that L is positive strict, then the model proposed in

[10] is written as follow:



l ∂H
∂t

+ ∂Q
∂x

= f1,

∂Q
∂t

− ν ∂2Q
∂x2 + β(H)∂H

∂x
= f2,

H(0, x) = H0(x),

Q(0, x) = Q0(x),

(1.1)

where the unknowns are H the height and q the discharge Q. The values l and ν are the

width and viscosity respectively, f1 and f2 are the external forces.

We studied the non-linear of this model theoretically and numerically by assuming β is non

constant related to the flow height and the work cited in Lachache et al [33].
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1.2.2 Saint-Venant system

The SV-S, which was developed by Saint-Venant in 1871 [46], is one of the shallow water

models. The description of fluid flow in rivers is frequently done using this model and the

foundation of the SV-S, are normally represented as follows:

Continuity equation:

∂h

∂t
+
∂(hu)

∂x
= 0. (1.2)

Momentum equation

∂(hu)

∂t
+

∂

∂x
[hu2 +

1

2
gh2] + gh

∂z

∂x
= 0, (1.3)

where the unknowns are h the height and u the velocity. The value g is the gravity and z

stands for the bottom topography.

Figure 1.2 shows the flow section for the height with the bottom topography is not flat, as

presented below:

Figure 1.2: Presentation of the flow height.
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Conservative forms of the SV-S

The SV-S variables are selected according to the following formulations

• ”velocity-water height” formulation:

The system in conservative form presented as follows:

∂U

∂t
+
∂F (U)

∂x
+B(U) = 0, (1.4)

U =

 h

hu

, F (U) =

 hu

hu2 + gh2

2

, B(U) =

 0

gh
∂z

∂x

.

• ”flow-water height” formulation:

The system in conservative form presented as follows:

∂U

∂t
+
∂F (U)

∂x
+B(U) = 0, (1.5)

U =

 h

q

, F (U) =

 q

q2

h
+ gh2

2

, B(U) =

 0

gh
∂z

∂x

.

Free surface

The free surface serves as the interface between air and water, typically maintaining a pres-

sure equivalent to atmospheric pressure. Flows in natural (river) and artificial (irrigation,

sanitation) channels are in most cases, free-surface flows. Free-surface flows are characterized

by a water-to-air interface.

Figure 1.3 shows the behavior of the water flow, presented as follows:
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Figure 1.3: Free surface and flow height

1.2.3 Regularization of the SV-S

Several writers have expressed interest in models regularization, and the initial regularization

was proposed by J. Leray [34] within the context of incompressible Navier-Stokes equations.

His theoretical results demonstrated the well-posedness in regularized equations, serving

as inspiration for many authors who have also proposed regularization techniques,see for

example [14], [17] and [40].

The SV-S is a collection equations that govern the flow of shallow water in rivers. This

system, which are based on mass and momentum conservation principles, has a large range

of uses in hydraulic engineering and hydrology. However, this system is known to have certain

mathematical and numerical instabilities, which is the classical SV-S in one dimension written

as follows: 
∂h

∂t
+
∂(hu)

∂x
= 0,

∂(hu)

∂t
+

∂

∂x
[hu2 + 1

2
gh2] = 0.

(1.6)

Figure 1.4 shows the fluid domain of (1.6), presented as follows:
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Figure 1.4: Flow section when the bottom topography is flat.

Ad a results, many authors are interested in the regularized type of this system, see for

example [27]. Regularization techniques aim to alleviate these instabilities and improve the

accuracy and stability of numerical simulations of shallow water flow. Several approaches

have been devised to regularize the equations, with the goal of preventing discontinuous

shocks.

In a recent work, [20] suggests a regularization of the nonlinear SV-S for flat bottoms. This

system explain the propagation of lengthy gravity waves in two directions. They showed

that the regularized of this system can be obtained from the Lagrangian density, which is

represented as follows:

ℓ =
1

2
hu2 − 1

2
gh2 + (ht + [hu]x)ϕ+

1

2
ϵh2(hu2x − g2x),

where ϵ ≥ 0 is a regularisation parameter, and the resulting equations are


ht + [hu]x = 0,

∂t[hu] + ∂x[hu
2 + 1

2
gh2 + ϵRh2] = 0,

(1.7)
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where

R = h(u2x − uxt − uuxx)− g(hhxx +
1

2
hx2).

If ϵ = 0, we can return to the classical Saint-Venant. Mathematical analysis of regularized

Saint-Venant system is presented in [36] and [45].

1.2.4 Transport equation

The T-E, also known as the advection convection equation, illustrates the transport of a

quantity by a fluid flow written as follows:

∂p

∂t
+ u

∂p

∂x
= D

∂2p

∂x2
, (1.8)

where p denotes the transported quantity, encompassing parameters like density, concentra-

tion,..., u represents the fluid’s velocity and D stands for the diffusion coefficient.

this equation describes the physical phenomenon where a quantity is transferred inside a

physical system, attributed to two principal mechanisms: advection and diffusion.

1. Advection refers to the phenomenon wherein a substance is conveyed by the collective

motion of a fluid. An illustrative example is the transportation of smoke by wind

currents. In mathematical terms, advection is manifested through spatial derivatives.

2. Diffusion denotes the mechanism through which a substance diffuses from regions of

high concentration to those of lower concentration, driven by the stochastic motion

of particles, such as molecular or Brownian motion. In mathematical representation,

diffusion is characterized by second-order spatial derivatives.

The T-E finds extensive application across disciplines such as fluid mechanics and chemical

engineering, facilitating the comprehension and prediction of substance transport and dis-
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persion within a flowing medium. It holds significant importance in modeling phenomena

including pollutant dispersion, heat transfer, and the conveyance of chemical species within

industrial and environmental systems.

1.2.5 Boltzmann-type kinetic equations

Boltzmann-type kinetic equations are a powerful tool for describing the behavior of gas

particles in terms of probability distributions. They provide a fundamental framework for

understanding the macroscopic properties of gases, plasmas and other systems.

The fundamental form is expressed as:

∂f

∂t
+ ξ · ∇ξ + F · ∇ξf = Ω(f),

where f is the distribution function, ξ is velocity vectors, F is the external force, and Ω(f)

is the collision operator. This equation dictates the temporal development of particle distri-

bution functions in phase space., encompassing both position and momentum, in response

to phase space advection, external forces, and collisions.

Many researchers have been interested in this type of equation and useful for the kinetic

method were introduced in [31] and [42] for the numerical processing of Euler’s equations,

after that many authors use this idea see for example [4], [5], [23] and [44].

Gibbs equilibrium

The definition of Gibbs equilibrium, also known as a microscopic density of particles of a

specific form and named after the physicist Josiah Willard Gibbs [24], denotes a state in

which the properties of a physical system, such as temperature, pressure, remain constant

over time, see for example the work of Sethna cited in [47].
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One of the expression of Gibbs equilibrium is as follows:

M(t, x, ξ) =
h(t, x)

c(t, x)
χ

(
ξ − U(x)

c(t, x)

)
,

Where ξ designates an additional variable homogeneous at a speed, and c the speed of the

information. The function χ is an even probability density whose second moment is equal

to 1. This definition establishes a relationship between the kinetic and macroscopic levels of

the Boltzmann type kinetic equation written as follows

∂tM + ξ∂ξM = Q(t, xξ),

where Q represent the collision term such that

∫
R

 1

ξ

Q1dξ = 0. (1.9)

We introduce in the chapter fourth a kinetic approach to our system and present theoretical

results on its well posedness based on the Boltzmann type kinetic equation.

1.3 Background materials

Definition 1.3.1 ([6], [13] and [51].)

A Banach space is defined as a complete normed vector space. Specifically, consider a vector

space E equipped with a norm (|| • ||). The pair (E, || • ||) is termed a Banach space if E is

complete under the metric induced by the norm || • ||. In other words, every Cauchy sequence

in E has a limit within E, ensuring the space’s completeness.

Definition 1.3.2 ([32]) The space C(E) is the set of all bounded and continuous functions
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in space E, equipped with a suitable norm. For a function f ∈ C(E) such that:

||f ||∞ = sup|f(x)| : x ∈ E,

where sup denotes the supremum of the set of absolute values of f(x) for all x ∈ E.

1.3.1 Traveling wave Solutions

Traveling wave solutions are special solutions to differential equations that represent wave-

like behavior moving across a material at a fixed velocity without changing its shape. The

significance of the traveling wave solution lies in its application, as it enables the modeling

of dynamics in numerous physics problems, chemistry, engineering and many topics from

theoretical aspects to computational methods and applications in different scientific fields.

see for example [8], [21], [26], [35], [48] and [55].

The Traveling wave form for PDEs written as follows

u(x, t) = ψ(η), (1.10)

where, η = x− ct and c is strictly positive constant.

We utilize the concept of traveling wave solutions to establish the well-posedness of our

models.

1.3.2 Fixed Point Theorems

In the remainder of this part, we introduce certain definitions and theorems related to the

Ascoli-Arzela theorem and other theorems necessary for this study.

Definition 1.3.3 (Compact Set)[51]

A set E in a metric space is said to be compact if every open set of E has a finite subset. In
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other words, for every open set fn ∈ E, there exists a finite subset f1, f2, f3, ..., fn that also

covers E

Definition 1.3.4 (Equicontinuous [7])

Let E be a Banach space. A familly of functions fn in E is called equicontinuous if

∀ψ > 0,∀n1, n2 ∈ E,∀A ∈ P ||n1 − n2|| < δ ⇒ ||A(n1)− A(n2)|| < ψ

Theorem 1.3.5 (Ascoli-Arzelà [25])

Let E be a compact space and fn be a sequence of continuous functions such that fn ∈ C(E).

If A(P ) is an equicontinuous and bounded subset of C(E) (i.e., there exists an M > 0 such

that |fn| ≤M for all x ∈ E), then A is relatively compact.

In addition to the Ascoli-Arzela theorem, we introduce the definitions and theorems related

to these fixed point theorems.

Definition 1.3.6 (Contraction principal [25])

Let E be any space and A : E −→ E is called a contraction mapping (or a subset of E, into

E), there exists k ∈ (0, 1) such that

∀ϕ, ϕ1 ∈ E, ||Aϕ− Aϕ1|| ≤ k||ϕ− ϕ1||

Theorem 1.3.7 (Banach’s fixed point [25])

Let A be a non-empty closed subset of a Banach space E, then every contraction mapping A

of E has a unique fixed point. There exists a unique point x∗ ∈ E such that A(x∗) = x∗

Theorem 1.3.8 (Schauder’s fixed point [25])

Let E be a Banach space, and K be a closed, convex and nonempty subset of E. Let A :

K −→ K be a continuous mapping. Then A has at least one fixed point x∗ in K such that

A(x∗) = x∗.
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Chapter 2

Theoretical and numerical results for

a shallow water model

In this chapter, we establish the well-posedness of (1.1), when β is not constant related to

the flow height H.

This chapter is organized as follows. We start by establishing our model. Next, we utilize

the traveling wave solution to prove the well-posedness of this model and provide an ex-

plicit solutions based on the traveling wave solutions. Following this, we present numerical

discretizations using finite difference method. Numerical results along with corresponding

comments, we finish with conclusion remark.

2.1 Proposed model

Let a and b, be positive constants, and we assume β of (1.1) is a continuous function such

that

β(H) = a+ 2bH, (2.1)
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where a = lU2 + pal
U2 and b = gl2

2U2 , with g is the gravity, U the characteristic velocity and pa

the atmospheric pressure.

Let Ω = (0, T )× Γ, with Γ = [0, L] such that L is positive strict, then the proposed model is

one dimension presented as follows



l ∂H
∂t

+ ∂Q
∂x

= f1,

∂Q
∂t

− ν ∂2Q
∂x2 + a∂H

∂x
+ 2bH ∂H

∂x
= f2,

H(0, x) = H0,

Q(0, x) = Q0,

(2.2)

where the unknowns are the flow height H and the discharge Q. The values l and ν are the

width and viscosity respectively and external forces are f1 and f2.

Let K ∈ R∗, and we already know that H must be limited, then ∀(t, x) ∈ Ω

sup
(t,x)∈Ω

|H| ≤ K, (2.3)

the use of this inequality help us to determine the well-posdness of (2.2).

Let λ be a strictly positive constant, and η = x − ct such that η ∈ [0, λ] and c is strictly

positive constant denotes the traveling wave velocity. We assume that


h(x, t) = ϱ(η),

q(x, t) = σ(η),

(2.4)

Using (2.3) in (2.4), yields

sup
(t,x)∈Ω

|ϱ| ≤M. (2.5)
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By substituting (2.4) in (2.2), we obtain



−lcϱ′(η) + σ′(η) = f1,

−cσ′(η)− νσ′′(η) + (a+ 2bϱ(η))ϱ′(η) = f2,

ϱ(η)t=0 = ϱ0,

σ(η)t=0 = σ0.

(2.6)

By integrating the second equation of (2.6), we obtain



ϱ′(η) = 1
lc
(σ′(η)− f1),

σ′(η) = σ1 +
1
ν

∫ η

0
(aϱ′(η) + 2bϱ(η)ϱ′(η)− cσ′(η)− f2) dη, σ1 = σ′(0),

ϱ(η)t=0 = ϱ0,

σ(η)t=0 = σ0.

(2.7)

By using fixed-point theorems, we develop the essential parameters for finding at least one

solution and determining its uniqueness.

2.2 Main Results

Starting with the fundamental and crucial definitions. Let C([0, λ],R) a Banach space of

continuous functions from [0, λ] −→ R, such that

∥ϱ∥∞ = sup
η∈[0,λ]

|ϱ|. (2.8)
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Let u = (ϱ, σ) be solutions of of (2.7), this implies


ϱ′(η) = κ1(η, u(η)),

σ′(η) = κ2(η, u(η)),

(2.9)

where κ1≤i≤2(η, u(η)) is the right hand side of (2.7).

By applying fixed-point theory, we demonstrate the existence of at least one solution of (2.7).

Let u = (ϱ, σ) ∈ E, such that E = [C([0, λ],R+]
2 with the norm

∥u∥E = ∥ϱ∥∞ + ∥σ∥∞. (2.10)

let κ = (κ1, κ2) such that


κ1(η, u(η)) =

1
lc
(σ′(η)− f1),

κ2(η, u(η)) = σ1 +
1

ν

∫ η

0
(aϱ′(η) + 2bϱϱ′(η)− cσ′(η)− f2) dη,

(2.11)

Clearly, κ ∈ ([0, λ]× E)2 is continuous.

Applying the integral to both sides of (2.11), yields:


ϱ(η) = ϱ(0) +

∫ η

0
κ1(ξ, u(ξ))dξ,

σ(η) = σ(0) +
∫ η

0
κ2(ξ, u(ξ))dξ.

(2.12)

By choosing u0 = (u1, u2) = (ϱ(0), σ(0)), we obtain

u(η) = u0 +

∫ η

0

κ(ξ, u(ξ))dξ.

Below, we present the main results:
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Theorem 2.2.1 (Existence) let a, b, c, K, l, λ, ν and µ ∈ R+ with

µ = max{ 1
lc
,
λ

ν
(a+ 2bK + c)},

if

µ < 1. (2.13)

Then, there is at least one solution to (2.7) on [0, λ].

Proof. We transform (2.7) into a fixed-point problem written in this form Fu(η) = u(η),

such that:

Fu(η) = (F1u(η), F2u(η)),

and

Fiu(η) = u0 +

∫ η

0

κi(ξ, u(ξ))dξ, i = 1, 2. (2.14)

We determine that if u ∈ E, then (Fiu)1≤i≤2 is a continuous operator. Thus, Fu ∈ E with

∥Fu∥E =
2∑

i=1

∥Fiu∥∞.

Next, we establish that F meets the requirements of Schauder’s fixed-point theorem using

the following steps:

• Step 1: F is a continuous operator.

Let (un)n∈N = (ϱn, σn) be two positive sequences such that lim
x→+∞

un = u in E, we have

lim
x→+∞

ϱn = ϱ and lim
x→+∞

σn = σ in E.

Then, we have
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|F1un(η)− F1u(η)| = |
∫ η

0
κ1(ξ, un(ξ))dξ −

∫ η

0
κ1(ξ, u(ξ))dξ|,

= |
∫ η

0

1

lc
(σ′

n(ξ)− f1)dξ −
∫ η

0

1

lc
(σ′(ξ)− f1)dξ|,

= | 1
lc
(σn(η)− σn(0)− ηf1)−

1

lc
(σ(η)− σ(0)− ηf1)|,

=
1

lc
|(σn(η)− σ(η))|,

≤ (
1

lc
)∥un − u∥E.

(2.15)

Similarly, we obtain

|F2un(η)− F2u(η)| = |
∫ η

0
κ2(ξ, un(ξ))dξ −

∫ η

0
κ2(ξ, u(ξ))dξ|,

= |
∫ η

0

(
σ1 +

1

ν

∫ η

0
aϱ′n + 2bϱnϱ

′
n − cσ′

n − f2dξ

)
dξ,

−
∫ η

0

(
σ1 +

1

ν

∫ η

0
aϱ′ + 2bϱϱ′ − cσ′ − f2dξ

)
dξ|,

= |1
ν

∫ η

0
(aϱn + bϱ2n − cσn) dξ −

1

ν

∫ η

0
(aϱ+ bϱ2 − cσ) dξ|,

≤ 1

ν

(∫ η

0
a|ϱn − ϱ|dξ + b

∫ η

0
|ϱ2n − ϱ2|dξ + c

∫ η

0
|σn − σu|dξ

)
,

≤ 1

ν
{
∫ η

0
a|ϱn − ϱ|dξ + b

∫ η

0
|ϱn(ϱn − ϱ) + ϱu(ϱn − ϱ)|dξ

+ c
∫ η

0
|σn − σ|dξ},

by using (2.5) ≤ 1

ν
{
∫ η

0
a|ϱn − ϱ|dξ + 2bK

∫ η

0
|ϱn − ϱu|dξ + c

∫ η

0
|σn − σ|},

≤ λ

ν
(a+ 2bK + c)∥un − u∥E,

(2.16)

if we consider µ = max{ 1
lc
,
λ

ν
(a+ 2bK + c)}, then we have

|Fiun(η)− Fiu(η)| ≤ µ∥un − u∥E, µ > 0, i = 1, 2.

Since un −→ u in E, A is continuous.

• Step 2: A(Ej) ⊂ Ej.
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Let j be a real positive number such that

j ≥ 2

1− 2µ
ui.

The subset Ej defined as follows:

Ej = {u ∈ E : ∥u∥E ≤ j}.

Clearly Ej represents a closed, bounded and convex subset of E.

Let A : Ej → E be an integral operator given by (2.14), thus F (Ej) ⊂ Ej, we get

|F1u(η)| ≤ u1 +
1

lc
j,

|F2u(η)| ≤ u2 +
1

ν
(
λ

ν
(a+ 2bK + c)j.

(2.17)

Hence, in each case, we have

|Fiu(η)| ≤ ui + µj,

≤ 1− 2µ

2
r + µj,

≤ 1

2
j, i = 1, 2,

(2.18)

or (∥Fiu∥∞)1≤i≤2 ≤
j

2
, then

∥Fu∥E =
2∑

i=1

∥Fiu∥∞ ≤ j.

then, F (Ej) ⊂ Ej holds.

• Step 3: F (Ej) is relatively compact.
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Let η1, η2 ∈ [0, λ], such that η1 < η2 and u ∈ Ej, then we have

|F1u(η1)− F1u(η2)| = |
∫ η2
0
κ1(ξ, u(ξ))dξ −

∫ η1
0
κ1(ξ, u(ξ))dξ|,

= |
∫ η2
0

1

lc
(σ′(ξ)− f1)dξ −

∫ η1
0

1

lc
(σ′(ξ)− f1)|dξ,

≤ | 1
lc

(σ(η2)− η2f1 − σ(η1) + η1f1) |,

≤ | 1
lc

(σ(η2)− σ(η1)− (η2 − η1)f1) |,

≤ | 1
lc
(|σ(η2)− σ(η1)|+ |(η2 − η1)f1|),

(2.19)

we already know that σ is continuous, this implies σ(η1) → σ(η2).

It follows from η1 → η2, that the inequality (2.19) tends to zero, which means

|F1u(η1)− F1u(η2)| ≤ 0. (2.20)

Similarly, we have

|F2u(η1)− F2u(η2)| = |
∫ η2
0
κ2(ξ, u(ξ))dξ −

∫ η1
0
κ2(ξ, v(ξ))dξ|,

= |
∫ η2
0
(σ1(ξ) +

1

ν

∫ η2
0
aϱ′(ξ) + 2bϱϱ′(ξ)− cσ′(ξ)− f2)dξ

−
∫ η1
0
(σ1(ξ) +

1

ν

∫ η1
0
aϱ′(ξ) + 2bϱ(ξ)ϱ′(ξ)− cσ′(ξ)− f2)dξ|,

= |(η2 − η1)σ1 +
1

ν
(a(ϱ(η2)− ϱ(η1)) + b(ϱ2(η2)− ϱ2(η1)),

− c(σ(η2)− σ(η1))− (η2 − η1)f2)|.

(2.21)

σ and ϱ are continuous, i.e. σ(η1) → σ(η2), ϱ(η1) → ϱ(η2).

It follows from η1 → η2, that inequality (2.21) tends to zero.

|F2u(η1)− F2u(η2)| ≤ 0. (2.22)
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Then from (2.20) and (2.22) we obtain

|Fiu(η1)− Fiu(η2)| ≤ 0, i = 1, 2.

Steps 1-3 and the Ascoli-Arzela theorem confirm the continuity and compactness of

F : Ej → Ej, implying that it satisfies Schauder’s fixed point theorem [25]. Thus, F

has a fixed-point solution of (2.7) on [0, λ].

In Theorem 2.2.1, we established that (2.7) has at least one possible solution.

If Theorem 2.2.1 holds for all (x, t) ∈ Ω, there is at least one solution of (2.2) under the

traveling wave form (2.4).

Theorem 2.2.2 (Uniqueness) let a, b, c,K, l, λ, ν and µ ∈ R+ with

µ = max{ 1
lc
,
λ

ν
(a+ 2bK + c)},

if

µ < 1, (2.23)

then, (2.7) admits a unique solution on [0, λ].

Proof. In Theorem 2.2.1., We have previously transformed (2.7) into a fixed-point problem.

Assume u, v ∈ E and (2.7). This indicates the following:

|F1u(η)− F1v(η)| ≤ 1
lc
∥u− v∥E,

|F2u(η)− F2v(η)| ≤
λ

ν
(a+ 2bK + c)∥u− v∥E.

(2.24)

We assume that µ = max{ 1
lc
,
λ

ν
(a+ 2bK + c)}, this implies

∥Fiu− Fiv∥∞ ≤ µ∥u− v∥E.
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Similarly, we can find that:

∥Fu− Fv∥E ≤ µ∥u− v∥E. (2.25)

Theorem 2.2.1 and (2.25) indicate that F is a contraction. According to Banach’s contraction

principle (see [25]), F has a single fixed point, which is the unique solution of (2.7). Based

on Theorem 2.2.2, there is a unique solution of (2.2) if (2.23) holds.

2.2.1 Explicit Solution

We assume (f1, f2) = 0, system (2.6) written as follows



−lcϱ′(η) + σ′(η) = 0,

−cσ′(η)− νσ′′(η) + (a+ 2bϱ(η))ϱ′(η) = 0,

ϱ(η)t=0 = ϱ0,

σ(η)t=0 = σ0.

(2.26)

This implies


ϱ′(η) = σ′(η)

lc
,

σ′(η) = −νσ′′(η)+(a+2bϱ(η))ϱ′(η)
c

.

(2.27)

By substituting the first equation of (2.27) in the second one, we obtain

σ′(η) =
−νσ′′(η)

c
+

(a+ 2bσ′(η))σ′(η)

lc2
. (2.28)
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By integrating (2.28), we obtain

σ(η) =
−νσ(η)′

c
+
aσ(η)

lc2
+
bσ2(η)

lc2
+ C0, (2.29)

such that C0 = σ(η)0 − νσ(η)′0 +
aνσ(η)
lc2

. This implies

σ′(η) = (
−c
ν

+
a

lcν
)σ(η) +

b

lcν
σ2(η) + C0. (2.30)

If we assume that a = lc(ν + c) and b = lcν, (2.30) becomes

σ′(η) = σ(η) + σ2(η) + C0. (2.31)

We can find easily the solution of (2.31) written as follows

σ(η) =
α− κβe(α−β)η

1− κβe(α−β)η
, (2.32)

where α = −1+
√
1−4C0

2
and β = −1−

√
1−4C0

2
and κ = e(α−β)C1 . This implies that

ϱ(η) =
α− κβe(α−β)η

lc(1− κβe(α−β)η)
. (2.33)

From (2.32) and (2.33), we get

H(x, t) =
α− κβe(α−β)(x−ct)

lc(1− κβe(α−β)(x−ct))
, (2.34)

Q(x, t) =
α− κβe(α−β)(x−ct)

1− κβe(α−β)(x−ct)
. (2.35)

Figures 2.1 − 2.4 show the variation of an explicit solutions for the height H and discharge

Q, presented as follows:
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Figure 2.1: Initial solutions of (2.2) and (1.1) for the height H and the discharge Q.

Figure 2.2: Solutions of (2.2) and (1.1) for the height H and the discharge Q, at t = 3.

Figure 2.3: Solutions of (2.2) and (1.1) for the height H and the discharge Q, at t = 5.

Figure 2.4: Solutions of (2.2) and (1.1) for the height H and the discharge Q, at t = 9.
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Comment

The parameters of (2.34) and (2.35) are chosen adaptively and presented as follows: the

traveling wave velocity c = 12, the width l = 5, the values C0 = 1/8 and C1 = 1.

The obtained results from these solutions demonstrate the variations in the low height H

and flow discharge Q, and we observe a decreasing solution behavior for each one over time.

2.3 Numerical Approximation

In this part, we discretize (2.2) with (f1, f2) = 0 and establish a stability condition for the

proposed numerical method.

2.3.1 Finite difference approximation

We use an explicit finite difference approach to discretize (2.2). The temporal and spatial

derivatives are defined as follows:

∂H

∂t
=
Hn+1

i −Hn
i

∆t
, (2.36)

∂H

∂x
=
Hn

i+1 −Hn
i−1

2∆x
. (2.37)

Thus, we get

l
Hn+1

i −Hn
i

∆t
+
Qn

i+1 −Qn
i−1

2∆x
= 0, (2.38)
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Qn+1
i −Qn

i

∆t
= ν

(
Qn

i+1 − 2Qn
i +Qn

i−1

(∆x)2

)
− a

(
Hn

i+1 −Hn
i−1

2∆x

)
− bHn

i

(
Hn

i+1 −Hn
i−1

2∆x

)
,

(2.39)

then, we obtain Hn+1
i and Qn+1

i :

Hn+1
i = Hn

i − ∆t

l

(
Qn

i+1 −Qn
i−1

2∆x

)
. (2.40)

Qn+1
i = Qn

i −∆t

(
−ν

(
Qn

i+1 − 2Qn
i +Qn

i−1

(∆x)2

)
− a

(
Hn

i+1 −Hn
i−1

2∆x

))
− ∆tbHn

i

(
Hn

i+1 −Hn
i−1

2∆x

)
.

(2.41)

2.3.2 Stability analysis

We establish a result concerning the numerical stability of (2.40)-(2.41) and present its nu-

merical implementation.

Proposition 2.3.1 Numerical scheme (2.40) is stable under the following conditions:

∆t ≤ 2l∆x. (2.42)

Proof. To demonstrate this result, we employ Fourier analysis: We express the solution in

the form (see [11] and [41]):

Hn
j = λneiπκj, (2.43)

Qn
j = λneiπκj, (2.44)
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where κ an integer in (2.40), this implies

λ = λneiπκj − ∆t

l

(
λneiπκ(j+1) − λneiπκ(j−1)

2∆x

)
. (2.45)

If we divide by λneπκj in (2.45), we get

λ = 1− ∆t

l

(
cos(πκ)

∆x

)
. (2.46)

If |λ| ≤ 1, numerical scheme (2.40) is stable, and thus we obtain

|1− ∆t

l

(
cos(πκ)

∆x

)
| ≤ 1. (2.47)

This implies

|1− ∆t

l∆x
| ≤ 1, (2.48)

then

∆t ≤ 2l∆x. (2.49)

Proposition 2.3.2 numerical scheme (2.41) is stable under the following conditions:

∆t ≤ 2(∆x)2

4ν + a∆x+ bHm∆x
, (2.50)

with Hm = max(Hn
j ).

Proof. Similarly, we can prove it by using the same technique as in 2.3.1., and obtain

λ = 1−∆t

(
−ν 2cos(πκ)− 2

(∆x)2
+ a

cos(πκ)

∆x

)
−∆tbHm

(
cos(πκ)

∆x

)
. (2.51)
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By using this formula cos(πκ)− 1 = −2sin2
(πκ

2

)
in (2.51), we obtain

λ = 1−∆t

ν 4sin2
(πκ

2

)
(∆x)2

+ a
cos(πκ)

∆x

−∆tbHm

(
cos(πκ)

∆x

)
. (2.52)

If |λ| ≤ 1, numerical scheme (2.41) is stable, and thus we obtain

|1−∆t

ν 4sin2
(πκ

2

)
(∆x)2

+ a
cos(πκ)

∆x

−∆tbHm

(
cos(πκ)

∆x

)
| ≤ 1, (2.53)

we have sin2
(πκ

2

)
≤ 1 and cos(πκ) ≤ 1 which implies

|1−∆t

(
4ν

(∆x)2
+ a

1

∆x
+ bHm

1

∆x

)
| ≤ 1, (2.54)

then

0 ≤ ∆t ≤ 2(∆x)2

4ν + a∆x+ bHm∆x
. (2.55)

2.3.3 Numerical results and comments

Numerical results

To solve (2.40)-(2.41) numerically, we apply the algorithm presented as follows

Algorithm:

• Step 1 (Initialization): input the gravity g, length L and width l, viscosity ν, coefficients

a and b, space step ∆x, time step ∆t, final time T and the starting solution for the

height H0 and discharge Q0.

• Step 2: solve (2.40) for the height H.
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• Step 3: solve (2.41) for the discharge Q.

• Step 4: Repeat steps 2 and 3 until T is reached.

Figures 2.1− 2.3 summarize the obtained results for the solutions of (1.1) and (2.2), demon-

strating the change in the height and discharge at different times and locations.

The discretization parameters written as follows: ∆x = 0.3 and ∆t according to the CFL

conditions (2.42) and (2.50), length L = 1, width l = 1/2, viscosity ν = 5 ∗ 10−3, coefficient

b = l2 · g · T 2/(2 · L2), coefficient a = 1, and the initial condition for the flow height is

H0(x) = e((−(x−5)2/100), and for the discharge is Q0 = 0.

Comments

The first interesting observation is that the movement speed of the height is higher in the

nonlinear case. The reason behind this is that certain values such as gravity and atmospheric

pressure were ignored in the linear case when β was held constant. Additionally, it seems

to give a more precise description of the height H in the nonlinear example where β is not

constant. The discharge Q can also be subtracted in a similar way. Figures 2.5 − 2.7 show

that even for the nonlinear scenario, the observed results seem stable.

Figure 2.5: Initially the flow section for both the height H and the discharge Q.
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Figure 2.6: Numerical solutions of (1.1) for the height H and the discharge Q, at t = 2.

Figure 2.7: Numerical solutions of (1.1) for the height H and the discharge Q, at t = 5.

Figure 2.8: Numerical solutions of (1.1) for the height H and the discharge Q, at t = 7.
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Figure 2.9: Numerical solutions of (2.2) for the height H and the discharge Q, at t = 1.

Figure 2.10: Numerical solutions of (2.2) for the height H and the discharge Q, at t = 2.

Figure 2.11: Numerical solutions of (2.2) for the height H and the discharge Q, at t = 3.
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2.4 Conclusion

In this chapter, we were able to explore a new approach utilizing the traveling wave form

to establish the well-posedness of the nonlinear SWM, employing mathematical techniques

such as Schauder’s fixed point theorem and the Banach contraction principle and providing

an explicit solutions based on the traveling wave form. For numerical experiments, we used a

forward explicit finite difference method, taking into account the stability CFL requirements

(2.42) and (2.50). Resuming the numerical results for both cases instances are Figures 2.5−

2.7, on which the previous section provided comments. The results indicate that the model

is stable in both cases.

The work of this chapter was the subject of a published paper, cited in [33].
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Chapter 3

Transport of pollutant using a shallow

water model

In this chapter, we focuses on studying the connection between a SWM and the T-E in

order to calculate the motion of passive pollutants.

This chapter is organized in the following manner. We describe our model by adding a T-E

to (2.2), then utilize the traveling wave solution to establish the well-posedness of this model.

We present numerical discretizations for our model and conduct stability analysis. Numerical

results and comments are provided and we finish with conclusion remark.

3.1 Proposed model

To conduct an analysis of pollutant transportation, we incorporate a third equation.

H
∂p

∂t
+Q

∂p

∂x
= (pS − p)S. (3.1)

It is a classical T-E where p is the pollution concentration, the values S and pS are the source

terms.
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Let Ω = (0, T )× Γ, with Γ = [0, L] such that L is positive strict, then the proposed model is

one dimension presented as follows



l ∂H
∂t

+ ∂Q
∂x

= f1,

∂Q
∂t

− ν ∂2Q
∂x2 + a∂H

∂x
+ 2bH ∂H

∂x
= f2,

H ∂p
∂t

+Q ∂p
∂x

= (pS − p)S,

H(0, x) = H0(x),

Q(0, x) = Q0(x),

p(0, x) = p0(x),

(3.2)

where the unknowns are the flow height H and the discharge Q. The values l and ν are the

width and viscosity respectively and external forces are f1 and f2.

Let K1, K2 ∈ R∗, and we already know that H and Q should be limited, then ∀(t, x) ∈ Ω,

we get

sup
(t,x)∈Ω

|H| ≤ K1,

sup
(t,x)∈Ω

|Q| ≤ K2,

(3.3)

Let λ be a strictly positive constant, and η = x − ct such that η ∈ [0, λ] and c is strictly

positive constant denotes the traveling wave velocity.

we assume 
H(x, t) = ϱ(x− ct),

Q(x, t) = σ(x− ct),

p(x, t) = φ(x− ct),

(3.4)
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Using (3.3), yields

sup
(t,x)∈Ω

|ϱ| ≤ K1. (3.5)

sup
(t,x)∈Ω

|σ| ≤ K2. (3.6)

By substituting (3.4) in (3.2), we get the system written as follows



−lcϱ′(η) + σ′(η) = f1,

−cσ′(η)− νσ′′(η) + (a+ 2bϱ(η))ϱ′(η) = f2,

ϱφ′(η) + σφ′(η) = (pS − φ(η))S,

ϱ(η)t=0 = ϱ0,

σ(η)t=0 = σ0,

φ(η)t=0 = φ0.

(3.7)

By integrating the second equation in (3.7), we get



ϱ′(η) =
1

lc
(σ′(η)− f1),

σ′(η) = σ1 +
1

ν

∫ η

0
(aϱ′(η) + 2bϱ(η)ϱ′(η)− cσ′(η)− f2) dη, σ1 = σ′(0),

φ′(η) = S
ps − φ(η)

ϱ(η) + σ(η)
,

ϱ(η)t=0 = ϱ0 ∀x ∈ I,

σ(η)t=0 = σ0 ∀x ∈ I,

φ(η)t=0 = φ0 ∀x ∈ I.

(3.8)

By using fixed point theorems, we will investigate the necessary conditions for getting at

least one solution, as well as its uniqueness.
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3.2 Main Results

Let us present the fundamental and necessary definitions. The Banach space of continuous

functions from [0, λ] −→ R with λ > 0, is denoted by C([0, λ],R), with the norm

∥ϱ∥∞ = sup
η∈[0,λ]

|ϱ|.

Let u = (ϱ, σ, φ) be solution of


ϱ′ = κ1(η, u(η)),

σ′ = κ2(η, u(η)),

φ′ = κ3(η, u(η)),

(3.9)

where κ1≤i≤3(η, u(η)) represents the right hand side of (3.8).

applying fixed-point theory , we demonstrate the existence of at least one solution of (3.8).

Let u = (ϱ, σ, φ) ∈ E, such that E = [C([0, λ],R+]
3 is a Banach space equipped with the

norm

∥u∥E = ∥ϱ∥∞ + ∥σ∥∞ + ∥φ∥∞,

and let k = (κ1, κ2, κ3) such that



κ1(η, u(η)) =
1
lc
(σ′(η)− f1),

κ2(η, u(η)) = σ1 +
1

ν

∫ η

0
(aϱ′(η) + 2bϱϱ′(η)− cσ′(η)− f2) dη,

κ3(η, u(η)) = S
ps − φ(η)

ϱ(η) + σ(η)
.

(3.10)
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The function k ∈ ([0, λ]× E)3 is evidently continuous.

Applying the integral to system (3.9)’s two sides yields


ϱ(η) = ϱ0 +

∫ η

0
κ1(ξ, u(ξ))dξ,

σ(η) = σ0 +
∫ η

0
κ2(ξ, u(ξ))dξ,

φ(η) = φ0 +
∫ η

0
κ3(ξ, u(ξ))dξ.

(3.11)

By choosing u0 = (u1, u2, u3) = (ϱ0, σ0, φ0), we obtain

u(η) = u0 +

∫ η

0

κ(ξ, u(ξ))dξ.

We present the principal results written as follows:

Theorem 3.2.1 (Existence) let a, b, c, K1, K2, L, S, ν, λ and µ ∈ R+, with

µ = max{ 1
lc
,
λ

ν
(a+ 2bk1 + c),

S

k1 + k2
},

if

µ < 1 (3.12)

Then, there is at least one solution of (2.7) on [0, λ].

Proof. Let us transform (3.8) into a fixed point problem written in the form Fu(η) = u(η),

with

Fu(η) = (F1u(η), F2u(η), F3u(η)),

and

Fiu(η) = u0 +

∫ η

0

κi(ξ, u(ξ))dξ, i = 1 : 3. (3.13)
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We prove that if u ∈ E, then (Fiu)1≤i≤3, is a continuous operator and therefore Fu ∈ E with

the norm

∥Fu∥E =
3∑

i=1

∥Fiu∥∞.

Next, we prove that F satisfies the conditions of Schauder’s fixed point theorem, through the

following steps:

• Step 1: F is a nonlinear continuous operator.

Let (un)n∈N = (ϱn, σn, φ) be three positive sequences such that lim
x→+∞

un = u in E, this

implies lim
x→+∞

ϱn = ϱ, lim
x→+∞

σn = σ and lim
x→+∞

φn = φ in E.

We have already have from (2.15) and (2.16) the following inequality

|F1un(η)− F1u(η)| ≤ (
1

lc
)∥un − u∥E.

|F2un(η)− F2u(η)| ≤
λ

ν
(a+ 2bk1 + c)∥un − u∥E.

Similarly, wa have

|F3un(η)− F3u(η)| = |
∫ η

0
κ3(ξ, un(ξ))dξ −

∫ η

0
κ3(ξ, u(ξ))dξ|,

= |
∫ η

0
S

ps − φn(η)

ϱn(η) + σn(η)
− S

ps − φ(η)

ϱ(η) + σ(η)
dξ,

by using (3.5) and (3.6) ≤ S
K1+K2

∥un − u∥E,

we assume that µ = max{ 1
lc
,
λ

ν
(a+ 2bK1 + c),

S

K1 +K2

}, then we have

|Fiun(η)− Fiu(η)| ≤ µ∥un − u∥E, σ > 0, i = 1 : 3.

Since un −→ u in E, consequently F is continuous.

• Step 2: F (Ej) ⊂ Ej.
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Let j be a real positive number such that

j ≥ 3

1− 3µ
ui.

The subset Ej defined as follows:

Ej = {u ∈ E : ∥u∥E ≤ j}.

Clearly Ej represents a closed, bounded and convex subset of E.

Let F : Ej → E be the integral operator given by (2.14), thus F (Ej) ⊂ Ej, we have

|F1u(η)| ≤ u1 +
1

lc
j,

|F2u(η)| ≤ u2 +
1

ν
(
λ

ν
(a+ 2bK1 + c)j,

|F3u(η)| ≤ u3 +
S

K1 +K2

j.

(3.14)

Thus, in each case, we get

|Fiu(η)| ≤ ui + µj,

≤ 1− 3µ

3
j + µj,

≤ 1

3
j, i = 1 : 3,

(3.15)

or (∥Fiu∥∞)1≤i≤3 ≤
j

3
, then

∥Fu∥E =
3∑

i=1

∥Fiu∥∞ ≤ j.

Consequently F (Ej) ⊂ Ej.

• Step 3: F (Ej) is relatively compact. Let η1, η2 ∈ [0, λ], η1 < η2 and u ∈ Ej, we obtain
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from (2.20) and (2.21) that

|F1u(η1)− F1u(η2)| ≤ 0. (3.16)

|F2u(η1)− F2u(η2)| ≤ 0. (3.17)

Similarly, we can find that

|F3u(η1)− F3u(η2)| ≤ 0. (3.18)

Then from (3.16), (3.17) and (3.18) we obtain

|Fiu(η1)− Fiu(η2)| ≤ 0, i = 1 : 3. (3.19)

Based on steps 1–3 and the Ascoli-Arzela theorem, we may certainly state the continuity and

compactness of F : Ej → Ej. This indicates that F satisfies Schauder’s fixed point theorem

[25]. Thus, F has a fixed-point solution of (3.8) on [0, λ].In Theorem 3.2.1, we established

that (3.8) has at least one possible solution. If Theorem 3.2.1 holds for all (x, t) ∈ Ω, then

there is at least one solution of (3.2) under the traveling wave form (3.4).

Theorem 3.2.2 (Uniqueness) let a, b, c, K1, k2, L, S, ν, λ and µ ∈ R+,with

µ = max{ 1
lc
,
λ

ν
(a+ 2bK1 + c),

S

K1 +K2

},

if

µ < 1, (3.20)

then, (3.8) admits a unique solution on [0, λ].
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Proof. In Theorem 3.2.1., We have already transformed (3.8) into a fixed point problem.

Let u, v ∈ E satisfy (3.8). This implies that:

|F1u(η)− F1v(η)| ≤
1

lc
∥u− v∥E,

|F2u(η)− F2v(η)| ≤
λ

ν
(a+ 2bK1 + c)∥u− v∥E,

|F3u(η)− F3v(η)| ≤
S

K1 + k2
∥u− v∥E,

(3.21)

we assume that µ = max{ 1
lc
,
λ

ν
(a+ 2bK1 + c),

S

K1 +K2

}, then we have

∥Fiu− Fiv∥∞ ≤ µ∥u− v∥E.

Similarly, we can find that:

∥Fu− Fv∥E ≤ µ∥u− v∥E. (3.22)

Based on Theorem 3.2.1., and inequality (3.22), it can be established that F is indeed a

contraction. Deriving from Banach’s contraction principle (refer to [25]), it is apparent that

F possesses a fixed point which is the unique solution for (3.8) within the interval [0, λ].

According Theorem 3.2.2., there is a unique solution of (3.2) if (3.20) holds.

3.2.1 Explicit Solution

We already obtained the solution for the first two equation of , and by substitute (2.34) and

(2.35) in the third equation of (3.8), we obtain

φ′(η) =
−φ(η)

α−κβe(α−β)η

1−κβe(α−β)η + α−κβe(α−β)η

lc(1−κβe(α−β)η)

, (3.23)



48

this implies

φ′(η) =
−φ(η)

(1 + 1
lc
)α−κβe(α−β)η

1−κβe(α−β)η

. (3.24)

To solve (3.24), we start by simplifying the equation. First, define the constant k = 1 + 1
lc
,

this implies

dφ(η)

φ(η)
= −1

k
.
1− κβe(α−β)η

α− κβe(α−β)η
. (3.25)

Integrate both sides

ln|φ(η)| = −1

k

∫
1− κβe(α−β)η

α− κβe(α−β)η
dη. (3.26)

This implies that the explicit solution of the third equation of (3.8) written as follows

φ(η) = C2|α− κβe(α−β)η|−
1
κα , (3.27)

where C2 is a positive constant.

From (3.27) we can find that

p(x, t) = C2|α− κβe(α−β)(x−ct)|−
1
κα , (3.28)

Figures 3.1 − 3.4 show the variations of an explicit solutions for the height H, discharge Q

and pollution p, presented as follows:
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Figure 3.1: Initial solutions for the height H and the discharge Q.

Figure 3.2: Solutions of (3.2) for the height H, the discharge Q and pollution concentration,
at t = 3.

Figure 3.3: Solutions of (3.2) for the height H, the discharge Q and pollution concentration,
at t = 5.
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Figure 3.4: Solutions of (3.2) for the height H, the discharge Q and pollution concentration,
at t = 9.

Comment

The parameters of (2.34), (2.35) and (3.28) are chosen adaptively and presented as follows:

the traveling wave velocity c = 12, the width l = 5, the values C0 = 1/8,C1 = 1 and C2 = 1.

The obtained results from these solutions are resumed in Figures 3.1−3.4 which demonstrate

the variations of the flow height H, discharge Q, and pollution p. We observe a decreasing

solution behavior for each of these quantities. the variation of the flow height H with re-

spect to x at t = 1, 3, 5 and 9 decreases smoothly as x increases, indicating a stable wave

propagation. The discharge Q exhibits a similar decreasing trend as the flow height H. This

consistency suggests that the flow characteristics are maintained uniformly over the spatial

domain, contributing to the overall stability of the ow wave.

The pollution p also shows a decreasing behavior with x. The exponential decay implies that

the pollution levels reduce signicantly as the wave travels.

3.3 Numerical Approximation

In this part, we discretize (3.2) with f = 0 and establish a stability condition for the proposed

numerical method.
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3.3.1 Finite difference approximation

We use an explicit finite difference approach to discretize (3.2). The temporal and spatial

derivatives expressed in (2.36) and (2.37). The first two equations of (3.2) discretized in

(2.40) and (2.41). Then, we obtain Hn+1
i and Qn+1

i pn+1
i :

Hn+1
i = Hn

i − ∆t

l

(
Qn

i+1 −Qn
i−1

2∆x

)
. (3.29)

Qn+1
i = Qn

i −∆t

(
−ν

(
Qn

i+1 − 2Qn
i +Qn

i−1

(∆x)2

)
− a

(
Hn

i+1 −Hn
i−1

2∆x

))
− ∆tbHn

i

(
Hn

i+1 −Hn
i−1

2∆x

)
.

(3.30)

pn+1
i = pni −

∆t

hni

(
qni
pni+1 − pni−1

2∆x
− (ps − pni )S

)
. (3.31)

3.3.2 Stability analysis

We establish a result concerning the numerical stability of (3.29)-(3.31) and present its nu-

merical implementation.

We already proved the stability for (3.29) and (3.30) in 2.3.1. and 2.3.2.

Proposition 3.3.1 Numerical scheme (3.31) is stable under the following conditions:

∆t ≤ (1 + S)Hm∆x

Qm

, (3.32)

with Hm = max(hnj ) and Qm = max(qnj ).
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Proof. Similarly, using the same procedure as in Proposition 2.3.1, and we can find that:

∆t ≤ (1 + S)Hm∆x

Q
.

3.3.3 Numerical results and comments

We apply the following algorithm to solve (3.29)-(3.31) numerically:

Algorithm 3.3.2 • Step 1 (Initialization): input the gravity g, length L and width l,

viscosity ν, coefficients a and b, space step ∆x, time step ∆t, final time T and the

starting solution for the height H0, discharge Q0 and pollution p0.

• Step 2: solve (3.29) for the flow height H.

• Step 3: solve (3.30) for the flow discharge Q.

• Step 4: solve (3.31) for the pollution p.

• Repeat steps 2-4 until T is reached.

The results obtained for solving (3.2) are summarized in Figures 3.1 and 3.2, illustrating the

changes in height H, discharge Q and the propagation of pollution p at different times t.

The discretization parameters have been set as follows: ∆x = 0.3, ∆t has been chosen in

accordance with the stability CFL conditions. The dimensions are: length L = 1, width l = 5,

source term S = 0.1, value of the pollutant concentration pS = 10, viscosity ν = 5 ∗ 10−3,

the coefficients are calculated as b = l2 · g · T 2/(2 · L2) and a = 1.

The initial condition are expressed as:

H0(x) = e((−(x−5)2/100), (3.33)

Q0 = 0, (3.34)

p0 = 1. (3.35)
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Figures 3.5 − 3.6 show the numerical solutions of (3.2) for the flow height H, discharge Q

and pollution p, presented as follows:

Figure 3.5: Initially the flow section for the height h, the discharge q and the pollution p.

Figure 3.6: Numerical solutions of (3.2) for the height h, the discharge q and the pollution
p, at time t = 1.
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Figure 3.7: Numerical solutions of (3.2) for the height h, the discharge q and the pollution
p, at time t = 2.

Comments

The numerical results show the motion variations in the height H, discharge Q and the

propagation of pollution p over time t, we observe decreasing solutions behavior for each one

at different times t. This illustrates to us how waves propagate with a decrease in height

over time t. The results obtained demonstrate stability, as depicted in Figures 3.5− 3.7.

3.4 Conclusion

In this chapter, we studied the coupled nonlinear SWM with T-E to conduct an analysis of

pollution propagation. We successfully established the well-posedness of the model, employ-

ing fundamental mathematical tools such as Schauder’s fixed point theorem and the Banach

contraction principle, providing an explicit solutions and the results are summarized in Fig-

ures 3.1 − 3.4. For numerical experiments, we utilized a forward explicit finite difference

method while adhering to stability conditions. Based on the results, which are summarized

in figures 3.5− 3.7, we can infer that the model maintains stability. The work of this chapter

was the subject of a submitted paper.
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Chapter 4

Transport of pollutant using a

regularisation of the Saint-Venant

system

In this chapter, we examine a model that regularizes the SV-S coupled with a T-E to

describe the pollution probagation. Firt, we define our model then present theoretical results

on its well-posedness utilizing a kinetic approach. Subsequently, we explore the discretizations

of the proposed model using a stable finite difference scheme in both temporal and spatial

domains, then present numerical results and comments, we finish with concluding remark.
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4.1 Model description

Let Ω = (0, T ) × I be a domain, such that I is a closed bounded domain in R2 and T > 0.

We consider the following model



∂h

∂t
+ div(hU) = S,

∂hU

∂t
+ div(hU ⊗ U) +∇(

g

2
h2) +∇(ϵRh2) + gh∇Z = 0,

∂hc

∂t
+ div(hUc) = cSS,

h(0, x, y) = h0(x, y),

U(0, x, y) = U0(x, y),

c(0, x, y) = c0(x, y),

(4.1)

where R = (R1, R2), such that

 R1

R2

 =

 h((∂u
∂x
)2 − ∂ut

∂x
− u∂2u

∂x2 )− g(h∂2h
∂x2 +

1
2
(∂h
∂x
)2)

h((∂v
∂y
)2 − ∂vt

∂y
− v ∂2v

∂y2
)− g(h∂2h

∂y2
+ 1

2
(∂h
∂y
)2)

 , (4.2)

The unknowns are the flow height h(t, x, y) > 0, the velocity U = (u, v) ∈ R2 for both

directions (x, y), the pollutant concentration c(t, x, y). The gravity is g, the given source

term are S and cS, the function Z(x, y) representing the bottom topography and ϵ is a

regularized parameter with (0 < ϵ < 1).

The first two equations of (4.1) represent a regularized version of the SV-S while the third

one is the classical T-E.

We can write this system in the conservative and compact form

∂φ

∂t
+ divF (φ) = B(φ), (4.3)
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with φ =


h

q

e

, F (φ) =


q

q⊗q
h

+ gh2

2
Id+ ϵRh2

qe
h

, B(φ) =


S

−gh∇Z

cSS

,

such that the discharge is q = hU and the quantity of pollutant is denoted by e = hc.

4.1.1 Main Results

Here, we present a dynamic approach to (4.1) in homogeneous case, i.e S = 0.

Let χ(w) be an even and compactly supported probability defined on R2 satisfying

∫
R2

 1

wiwj

χ(w)dw =

 1

δij

 , (4.4)

In addition we assume that χ(w) is compactly supported, i.e.

∃wM ∈ R, such that χ(w) = 0 for |w| ≥ wM .

We introduce two microscopic densities of particles M(t, x, ξ) and N(t, x, ξ) defined by a

Gibbs equilibrium

M(t, x, y, ξ) =
h(t, x, y)

c(t, x, y)
χ

(
ξ − U(x, y)

c(t, x, y)

)
,

N(t, x, y, ξ) =
e(t, x, y)

c(t, x, y)
χ

(
ξ − U(x, y)

c(t, x, y)

)
,

c(t, x, y)2 = h(t, x, y)
(g
2
Id+ ϵR(t, x, y)

)
.

We denote by

G(t, x, y, ξ) =

 M(t, x, y, ξ)

N(t, x, y, ξ)

 .
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Theorem 4.1.1 The functions (h, q, e) are weak solution of (4.3) if and only if G(t, x, y, ξ)

is solution of the kinetic equation

∂G

∂t
+ ξ · ∇G− g∇Z∇ξG = Q(t, x, y, ξ), (4.5)

where, Q(t, x, y, ξ) =

 Q1(t, x, y, ξ)

Q2(t, x, y, ξ)

 , is a collision term satisfying

∫
R2

 1

ξ

Q1dξ = 0,

∫
R2

Q2dξ = 0. (4.6)

Proof. System (4.3) are equivalent to (4.1) once integrated in ξ against K(ξ) such that

K(ξ) =


1 0

ξ 0

0 1

 . (4.7)

If we multiply (4.7) by (4.5) we obtain the following system



∂M
∂t

+ ξ · ∇M − g∇z∇ξM = Q1(t, x, y, ξ),

ξ ∂M
∂t

+ ξ ⊗ ξ∇M + ξ∇z∇ξM = ξQ1(t, x, y, ξ),

∂N
∂t

+ ξ · ∇N − g∇z∇ξN = Q2(t, x, y, ξ),

(4.8)
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By integrating (4.8) in ξ and we use the properties of χ in (4.4) we deduce:


h

q

q⊗q
h

+ h2
(
g
2
Id+ ϵR

)
 =

∫
R2


1

ξ

ξ ⊗ ξ

M(ξ)dξ

 e

qe

h

 =

∫
R2

 1

ξ

N(ξ)dξ


0

h

0

 = −
∫
R2

K(ξ)∇ξG(ξ)dξ.

We can refer to to [42] for more understanding and details of the hydrodynamic element of

the kinetic interpretation, and [5] for the handling of the source term at this microscopic

level.

4.2 Numerical Approximation

In this part, we discretize (4.1) with S = 0 and establish a stability condition for the proposed

numerical method.

4.2.1 Finite difference approximation

We use an explicit finite difference approach to discretize (4.1). The temporal and spatial

derivatives are defined as follows:

∂u

∂t
=
un+1
i,j − uni,j

∆t
,

∂u

∂x
=
uni+1,j − uni−1,j

2∆x
,

∂u

∂y
=
uni,j+1 − uni,j−1

2∆y
. (4.9)
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Thus, we get

 hn+1
i,j −hn

i,j

∆t = S − uni,j
hn
i+1,j−hn

i−1,j

2∆x − hni,j
un
i+1,j−un

i−1,j

2∆x − vni,j
hn
i,j+1−hn

i,j−1

2∆y

− hni,j
vni,j+1−vni,j−1

2∆y ,
(4.10)



hni,j
un+1
i,j −un

i,j

∆t = −uni,j
hn+1
i,j −hn

i,j

∆t − (uni,j)
2 h

n
i+1,j−hn

i−1,j

2∆x − uni,jh
n
i,j

un
i+1,j−un

i−1,j

∆x

−ghni,j
hn
i+1,j−hn

i−1,j

2∆x − ϵhni,jR
n
i,j

hn
i+1,j−hn

i−1,j

∆x − ϵ(hni,j)
2 (R1)ni+1,j−(R1)ni−1,j

2∆x

−hni,ju
n
i,j

vni,j+1−vni,j−1

2∆y − hni,jv
n
i,j

un
i,j+1−un

i,j−1

2∆y − vni,ju
n
i,j

hn
i,j+2−hn

i,j−1

2∆y

−ghni,j
∂Z

∂x
,

(4.11)

where

R1(i, j) = hni,j

(
un
i+1,j−un

i−1,j

2∆x

)2

− hni,ju
n
i,j

un
i+1,j−2un

i,j+un
i−1,j

∆x2

− hni,j
un+1
i+1,j−un+1

i−1,j−un
i+1,j+un

i−1,j

2∆x∆t
− g

2

(
hn
i+1,j−hn

i−1,j

2∆x

)2

− ghni,j
hn
i+1,j−2hn

i,j+hn
i−1,j

∆x2 ,

(4.12)



hni,j
vn+1
i,j −vni,j

∆t = −vni,j
hn+1
i,j −hn

i,j

∆t − (vni,j)
2 h

n
i,j+1−hn

i,j−1

2∆y − vni,jh
n
i,j

vni,j+1−un
i,j−1

∆y

−ghni,j
hn
i,j+1−hn

i,j−1

2∆y − ϵhni,jR
n
i,j

hn
i,j+1−hn

i,j−1

∆y − ϵ(hni,j)
2 (R2)ni,j+1−(R2)ni,j−1

2∆y

−hni,ju
n
i,j

vni++1,j−vni−1,j

2∆x − hni,jv
n
i,j

un
i+1,j−un

i−1,j

2∆x − vni,ju
n
i,j

hn
i+1,j−hn

i−1,j

2∆x

−ghni,j
∂Z

∂y
,

(4.13)

where

R2(i, j) = hni,j

(
vni,j+1−vni,j−1

2∆y

)2

− hni,jv
n
i,j

(
vni,j+1−2vni,j+vni,j−1

∆y2

)
− hni,j

vn+1
i,j+1−vn+1

i,j−1−vni,j+1+vni,j−1

2∆y∆t
− g

2

(
hn
i,j+1−hn

i,j−1

2∆y

)2

+ ghni,j
hn
i,j+1−2hn

i,j+hn
i,j−1

∆y2
,

(4.14)
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
hni,j

cn+1
i,j −cni,j

∆t
= cSS − cni,j

hn+1
i,j −hn

i,j

∆t
− hni,ju

n
i,j

cni+1,j−Cn
i−1,j

2∆x

−hni,jcni,j
un
i+1,j−un

i−1,j

2∆x
− cni,ju

n
i,j

hn
i+1,j−hn

i−1,j

2∆x
− hni,jv

n
i,j

cni,j+1−cni,j−1

2∆y

−hni,jcni,j
vni,j+1−vni,j−1

2∆y
− cni,jv

n
i,j

hn
i,j+1−hn

i,j−1

2∆y
,

(4.15)

then, we obtain hn+1
i,j , un+1

i,j vn+1
i,j and cn+1

i,j :

hn+1
i,j = hni,j −∆t

(
uni,j

hn
i+1,j−hn

i−1,j

2∆x
+ hni,j

un
i+1,j−un

i−1,j

2∆x

)
− ∆t

(
hni,j

vni,j+1−vni,j−1

2∆y
+ vni,j

hn
i,j+1−hn

i,j−1

2∆y
− S

)
,

(4.16)

un+1
i,j = uni,j − ∆t

hn
i,j

(
uni,j

hn+1
i,j −hn

i,j

∆t
+ (uni,j)

2 h
n
i+1,j−hn

i−1,j

2∆x

)
− ∆t

hn
i,j

(
uni,jh

n
i,j

un
i+1,j−un

i−1,j

∆x
ghni,j

hn
i+1,j−hn

i−1,j

2∆x
+ ϵhni,jR

n
i,j

hn
i+1,j−hn

i−1,j

∆x

)
− ∆t

hn
i,j

(
ϵ(hni,j)

2 (R1)ni+1,j−(R1)ni−1,j

2∆x
+ hni,ju

n
i,j

vni,j+1−vni,j−1

2∆y

)
− ∆t

hn
i,j

(
hni,jv

n
i,j

un
i,j+1−un

i,j−1

2∆y
+ vni,ju

n
i,j

hn
i,j+1−hn

i,j−1

2∆y
+ ghni,j

∂Z

∂x

)
,

(4.17)

vn+1
i,j = vni,j − ∆t

hn
i,j

(
vni,j

hn+1
i,j −hn

i,j

∆t
+ (vni,j)

2 h
n
i,j+1−hn

i,j−1

2∆y

)
− ∆t

hn
i,j

(
vni,jh

n
i,j

vni,j+1−un
i,j−1

∆y
+ ghni,j

hn
i,j+1−hn

i,j−1

2∆y
+ ϵhni,jR

n
i,j

hn
i,j+1−hn

i,j−1

∆y

)
− ∆t

hn
i,j

(
ϵ(hni,j)

2 (R2)ni,j+1−(R2)ni,j−1

2∆y
hni,ju

n
i,j

vni+1,j−vni−1,j

2∆x

)
− ∆t

hn
i,j

(
hni,jv

n
i,j

un
i+1,j−un

i−1,j

2∆x
+ vni,ju

n
i,j

hn
i+1,j−hn

i−1,j

2∆x
+ ghni,j

∂Z

∂y

)
,

(4.18)

cn+1
i,j = cni,j − ∆t

hn
i,j

(
cni,j

hn+1
i,j −hn

i,j

∆t
+ hni,ju

n
i,j

cni+1,j−Cn
i−1,j

2∆x

)
− ∆t

hn
i,j

(
hni,jc

n
i,j

un
i+1,j−un

i−1,j

2∆x
+ cni,ju

n
i,j

hn
i+1,j−hn

i−1,j

2∆x
+ hni,jv

n
i,j

cni,j+1−cni,j−1

2∆y

)
− ∆t

hn
i,j

(
hni,jc

n
i,j

vni,j+1−vni,j−1

2∆y
+ cni,jv

n
i,j

hn
i,j+1−hn

i,j−1

2∆y
− cSS

)
.

(4.19)
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4.2.2 Stability analysis

We establish a result concerning the numerical stability of (4.16)-(4.19) and present its nu-

merical implementation.

We assume that H = max(hni,j), U = max(uni,j) and V = max(vni,j), the we have

Proposition 4.2.1 Numerical scheme (4.16) is stable under the following conditions:

∆t ≤ 2∆x∆y

∆y(U +H) + ∆x(V +H)
, (4.20)

Proof. We prove it using the same procedure as in Proposition 2.3.1., this implies

hnI,j = λneiπ(kI+mj), (4.21)

unI,j = λneiπ(kI+mj), (4.22)

unI,j = λneiπ(kI+mj), (4.23)

cnI,j = λneiπ(kI+mj), (4.24)

with fixed constants l, k and m.

If we substitute (4.21),(4.22),(4.23) and (4.24) in (4.16) and divide by λneiπ(kI+mj), we obtain

λ = 1−∆t

(
(U +H)

cos(πk)

∆x
+ (V +H)

cos(πk)

∆y

)
, (4.25)

If |λ| ≤ 1, numerical scheme (4.16) is stable, and thus we obtain

|1−∆t

(
(U +H)

cos(πk)

∆x
+ (V +H)

cos(πk)

∆y

)
| ≤ 1, (4.26)
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this implies

0 ≤ ∆t ≤ 2∆x∆y

∆y(U +H) + ∆x(V +H)
. (4.27)

Proposition 4.2.2 Let a1 and b1, be positive constants, numerical scheme (4.17) is stable

under the following conditions:

∆t ≤ ∆x∆y(H + U)

a1∆y + b1∆x+∆x∆ygz1
, (4.28)

such that

a1 = U2 + 2UH + gH + 2HϵRmax + ϵH2, (4.29)

b1 = HV + V U +HU. (4.30)

with (R1)max = max((R1)
n
i,j) and the known function z1 = max(∂Z

∂x
).

Proof. To prove this result, we use the same procedure as in proposition 4.2.1, we get:

λ = 1− ∆t
H

(
U λ+1

∆t
+ U2 cos(πk)

∆x
+ 2UH cos(πk)

∆x
+ gH cos(πk)

∆x

)
− ∆t

H

(
ϵHRmax

cos(πk)
∆x

+ ϵ(H)2 cos(πk)
∆x

+ gz1

)
− ∆t

H

(
HV cos(πk)

∆y
+ V U cos(πk)

∆y
+HU cos(πk)

∆y

)
.

(4.31)

If |λ| ≤ 1, numerical scheme (4.17) is stable, and thus we obtain

∣∣∣∣ H−2∆t
H+U

(
U2+2UH+gH+2ϵHRmax+ϵH2

∆x
+ gz1 +

HV+V U+HU
∆y

) ∣∣∣∣ ≤ 1, (4.32)

then, we obtain

∆t ≤ ∆x∆y(H + U)

a1∆y + b1∆x+∆x∆ygz1
, (4.33)
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such that a1 and b1 are positive constants, with

a1 = max
{
U2 + 2UH + gH + 2HϵRmax + ϵH2

}
, (4.34)

b1 = max {HV + V U +HU} . (4.35)

Proposition 4.2.3 Let a2 and b2, be positive constants, numerical scheme (4.18) is stable

under the following conditions:

∆t ≤ ∆x∆y(H + V )

a2∆x+ b2∆y +∆x∆ygz2
, (4.36)

with (R2)max = max((R2)
n
i,j) and the known function z2 = max(∂Z

∂y
).

Proof. Similarly we can find that (4.36) holds, such that a2 and b2 are positive constants,

such that

a2 = max
{
V 2 + 2V H + gH + 2HϵRmax + ϵH2

}
, (4.37)

b2 = max {HV + V U +HU} . (4.38)

Proposition 4.2.4 Let a3 and b3, be positive constants, numerical scheme (4.19) is stable

under the following conditions:

∆t ≤ ∆x∆y(H + C)

a3∆x+ b3∆y
, (4.39)

with C = max(cni,j).

Proof. By using the same procedure, we can find that (4.39) holds, with a3 and b3 are positive

constants with a3 = max {HV + V C +HC} and b3 = max {HU + CV +HC} .
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4.2.3 Numerical results and comment

Numerical results

To solve (4.16)-(4.19) numerically, we apply the following algorithm:

Algorithm 4.2.5 • Step 1 (Initialization): input the gravity g, the source terms S and

cS, the bottom topography Z, the space step in both direction (∆x,∆y), the time step

∆t, the final time T and the initial conditions for the height h0, the velocity (u0, v0) in

x&y directions and the pollution concentration c0.

• Step 2: solve (4.16) for the height h.

• Step 3: solve (4.17) for the u velocity in x direction.

• Step 4: solve (4.18) for the v velocity in y direction.

• Step 5: solve (4.19) for the pollution c.

• Step 6: Repeat steps (2− 5) until T is reached.

The obtained Numerical results are resumed in Figures 4.1 − 4.6 showing the variations of

the flow height and the propagation of pollution in the flow at different regions.

Numerical parameters

The discretization parameters written as follows: Lx = 10, Ly = 10, ∆x = ∆y = 0.3, and the

time steps ∆t < k ·CFL such that k = 0.8 and CFL is the minimum of (4.20),(4.28),(4.36)

and (4.39), the gravity g = 1, the source terms S = 0.1 and cS = 10

The regularized parameter ϵ is numerically adaptive (0 < ϵ < 1).

The bottom topography

Z(x, y) = e
−(x−5)2+y2

100
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. The initial conditions for the flow height h, the velocity U = (u, v) and the pollution

concentration c written as follows:

h0(x, y) = e
−(x−5)2+y2

100 ,

u0(x, y) = v0(x, y) = 0,

c0(x, y) = 2.

Comments on the results

• The first numerical experimentation:

The obtained results are resumed in Figures 4.1− 4.5, showing the variation, at t = 2

and 3, of the flow height and the propagation of pollution for the SV-T solution (on the

left of the Figures) and the RSV-T solution (on the right of the Figures), for ϵ = 10−3.

We see that the changes are exactly in the wave curvature, which is clearly seen in the

height h and velocity U in Figures 4.4 and 4.5 at time t = 3, where slight variances in

the pollution propagation are noticed, when the wave curvature in the RSV-T is larger.

Note that the results remain stable.

• The second numerical experimentation: If we take epsilon two times larger

(ϵ = 2 · 10−3), the stability is maintained with higher wave curvature in magnitude

of h, v, u and c solutions of (4.1), see Figure 4.6.
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Figure 4.1: Initially the flow section for the height h and pollution c.

Figure 4.2: Numerical solutions for the flow height h and pollution c for both the SV-T and
the RSV-T, at time t = 2 with ϵ = 10−3.

Figure 4.3: Numerical solutions of the flow height h and pollution c for the SV-T and the
RSV-T, at time t = 3 with ϵ = 10−3.
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Figure 4.4: Numerical solutions of the velocity (u, v) for the SV-T and the RSV-T, at time
t = 2 with ϵ = 10−3.

Figure 4.5: Numerical solutions of the velocity (u, v) for the SV-T and the RSV-T, at time
t = 3 with ϵ = 10−3.

Figure 4.6: Numerical solutions of the height h, pollution c and the velocity (u, v) for the
RSV-T, at time t = 3 with ϵ = 2 · 10−3.
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4.3 Conclusion

In this chapter, we studied the transport of a passive pollutant in a flow, using a regularisation

version of SV-S coupled with a T-E. We first proved theoretical results on its well-posedness

using a kinetic approach, then we focused on the numerical study of the related descretised

system. In order to understand the flow height behavior and the pollutant propagation

in the flow at different time and space locations, we proposed a numerical method, based

on a simple explicit finite difference scheme, we derived stability conditions, so called CFL

conditions ((4.20),(4.28),(4.36) and (4.39)). Different cases were studied, where the obtained

results are resumed in Figures 4.1−4.6. We deduct from further numerical experiments that

when ϵ > 2 · 10−3, instability occurs. Other methods of regularization can also be explored.

The work of this chapter was the subject of a submitted paper.
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Chapter 5

General conclusion and perspectives

In this thesis, we have studied multiple mathematical models. The first model involves a

nonlinear Shallow Water Model (SWM) to comprehend flow height dynamics. The second

model describes pollution propagation within the flow using a SWM, while the third model

employs a regularized system of the Saint-Venant equations coupled with a Transport Equa-

tion (T-E) to analyze both the flow height and pollution spread.

Our concluding remarks are as follows:

1. In the first part of our work, a novel approach using traveling wave solutions is explored

to establish the well-posedness of the SWM. Mathematical tools, namely Schauder’s

fixed point theorem and the Banach contraction principle were employed, then present

an explicit solutions and the results are summarized in Figures 2.1−2.4.. Numerical ex-

periments are conducted using explicit finite difference techniques, ensuring compliance

with stability conditions. Results, presented in Figures 2.5 − 2.7, confirm a stability

behavior.

2. The second part of our work, involves the study of the coupled SWM with T-E to

analyze the pollution propagation. By employing Schauder’s fixed point theorem and

the Banach contraction principle, the well-posedness of the model is established, pro-
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viding an explicit solutions and the results are resumed in Figures 3.1−3.4. Numerical

experiments that are summarized in Figures 3.5− 3.7, confirm stability.

3. The third part of our work focuses on the transport of a passive pollutant in a flow

using a regularized version of the Saint-Venant equations. Theoretical results on well-

posedness are proved, followed by a numerical study of the discretized system. A

numerical method based on explicit finite difference schemes is proposed to understand

the flow height behavior and pollutant propagation. Stability conditions, known as

CFL conditions, are derived. The results, presented in Figures 4.1 − 4.6, show that

instability occurs when ϵ > 2× 10−3. It has to be pointed out that the parameters are

chosen adaptatively.
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Perspectives

The results obtained in this thesis have led to open questions regarding analysis and

numerical experiments. Among these questions, we can mention, for example:

• Use of the traveling wave form in 2-D to derive theoretical results for the nonlinear

model.

• Possibility of using the auto-similarity form in 1-D and 2-D for theoretical results

of the nonlinear model.

• Exploration of real parameters for numerical experiments.

• The use of other models and coupling to enhance our understanding of flow height

behavior and other physical phenomena.

• Application of other advanced numerical methods to obtain more accurate results.
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