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Abstract

In this thesis, we are interested in the study of some systems of partial derivative equations. Using
the theory of semigroups and the Faedo-Galerkin method, we establish the existence and uniqueness
results of the solutions of some thermos-elastic systems of porous types via Lord Shulman's law
with a neutral delay.

Afterwards, an exponential, polynomial and general stability results of the solution were proven
based on the multipliers technique which consists to construct a Lyapunov functional equivalent
to the energy of the systems studied.

Keywords : Exponential stability, polynomial stability, general stability, porous-elastic system,
Faedo-Galerkin method, semigroup theory, Lyapunov functional, multipliers technique, neutral
delay.



Résumé

Dans cette thése, nous nous intéressons a ’étude de certains systémes d’équations dérivées par-
tielles. En utilisant la théorie des semi-groupes et la méthode de Faedo Galerkin, on établit des
résultats d’existence et d’unicité des solutions de certains systémes thermo-élastiques de types
poreux via la loi de Lord Shulman avec un retard neutre.

Puis, des résultats de stabilité exponentielle, polynomiale et générale de la solution ont été prouvés
en se basant sur la méthode des multiplicateurs qui consiste a construire une fonctionnelle de
Lyapunov équivalente a I’énergie des systémes étudiés.

Mots-clés : Stabilité exponentielle, stabilité polynomiale, stabilité générale, systéme poreux-
élastique, méthode de Faedo-Galerkin, théorie des semi-groupes, fonctionnelle de Lyapunov, mé-
thode des multiplicateurs, retard neutre.
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General introduction 1

General introduction

Modeling a physical system is an essential phase in a scientific approach which aims to
analyze its behavior and control it to improve its performance; it allows for a simplified
representation of a system or a physical phenomenon. We take the example of vibrations
which appear practically in all mechanical structures, several types of these vibrations are
undesirable because they have a harmful influence on the operation and lifespan of these
structures. They can cause fractures, breakage, malfunction, wear, or even destruction of
structures. In addition, they can pose a certain danger to the user himself. The excitation
dynamics causing these vibrations are numerous, they generally come either from the
external environment, atmosphere, water, and contacts, or from an impact with other
structures. The elimination or reduction of these vibrations is a major problem in the fields
of engineering, for this reason, friction, thermal, or visco-elastic damping is developed and
incorporated into the system, which explains the addition of certain dissipative terms in
the equations or on the boundary.

In 1972, Goodman and Cowin [?] have given an extension of the classical elasticity theory
to porous media by introducing the concept of a continuum theory of granular materials
with interstitial voids into the theory of elastic solids with voids. In addition, Nunziato
and Cowin [22] have presented a nonlinear theory for the behavior of porous solids in
which the skeletal or matrix material is elastic and the interstices are void of material. In
this theory the bulk density is written as the product of two fields, the matrix material
density field and the volume fraction field. Furthermore, this representation introduces an
additional degree of kinematic freedom. The intended applications of the theory of elastic
materials with voids are to geological materials like rocks and soils and manufactured

porous materials. The basic evolution equations for one-dimensional porous materials
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General Introduction 2

theory are given by
{ pup = Ty, Jpu = Hx + D,

where T, H, and D represent respectively the stress tensor, the equilibrated stress vector,
and the equilibrated body force. The parameter p designates the mass density and |
equals to the product of the mass density by the equilibrated inertia. The functions u
and ¢ represent respectively the longitudinal displacement and the volume fraction. The

constitutive equations T, H, and D must take the following form

T = puy +bp, H=195¢y,
D = —buy — ¢¢,

where y,d,a are positive constants represent the constitutive parameters defining the

coupling among the different components of the materials such that
ue > %,

and b is a real number different from zero.
By combining the two above constituted equations, we obtain the following one-dimensional
porous elastic system

Pust — Py — by =0,

Jt — Opxx + buy + ¢ = 0.
The first investigation concerning the study of temporal asymptotic behavior of the solu-
tions for a one-dimensional porous-elastic system was started by the work of Quintanilla
[34] in which he considered a damping through porous-viscosity and he proved that the sys-
tem does not decay exponentially with this complementary control. Casas and Quintanilla
[32] showed that the porous-viscosity together with temperature are not strong enough to
stabilize exponentially the system. The same authors [36] proved that the combination of
porous-viscosity and thermal effects (temperature and micro-temperatures) provoke an
exponential stability of solutions. Magand and Quintanilla [29] showed that viscoelasticity

damping and temperature produced slow decay in time and when the visco-elasticity
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General Introduction 3

is coupled with porous damping or with micro-temperatures, the system decays in an
exponential way.

According to the thermo-elasticity theory, a body’s deformation is connected to a change in
enthalpy and, consequently, a change in temperature. In other words, thermo-elasticity
is the study of the relationship between a material’s thermal conductivity and pressure,
as well as its elastic qualities and temperature. The Lord-Shulman theory [27] recovers
the proposition of Maxwell-Cattaneo ([42],[?]) and combines it with the system describing
the elastic vibrations of a material. This theory is based on the study of a system of four
hyperbolic equations with heat dissipation. In this case, the heat equation is also hyperbolic
unlike the one obtained for the Fourier’s law which is parabolic. The basic evolution

equations for one-dimensional porous materials theory are given by

putt = Ty, J¢ur = Hy + D, pTonr = qx, per = Py +q9—Q,

where T is the reference temperature at the equilibrium state (which we assume to be
equal to one for simplicity), 7 is the entropy, g is the heat flux vector, P is the first heat
flux moment, Q is the mean heat flux and e is the first moment of energy. The constitutive

equations are given by

PUt = Ulyxx + b(,bx + ,BO (Tetx + Qx) ’
]q)tt = 5§bxx —buy — ‘:‘P - ﬁl (Tgt + 9) ’
a (70t +0); = —Bottx + P1Pt + KOxx,

where B, B1 are positive constants.

In the context of partial differential equations (PDEs), a delay term refers to a mathematical
expression that involves the value of a function at some previous time(s) or spatial loca-
tion(s). The presence of delay may be a source of instability, as demonstrated in studies
([121],113],[19],1301,[31]],[39]]), where they were proved that an arbitrarily small delay may
destabilize a system, which is asymptotically stable in the absence of a delay. Among the
delay kinds, we are interested here in the neutral delay (see ([14]-[16],[?],[38]) and this is

because in some cases, we rely on it to achieve the stability of dynamical systems unlike
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General Introduction 4

other types of delays. In fact, neutral delays are sometimes deliberately inserted into the
systems to improve the performance of the structure.

This thesis is composed of four main chapters,

¢ The first chapter includes reminders of the classical preliminary notions and the

mathematical tools which are necessary for the study of this thesis.

¢ In the second chapter, we study a Lord-Shulman porous-thermoelastic system with
nonlinear damping term. First, an existence and uniqueness result of solution by
using semi-group theory is established. Then, the general stability result of solution
is proved irrespective on the wave speeds of the system or any other relationship
between the coefficients of the system. This study was published in the journal
"Nonlinear Studies" as follows "Sara Labidi, Houssem Eddine Khochemane, Ab-
delhak Djebabla, General decay of a Lord-Shulman porous thermoelastic system
with nonlinear damping term, Nonlinear Studies. 31(1) (2024), 165-182."

¢ The third chapter is devoted to the study of a porous-elastic system with nonlinear
damping term and distributed delay of neutral type.A general stability result was
proved based on the dissipation given by the nonlinear damping term despite of the
destructive nature of delays in general. This has been the subject of the following in-
ternational publication "Sara Labidi, Houssem Eddine Khochemane and Abdelhak
Djebabla, General stability for a neutral delayed porous-elastic system, DCDIS
Series A: Mathematical Analysis. 31 (2024) 149-167."

¢ In the fourth chapter, we gave in detail the existence and uniqueness result of a
neutral delayed porous-elastic system using the Faedo-Galerkin method. Then, a
polynomial and exponential stability result was proved depending on the wave
speeds propagation. The study was published as follows "Houssem Eddine Khoche-
mane, Sara Labidi, Sami Loucif, Abdelhak Djebabla, Global well-posedness and
energy decay for a one dimensional porous-elastic system subject to a neutral delay,
Mathematica Bohemica. DOI: 10.21136/MB.2024.0104-23."
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CHAPTER

Generalities

1.1 Introduction

In this chapter, we shall introduce a brief summary of dynamical systems theory
and then state some necessary materials needed in the proof of our results, such
as basic principles of functional analysis. Which relates to the Hilbert spaces, the
L? space, Sobolev spaces, some theorems on these last, existence and uniqueness

theorem. Knowledge of all these notions and results is important for our study.

1.2 Functional Spaces

1.2.1 Normed space

Definition 1.2.1. A normed vector space is a vector space equipped with a norm. A
semi-normed vector space is a vector space equipped with a semi-norm. A useful

variation of the triangle inequality is

[l =yl < {lxll =yl




1.2 Functional Spaces 6

1.2.2 Complete space

Definition 1.2.2. A space M is called complete (or a Cauchy) space if every Cauchy
sequence of points in M has a limit that is also in M.

1.2.3 Banach space

Definition 1.2.3. A Banach space is a complete normed space (X, ||.||) .A normed
space X isa pair (X, ||.||) consisting of a vector space over a scalar field k (RorC )together
with a distinguished norm ||.|| : X — R.

1.2.4 Inner product

Definition 1.2.4. An inner product in a complex linear space X is a map

(,):XxX—C.

Such that for all x,y,z € X and A, u € C we have the following properties

@ (x, Ay +puz) = A(x,y) + p(x,z) (linear in the second argument).
(b) (y,x) = (x,y) (Hermitian symetric).
(© (x,x) > 0 (non-negative).

(d) (x,x) = 0if and only if x = 0 (positive definite).

We call a linear space with an inner product an inner product space or a pre-Hilbert

space.

1.2.5 Hilbert space

Definition 1.2.5. A Hilbert space is a complete inner product space.

U. Badji Mokhtar-Annaba Department of Mathematics Sara. Labidi



1.2 Functional Spaces 7

In particular, every Hilbert space is a Banach space with respect the norm

¢l = 4/ (x,%).

1.2.6 The L7 (Q)) spaces

Definition 1.2.6. ([7]) Let 1 < p < o0, and let Q) be an open domain in R”, n € IN.
Define the standard Lebesgue space L? (QQ), by

L (Q) = {f:Q—>IR:fismeasurableand /Q]f(x)|pdx < oo}.

Forp € Rand 1 < p < oo, denote by

i, = ([ e

If p = o0, we have

L (Q) = {f:Q — R: fis measurable and there exists a constant C
such that, |f(x)| < Ca.ein Q}.

Also, we denote by
Iflle =1Inf{C, |f(x)| < Ca.einQ}.

1 1
Remark 1.2.1. Let 1 < p < oo, we denote by g the conjugate of p i.e. v + 7 =1

Remark 1.2.2. In particularly, when p = 2, L? (Q) equipped with the inner product

(F &)y = [ (5)g

is a Hilbert space.
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1.2 Functional Spaces 8

1.2.7 The Sobolev spaces W"* ()

Definition 1.2.7. Let m € IN and p € [1,00]. The W™ (Q) is the space of all f €
LP (Q), defined as

WP (Q) = {f eLP(Q), suchthatd”f € L (Q)) for all « € IN" such that

n
’“’ - Z“] S m, where aﬂé = ai‘lagZaﬁn} )
i

Theorem 1.2.1. ([7]) W™ (Q) is a Banach space with their usual norm

Ifllwmey = 2o 19%fllp, 1< p < oo, forall f € LV (Q)).

la|<m

Definition 1.2.8. When p = 2, we prefer to denote by W™? (Q) = H™ (Q) and
W, (Q) = HJ' (Q), for p € [0, 0] supplied with the norm

1A ey = (Z (3"‘sz)2) ,

which do at H™ (Q) a real Hilbert space with their usual scalar product

’ m — o* a“d
(14, 0) g () Z/Q ud“vdx

la|<m

The next result provides a basic characterization of functions in WS Q).
Theorem 1.2.2. ([7]) Let u € W' (Q). Then u € Wg’p (Q) if and only if u = 0 on Q).

Remark 1.2.3.

1. The theorem [1.2.2| explains the central role played by the space W&’p (Q)). Dif-

ferential equations (or partial differential equations) are often coupled with

boundary conditions, i.e., the value of u is prescribed on 9().

U. Badji Mokhtar-Annaba Department of Mathematics Sara. Labidi



1.3 Some functional inequalities 9

2. We have the following characterization of Hy' ((2)
HIN Q) ={uec H"(Q), u=1u=..=u" =00onoO}.
It is essential to notice the distinction between
H3(Q)={uc H*(Q), u =u' =00onadQ},
and
H*(Q)NH) (Q) = {uc H*(Q), u=00naQ}.
1.3 Some functional inequalities

We give here some important functional inequalities.
These inequalities play an important role in applied mathematics and also, it is very
useful in our next chapters.

1.3.1 Holder’s Inequality

Lemma 1.3.1. ([7]) Let 1 < p,q < oo, assume that f € L (Q)) and g € L1 (Q)) then,
fg e LM (Q)and

| 1£sldx < £, gl (1.3.1)

Remark 1.3.1. For p = q = 2. We fall in the Cauchy-Schwarz inequality.i.e.,

| 1fsldx < I, gl (132)

1.3.2 Poincaré inequality

Lemma 1.3.2. ([I7]) Let h € H}(0,L). Then it holds

L 2 L 2
/O K| dxg/o | dx. (1.3.3)
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1.3 Some functional inequalities 10

1.3.3 Young’s Inequality

Lemma 1.3.3. ([7]]) Forall a,b € R™, we have

b2
<ea®+ — 1.3.4
ab < ea +4€, (1.3.4)

where € is any positive constant. Moreover, for any f,g € L*>(Q) then, fg € L' (Q).
Therefore

1
< 2 —/ 2dx.
/Q|fg|dx_e/0fdx+4€ dix

Now, Let us denote by /" the conjugate function in the sense of Young of a convex

function h (see ([9]), p. 64), i.e.,

h* (p) = sup (pt — h(t)).

te]R+

Assume that i > 0, then for p > 0 a given number, 1" is the Legendre transform of

h (see Liu and Zuazua ([26])), which is given by

I (p) = p (K] (p) — h([K] " (p)), (1.3.5)

and which satisfies the following inequality
Lemma 1.3.4. ([33])(Young’s Inequality for the convex functions) Let h a convex function,
h* its conjugate in the sense of Young, we have

px < h(x)+h*(p) ,Vp,x > 0. (1.3.6)

Remark 1.3.2. The relation (1.3.5) and the fact that 1(0) = 0 and (1') !, h are increas-
ing functions yield
% -1
n(p)<pl[] (p) ,Vp=0. (13.7)
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1.4 Lax-Milgram Lemma 11

1.4 Lax-Milgram Lemma

The existence and uniqueness of a solution to the weak formulation of the problem
can be proved using the Lax-Milgram Lemma. This states that the weak formulation

admits a unique solution.

Lemma 1.4.1. ([7]) (Lax-Milgram lemma) Let a (-, -) be a bilinear form on a Hilbert space
H equipped with norm ||-||,, and the following properties,

i)a(-,-) is continuous, that is

3y1 > 0 such that |a (w,v)| < 71 ||wl|y ||0]ly, Yw,v € H,

ii) a (-, -) coercive (or H-elliptic), that is

Ja > 0 such that |a(v,v)| > « HUH%{, Vo e H,

ii1) L is a linear mapping on H (thus L is continuous), that is
32 > Osuch that |L (w)| < 72 ||w|ly, Yw € H.
Then there exists a unique u € H, such that

a(w,u)="L(w), Yw € H.

1.5 Uniformly Continuous Semigroups of Bounded Lin-

ear Operators

Definition 1.5.1. ([33]) Let X be a Banach space. A one parameter family (T (t)),- of
bounded linear operators defined from X into X is a semi-group of bounded linear

operators on X if

U. Badji Mokhtar-Annaba Department of Mathematics Sara. Labidi



1.5 Uniformly Continuous Semigroups of Bounded Linear Operators

i) T (0) = I, (I is the identity operator on X).
ii) T(t+s) =T (t) T (s) for every t,s > 0 (the semigroup property).
A semigroup of bounded linear operators, T(f), is uniformly continuous if

lim ||T () — I|| = 0.

t—0

The linear operator A defined by

t—0

D(A) = {x € X: limwem’sts} ,

and .
Ax:hmT(t)x—x _d'T(H)x
t—0 t dt

, forx € D(A).
t=0

12

Is the infinitesimal generator of the semigroup T(t), D(A) is the domain of A.

This section is devoted to the study of uniformly continuous semigroup of bounded

linear operators. From the definition, it is clear that if T(#) is a uniformly continuous

semigroup of bounded linear operators then

lim ||T (s) — T (£)]| = 0.

s—t

Theorem 1.5.1. ([33)A linear operator A is the infinitesimal generator of a uniformly

continuous semigroup if and only if A is a bounded linear operator.

Theorem 1.5.2. ([33)Let T(t) and S(t) be uniformly continuous semigroups of bounded

linear operators. If

S()—1

T _
limM = lim—~%—,
t—0 t t—0

then T(t) = S(t) fort > 0.

Corollary 1.5.1. [33]Let T(t) be a uniformly continuous semigroup of bounded linear

operators. Then

(a) There exists a constant w > 0 such that ||T(t)|| < e“".
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1.6 Strongly Continuous Semigroups (Cy — Semigroup)of Bounded Linear Operators 13

(b) There exists a unique bounded linear operator A such that T(t) = e

(c) The operator A in part (b) is the infinitesimal generator of T (f).

(d) t — T(¢) is differentiable in norm and

dT (t) _ _
S = AT(H) =T(1) A,

1.6 Strongly Continuous Semigroups (Cy — Semigroup)of

Bounded Linear Operators

Throughout this section X denotes a Banach space.

Definition 1.6.1. ([33]) A semigroup T(#),0 < t < co,0of bounded linear operators on

X is a strongly continuous semigroup of bounded linear operators if

limT () x = x f X.
lim (t)x = x forevery x €

A strongly continuous semigroup of bounded linear operators on X is called a semi-

group of class Cy or simply Cp-semigroup.

Theorem 1.6.1. ([33]]) Let T(t) be a Cy-semigroup. There exists constants w > 0 and
M > 1 such that
T ()| < Me®“" for0 <t < oco.

Corollary 1.6.1. If T(t) is a Co-semigroup then for every x € X, t — T(t)x is a continuous

function from R{ (the nonnegative real line) into X.

Theorem 1.6.2. Let T(t) be a Co-semigroup and let A be its infinitesimal generator. Then

(a) Forx € X,

y 1 rtth p
hlg(l)ﬁ/t T(s)xds = T(t)x.
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1.6 Strongly Continuous Semigroups (Cy — Semigroup)of Bounded Linear Operators 14

t
(b) For x € X,/ T(s)xds € D (A) and
0

A(ﬁT@Wﬁ)zTGM—w.

(c) Forx e D(A), T(t)x e D(A).and

%T@x:ATMx:TUMA

(d) Forx € D(A),
T(H)x—T(s)x = /t T(t)Axdt = /tAT(T)xdT

Corollary 1.6.2. If A is the infinitesimal generator of a Co-semigroup T(t) ,then D(A) the

domain of A is dense in X and A is a closed linear operator.

Theorem 1.6.3. Let T(t) and S(t) be Co-semigroups of bounded linear operators with
infinitesimal generators A and B respectively. If A = B, then T(t) = S(t), for t > 0.

Theorem 1.6.4. Let A be the infinitesimal generator of the Co-semigroups T(t). If D(A") is
the domain of A" ,then NT°D(A") is dense in X.

Lemma 1.6.1. Let A be the infinitesimal generator of a Co-semigroup T (t)satisfying || T (t)| <
M fort > 0.If x € D(A?), then

| Ax|? < 4m? || A% 2]

Example 1.6.1. Let X be the Banach space of bounded uniformly continuous functions

on |—oo, +-o00[ with the supremum norm. For f € X, we define

(T(#) f) (s) = f(t+s).

It is easy to check that T (t) is a Cp-semigroup satisfying ||T (t)|| < 1, for t > 0.
The infinitesimal generator of T(t) is defined on D(A) = {f : f €X, f exists f’ €
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X,and (Af) (s) = f' (s), forf € D(A).
From Lemma 1.6/ we obtain Landau’s inequality

(sup |f' (5)])* <4 (sup |£" (5))) (sup If (5)1),

where the sup are taken over |—oo,, +-o00[ .Example can be easily modified to the
case where X = LF (—o0,+00),1 < p < Ho0.

1.7 The m-dissipatives operators

1.7.1 Definitions and preliminary notions

Definition 1.7.1. ([33]) An unbounded linear operator in X is a couple (A, D(A))
where D(A) is a vector subspace of X that represents the domain of A and A is a
linear application of D(A) in X. Similarly, an unbounded linear operator of X in
Y is a couple (A, D(A)) such that D(A) a vector subspace of X and A is a linear
application of D(A) of XinY .

Definition 1.7.2. ([33]) An unbounded linear operator (A, D(A)) in X, is closed if its

graph
G(A)={(x,Ax) |x € D(A)} isclosed in (X x X).

Definition 1.7.3. ([33]) Let (A, D(A)) be an unbounded linear operator in X where
D(A) is dense in X, we said that (A, D(A)) is a dense domain in X.

Definition 1.7.4. ([33])Let (A, D(A)) be an unbounded linear operator in X where
D(A) is dense in X.we call assistant of A the operator (A*, D(A)*) defined by

D(A)* = {y € X'| 3¢ > 0 such as (Ax,y>X’X/ <c||x||, forall x € D(A)}/

and
(x, A'y)x x» = (Ax,y)x x, forall x € D(A) and y € D(A").
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Theorem 1.7.1. Let (A, D(A)) be an unbounded linear operator in X where D(A) is dense
in X. If X is a reflexive space and A is closed then D(A™) is dense in X'

1.7.2 The m-dissipatives operators
Definition 1.7.5. ([33]) An unbounded linear operator (A, D(A)) in X is dissipative if
Vx € D(A),YA >0, |[Ax — Ax|| > Allx].

Definition 1.7.6. ([33]) An unbounded linear operator (A, D(A)) in X is m-dissipative

if A is dissipative and
Vfe X,YA >0, dx € D(A) asthat Ax — Ax = f.

Theorem 1.7.2. ([33]) If A is m-dissipative, then for all A > 0, the operator (Al — A)
admits an inverse, (AI — A)~1f belongs to D(A) for all f € X, and (AI — A) lis a

bounded verifying linear operator

I(AT=A)7H| <

S,

Theorem 1.7.3. ([33])Let (A, D(A)) be an unbounded dissipative linear operator in X. The

operator A is m-dissipative if and only if
A AgsuchthatV f € Y, 3 x € D(A) verifies \gx — Ax = f.

Theorem 1.7.4. ([33]) Let (A, D(A)) be an unbounded linear operator in X. If it exists
Ao > 0 for which the operator Aol — A is a bijection of D(A) on X and if (A\g] — A) lisa
bounded operator on X,then A is closed.

Particularly, if A is m-dissipative, then A is closed.

Theorem 1.7.5. ([33]) Let A be a dissipative operator and R(I — A) = X. If X is reflexive,
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then
D(A) = X.

Theorem 1.7.6. Let A be a maximal monotone operator. Then, given any uy € D(A), there

exists a unique function u such that
u € C([0, 0], D (A)) N C'([0,00], X),

satisfying
u'+ At )u=0 on 0,00,
u (0) = Up.
Moreover,
du
()] < fuol, |, (1) = [Au(t)| < [Aug|, Vt =0

Remark 1.7.1. 1. The main interest of Theorem [I.7.6 lies in the fact that we reduce
the study of an “evolution problem” to the study of the “stationary equation”

u' + Au = f.
2. The space D(A) is equipped with the graph norm |u| + | Au| or with the equiva-

lent Hilbert norm 4/ |u|? + | Au|?.

3. We refer the interested readers to [3, ?] and references therein for details dis-
cussion on existence and uniqueness of local or global solutions of nonlinear

evolution equations.

Theorem 1.7.7. ([33]) Let (S(t);>0) a strongly continued semigroup on Y and (A, D(A))
are infinitesimal generator, the following properties are verified

i) For all x € X, we have

y 1 rtth q
tinoﬁ/t S(s)xds = S(t)x.

ii) Forall x € X,and all t > 0,
t
S(s)xds,
/0 (s)xds
belongs to D(A) and
t
A(/ S(s)xds) = S(£)x — x.
0
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iii) If x € D(A), then S(t)x € D(A) and

d
aS(t)x = AS(t)x = S(t)Ax.

iv)Ifx € D(A), so

S(t)x — S(s)x = /StS(T)AxdT = /st As(T)xdr.

1.7.3 The m-dissipative (m-monotone) operators in a Hilbert space

Definition 1.7.7. ([7]) Let H be a Hilbert space ,an unbounded linear operator A :
D (A) C H — H is said to be monotone if it satisfies

(Au,u) >0, Vu e D(A),
it is called maximal monotone if, in addition
R(I+A)=H,im.Vf e H,Jue D(A) suchthatu + Au = f.

Proposition 1.7.1. ([7]) Let A be a maximal monotone operator. Then D (A) is dense in H.

Theorem 1.7.8. ([[7]) An unbounded linear operator (A, D(A)) in H, is dissipative if and

only if
Vx € D(A), (Ax,x) <0.

In the case of a complex Hilbert space, the previous condition is replaced by
Vx € D(A), Re (Ax,x) <0.

Theorem 1.7.9. ([7]) If A is m-dissipative,then D(A) dense in H.
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1.7.4 Hille-Yosida theorem

Let T(t) be a Cp-semigroup. From Theorem 2.5 it follows that there are constants
w > 0and M > 1such that | T (#)| < Me“! (for 0 < t < o0).If w > 0, T(t) is called
uniformly bounded and if moreover M = 1it s called a Cy-semigroup of contractions.
This section is devoted to the characterization of the infinitesimal generators of Cp-
semigroup of contractions. Conditions on the behavior of the resolvent of an operator
A, which are necessary and sufficient for A to be the infinitesimal generator of a

Co-semigroup of contractions, are given.

Recall that if A is a linear, not necessarily bounded operator in X, the resolvent set
p (A)of A is the set of all complex numbers A for which AI — A is invertible, i.e.,
(AI — A) " is a bounded linear operator in X. The family R (A : A) = (A — A)™?,
A € p (A) of bounded linear operators is called the resolvent of A.

Theorem 1.7.10. ([33I)(Hille-Yosida) A linear (unbounded) operator A is the infinitesimal
generator of a Co-semigroup of contraction T (t),t > 0 if and only if the following

conditions are satisfied

(i) Ais closed and D(A) = X.

(ii) The resolvent set p (A)of A contains R and for all A > 0,

IR(A=A) [ <

>

Lemma 1.7.1. ([33])Let A satisfy the conditions (i) and (ii) of Theorem [1.7.10| and let
IR(A: A || < %.Then

ImAR(A:A)x=x, for x € X

A—r00

Lemma 1.7.2. ([33])Let A satisfy the conditions (i) and (ii) of Theorem [1.7.10,and if A is
the Yosida approximation of A,then

lim Ayx = Ax, for x€ D(A).
A—00
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Lemma 1.7.3. ([33)Let A satisfy the conditions (i) and (ii) of Theorem|1.7.10|and if A, is the
Yosida approximation of A, then A) is the infinitesimal generator of a uniformly continuous

semigroup of contractions e'*\. Furthermore, for every x € X, A, u > 0 we have

HetAAx — etAVxH <t||Axx — Aux|.

1.7.5 Lumer-Phillips theorem

In this section, we see a different characterization of such infinitesimal generators.
In order to state and prove the result we need some preliminaries.Let X be a Banach
space and let X* be its dual. We denote the value of x* € X* atx € X by (x,x™) or
(x*,x) .For every x € X we define the duality set F (x) C X" by

F(x) = {x* x* € X* and (x,x") = ||x]]® = Hx*Hz}.

From the Hahn-Banach theorem it follows that F (x) # ¢ for every x € X.

Definition 1.7.8. ([33])A linear operator A is dissipative if for every x € D(A), there
isa x* € F(x) such that Re (Ax, x*) <0.

A useful characterization of dissipative operators is given next.

Theorem 1.7.11. ([33])A linear operator A is dissipative if and only if
(Al —A)x|| > Allx|| forall x € D(A) and A > 0.

Theorem 1.7.12. ([33]))(Lumer-Phillips) Let A an unbounded linear operator of D(A) with
dense domain D(A) in X.

a) If A is dissipative and if there exists Ay > 0 such that the range R(Agl — A) is X.
Therefore, A is an infinitesimal generator of a strongly continued Co-semigroup of contraction

on X.
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b) If A is an infinitesimal generator of a strongly continued contraction Cp-semigroup on
X,then R(AI — A) = X, VYA > 0and A is dissipative. Moreover, for every x € D (A)
and every x* € F (x),Re (Ax,x*) <0.

1.8 Concept of stability

Definition 1.8.1. ([23])The semigroup T(t) = e is said to be exponentially stable if

there exists two constants « > 0 and M > 1 as that

IT(t)] < Me™, vt >0.

1.8.1 Stability in the Lyapunov sense

Definition 1.8.2. (Internal stability) An equilibrium point is stable if the state tra-
jectories of the system converge to an initial state different from the equilibrium

state.

Definition 1.8.3. (Balance state) x, is a state of balance if x (y) = x, <= x () = x,

with t > ty, in the absence of control and disturbances.

Definition 1.8.4. (Asymptotic stability) The state of equilibrium point x, is said to
be stable if

VE>0,Ve >0, dau >0 |[[x(0) — x| <a=||x(t) — x| <e.
Otherwise, x, is said to be unstable.
Definition 1.8.5. (Lyapunov’s stability) An equilibrium point is asymptotically stable

if it is stable and if

da >0, | ||x(0) —x.] <a= lLm x(f) = x..
t—+4o0
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CHAPTER

General decay of a Lord-Shulman porous
thermoelastic system with nonlinear damping

term

2.1 Introduction

Ix [?], Goodman and Cowin have extented of the classical elasticity theory to porous
media by introducing the concept of a continuum theory of granular materials with
interstitial voids into the theory of elastic solids with voids. In addition, Nunziato
and Cowin [32] have presented a nonlinear theory for the behavior of porous solids in
which the skeletal or matrix material is elastic and the interstices are void of material.
In this theory, the bulk density is written as the product of two fields, the matrix

material density field and the volume fraction field.

The best known constitutive equation to model thermal conduction is Fourier’s law.
However, this law has a major drawback. Therefore, many researchers have been
interested in the formulation of alternative constitutive relations to overcome this

paradox. It is worth recalling the theories of Green and Lindsay or Lord and
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Shulman [27] which are based on the heat conduction equation of Cattaneo and
Maxwell [8] or those proposed by Gurtin et al. [20] which take into account the
acceleration of the heat flow. Among the works that have been recently released
concerning the study of the asymptotic behavior of the solution of different type
of problem based on Cattaneo law for the heat conduction, we cite the following
references ([1],[6],[36],[41],[23],[22]). The Lord-Shulman theory [27] recovers the
proposition of Maxwell and Cattaneo and combines it with the system describing the
elastic vibrations of a material. Lord-Shulman thermoelasticity has received a lot of
attention among scientists in the last few years and the amount of contributions to
explain this theory is enormous. This theory consists of studying a system of four
hyperbolic equations with heat dissipation. In this case, the heat equation is also
hyperbolic unlike the one obtained for the Fourier law which is parabolic. Lord-
Shulman thermoelasticity has attracted many mathematicians over the years and a

lot of work has gone into understanding it.

Bazarra, Fernandez and Quintanilla [6] study the Lord-Shulman porous thermoelastic
system with microtemperature. They used the semigroup theory together with the

method developed by Liu and Zheng [25] to establish an exponential stability.

In this work, we consider the one-dimensional Lord-Shulman porous thermoelastic
system by adding a nonlinear damping term to the equilibrated body force in the

second equation

purr = Pty + poPx — Po (TOrx + 0x), in (0,1) x (0,00)

Jt = aopxx — potix — G — 1 (10 +6) —a (£) g (¢r), in (0,1) x (0, 00)

a(t0 +0), = —Pouex + P1¢r + Kbxx, in (0,1) x (0,00).
2.1.1)

Now, we supplement system (2.1.1) by the following boundary and initial conditions

{ u(x,0) = u® (x), ut (x,0) = u' (x), ¢ (x,0) = ¢" (x), x€(0,1 (2.1.2)

¢ (x,0) =¢°(x), 0(x,0) =8°(x), xe€(0,1)
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0

here u°, !, 4)0, 4)1, w? 0% and 0! are given functions, and the boundary conditions

g (0,8) = ux (L) = ¢ (0,4) = ¢ (1,) =0, t>0

(2.1.3)
0(0,t) =0 (1,t) =0, t>0.

The variables u, ¢ and 6 represent, respectively, the displacement of the solid elastic
material, the volume fraction and the temperature are. The parameters p, [, a and
are, respectively, the mass density, product of the mass density by the equilibrated
inertia, the thermal capacity and the relaxation parameter which is assumed to be
small but strictly positive. The coefficients u*, uo, &, Bo, B1, , a9 are positive constants

in which their physical meaning is well known such that
12
xX=¢&— y—g >0, (2.1.4)

and the term « (t) g (¢) is the nonlinear damping term where the functions « and g

are specified later.

The main goal of this work is to prove that the system (2.1.1)-(2.1.3) is well-posed
in the sense of semi-group on one hand and on the other hand we show that the
dissipation given only by the nonlinear damping term guarantees the general stability
of solution without imposing any restrictive growth assumption near the origin on the
damping term. Furthermore, our result does not depend on the wave speeds of the

system or any other relationship between the coefficients of the system. Meanwhile,
from the first equation of (2.1.1)) and the boundary conditions (2.1.3), we get

dZ

1
ﬁ/ u(x, t)dx =0, Vt >0, (2.1.5)
0

and therefore

1 1 1
/ u(x, t)dx = t/ u'(x)dx —i—/ u®(x)dx, Vt > 0.
0 0 0

U. Badji Mokhtar-Annaba Department of Mathematics Sara. Labidi



2.2 Preliminaries 25
Consequently, if we set

1 1
u(x,t) =u(x,t)— t/ uldx +/ udx, t>0, x € [0,1],
0 0

we find .
/ Uu(x,t)dx =0, t > 0.
0

and (1, ¢, 0) satisfies the same equations in (2.1.1)-(2.1.3). In what follows we will
work with 7 but, for convenience, we write u instead of .

The spirit of this manuscript is as follows.

In Section 2, we introduce some assumptions and transformations are needed in the
next sections to prove the main result.

In Section 3, we study the existence and uniqueness of solution for the system (2.1.1)-

(2.1.3) using semigroup techniques.
In Section 4, we prove the general stability of the solution.

2.2 Preliminaries

In this section, we present the background mathematics needed later to prove our

main result. We shall use the following hypothesis

(H1) a« : R4 — R is a non-increasing differentiable function.

(H2) ¢ : R — R is a non-decreasing C’-function such that there exists a positive
constants v1, 1, € and a strictly increasing function G € C! ([0, 00)), with G(0) =

0, and G is linear or strictly convex C>—function on (0, €] such that

2+ 8%(s) < ()3‘ (sg(s)), VIs| <e (2.2.1)
S

1
vy |s] < |g(s)] < wvals], Vs| > €,

which implies that sg(s) > 0, for all s # 0.
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(H3) The function g satisfies the following property

18(92) — g(P1)| < kol [° + |92[)|P1 — 2, P1, P2 € [—€,€], (2.2.2)
where kg > 0, 0 > 0.

Note that the hypothesis (H2) was first introduced by (Lasiecka and Tataru [24]) in
1993.

2.3 Existence and uniqueness

In this section, we give the existence and uniqueness result for the system (2.1.1))-
(2.1.3) using the semigroup theory ([25]). So, if we denote U = (u,v,¢, ¥, 6, 19)T,
where v = uy, p = ¢ and ¢ = 0;. Then, system (2.1.1)-(2.1.3) can be rewritten as

follows:

U () = AU (H) +T (U), t>0
U (0) = Uy = (uo, u1, ¢o, ¢1, 6o, wo)',

where the operator A : D(A) C H — H is defined by

0 I 0 0 0 0
; + () ; () ’ () ()
0 0 0 I 0 0
A = ,

Mo 0 Ngg-b oo Ay BT
0 0 0 0 0 I
Bo i, k. 1

o -B%.() 0 Py oty -

(2.3.1)
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andI': D (I') = H — H is the nonlinear operator defined by

We consider the following spaces

1
L2(0,1) = {‘YGLZ(O,l), /0 ¥ (x)dx =0 }
H2(0,1) = {‘I’ € H2(0,1), ¥x (0) = ¥, (1) =0 } (2.3.2)
H!(0,1) = H'(0,1)NL2(0,1),

and let
H =H! (0,1) x L% (0,1) x H} (0,1) x L?(0,1) x H} (0,1) x L?(0,1),  (2.3.3)

be the Hilbert space equipped with the following inner product

(U, Uy =p /01 vodx + ] /01 pipdx + jio /01 (1xp + i) dx
+§/014>$dx+a0/01¢x{ﬁxdx+a/ol (6 + 19) <9N+T5> dx

1 1
+ / Uylydx + TK/ 0,0, dx, (2.3.4)
0 0

for U = (u,v, 9,1, 0,19)T € Hand U = (4,9, ¢,9,0, §)T € H. The domain of A is
given by

UcH|uecH?*0,1)NH!(0,1), ve H:(0,1),
D(A)= ¢ € H*>(0,1)NH} (0,1), v € H} (0,1), (2.3.5)
0 € H>(0,1)NH} (0,1), 0 € H (0,1).
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Clearly, the domain ID(A) is dense in H.

Remark 2.3.1. Under the assumpt1on [.1.4), it is clear that (2.1.3) defines an inner
product. Precisely, from (2.1.3)), we have

(U, Uy 2/ 0% + JUP + i+ (0; +0)° + agg? + &7

+2puouxd + KTG,ZC) dx.

Using the fact that

2 2
V*uz + 2uouxgp + C‘P = [l/‘ <ux + %4’) +¢ (Qb + ?ux)

(8o )e]

* 1 . 2 1 2
WU+ 2potxd + 597 > 5 (V —%) u§+E (g_@) &,

since y3 < u*¢, we deduce that

which yields (U, U)y > 0, by using the relation puf < u*¢.

Consequently, we conclude that <U, ljl>]H defines an inner product on IH and the

associated norm ||.|| . is equivalent to the usual one.

Now, we can give the following well-posedness result.

Theorem 2.3.1. Let Uy € H and assume that (H1) — (H3) hold. Then, there exists a
unique solution U € C (R4, H) . Moreover, if Uy € D(A), then

UcC(Ry, D(A))NCH Ry, H).

Proof. First, we prove that A is a maximal dissipative operator. For any U € ID(A),
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using (2.3.4) and integrating by parts, we have
1
(AU, Uy = —K/ 62dx < 0.
0

Thus, A is dissipative. Next, we prove that the operator I — A is surjective. Given

K = (kq,ky, k3, kg, ks, k6)T € H, we prove that there exists U € D (A) such that
(I-A)U =K. (2.3.6)

That is
u—v=k €H(0,1),

00 — Wiy — podx + Bobx + BoVx = pka € L2 (0,1),
¢—p =k € Hj(0,1),
Ji + Hotty — Aoy + EP + 10 + 178 = Jky € L?(0,1),
0—0=ks < H}(0,1),

| 470+ Bovx — P19 — KOxx + aB = aTke € L?(0,1).

Insertingu —v =ky, ¢ —p = kg and 0 — & = ks in (2.3.7), (2.3.7)4 and (2.3.7)¢, we

(2.3.7)

obtain
pu — Wy — podx + Po (1 +7T) 0x = piy,
(J+ &) ¢+ potx — aopxx + B1 (1 +17) 0 = g, (2.3.8)
a (T+ 1) 0 + ,BOux - ,Bl(P — KOxx = U3,

where

11 = pka + pky + BoTksy,
po = Jky + Jks + B17ks,
us = atke +a (T + 1) ks + Bok1x — B1ks.

To solve (2.3.8), we consider the following variational formulation
B ((u,¢,0),(1,¢,0)) =L (4,¢,0),V(4,¢0) €V, (2.3.9)
where B: V x V —— R with

V =H,(0,1) x Hy (0,1) € Hy (0,1),
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is the bilinear form defined by

3 1 1 1
B ((u,¢,0),(i1,¢,0)) =p/0 uﬁdx+y*/() uxﬁxdx—yo/o Priidx

1 1
+ﬁ0(1+f)/0 9xadx+(]+6)/0 Ppdx

30

1 1 1
+ Mo /0 uxPdx + ag /0 PxPxdx + 1 (1+ 1) /0 Opdx

1 1
+a(1+r)2/ Gédx—i—ﬁo(l—i—'r)/ uOdx
0 0

1 1
—B1(1+71) / pOdx +x (14 1) / 0x0xdx,
0 0
and £ : V — Ris the linear form given by
s 1 1 1
L(a,¢,0) = /O ppildx + /0 Hoddx + /0 p30dx.
Now, if we equipped the space V with the norm

2 2 2 2 2 2
(@, O) [y = llulla + [Juxllz + (1@l + lullz + [l
2 2
+ 10112 + 16«12,

we have

1B (1, ¢,0), (1, 0,0)]17
:p/oluzdx+y*/01u,zcdx+2yo/01qbuxdx+(]+§)/01(p2dx

1 1 1
+a0/ ¢§dx+a(1+r)2/ 92dx+K(1+T)/ 0%dx.
0 0 0
On the other hand, we can write

1 1 1
i [ ildx 20 [ gudxt (7 +2) [ gPax

1o )2, 1 _ ) 2
>2<y ]+§>uX+2<]+ " ¢,
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and since { — — > 0, we deduce that

Vo
wr

B ((4,9,0), (u,¢,6))]

2 1 . Ho ! 2 1 _‘u_% ! 2
>p/ dx+ - (y ]+é‘>/ x+2<1+€ y*>/()¢
—i—ao/o 4>§dx+a(1+r)2/0 szx+K(1+T)/0193%dx

> Mo |[(1,9,0)] -

Thus, B is coercive.

Because B is bilinear form and we can easily show that it is bounded on (V x V), thus
B is continuous. By the same way, we show that £ is continuous . Consequently by
applying the Lax-Milgram theorem, we conclude that the variational problem (2.3.9)
has a unique solution u € H} (O 1),¢ € H} (0,1),0 € H} (0,1). The substitution of

u, ¢ and 6, respectively, in (2.3.7)1, (2.3.7)3 and (2.3.7)s yields
(v,9,8) € HE(0,1) x H} (0,1) x H} (0,1).
Moreover, if we take (§,0) = (0,0) € Hj (0,1) x H{ (0,1) in (2.3.9), we get
1 1 .
y*/o Uyilydx = /0 (11 + popx — Bo (1 + 1) 6 — pu) iidx, Vii € H, (0,1). (2.3.10)

Here, we cannot use the regularity theorem, because # € H. (0,1). So, we take
¥ € H} (0,1) and set

i(x) =9 (x) — /01‘?(x) dx.

It is clear that 7 € H! (0,1) . Then, a substitution in (2.3.10) leads to

1 1
y*/ Uy Vydx = / r¥dx, V¥ € HL (0,1),
0 0
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where
r =+ plopx — Bo (14 7) 05 — pu € L2(0,1).
So
uc H?(0,1),
and

_,u*uxx = M1+ poPx — ,BO (1 + T) Ox — pu. (2.3.11)

We replace (2.3.7)1, (2.3.7)5 and yq = pka + pk1 + BoTksy in (2.3.11), we obtain
v — Wity — poPx + Bobx + Bobx = pko.
This gives (2.3.7)2. Since —p*uyy = r(x), then
1 1
—y*/ Uy Pdx = / r®dx, V® € H! (0,1).
0 0

Namely,
1 1
WU |} —f—y*/ uxcbxdx:/ rddx, Vo € H' (0,1).
0 0

Because H! (0,1) ¢ H' (0,1), we can write
1 1
— W Uyl |(1) dx + y*/ UyTlydx = / riidx, Vi € H} (0,1),

0 0

and on the other hand, we have (2.3.10). Thus,
uy (1) it (1) —uy (0) 7 (0) = 0.
Since 7 € H! (0,1) is arbitrary. Then,
uy (1) = uy (0) = 0.

Consequently,

u € H?(0,1)NHL(0,1).
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If we choose (i,8) = (0,0) € H. (0,1) x Hj (0,1) in 2:3.9), we get

1 1
0 | @sfadx = | (2= (1+2) @ — pous = B1 (1+7)0) g, v € HY (0,1).

That is
—aoPxr = pa — (J + &) ¢ — poux — 1 (1 + 1) 0 € L7 (0, 1),

and by applying the regularity theory for the linear elliptic equations, we conclude
that
¢ € H*(0,1)NH} (0,1).

If we take (i, $) = (0,0) € HL (0,1) x H} (0,1) in 2.3.9), we get
1 ~
K (1 —I—T)/ 00xdx
0
1 < <

:/0 (m_a(1+r)29—50(1+r)ux+[51 (1+r)4>> ddx, V8 € H} (0,1).
That is

k(1 +T) O =ps—a(1+1)20—Bo(1+T)ux + 1 (1+7) 9 € L2(0,1),
by the regularity theory for the linear elliptic equations, we deduce that

0 € H*(0,1)NH} (0,1).

Now, we prove that the operator I' is locally Lipschitz in H.
LetU = (u,v, ¢, P, 0, 1.9)T € Hand U; = (Z/tl, 01,4)1,1P1,91, l91)T € H with

Ul <€ ||Ui|ly < € then we have

IT(U) =T (Ul < mllg (@) =g (@)l

By using (2.2.2) and Holder’s inequalities, we can get

g (@) =g W1)ll2 < koC Il 5 + 911l 5) 119 = ¢l < 2l =yl
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Which gives us
I W) =T Ul < 13 19— ¢l -

Then the operator I' is locally Lipschitz in IH.
Hence, there exists a unique U € D (A) such that (2.3.6) is satisfied. Consequently,

the operator A is maximal. With this, we conclude that A is a maximal dissipative
operator. Then, A is the infinitesimal generator of a linear contraction Cp-semigroup

on H. Therefore, the well-posedness result follows from the Lumer—Phillips theorem.
O

2.4 General stability

In this section, we use the energy method to prove a general stability result of the
system (2.1.1)-(2.1.3). First, we state and prove some technical lemmas needed in the

proof of our result.

Lemma 2.4.1. Let (u,¢,0) be the solution of system (2.1.1)-@2.1.3). Then, the energy
functional E(t), defined by

1 r1
E(t)=5 /0 (o + 13 + J 7 + a0p? + 50 + 2pogux + a (70; +0)° + w762 dx,

(2.4.1)
satisfies
1 1
E'(t) = —x /O 62dx — a (1) /0 ¢ () dx < 0, (2.4.2)
" , Lo a0 [, w(0) [
E'(t) < —K/O Odx + > /0 <ptdx+T/0 Q° (¢r) dx. (2.4.3)

Proof. Equation can be obtained by multiplying the first three equations of
by u, ¢¢, and (76; + 6) respectively, integrating by parts over (0, 1) and using
the boundary conditions (2.1.3). The estimate is produced by using Young's
inequality to the last term of (2.4.2). O
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Lemma 2.4.2. Let (u, ¢, 0) be the solution of (2.1.1)-(2.1.3). Then, the functional

1 1
L(t) = '0/0 upudx — ,BOT/O Ou,dx, t > 0, (2.4.4)

satisfies

x 1 2 1 1 2 .1
I{(t)g—y— ; uldx + (%—F%)/O Gﬁdx—k% ; u%dx—k%/o ¢*dx, t > 0.

(2.4.5)

Proof. Direct computation, by using equation (2.1.1); and integrating by parts, we get
1 1 1 1
I[(t) = — y*/ u2dx +p/ u?dx — yo/ Pudx — ﬁo/ Oyudx
0 0 0 0
1
+,BOT/ O usdx. (2.4.6)
0
Using Young's inequality, we get
—u /lqbu dx<ﬂ—%/1(p2dx+y—*/lu2dx (2.4.7)
CJo T = Jo 4 Jo T o

1 1 1
,BOT/O O urdx < %/0 9%dx+%/o u%dx. (2.4.8)

Young’s and Poincaré inequalities lead to

1 g2 1 ut 1
_ﬁo/o Orudx < M_S/o Gﬁdx—i—z/o uldx. (2.4.9)

Inserting (2.4.7)-(2.4.9) in (2.4.6)), we obtain (2.4.5). O

Lemma 2.4.3. Let (u, ¢, 0) be the solution of (2.1.1)-(2.1.3). Then, the functional

1 1 X
)= |, s =B [ ([ o) ix
+(%+ﬁlr)/o Opdx, t>0,
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satisfies, for any €1 > 0, the following estimate

I (¢) —ao/ cpxdx—zx/ 4>2dx+81/ uzdx

1
+<gz+4” i ) [t e+ ) [ e

Ydx, t > 0, (2.4.10)

where g1 =

1 Boo\” T ﬁoﬂo
X(/ﬁ-l——y* ) >0andg2—2 B1+ o > 0.

Proof. By taking a derivative of I;(t), using (2.1.1), and then integrating by parts

together with the boundary conditions, we obtain

2
[ s (gg_) [ i [ ot @an

- (ﬁw%) /Olecpdx—%f)/olut (/()xsbt(y)dy) dx

4+ (% + ﬁlr) /01 O¢rdx — a (1) /01 Pg (1) dx

By using Young’s inequality, we get

/ ¢g (Pr) dx < X / <P2dx+ / & (pr)d (2.4.12)
By using Young’s and Poincaré inequalities, we have
ﬁoyo) /1 1 /1 2 /1 2
— — Opdx < — d 0xdx, 2413
(51+ wr ) Jo 09I S gX f) At o B (2.4.13)
Poto /1 /1 2 42
T (,51 + u A Oprdx < Go A (Gx +<Pt> dx, (2.4.14)
_1 Bopo\” T Boto
where ¢1 = X (51 T ) and ¢, = 7 (ﬁ1 T )
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Young’s and Cauchy Schwarz inequalities, give us

1 X 1
—He / iy ( / ¢t (y) dy) dx < & / updx + s Op / $2d (2.4.15)
H 0 0 0 81
Inserting (2.4.12)-(2.4.15) in (2.4.11), we get (2.4.10). O

Lemma 2.4.4. Let (u, ¢, 0) be the solution of (2.1.1)-(2.1.3). Then, the functional
1 1
S —arz/ 0:0dx — E/ 0%dx,
0 2 Jo
satisfies, for any e > 0,

(1) < _g/ol (T6t+9)2dx—|—82/ wdx 4+ PIT / 2 (2.4.16)

Bit  (Bor)* | a
+<%+—4€2 +§>/0 02dx.

Proof. By differentiating I3(f), using (2.1.1)3 and integrating by parts, we obtain

1 1 1
I (t) = —tZTZ/ 0%dx — [SOT/ U0 dx — ,Blr/ $0dx
0 0 0

1
e / 62dx. (2.4.17)
0

Using the fact that

1 5 1 ) 1
/ (10 +0)"dx < 2/ (76;)" dx +2/ 0%dx,
0 0 0

which yields,

1 ) 1 1 ) 11,
- /O (78 dx < — /O (26, +0)% dx + /O 62dx. (2.4.18)
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By using Young’s and Poincaré inequalities, we obtain

1 1
—p1T /0 P0dx < pit / ¢7dx +ﬁ L i 62dx. (2.4.19)

By using Young’s inequality, we get

1 1 2 1
—ﬁor/ ubydx < 82/ u%dx+m/ 0%dx. (2.4.20)
0 0 der  Jo
By substituting (2.4.18)-(2.4.20) in (2.4.17), we have (2.4.16). O

Lemma 2.4.5. Let (u, ¢, 0) be the solution of (2.1.1)-(2.1.3). Then, the functional

1 x
Ii(t) = —pa/o (/0 ur (y) dy) (T6: +0) dx, (2.4.21)
satisfies, for any €3, €4 > 0, the following estimate
1 1 2 1 1
I(t) < —BZLP A u%dx+s3/0 uider%/o 4>t2dx+e4/0 ¢*dx

5 1 2 *\2 1
+ ﬂ/o 0%dx + (ﬁoaJr (o) + @) > /o (T9t+9)2 dx. (24.22)

,BO 484 483

Proof. By differentiating I,(f), we obtain

1 1 1
I(t) = —ay*/ uy (T6; +6) dx—yoa/ ¢ (T +0) dx—i—ﬁoa/ (T6; + 0)* dx
0

+ ,309/ </ ug ( dy) UpedX — ,Blp/ (/ t(y) dy> Prdx
— Kp/o </0 ur (y) dy) Orxdx.

U. Badji Mokhtar-Annaba Department of Mathematics Sara. Labidi



2.4 General stability 39

1
By integrating by parts and using the fact that / udx = 0, we arrive at
0

1 1 1
I(t) = —ay*/ uy (T +6) dx—yoa/ ¢ (t6:+0) dx+,30a/ (T6; + 0)* dx

— Bop / udx — Bip / ( / ug ( dy) Prdx + xp / U0y dx. (2.4.23)

Young's inequality, leads to

1 1 *\2 1
—apt*/o Uy (16 +0) dx < 83/0 uzdx + (a4;13) /0 (T6: +9)2 dx, (2.4.24)

! 'y (Hoa ) ! 2
—poa | ¢(tOr+0)dx <ey | ¢dx+-—— [ (10:+0) dx, (2.4.25)
0 0 deq4 Jo
1 1 2 1
Kp/ ubrdx < ‘BL‘O/ uzdx + &/ 02dx. (2.4.26)
0 4 Jo Bo Jo

Applying Young’s and Cauchy Schwarz inequalities, we arrive at

—5110/ (/ ug ( dy) Prdx < ﬁop/ u?dy + 21 0P / Prdx. (2.4.27)

By substituting 2.4.24)-2.4.27) in (2.4.23)), we have (2.4.22). O

Now, we define the Lyapunov functional L() by
L(t) = NE(i') + N1 (t) + N> I, (t) + N3I3 (i’) + Nyly (t) , (2.4.28)

where N, Ny, Np, N3, and Ny are positive constants.

Theorem 2.4.1. Let (u, ¢, 0) be the solution of (2.1.1)-(2.1.3). Then, there exists two positive
constants 1 and xp such that the Lyapunov functional (2.4.28) satisfies

KlE (t) S L(t) S KQE (t) P Vt Z 0, (2429)

and

L'(t) < —B2E(t) + B3 /O 1 (97 +&(¢1)) dx, B2, B3 > 0. (2.4.30)
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Proof. From (2.4.28), we get

1 1
IL(t) — NE(t)] gpwl/o |utu|dx+/307N1/0 O1tx| dx

ut (/(fol’(}/)d]/)

dx

1 1

‘I/lop
+ N/ d N- /
JN> ; |prp| dx + 2#* ;

BopoT 1
—i—(T—‘rﬁlT)/o |9(P|dx

1 1
+aNj3 / 7216,6| dx + N4pa/ dax.
0 0

(/0 s (y) dy) (76; +6)

By using Young’s, Cauchy-Schwarz and Poincaré inequalities, we have

|L(t) — NE(t)| < cE(t), ¢ >0,
that is
(N—c)E(t) < L(t) < (N+c)E(t).

Now, by choosing N (depending on Nj, N, N3, and Ny) sufficiently large, we obtain

(2.4.29).
By differentiating equation (2.4.28), then, recalling the estimations (2.4.2), (2.4.5),
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(2.4.10), (2.4.16) and (2.4.22), we get

L'(t) < [NK ('BOT 5-%) — N2 (61+62) — N3 (% 4 (Por)”

—N4PK}/9d +[ Oy MN}/lgz(mdx

+ N<(;-|— fof” >+N3ﬁ +Nﬁlp+— ]/go%dx

4p*2e 2

— Nl% —N4€3} / u dx—aQNz/ ¢2dx

— 1)(Z\fz — Nlﬂ—(z) — N484 / <p2dx
2 u* 0

2 4ey 4¢3

1
— 'BOP N2€1 N3€2 — N1@ / u%dx,
2 2 1Jo

1 1 1
if we choose ¢ —,6p=—and ez =4 = , We obtain
1 1= N2 2 = N3 3= ¢4 — N4 1

482

— [Naz — Ny (,3061 + (poa)” + (ay*)2>] /01 (T6; + 0)* dx

41

2+a
2

L'(t) < [NK— (‘BO i—é) Ny (¢1+62) — (‘B;TwL

_N4PK]/ 62dx +[ 0) 5 wN] /lgz(q’)t)dx

42
— Nl%—l}/ uidx—aoNz/ ¢2dx
0

- ;XNz—N1 ]/ ¢*dx

_ @N4—2—N1@]/ 12dx.
| 2 2 0

+N<g+N”0p)+Nﬁ +N[51p ]/4)

4

- _N3§ — Ny (,Boa + Ny ((yoa) (ay*)2>)} /01 (T6; 4 0)% dx

N3 (‘B()T)z a)

T3
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We select our parameters appropriately as follows:

First, we choose Nj large enough such that

]/t*
—N; -1 .
5 1 >0

We take N, large such that

1 Mo

We pick Ny large such that
Pop PoT
Ny —N— —-2>0.
5 Na—DNi— >0

Then, we choose N3 large enough such that

N3g — Ny ([Boa + % ((yoa)2 + (ay*)2>) > 0.

Finally, we take N large enough (even larger so that (2.4.29) remains valid ) such that

oy (PoT B g (BT Ns(Bor)® e e
Nx N1<2 +]4* N> (¢1+¢62) — N3 > + 1 +2 N4,50 > 0.

All these choices lead to (2.4.30). O]

In this section, we state and prove our stability result.

Theorem 2.4.2. Assume that (H1)- (H3) hold. Then, for any Uy € D(A), there exists the

positive constants ay, ap, such that

E(t) < a1 Gyt (”—2> , (2.4.31)

where
G() (i’) = tG/ (Sot) , V€0 > 0.
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Proof. Multiplying (2.4.30) by « (), we get

R (V1) < ~pan () EW) + s (1) [ (9724 2(90)) v 243)

We distinguish two cases

1) G is linear on [0, €] . By using (2.4.32) and the hypothesis (H2) , we have

a(t)L'(t)

IN

B (0 EW) + Bsa (1) [ i)
< —Bow (t) E(t) — Baa () E'(¢). (2.4.33)

Since a/(t) < 0, then (2.4.33) is equivalent to
Li(t) < —Ban (t) E(t), (2.4.34)

where

Li(t) = a(t) L(t) + (Bsa (t) +¢) E(t)~ E(t), ¢ > 0. (2.4.35)

Because E(f) is a non-increasing function, for all T € R, by using (2.4.34), we have

L1(0)
B2

T
E(T) /O a(t)dt < (2.4.36)

Using the fact that G L(t) is linear, then (2.4.36) can be rewritten as follows

1 L1(0)
H =A% (/sz Tl dt) A

L
which gives (2.4.31) witha; = A and a; = % The proof is complete.
2

2) G is nonlinear on [0,€¢]. To estimate the last term of (2.4.32), we first choose
0 < €1 < ¢, suchthatsg(s) <min(e, G (€)),V|s| < e and by using (H2), for s # 0,
it follows that

s?+8%(s) <G (sg(s)), Vls| < e,

vi[s] < [g(s)] < vals], Vs[> er,
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and we consider the following two sets
L = {x € (0,1) : |(Pt| < 61}, L = {x € (0,1) : |(Pt| > 61}.

Now, we define I (t) by
11 = [ ps(poar,

using Jensen’s inequality and the hypothesis (H2), we have

Boa (t) /01 (07 +&%(¢1)) dx < Boa () G (I(H) = o (N E'(E). (2437)

Inserting (2.4.37) in (2.4.32), we obtain

Lh(t) < —Baa () E(F) + Bh (1) G (1 (1)), (24.38)

where

Lo(t) = a (t) L(t) + (Boa () +11) E(t)~ E(t), T > 0.

Now, for ¢y < €1 and using the fact that E'(t) < 0, G’ > 0, G’ > 0 on (0, €], we find
that the functional L3(t), defined by

L3(t) = G’ (e0E(t)) Lo(t) + mE(t) ~ E(t), 70 > 0,
satisfies

L5(t) = E'(t) (e0G” (coE(1); (1) +72) +5 (G (oE (1))

< —Ban (1) Go (E(1)) + Bax (£) G (0E(H)) G (I (1)) (2.4.39)

Note that, the equivalence between L3(t) and E (t) is due to the fact that G’ (¢gE(t))

is positive non-increasing function and L;(¢) ~ E(t). Indeed, we have for all t > 0,

mE(t) < Ly(t) < moE(t),
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and
0 < G (egE(t)) < G’ (e9E(0)),

then
»E (i’) < Lg(i’) < (G/ (EoE(O)) my + Tz) E(i’).

Therefore, there exists 0, 0, > 0, satisfying
U'1E (t) < L3(t) < O'QE(t),

withoy = 1, 00 = G (SoE(O)) my + 1.

To estimate the last term of (2.4.39), we apply the following general Young’s inequality
AB<G"(A)+G(B),if A (0,G'(¢)], Be (0,¢€],

where
G'(s)=5s(G) " (s) -G ((G’)‘1 (s)) ,ifs € (0,G (¢)],

we deduce that

Bau (1) G’ (eoE(1)) G (I (1)) < PBheon (t) Go (E(t)) — Boer (F) E'(H).  (2.4.40)

Substituting (2.4.40) in (2.4.39) and letting ¢y = 25—2,2, we have
L () + Bhar (£) E'(£) < —kat (1) Go (E(1)), (2.4.41)
which can be rewritten as
(La(t) + Baae (1) E(8)) — Bon' (DE(H) < —ka (1) Go (E(H)  (2442)
since &' (t) < 0, then (2.4.42) is equivalent to
Ly(t) < —ka (t) Go (E(t)), (2.4.43)
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where
Ly(t) = La(t) + BHa (t) E(t) ~ E(t),

this last relation is checked from the fact that « (t) is a positive non-increasing function

and L3(t) ~ E(t). Indeed, for every t > 0, we have already
U'1E (t) < L3(t) < O'QE(t),
then
i E(t) < Ly(t) < o3E(1),

with o3 = 0» + ‘Blzh<0)

By using (2.4.43), because Gy (E(t)) and G’ (¢9E(t)) are non-increasing functions,
then forall T € R, we have

T

kGO(E(T))/O a (1) dt < Ly(0),

that can be rewritten as follows

E(T) < G;'! ( L4(0) )’

k[ a(t)dt
. : . _ _ L4(0) :
which gives (2.4.31) witha; = 1and a; = — The proof is complete. O

Conclusion In this work, we proved the existence and uniqueness of the solution of
heat porous elastic system where the heat conduction is given by Lord-Shulman law
and we gave a general decay of the solution by using the multipliers technique in

which the exponential and polynomial decay are only special cases.
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CHAPTER

General stability for a neutral delayed porous-

elastic system

3.1 Introduction

In the present work, we consider the following porous-elastic system with nonlinear

damping term and subject to a distributed delay of neutral type

(

pup — pilyy — by =0, x € (0,1), t >0,
t
]((PtJr/Ok(t—s)(pt(s)ds) — Opxx + buy +C¢

t
+a(t)g () =0, x€(0,1), t >0, (3.1.1)
u(x,0) =uo(x), us (x,0) =uy (x), x€(0,1),
¢ (x,0) = o (x), ¢ (x,0) = ¢1 (x), x € (0,1),
uy (0,t) =uy (1,t) = ¢ (0,t) = ¢ (1,t) =0, t >0,

\

where the functions u and ¢ represent, respectively, the displacement of the solid
elastic material and the volume fraction. The parameter p designates the mass density

and | equals to the product of the mass density by the equilibrated inertia. The
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term « (t) g (¢¢) is the nonlinear damping term where « is a positive non-increasing
differentiable function and g is specified in the preliminaries. The coefficients y, J, ¢
are positive constants represent the constitutive parameters defining the coupling

among the different components of the materials such that
ué > b, (3.1.2)

where b is a real number different from zero. The initial data uo, 11, ¢, ¢1 belongs to
the suitable functional space and the integral represents the neutral delay term where

k is the relaxation function that specified in the preliminaries.

The presence of delay may be a source of instability of systems which are asymptoti-
cally stable in the absence of delay unless additional control terms have been used (see
[12],[13],[19],[301,[31],[39]). Also, the introducing of delay may lead to ill-posedness
as shown in many works such as ([13],[35]). In addition to the well-known discrete
delays, there are several others and we are interested here in the neutral delay where
the delay is occurring in the second (highest) derivative, for more details, see previous
studies ([14]-[16],[?],[38]) and the references therein. It is also worth mentioning that
besides the fact that systems are very reactive to small delays, on the contrary, they
can be stabilized by ‘large’ neutral delays of course under well-chosen assumptions
and conditions. In fact, neutral delays are sometimes deliberately inserted into the

systems to improve the performance of the structure.

Many investigations have been realized concerning the study of asymptotic behavior
of the solutions for a one-dimensional porous-elastic system for different damping
mechanisms such as ([20],[8],[32],[41],[29],[34]). Also, among the works concerned
with the study of stability in the presence of neutral delay, we cite the work of

Seghour et al. [37] where they considered the following thermo-elastic laminated
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system subject to a neutral delay

pwi + G (P —wy), +Aw; =0, x € (0,1), t >0,
Ip(3Stt—lptt)—G(l/J—wx)—(38—170)4—]49,(:O, X € (0,1), t>0,
t
31, (st+/ h(t—r)sf(r)dr> +3G (p —wy) +47s —3s,x =0, x € (0,1), t >0,
0 t

0 —kbxx +u(3s—¢),, =0, x€(0,1), t >0,

\

with boundary conditions

and initial data

(w, ¢,5,0) (x,0) = (wo, Yo, s0,60) , x € (0,1),
(wt,lpt,st) (X,O) = (wl,lpl,sl), X € (0,1) .

The authors showed, under some appropriate assumptions, that the dissipation
produced by the heat equation with the frictional damping stabilize exponentially
the system even in the presence of neutral delay for the case of equal wave speeds. In
the opposite one, and with an additional assumption on the kernel, they proved a

polynomial stability.

The main goal of this paper is to give a global well-posedness result for the problem
by using the Faedo-Galerkin method. Moreover, based on the multipliers
method with some assumptions on the kernel of neutral delay which already exist in
the literature alongside with some properties of the convex functions, we construct a
suitable Lyapunov functional and we show that the dissipation given by the nonlinear
damping term is strong enough to guarantee a general decay of the solutions, despite
of the destructive nature of delays in general, for the case of equal speeds of wave
propagation, that is

= 0. (3.1.3)
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Introducing a neutral delay makes our problem different from those considered so far
in the literature. Moreover, the study of the asymptotic behavior becomes different
and more complicated than in the case of other types of delay that has appeared
in the recent literature such as in ([2]-[3], [10]-[11], [17], [?]-[?]). In other words, a
neutral-type delayed dynamical system is a more general class than delayed systems,
in the sense where it’s described by a model in which the highest derivative of the
state at the present time is a function not only of the values of the passed state, but

also of the highest derivative of the passed state and this strengthens the challenges.

This paper is organized as follows. In Section 2, we introduce some assumptions and
transformations needed in the next sections to prove the main result. In Section 3,
we give the existence and uniqueness result of the solution. In Section 4, we use the

energy method to prove the general stability result.

3.2 Preliminaries

In this section, we present some assumptions to achieve our goal. For that, we use the
standard Lebesgue space L? (0,1) and the Sobolev space H} (0,1) with their usual
scalar products and norms. To simplify the calculations, we use the following Lemma

which help us later to make some estimates.

Lemma 3.2.1 ([37]). For any function ¢ € C' <[O,oo) ;L2 (0, 1)) and any k € C (]0,0)),
we have the following identity

/Oltp(t) (/Otk(t—s) th(s)ds) dx
- —% (K'Oy) (1) + %% /01 (/Otk(t —s) zpz(s)ds> dx
+ 5 i k(e) [ ppp (0,

where

(kOp) = /Otk(t ) </01 ((t) — 1/)(5))2dx> ds, t > 0.
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Also, we need the following hypothesis to reach our aim

(H1) The kernel k is a nonnegative continuously differentiable and summable function
satisfying
K() <0,V >0, k= / k(s)ds.
0

(H2) « : Ry — R4 is a non-increasing differentiable function.
(H3) exp (¢t) k(t) € L' (R.) for some ¢ > 0.

+o0
Note that if/ e°k(s)ds < oo and tlim exp (¢t) k(t) < oo, then
0 —00

400 o0 +oo
/ e® K (s)| ds = —/ ek (s)ds = —e*°k(s) | —i—g/ e*°k(s)ds < oo.
0 0 0

(H4) ¢ : R — R is a non-decreasing C’-function such that there exists a positive
constants vy, v, € and a strictly increasing function G € C! ([0, %)), with G(0) = 0,

and G is linear or strictly convex C2—function on (0, €] such that

2+ §%(s) < ();_1 (sg(s)), Y[s| <e, (3.2.1)
S

vi[s| < [g(s)] < vals|, V]s| > €,

which implies that sg(s) > 0, for all s # 0.

Also, we need to use the following transformation to calculate the energy of the

system and for other necessary estimations

(/Otk (t—s) 4)t(s)ds)t =k (t) ¢:(0) + /Otk (t —s) ¢pue(s)ds. (3.2.2)

In view of the boundary conditions, our system can have solutions (uniform in the
variable x), which do not decay. In other words, it is known that for the problem
determined by (3.1.1) we can always take solutions where u is constant, for this

reason, we impose that

1 1
/ updx = / urdx = 0. (3.2.3)
0 0

It is worth noting that condition (3.2.3)) is imposed to guarantee that the solution
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decays. Thus, if we want to avoid this behavior we need to impose condition (3.2.3).

3.3 Global well-posedness

In this section, we prove the global existence and the uniqueness of the solution of
the problem (3.1.1) by using the classical Faedo-Galerkin approximations. First, let us

define the following spaces
H!(0,1) = H'(0,1) N L2(0,1),
with .
L2(0,1) = {g € L?2(0,1) : / g (x)dx = 0}.
0

Also
H2(0,1) = {g € H2(0,1) : 4 (0) = ¢« (1) = 0}.

For completeness, we state without proof the following global existence and regularity
result which can be proved by using the standard Faedo-Galerkin method, for which

we refer the reader to [28].

Theorem 3.3.1. Assume that (H1)-(H4), (3.1.2) hold, and the initial data

(uo,u1) € Hy (0,1) x L3 (0,1),
(¢o, ¢1) € Ha (0,1) x L2 (0,1), (3.3.1)

problem (3.1.1) has a unique global weak solution

ue C(Re, H2(0,1)NH! (0,1)) NC! (Ry, H (0,1)) NC? (R4, L2(0,1)),

pecC (R+,H2 (0,1) N H} (0,1)) nct <1R+, H} (0,1)) nc2 (1R+, 12 (0,1)) . 332)

In addition, the solution (u,$) depends continuously on the initial data.
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3.4 Stability result

In this section, we use the energy method to study the asymptotic behavior of solu-
tions of the system 1) and we establish a general decay result of solutions of the
problem (3.1.1)) in the case when (3.1.3) holds. So, we need the following lemmas.

Lemma 3.4.1. The energy E(t) of the system (3.1.1)) given by

1 /1
E(t) = 5 [ (puf + ik + Jg7 +2busp+ 47 + 693 ) dx

1 t
+ %/ (/ k(t—s) cptz(s)ds) dx, t > 0. (3.4.1)

0 0

satisfies
1

E() <~ (1) | g (90) d. (3.42)
Proof. Multiplying (3.1.1), (3.1.1), by u¢, ¢+ and integrating over (0,1) and summing

them up, we obtain

i 1
T, / pu% + uu? + JoF 4 2bucg + Ep? + 5(/52() dx

+]/ {qbt (/ (t— ) u(s)d de: —oc(t)/olq)tg((pt)dx. (343)

By exploiting (3.2.2) and applying the result in Lemma 1, we obtain

o ([ k0900 |ax

=1 5 (KDgr) () + fk(z—t) /O g

t
+ %% (/0 k(t—s) 4>t2(s)ds> dx. (3.4.4)

Inserting (3.4.4) in (3.4.3) and taking into account the positivity of k(t), we have
(3.4.2). O
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Remark 3.4.1. Note that
2 2 b\ AR
W2+ 2+ C :ﬂ(ux+ﬁ4’) (@——)( )

and because u& > b?, we deduce that the energy E(t) defined by (3.4.1) is non

negative.

Lemma 3.4.2. Let (u, ¢) be the solution of system (3.1.1). Then, the functional

=1 [ o (ot [ke-9a@as)ax+ P [o([“uway)ax,

satisfies for any g9 > 0,

202
F (t) < (5/ P2dx — /<p2dx+ {3] 4128 }/ Prdx

+50/ dx+2/(/ t_5¢t())

/0 g% (¢y) dx. (3.4.5)

251

Proof. Multiplying (3.1.1), by ¢ and integrating by parts, we obtain

P[0 (o [ ke=ses) dxer [on (s [ k=5 s ) d
——(5/ q’)zdx—b/olux</‘)dx—§/01(p2dx—|—]/ol¢t (¢t+/otk(t—s)<pt(s)ds) dx

) [ g g0 d,
that is
4 oo [0
:—5/ gbidx—b/ uxgbdx—g/ ¢2dx
+]/ <Pt2dx+]/ @(/ (t—s) pe(s)d ) X. (3.4.6)
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Integrating over (0, x) the first equation of (3.1.1) and multiplying it by %, we get

bo [ b2
Zp/o uy (y) dy = buy + Z(j).

Now, multiplying this last equation by ¢ and integrating over (0,1), we have

bp/ (/ g ( dy) dx = b/ pu dx + — / P?dx,

which is equivalent to

bp d x
:dt <P(/O ut(y)dy)dx

:b/o ¢uxdx+%2/ol¢zdx+%"/ol¢t (/Oxut(y)dy> dax.

The combination of and (3.4.7), leads to
N 1 t
R0 =1 [ tdxe o [k guis)is) ds
1
— 5/ Prdx — & / P*dx

—/¢t(/ut dy)dx—(x /¢g4>t

Using Young’s and Cauchy-Schwarz inequalities, we obtain

P o ([ k-9 utoris)
Sl/o <,bt2dx—|—?l2 01 (/()tk(t—s)(ptz(s)ds) dx

Using Young's inequality, we get

! ¢ (! a*(0) 1
) [ osondr < [ ghaxt 55 [ (g0 dx,

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)
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b
2 (o ()
Inserting (3.4.9)-(3.4.11) into (3.4.8), we obtain (3.4.5). O

Lemma 3.4.3. Let (u,¢) be the solution of system (3.1.1). Then, the functional

F (t (5pb/ (pxutdx—f—b/ <cpt+/ (t—s) (s )ds) Uydx,

satisfies, for any €1 > 0,

1 1
2dx + ¢ / u?dx. (3.4.11)
0

1 1

b? 1
E(t) < =27 Jo uidx—i—Cgl/O Prdx + € (2—|—k(0))/O u?dx

+ @/1 ¢3.dx + bzi‘ <10) /01 (/t K (t—s)| 4)%(5)075) dx

¢)dx + X/ Prupxdx, (3.4.12)

6b% b2 (0 2
where Ce, = uy + 4—81() + g—]

Proof. Multiplying (3.1.1), by ?u x and integrating by parts, we obtain

b/lux (cpt—l—/tk(t—s)@(s)ds) dx+b/1utx (cpt—l—/otk(t—s)cpt(s)ds) dx

2

- b] uldx + — i / Prxtixdx — g/ Puxdx

+b/0 Uty (4)t+/0 k(t—s)gbt(s)ds) dx —a () /01 uxg (¢r) dx

that is

b% /1 Uy (gbt + /tk(t — s)gbt(s)ds) dx

_ b]2 zd __/ Prllgrdx — =2 /qbuxdx

+b/ Uty (gbt—i—/ (t—s) (s )ds) dx — o (t )/0 uxg () dx. (3.4.13)
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1 ob . . .
Multiplying (3.1.1); by ﬁcpx and integrating by parts, we obtain

%)/Olquuttdx: 5—]b/014>xuxxdx+—/ ¢3d

which is equivalent

Sbpo d 1 ob 1 o2 1 Sob 1
‘u]p dt/ Pxurdx = 7/0 ¢xl/lxxdx+ﬁ/o ¢,chx+%/0 Prxurdx. (3.4.14)

By combining (3.4.13)), (3.4.14) and integrating by parts, we obtain

/ t):(;—bx/olqbtutx x—_/ 2dx—|— ]2/()1¢3%dx_b75/01¢uxdx

—a(t) /01 uxg (¢r) dx + b/o Uy (/0 k(t—s) qbt(s)ds) dax. (3.4.15)

Integrating by parts with respect to ¢ the last term of (3.4.15), we have

b [ e ([0 guts)is)
:b/o liix [k(O)cp(t)—k(t)cp(O)—I—/Otk’(t—s)cp(s)ds] dx

= —bk (0) /1 urprdx + bk (t) /1 urpy (0) dx

—b/ ut(/ K (= s) p(s)d >dx.

Then, (3.4.15) becomes

’t)z%b)(/ol(ptutx x——/ u2dx + ]/ P2dx

— bk (0) /01 urpxdx + bk (t)/ urpy (0) dx — —/ Ppudx
—a (t) /01 uxg (¢r) dx — b/o U (/0 k' (t—s) qu(s)ds) dx. (3.4.16)
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By using Young’s inequality, we arrive at

—bk (0) Viedx < e [ u2d Q) 1 24 3.4.17
; t4>xx_810utx+ I, Ocpxx, (3.4.17)

1 2 1 2 1
o) g @< 3 [Ndar 150 [ gy (34.18)

and

! ' k() [T,
—I—bk(t)/ urpy (0) dx < g1k (t)/ urdx + / ¢, ax
0 0 4e1 Jo

< e1k (0) /0 L (3.4.19)

Young’s and Cauchy-Schwarz inequalities leads to

—b/ U (/ K (t —s) dx(s)d )dx
< 81/0 u?dx + bzi; / </ |k’ (¢t s)}cpi(s)ds) dx. (3.4.20)

By using Young’s and Poincaré inequalities, we have

bg 1 b2 1 ‘:2 1
7 /O puxdx < i /0 MidX—i-T /0 P2dx. (3.4.21)
By substituting (3.4.17)-(3.4.21)) in (3.4.16)), we get (3.4.12). O

Lemma 3.4.4. Let (u, ¢) be the solution of system (3.1.1). Then, the functional

1
t) = —p/o uudx,

satisfies,
Fg(t)g—p/ dx+—/ P2dx + ”/ uldx. (3.4.22)

Proof. Multiplying (3.1.1); by —u and integrating by parts, we obtain

1 1 1
—p/o Uppudx = y/O uidx—b/o Uprdx,
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which is equivalent to

1 1 1 1 1
—p/o uttudx—p/o uZdx = —p/o u?dx—ky/o u%dx—b/o UPxdx.

Therefore . . )
F(t) = —p/ u?dx + ]/l/ u2dx — b/ ugydx,
0 0 0
Young’s and Poincaré inequalities give (3.4.22). O

Lemma 3.4.5. ([37])Let (u, ¢) be the solution of system (3.1.1). Then, the functionals

Fy(t)=e ¢ /01 (/Ot e Hy (t —s) cpf(s)ds) dx,

F(t)=e ™ /01 (/Ot e™H, (t —s) gb,%(s)ds) dx,

satisfy, V't > 0,

Fi (t) = —¢F, (t) + Hy (0) /01 Pprdx — /01 (/Otk (t—s) qbtz(s)ds) dax, (3.4.23)

F. (t) = —1F5 (t) + Ha (0) /01 Prdx — /01 (/Ot k' (t—s)| 4),2((5)015) dx, (3.4.24)
where Hy (t) = /Oo % |k (s)| ds and Hy (t) = /oo e™ [k (s)] ds.
t t

Now, we define the Lyapunov functional L()
L(i’) = NE (t) + N1F; (t) + NoF, (t) 4+ F3 (f) + N3Fy (t) + NaFs5 (¢), (3.4.25)

where N, Nj, Np, N3 and Ny are positive constants.

Lemma 3.4.6. Let (1, ¢) be the solution of (3.1.1). Then, there exists two positive constants
K1 and Ky such that the Lyapunov functional (3.4.25) satisfies

k1 (E(t) +F () +F5 (1) < L(H) < xa (E () + Ey (1) + B (1), VE >0, (34.26)
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and

1
L'(t) < —Bu (E() + Fs (1) + Fs (1)) + Cak(1) + G [ (97 + (¢0))d
—i—Np—b)(/lcpu dx, B1 > 0 (3.4.27)
2‘1/1 0 thtxd X, P1 . 4.
Proof. From (3.4.25), we have
|L(t) — NE (t) — N3Fy (t) — NaFs (t)|
1 t
<NiJ [ 19]-|gi+ [ K(t=5) pu(s)ds
b 1 X Jolb 1
8 l igl ([ )l ) N [ b

1
# N 0] [ s

Mg
dx—i—N12/04>dx

t 1
¢t+/0 k(t—s) ¢i(s)ds dx+p/0 |u| |us| dx.

By using Young’s, Cauchy-Schwarz and Poincaré inequalities, we obtain
|L(tf) — NE (t) — N3Fy (t) — NaFs (t)| < AE(t).
Therefore,
(N — A1) E(t) + N3Fy (t) + NaFs (1) < L(t) < (N+Aq) E (f) + N3Fy (t) + NyF5 (t) .

Now, by choosing N (depending on Nj, Ny, N3 and Njy) sufficiently large, we obtain
(3.4.26) with

K1 = min{N— )\1,N3, N4},
K> = max {N+)L1,N3, N4} .

Now, by differentiating L (t), exploiting (3.4.2), (3.4.5), (3.4.12), (3.4.22), (3.4.23),

(3.4.24), using Young’s inequality and setting &9 = &’ VYA (21 k(0))
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get
L'(t) < 34 bzp + N3H; ( )+Noc(0) /1 2dx
sl\2 7w sHi ( > , P
1 1
o u?dx — Nlé/ ¢?dx
0
— {(51\]1 — NZCgl — 5 — N4H2 ] / qb%dx

TNy —) /O W2dx — cN3Fy (1) — TNGFs (£)

N3 — %_{N1> /01 (/Otk(t - s)<ptz(s)ds> dx

61

21,2 t
_ [N4— N;b k(0)52+k(0))] /01 (/0 K (t—s)| 479%(5)015) dx
b

0 1 b 1
))/ (,b%xdx—i—Nz‘o—)(/ Prupdx

e (a0 (- £) ) f o

We select our parameters appropriately as follows

First, we choose N, large enough such that

b? 3u
21272

> 0.
We pick Ny large such that

N2b%k(0) (2 + k(0))
Y

Ny — > 0.

We select N; large enough such that

b? ~
ONp — Nzcgl — ﬂ — N4H, (0) > 0.

U. Badji Mokhtar-Annaba Department of Mathematics

Sara. Labidi



3.4 Stability result 62

Finally, we choose N3 large such that

k
N3 — %Nl > 0.

All these choices leads to
1 1/ ot
L'(t) < —0c1/ (43 + 92+ +12 +¢?) dx—/ (/ k(t—s)cptz(s)ds) dx
0 0 \Jo
L pb 1
+ apk(t) /0 $5,dx — gN3Fy (1) — NytF5 () + NZIX/O Pripdx

1
G /0 (97 + & (¢r))dx, (3.4.28)

where a1, 07 > 0.

On the other hand, from Eq. (3.4.1) and by using Young’s inequality, we obtain

| —_

<3 [ (o + 107+ ot 1) a8 4503+ (& + [61) ) d

AL (froavon)e

1
(/0 up + ¢F + 1y +4’x+¢)

(/Ot (t—5) ¢ (s )ds)dx) 01 > 0,

N |

which implies that

1 1 t
[ (g gt ) dx [ R0 g0 ) dr < —eaE (),
(3.4.29)

where ¢, > 0.

1
The combination of (3.4.28) and (3.4.29) gives (3.4.27) with C; = a» / 4>%xdx. ]
0
We are now ready to state and prove the following exponential stability result

Theorem 3.4.1. Let (1, $p) be the solution of (3.1.1)) and assume that (3.1.2), (3.1.3), (H1)-
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(H4) hold. Then, there exists two positive constants a; and ap such that

E(t) < a1Gy! (W) . (3.4.30)
Proof. By using and B1.3), then, becomes
L'(t) < —B1L(t) 4+ Cok(t) + C3 /O 1(4:% + &% (¢y))dx. (3.4.31)
Multiplying by « (1), we get
a(t) L' (t) < —Bra (t) L(t) + Coa (£) k(t) + Caax (t) /O 1 (cp% - gz(@)) dx. (3.4.32)

We distinguish two cases

1) G is linear on [0, €] . By using (3.4.32) and the hypothesis (H4), we have

a ()L (t) < =B (t) L(t) + Core (t) k(t) + Caax (t) /01 $rg(¢pr)dx
< —Ba () L(t) + Corx () k(t) — C3E'(2). (3.4.33)

Since &/ (t) < 0, then (3.4.33) is equivalent to

Li(t) < —Bra (t) L(t) + Con (t) k(1), (3.4.34)
where
Li(t) = a (t) L(t) + C3E (1), (3.4.35)
and L (t) satisfies
le(t) < Ll(t) < LlL(t), 11,1 > 0. (3.4.36)

Indeed, because «(t) is positive, a'(t) < 0 and by using (3.4.35), (3.4.26), then, we get
(3.4.36).

U. Badji Mokhtar-Annaba Department of Mathematics Sara. Labidi



3.4 Stability result 64

So, (2.4.34) is equivalent to

P (3.4.37)

Li()) < =Boa (1) La (1) + G (1) k(1) o =+

Integrating (3.4.37) over (0, T'), exploiting (3.4.36), using the fact that E(T), « () are

decreasing and L (t) is positive, we arrive at

T

/33E(T)/ a(t)dt < L1(0)+C4/0Tk(t)dt

0
< 11(0)+Cy /O k(). (3.4.38)

Because G, lis linear, then, the estimation (3.4.38)) is equivalent to

E(T) < /\Go—l (M)

B3 foT o (t)dt

which gives @431) with a; = A and 2, = W
3

2) G is nonlinear on [0,€]. To estimate the last term of (2.4.32), we first choose
0 < €1 < ¢, such that

. The proof is complete.

sg(s) <min (e, G (€)),V|s| < es.

Using (H4) along with fact that g is continuous and |g(s)| > 0, for s # 0, it follows
that

{ s>+ 8%(s) <G ' (sg(s)), VIs| <ey, (3.4.39)

vi[s| < [g(s)] <vals], Vs| > e,

and we consider the following two sets

L = {x € (0,1) : |47t’ §61}, L = {x € (0,1) : ‘(Pt| >€1}.

Now, we define I (t) by
I(t) = /11 ¢rg(Pr)dx,
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using Jensen’s inequality, we have

G (1(f)) > Cs /1 G (dig(¢r)) dx. (3.4.40)
1
Then, the combination of (3.4.39) and (3.4.40) gives

Caax (1) /O 1 (¢2 +&2(@1) ) dx < Cou () G (1(1)) — CHE(1). (3.4.41)

Inserting (3.4.41) in (3.4.32), we obtain

Ly(t) < —Baa (1) La(t) + Cone (1) k() + Coar (1) G (L (1)), (3.442)

where

Ly(t) = a (t) L(t) + CLE (¢),

satisfies

sz(t) < Lz(t) < mlL(t), mq, mp > 0.

Now, for ¢g < €7 and using the fact that E' <0, G’ > 0, G” > 0 on (0, €], we find that
the functional L3 (), defined by

L3 (t) = G' (eoE(t)) Ly (t) + m3E (t),
satisfies

Ls (1)

0E'(1)G' (e0E(t)) Lo (£) + L (£) G’ (eoE(t)) + C4E' (#)
< —Bsa (1) Go (E(t)) + Cha (£) k(t) + Con (t) G’ (e0E(t)) G™L (I (t)), (3.4.43)

and

myE(t) < L3 (t) < mjL(t), m}, mh > 0.

To estimate the last term of (3.4.43), we apply the following general Young’s inequality

AB< G*(A)+G(B),if Ac (0,G ()], Be (0,e],
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where
G*(s) =s(G) " (s) =G ((c;')—1 (s)) ,ifs € (0,G' (¢)],

we deduce that

Cour () G' (0E(H)) G (I (1)) < Conr () 0Go (E(1)) — CeE' (). (3.4.44)
Substituting (2.4.40) in (2.4.39) and letting ¢y = Z‘BTS, we have
6
Ly (t) < —Ber (t) Go (E(t)) + Cik(t), (3.4.45)

with Ly (t) = L3 (t) + C¢E(t) verifies
0 < myE (t) < Ly ().
Integrating (3.4.45) over (0, T),

B6Go (E(T))/OT/x(t)dt < L4 (0) +C, /OTk(t)dt

< Ly (0) +Cy /Ooo k(t)dt.

the estimation (3.4.38) is equivalent to

E(T) < G <L4 (0) +C§Jc>

Be foT“ (t)dt

Ly (0) 4+ Cik

which gives (3.4.30) witha; = 1 and a, = B
6

. The proof is complete. [

Conclusion and open problem

In this article, we established a general stability of the solution of porous-elastic
system in the presence of neutral delay and nonlinear damping term for the case of
equal speeds of wave propagation. Introducing a nonlinear damping mechanism to

control the side effects given by this type of delay makes our problem different from
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those considered so far in the literature and under some assumptions imposed on the
kernel of delay along with some hypotheses on the nonlinear damping term, we have
been able to prove an explicit energy decay rate that depends on the wave speeds of
propagation. As an open problem, we propose to study the same problem when the

wave speeds are not equal.
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CHAPTER

Global well-posedness and energy decay for
a one dimensional porous-elastic system sub-

ject to a neutral delay

41 Introduction

In 1972, Goodman and Cowin [23] have given an extension of the classical elasticity
theory to porous media by introducing the concept of a continuum theory of granular
materials with interstitial voids into the theory of elastic solids with voids. In addition,
Nunziato and Cowin [22] have presented a nonlinear theory for the behavior of
porous solids in which the skeletal or matrix material is elastic and the interstices are
void of material. In this theory, the bulk density is written as the product of two fields,
the matrix material density field and the volume fraction field. Furthermore, this
representation introduces an additional degree of kinematic freedom. The intended
applications of the theory of elastic materials with voids are to geological materials

like rocks and soils, and manufactured porous materials.

In [34], Quintanilla gave the first investigation concerning the study of asymptotic
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behavior of the solutions for a one-dimensional porous-elastic system where he
proved that the damping through porous-viscosity is not strong enough to provoke
an exponential decay. In ([20],[8]), Apalara showed that the same system considered
in [34] is exponentially stable in the case of equal speeds of wave propagation. In
[32], Casas and Quintanilla studied the one-dimensional porous-elastic system in
the presence of the usual thermal effect with micro-temperature damping and they
used the semi-group approach to prove the exponential stability of the solutions
irrespective of the speeds of wave propagations. In [41], Casas and Quintanilla
proved that the combination of porous-viscosity and thermal effects provokes an
exponential stability of the solutions. In [29], Magaria and Quintanilla showed that
visco-elasticity damping and temperature produced slow decay in time and when
the visco-elasticity is coupled with porous damping or with micro-temperatures, the

system decays in an exponential way.

Delay effect arises in many applications depending not only on the present state but
also on some past occurrences and it has attracted lots of attention from researchers
in diverse fields of human endeavor such as mathematics, engineering, science, and
economics. The presence of delay may be a source of instability of systems which
are uniformly asymptotically stable in the absence of delay unless additional control
terms have been used (see [12],[13],[19],[301,[31],[39])). Also, the introduction of this
complementary control may lead to ill-posedness as shown in many works such as
([13]],[35]) and the references therein. In addition to the well-known discrete delays,
there are several others and we are interested here in the neutral delay where the
delay is occurring in the second (highest) derivative, for more details, see the previous
studies ([14]-[16],[?],[38]) and the references therein.

Among the investigations that have been realized concerning the asymptotic behavior

with neutral delay, we cite the work of Seghour et al. [37] where they considered the
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following thermo-elastic laminated system subject to a neutral delay

pwi + G (P —wy), +Aw; =0, x € (0,1), t >0,
Ip(3Stt—lptt)—G(l/J—wx)—(38—170)4—]49,(:O, X € (0,1), t>0,
t
31, (st+/ h(t—r)sf(r)dr> +3G (p —wy) +47s —3s,x =0, x € (0,1), t >0,
0 t

| 0 — k0 +u(3s—1),, =0, x€(0,1), t >0,

with boundary conditions

and initial data

(w, ¢,5,0) (x,0) = (wo, Yo, s0,60) , x € (0,1),
(wt,lpt,st) (X,O) = (wl,lpl,sl), X € (0,1) .

The authors showed, under some appropriate assumptions, that the dissipation
produced by the heat equation with the frictional damping stabilize exponentially
the system even in the presence of neutral delay for the case of equal wave speeds. In
the opposite one, and with an additional assumption on the kernel, they proved a

polynomial stability.

In this paper, we consider the following porous-elastic system with porous-viscosity

subject to a distributed delay of neutral type

;

pup — pilyy — by =0, x € (0,1), t >0,
t
]<q>t+/0 k(t—s)gbt(s)ds) — O0pyx +buy +Cp+ ¢y =0, x € (0,1), t >0,
t

u(x,0) =uo(x), us (x,0) =uy (x), x€(0,1),
¢ (x,0) = o (x), ¢t (x,0) = ¢1 (x), x € (0,1),
L ux (0,t) = ux (1,t) = ¢ (0,t) = (1,t) =0, t >0,

(4.1.1)

where the functions u and ¢ represent respectively the displacement of the solid
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elastic material and the volume fraction. The parameter p designates the mass density
and | equals to the product of the mass density by the equilibrated inertia. The
coefficients y, J, ¢, u1 are positive constants represent the constitutive parameters

defining the coupling among the different components of the materials such that
ué > b (4.1.2)

Where b is a real number different from zero. The initial data ug, 11, ¢o, $1 belongs
to the suitable functional space and the integral represents the neutral delay term
where k is the relaxation function that specified in the preliminaries. The system
was constructed by considering the following basic evolution equations of the

one-dimensional porous materials theory

t
oy = Ty, | <<pt+/0 k(t—s) ¢ (S)ds) —H, 1D, 4.13)

t

where T, H and D represent respectively the stress tensor, the equilibrated stress
vector and the equilibrated body force. Consequently, to get the system (4.1.1) we

take the constitutive equations T, H and D at this form

T = puy + by, H = ¢y,
D = —buy — ¢ — i, (4.1.4)

and by combining (4.1.4) in (4.1.3), we obtain (4.1.1).

The main goal of this paper is to prove a global well-posedness of the problem (4.1.1)
by using the Faedo-Galerkin method with some a priori estimates. Moreover, based
on the multipliers method along side with some assumptions on the kernel of neutral
delay, we construct a suitable Lyapunov functional and we show that the dissipation
given by the porous-viscosity is strong enough to guarantee an exponential decay
in spite of the existence of the neutral delay for the case of equal speeds of wave
propagation, that is

=0. (4.1.5)
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In the opposite one, we establish a polynomial stability result. Furthermore, in our
case and compared to the work of Seghour et al. in [37], we were able to dispense the
thermal effect depends only on the damping mechanism to control the neutral delay

term.

Introducing a neutral delay makes our problem different from those considered so far
in the literature. Moreover, the study of the asymptotic behavior becomes different
and more complicated than in the case of other types of delay that has appeared
in the recent literature such as in ([2]-[3], [10]-[11], [17], [?]-[?]). In other words, a
neutral-type delayed dynamical system is a more general class than delayed systems,
in the sense where it’s described by a model in which the highest derivative of the
state at the present time is a function not only of the values of the passed state, but
also of the highest derivative of the passed state and this strengthens the challenges.
It is also worth mentioning that besides the fact that systems are very reactive to
small delays, on the contrary, they can be stabilized by ‘large’ neutral delays. In fact,
neutral delays are sometimes deliberately inserted into the systems to improve the
performance of the structure and this has been proven by some works, such as [?]
in which, the authors showed that the dissipation given only by the neutral delay,
without damping or other dissipation terms, provokes exponential stability of the

solution.

This paper is organized as follows. In Section 2, we introduce some assumptions and
transformations needed in the next sections to prove the main result. In Section 3,
we prove the existence and uniqueness of the solution. In Section 4, we show the
decay of the energy. In Sections (5 and 6), we use the energy method to prove the

exponential and polynomial stability results.

4.2 Preliminaries

In this section, we present our assumptions on both kernels and introduce the energy

functional and some other functionals.
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We use the standard Lebesgue space L> (0,1) and the Sobolev space H (0,1) with

their usual scalar products and norms. Let’s define the space H as
H =H!(0,1) x L2(0,1) x H} (0,1) x L?(0,1),

where H! (0,1) = H'(0,1) N L2 (0,1) and

12(0,1) = {feLz(O,l):/Olf(x)dx:O}.

Moreover, we define the following space

H2(0,1) = {y € H2(0,1) : 4 (0) = 9« (1) = 0}.

To simplify the calculations, we are obliged to announce this Lemma which is usable

in the following sections.

Lemma 4.2.1 ([37]). For any function ¢ € C ([O,oo) ;L% (0, 1)) and any k € C (]0,0)),
we have the following identity

/Oll[J(t) (/Otk(t—s) 1pt(s)ds) dx

where :
t
(kKOy) = / k(t—s) (/ (p(t) — p(s))? dx) ds, t > 0.
0 0
Also, we need the following hypothesis to reach our aim

(H1) The kernel k is a nonnegative continuously differentiable and summable function

satisfying

K'(t) <0,Vt>0, k= / k(s)ds < 1.
0

(H2) exp (ct) k(t) € L' (R) for some ¢ > 0.
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~+00
Note that if/ e°k(s)ds < oo and tlim exp (¢t) k(t) < oo, then
0 —>00

+oo +oo +oo
/ e [K(s)| ds = — / ¢S (s)ds = —eSk(s) | +c / eSk(5)ds < oo,
0 0 0

Theorem 4.2.1 ([40]). Let By C By C B, be three Banach spaces. We assume that the
embedding of By in By is continuous and that the embedding of By in By is compact. Let p,r
suchthat 1 < p,r < 4o0. For T > 0, we define

d
Epr = {v € LF(0,T;By), d_v el (0,T; Bz)}

i) If p < +oo, the embedding of E,, , in LP(0, T; By) is compact.

ii) If p = 400 and r > 1, the embedding of E,, , in C°(0, T; By ) is compact.

Also, we need to use the following transformation in order to calculate the energy of

the system and for other necessary estimations

(/tk(t—s)gb(s)ds) —k(t)¢(0)+/tk(t—s)gb (s)ds (4.2.1)
) t = t ) t : 2.

We shall consider the classical energy defined by

1 /1
E(t) :E/ pu%ertuz+]<Pt2+2bux<p+f§¢2+(5<p§> dx

]/ (/ (t— s) p2(s)d ) L £>0. 4.2.2)

Lemma 4.2.2. The energy E(t) given by [.2.2) satisfies

B < L (09 ()~ [ gl (423)

Proof. Multiplying (4.1.1),, 4.1.1), by us, ¢: and integrating over (0, 1) and summing
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them up, we obtain

PR
ﬁ/ (Pu%—kyuZ +](Pt2+2bux¢+g¢2+5q>§> v

+]/ {qbf(/ (t—s) (s )ds)]dx: —y1/4> . (4.2.4)

By exploiting (4.2.1) and applying the result in Lemma 1, we obtain

I/ {qbt(/ (t—3) gu(s)d )]dx

](k’D(p +]—/ grd
d
+ %E/ (/0 k(t—s)¢? (s)ds) dx. (4.2.5)

Inserting (4.2.5) in (4.2.4) and taking into account the positivity of k(t), we have
(4.2.3). O

Remark 4.2.1. Note that
2 2 b \° v? 2
puy + 2buxp + 5¢° = p (”x + ﬁ('b) (C — —) (¢)7,

and because u¢ > b?, we deduce that the energy E(t) defined by is non

negative.

In view of the boundary conditions, our system can have solutions (uniform in the
variable x), which do not decay. In other words, it is known that for the problem
determined by (4.1.1) we can always take solutions where u is constant, for this

reason, we impose that
/1 updx = /1 uydx = 0. (4.2.6)
0 0
It is worth noting that condition (4 is imposed to guarantee that the solution
decays. Thus, if we want to avoid this behavior we need to impose condition (4.2.6).

In addition as in [3], to be able to use Poincaré inequality for u , we perform the

following transformation
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From (4.1.1);, we observe that
1
/ uttclx =0.
0

1 1
If we take v (t) = / udx, we observe that v (0) = / updx = 0 and v’ (0) =
0 0

1
/ urdx = 0. Moreover, v is a solution of the following initial value problem
0

v (t) =0, Vt >0,
1 1
U(O):/O ug (x)dx =0, v'(O):/O up (x)dx = 0.

The solution of the problem is given by

v(t):/Olu(x,t)dx:t/()lul(x)dx+/()1u0(x)dx20.

Consequently

1
/ u(x,t)dx =0, Vt > 0.
0

4.3 Global well-posedness

In this section, we prove the global existence and the uniqueness of the solution
of problem (4.1.1) by using the classical Faedo-Galerkin approximations along with
some priori estimates. The well-posedness of (4.1.1)) is given by the following theorem

Theorem 4.3.1. Assume that (H1)-(H2), (4.1.2) hold, and the initial data

(uo,u1) € HL (0,1) x L2 (0,1),
(¢o, ¢1) € H} (0,1) x L?(0,1), (4.3.1)
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problem (4.1.1) has a unique global weak solution

ue C(Re, H2(0,1)NHL (0,1)) NC! (Ry, HE (0,1)) NC? (R4, L2 (0,1)),

peC (R+,H2 (0,1) N H} (0,1)) nct <1R+, H] (o,1)) nc? (1R+, L2 (0,1)) . (43.2)
In addition, the solution (u,$) depends continuously on the initial data.

Proof. We divide the proof into three steps: we first construct Faedo-Galerkin approx-
imations, then thanks to a priori estimates we look to prove that t, = T for n € IN*.

Finally, we pass to the limit.
Step 1: Faedo—Galerkin approximations.

We construct an approximations of the solution (u, ¢) by the Faedo-Galerkin method
as follows (see [15] and [?]): For every n > 1, let W, = span {ej, e, ..., e, } be a Hilbert
basis (orthonormal basis) of H2 (0,1) N H! (0,1) and L2 (0,1) . Also, we denote by
T, = span {01,0s,...,0,} a Hilbertian basis of H* (0,1) N H} (0,1) and L2 (0,1) . For

given initial data

(uo,u1) € HL (0,1) x L2 (0,1),
(o, ¢1) € H (0,1) x L*(0,1),
we seek functions yj, I € C2 ([0, T]), such that the approximations

(

j=n
u (x,t) = Zly;Z (t)ej(x),
]:

=n (4.3.3)
" (x,t) = ) Hj ()05 (%),
\ =
check the following approximate problem
pusy, — Pty — bk =0,
(4.3.4)

t
o1 ([ (=) g7 6 ) —dgh+ b +29" + g =0,
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with the initial data

u: (x,0) = u§ (x), u; (x,0) = u}1 (x), (4.3.5)
¢" (x,0) = ¢5 (x), ¢ (x,0) = ¢7 (x),
which satisfies
( n 1
ug =y / upejdx ¢ e; — ug strongly in H! (0,1),
]:1 0 n—o0o
n
uiil - Z n—oo
: (4.3.6)

==
I
D=

0j —7 Po strongly in Hj (0,1),

W.
—_

T
—
[}

1
/ ule]-dx} e; — uy strongly in L2 (0,1),
0

0j —2 $1 strongly in L2 (0,1).

i
N

=
I
M-

\

Through (4.3.4), we get

P <u?t/ek>L2(0,1) — 1 (U €k>L2(0,1) —b <¢Zrek>L2(0,1) =0,

t
]((P?t,Uk)Lz(oll) + ] < (/0 k (t — 5) (P?(S)ds)t,o'k>L2(O )

=0 (P Ok) 12(0,1) T b (U, Oic) 12(01) + € (P, Ok) 12(0,1) T 11 (PF 0k) 12000y = O,
4.3.7)

with (ug, u}) and (¢, ¢} ), respectively, in Wy, and T';,. According to the standard

ordinary differential equations theory, the finite dimensional problem has a

solution (y]’.l, h7> _, € C2 ([0, t4])*. Then, the a priori estimates that follow imply
j=1,.n

thatin factt, = T,VT > 0.

Step 2: Energy estimates

A priori estimate I.
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For every n > 1, by integrating by parts in (4.3.7), we get

/

1 1 1
.0/ upperdx + V/ UyeprdX — b/ Plexdx =0,
0 0 0

1 1 t
| dhondx+] [ (/ k(t—s)cp?(s)ds) dx
0 0 0 ¢

1 1 1

+5/ (PZO’kxdx—Fb/ uﬁakdijC/ (Pno'kdx
0 0 0
1

i [ gladr =0, Wk=1,.n.

0

(4.3.8)

\

Multiplying (4.3.8); and (4.3.8),, respectively, by (y;), and (hy),, then, by using
integration by parts, we obtain

d 1
3o [ o 2+ T (g 20 8 (97 + 6 (917
1 1
+I/0 or (/0 k(t—s)cp?(s)ds)tdxntm/o (@12 dx = 0. 4.3.9)

We use the same technique in the proof of Lemma 2, we have

%%/1{9( D+ () + T () +2buZ¢”+é(¢”)2+5(¢¥)2}d’f

S ([ ra=9 gp?eas) ax= L wogn o
(5 ) [ orrax <o (@310

Now integrating (4.3.10)), we obtain

2/ )2+ (i) + T (9F)? +2buZ¢”+g(¢")2+5(¢;)2}dx
/ (/ (t—s) (¢f )2 (s)ds) dx
2/ )2+ T (91)* + [ (4’Z)z+y(u2)2+2buchn+§(¢”)2} (X,O)}dx.

Hence, the previous inequality takes the following form

E"(t) <E"(0),
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where

= [+ 01 2o (9 8 ()2

] / (/ (t—>s) (cp?)z (s)ds) dx. (4.3.11)

In view of the hypotheses on the function k and as in the Remark 1, we deduce
0 <E"(t) <E"(0).

Now, since the sequences (1), - (41) e 7 (90 ) nen - (97 ) nen - cONVerge (see (4.3.6)),

using (H1) and (H2), we can find a positive constant C independent of n such that
E" () < C. (4.3.12)

Thent, =T, forall T > 0.

A priori estimate 11

Throught (4.3.3), also as (y}“, h7> € (CZ [0, T])2 and

j=1,..n

(e )]>1CH2(0 1)NH!(0,1) c H'(0,1) — C(0,1),

o)... C H>(0,1) N H} (0,1) ¢ H'(0,1) < C(0,1),
17j>1 0

we have

u" e C%(0,T; H2(0,1) N HL(0,1)),
{ (o O H O) a1

¢" € C?(0,T; H2(0,1) N H} (0,1)).

Because E = C2? (0, T; Hf 0,1 ﬁHi 0,1) ) is a Banach space equipped with the
% quipp

norm

[u”[g = sup [[u" (., £)[|p2(00) + sup [[uf (. O)llr2(01)
te[0,T] te[0,T]

+ Sup ||u?t (-/ t)HHZ(O,l)/ VTZ - N*,
t€[0,T)
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also F = C? (0, T, H?(0,1) N Hj (0, 1)) is a Banach space equipped with the norm

19"l[r = sup [[¢" () llp2(01) + sup [[9F (- 8)ll 201
t€[0,T] te[0,T]

+ sup ”47;/; ("t)HHZ(O,l)I Vn c N*
t€[0,T)

Taking into account (4.3.13), we get ||u" || < o, [|¢" ||z < oo, and using the fact that

201y < 1"l < oo, ¥ € N* and ¥t € [0, T],

9%l 201y < 9" (| < 00, ¥ € N* and ¥t € [0, T],

we get

/0 1 (Ul )+ (¢7) dx < o0, Yt € [0, T]. (4.3.14)

Step 3 : The limit process.
From (4.3.12) and (4.3.14), we conclude that

N~ is bounded in L (o T; H?(0,1) N H! (0,1)),
s is bounded in L (0, T; 12 (0,1) ),
¢"), - is bounded in L™ (0 T; H?(0,1) N H} (o,1)>,

" . is bounded in L® (0, T; L2 (0,1) (4.3.15)
t JnelN

Note that the boundedness in L™ <0, T; H? (0,1) N H. (0, 1)) is not a consequence of
(4.3.14) only, but we exploit it as follows
Throughout (4.3.12), we conclude

1
/ ()2 dx < oo, ¥n > 1, Vit € [0,T], (4.3.16)
0
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and by using Poincaré inequality with (4.3.14), we have

LI Lo Lo,
sup () dx+ | (ud) dx+ | (uyy) dx) <oo, Vn>1.
te[o,T] \/O 0 0
Then

u" is bounded in L® (0, T; H2(0,1) N H] (0,1)> , Vi > 1.

By using Theorem (4.2.1)), Since

The embedding of H. in L2 (0,1) is continuous.

,1
,1
1

(0
The embedding of H2 (0
The embedding of H} (0,

(0

)

)N HL(0,1) in H! (0,1) is compact.
) in L?(0,1) is continuous.
)

The embedding of H? (0,1) N H} (0,1) in H} (0,1) is compact.
Then, the embedding of Ex,  in C(0, T; HE (0,1)) is compact where

Ecoco = {u” |u" e L (0, T; H2 (0,1) N H1 (0,1)),

du”

el (o, T, 12 (0,1)) }

uy =

and the embedding of E«, o in C([0, T], H} (0,1)) is compact with

Frooo = {(p" | " € L® (0, T; H? (0,1) N H} (0,1)),

P = dc‘Zn eL® (0, T;L? (0,1))}.

On the other hand, from (4.3.15), we have (u"), - and (¢"), o« bounded in Eqo oo

and Eo « respectively. So, there exists two sub-sequences (u™), - of (u"),-, and

(¢™) 121 Of (9"),121 such that

u™ "%y strongly in C(0, T; H! (0,1)), (4.3.17)
¢" "% ¢ strongly in C(0, T; H} (0,1)). (4.3.18)
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Which implies that

{u"},,>1 simply converges tou, Vt € [0,T]. (4.3.19)

By using (4.3.13), we have u" € C! (0, T; H2 (0,1) N H! (0,1)), ¥m > 1, and by
(4.3.19) with the dominated convergence theorem, we obtain for any t € [0, T]
and k € N*

: m . m+k
Tim [t (6 — )|

2
2o 11m/ ‘ut (x,1) —uf’*k(x,t)‘ dx
m—00

2
_ o m+k _
/ n%1_r)r;0 X, 1) — uy (x,t)‘ dx =0,
(4.3.20)

also, by the same way, we can write

2
lim Hu’t’; (., 1) —ulk(, t) = lim / ‘utx X, t) — uitk (x,t)‘ dx

m—00 L2(0,1) m—00
2
= / Him \uf (x,8) — utk (x,t)‘ dx = 0.
(4.3.21)
Combining (4.3.20)-(4.3.21), we get
lim sup Hu — ul"R( t)‘ ’ =0
M=o, 10, 1] e (ot f 7 llHY0,1) '

it means that (u;"),,~ is a Cauchy sequencein X = C <0, T; H! (0, 1)) equipped with

the norm

lullx = sup [lu(. D)l -
t€[0,T)

Since X = (C (O, T; H: (0, 1)) AN X) is a Banach space, then there exists a unique
geC (O, T; H! (O,l)) such that

m M—0

uj! "= g strongly in C (0,T; H! (0,1)) . (4.3.22)
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Now, it’s left to prove that ¢ = u;. Since the operator A is define as follows

{ A:D(A) =C! (0, T; H! (0,1)) cc (o, T; H! (0,1)) —C (0, T; H! (0,1))

u — U

is closed. Thatis tosay if (u™),,~; C D(A) converges strongly tou € C <O, T; H. (0, 1)>
and uy' = Au™, m > 1 converges strongly to g € C (0, T; Hi (0, 1)) , then, we get u
e C! (O, T; H! (O,1)) and ¢ = Au = u;. Using (4.3.17) and (4.3.22), we obtain

uf’ o g = u stronglyin X = C (O, T; Hi (0, 1)) , (4.3.23)
Similarly, by using (4.3.13)) and (4.3.18), we can easily prove that

m—o0

¢f" "= ¢y strongly in Y = C (0, T; H; (0, 1)) . (4.3.24)

Also, by using (4.3.13), we have u!! € C (0, T; H2(0,1) N H! (0,1)), ¥m > 1, and
by (4.3.19) with the dominated convergence theorem, we obtain for any ¢ € [0, T]
and k € N*

2
lim Hu’t’f (.,t)—u’ﬁ*k(.,t) hm/ ‘utt (x,t) — uitk (x,t)‘ dx

m—00 L2(0,1) m—oo
2
k
—/ Jim Ju} (x,t) — upt (x,t)‘ dx =0,
(4.3.25)
this last formula implies that
_ gtk —
Jim, e [0 = ) g, =0

it means that (uy; ), is a Cauchy sequence in Z = C (0, T; L* (0, 1)) equipped with

the norm

lullz = sup lu(, D)2,
te[0,T]
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Since Z = (C (O, T, L2 (0, 1)) R Z) is a Banach space, then there exists a unique
fecC (0, T, L2 (0,1)) such that

m m—o0

ujy — f strongly in C (O, T; L2 (0,1)) . (4.3.26)

Now, it’s left to prove that f = uy.
By using (4.3.17) and (4.3.23)), we get
u™ "= 1 strongly in C! (0, T; H! (0, 1)) . (4.3.27)

Since the operator B is defined as follows

{ B:D(B)=C?(0,T; 12(0,1)) c €' (0,T; 12(0,1)) — C (0,T; L2 (0,1))

U — Uyt

is closed. Now, by using (4.3.26) and (4.3.27), we obtain
f = Bu = uftl (4328)
which implies

upy noe f = uy strongly in C (0, T; 12 (O,1)> .

Similarly, by using (4.3.13)), (4.3.18) and (4.3.24)), we can easily prove that

m—00

$i; — ¢u strongly in C (O, T; L2 (0,1)) .

By passing to the limit in (4.3.5) and (4.3.8), the problem (4.1.1) admits a global weak
solution satisfies (4.3.2).

The proof now can be completed arguing as in [?, Theorem 3.1]
Continuous dependence and uniqueness

For uniqueness: Let us assume that (Al, Y1> and (Az, Y2> are two global solutions
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of (4.1.1). Then, (x, &) = <A1 — A% Y — Y2> satisfies (4.1.1)1 and (4.1.1)), with

{ X(5,0) = xt (x,0) = Z(x,0) = Z (x,0) =0, x € (0,1, 4529)
Xx(0,1) = xx (1,t) = E(0,t) =E(1,t) =0, t > 0.

From the linearity of the equations and the fact that the energy E (t) is decreasing, so

that, for (x,E), we have 0 < E (t) < E(0) = 0, for any ¢ > 0, where

11 _ R
E(t) = /O <pr +uXG + JEF 4 2bx,E + EE + mi) dx

2
_|_é/01 (/Otk(t—s)E%(s)ds) dax,

satisfies

d ] (0 ( k (t) ) ! =2

SE®) =2 (KOE) () - (1552 +m) [ Ehdx<o. 43.30

ZE® =3 (RO () = (]~ +m ) | Eidx < (43.30)
Hence, (x,Z) (t) = (0,0), identically. So, the problem (4.1.1) has a unique global
solution.

The continuous dependence on initial data

Let (©,®) be a global solution of (#.1.1). A simple integration, and by using the

Young's inequality and the positivity of energy, we get

E (t) < E(0) /[/ p@%+y@§+]q>$+2b®xq>+gq>2+5q>§)dx

%/ (/ (- ) D2(s )ds)dx} dt

2/[/ (0O + (1 + b)) ©2 + J&F + (3 + [b]) B + 602 dx

<E(0
% (/O k(t—s) (s )ds) dx} it

(0 )-I-g1/ Uo (02 +©3 + ©F + ©* + ) dx

<E
/ (t — 5) DX )ds] dr, (4.3.31)
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_ p1 J1 o]
whereg1—max{z,z(M+!b!),2,2(§+’b’)/2r4 '

On the other hand, we have

1 t
E(t) > gz/o (@%+®§+E$+EZ+E§+/O k(t—s)a%(s)ds) dx,

ther—min P LS BN 1/ BN ]
w1thg2—m1n{2,2,2,2(y 7)2 ¢ i)ag

Applying Gronwall’s inequality to (4.3.31)), we obtain
1 t
/O (@% + @2 4 D 4 D D2 +/0 k(t—s) q>$(s)ds> dx < e1'E (0).

This shows that solution of problem (4.1.1) depends continuously on the initial data.
This ends the proof of Theorem 2. O

4.4 Stability result

In this section, we use the energy method to study the asymptotic behavior of solu-

tions of the system (4.1.1).

4.4.1 Exponential stability

In this subsection, we establish an exponential decay result of solutions of the problem
in the case when holds. The same result is obtained in [?] where the
authors considered the one dimensional porous-elastic system subject to a distributed
delay and by some assumptions on the weight of delay they proved an exponential
decay of the solution. Also, in [3] the author established an explicit and general decay
rate of solution of the same system damped via a nonlinear damping term under
some properties of convex functions. In our case the situation is completely different
and this due to the nature and form of the neutral delay. So, we need the following

lemmas
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Lemma 4.4.1.

Let (1, ¢) be the solution of system (4.1.1). Then, the functional

B 1 t bp 1 x
D=1 [ o (0 [ k=9 0s)ar+ 2 o ["mwdy)ax
2
+i [ 9l
satisfies for any gy > 0,
2,2
Fl(f) < 5/ 4>2dx—2§1/ 4>2dx+[3 by }/ $Pdx

-l-so/ dx—|—2/ (/ (t —s) ¢p?(s)d ) X. (4.4.1)

Proof. By differentiating Fj (¢) and integrating by parts, we obtain

R0 =1 [ gbax 1 [ o ([ k(9 plsias) dx

—(5/ ¢§dx—b/ uxc[)dx—Z(fl/Olfpzderb/Oluxq[)dx

Lo / o (s ) ) . (442)

Using Young’s and Cauchy-Schwarz inequalities, we obtain

1/1@ (/tk(t—s)qbt(s)ds) dx
_]/<PdX+2/ (/ (t—s) i (s)d > (4.4.3)

Using Young's inequality, we get

bp 1 1
/ O (/ ur (y) dy) 2dx + ¢ / u?dx. (4.4.4)
0
Inserting (.4.3) and {#.4.4) into (4.4.2)), we obtain (4.4.6). O
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Lemma 4.4.2. Let (u, ¢) be the solution of system (4.1.1). Then, the functional

b (t 5‘019/ cpxutderb/ <¢>t+/ (t—s) ¢r(s )ds) Uydx,

satisfies, for any €1 > 0,

2 41 1 1
E(t) < —b—/ uidx+Cgl/ Prdx + € (2+k(0))/ u?dx

0

bZk /cp()xd +b2k / (/ |k’ (¢ s)|<p§(s)ds> dx

+71/0 4’t2dx+7?(/0 Prupxdx,

S0 B2k (0) @
i
nj 4eq 2]

Proof. By differentiating F,(t), and integrating by parts, we obtain

B (t =—x/ 4>futxdx—]/ udx +5b2/ P2 b—gflcpuxdx

+b/ Upy (/ (t —s) ¢e(s)d )dx— /gbtuxdx

Integrating by parts with respect to ¢ the last term of (4.4.6),we have

b [ s ([ = 5) gt )
:b/o g [k(O)gb(t)—k(t)gb(O)+/Otk’(t—s)c/>(s)ds] dx

— bk (0) / D ipadx + bk (1) / Uiy (0) dx

—b/ ut(/ K (t —s) px(s)d )dx.

where Ce, =

89

(4.4.5)

(4.4.6)
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Then, (4.4.6) becomes

1
’t):%b)(/ (ptutxx——/ 2dx+—/ P2dx
0

— bk (0) /1 urprdx + bk (t)/ urpy (0) dx — —/ Ppuxdx

—b/ ” (/ (t—5) x(s)d ) x——/ Pritrdx. (4.4.7)

By using Young’s inequality, we arrive at

! L R0 [
—bk (0)/0 utcpxdxgsl/ utdx+T/0 ¢rdx, (4.4.8)

bﬂl 2 % v,
/ Pruxdx < 1] / Sdx + / Prdx (4.4.9)
0

and

! ' p*k(t) [ o
erk(t)/O Uy (O)dxgslk(t)/o urdx + Ie, /qu()xdx

1 1
< e1k (0) / 1 2 dx, (4.4.10)
0

Young’s and Cauchy-Schwarz inequalities leads to

—b/o1 u (/Otk’ (t—s) (j)x(s)ds) dx
<& /01 u%dx+b2i(8 / </ k' (t—>s) }cpx ds) (4.4.11)
1

By using Young’s and Poincaré inequalities, we have

b vt 2
] /O (,buxdx<4] 24 + & / $2dx. (4.4.12)

By substituting (4.4.8)-(4.4.12) in (4.4.7) and taking into account that x = 0, we get (4.4.5).
[
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Lemma 4.4.3. Let (u, ¢) be the solution of system (4.1.1). Then, the functional

1
F(t) = —/0 uudx,

satisfies,

Fi(t) < — /1u2dx—|-b—2/1 2dx+3—”/1u2dx (4.4.13)
Proof. Differentiating F3(t) and integrating by parts, we obtain
1 1 1
E(t) = —p/ u?dx + pt/ u2dx — b/ ugdx,
0 0 0

Young’s and Poincaré inequalities give (4.4.13). O

Lemma 4.4.4. ([37])Let (u, ¢) be the solution of system (4.1.1). Then, the functionals

Fi(t)=e ¢ /1 (/Ot e Hy (t —s) c/)f(s)ds) dx,

0
F5(t)=e¢ ™ /1 (/Ot e™H, (t —s) gbi(s)ds) dx,

0

satisfy, V't > 0,

EL(t) = —¢Fy (t) + 1 (0) /O | gRdx — /0 1 ( /0 Kt —s) ¢§(s)ds> dx, (4.4.14)

1 1/ gt
FL(t) = —TF5 () + H> (0) / $2dx — / (/ K (t—s)| ¢§(s)ds) dx, (4.4.15)
0 o \Jo
where Hy (t) = / % |k (s)|ds and Hy (t) = / e™ |k (s)] ds.
t t
Now, we define the Lyapunov functional £(t) by
L(t) = NE(t) + N1Fy (t) + NaF2 (t) + F3 () + N3Fy (t) + NyFs (1), (4.4.16)

where N, Nj, N, N3, and Nj are positive constants.

Lemma 4.4.5. Let (u, ¢p) be the solution of (4.1.1). Then, there exists two positive constants k1
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and xp, such that the Lyapunov functional satisfies
i (E(t) +Fa(t) +F5 (1) < L(t) <wa (E(t) + i (t) + F5 (1), ¥t =0, (44.17)
and
L'(t) < =1 (E(t) + Fa (t) + F5 () + Cok(t) + szy—b?( /01 Prusxdx, p1 > 0. (44.18)

Proof. From ([#.4.16), we have
I£() = NE () = NaFy (1) — NaFs (1)
1 t
<N [0l o+ [ k(=) guls)ds
b 1 x S0 b 1
08 gl ([ )l )+ N [ g

1
dx—i—p/o || |ue| dx.

Moty
dx—i—le/qudx

1 t
£ N2 0] [ sl |91+ [ K (E=5) @u(s)ds

By using Young’s, Cauchy-Schwarz and Poincaré inequalities, we obtain
|£(t) = NE(t) — NaFy (t) — NuFs (£)[ < AE(2).
Therefore,
(N —=A1)E(t) + N3Fy (f) + NaFs5 (t) < L(f) < (N+Aq) E(t) + NaFy (t) + NuF5 (1),
by choosing N (depending on Nj, Np, N3, Ny) sufficiently large we obtain with

K1 = mm{N — )\1, N3, N4} ,
kp = max {N + A1, N3, Ny} .

Now, by differentiating £ (t), exploiting (4.2.3), (4.4.1)), 4.4.5), (4.4.13), (4.4.14), (.4.15) and
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o

' _ P
seting 0 = 4“1 = 4N, 2+ K(0))

we get

2.2 2 1
L) < - [Nul Ny (32] La. )—Nsﬁl (@—Nﬁ] |

4#0

+ 2L wog) (1) - ‘2’ wddx — 2Ny / pdx

_ {51\71 ~ NoCe, — ;’— — NuF (0 } / $2dx

2
_ (b—Nz _ 3-”) / 12dx — cN3Fy (1) — TNGFs (£)
0

- (Ng—%kNl)/o (/Otk(t—s)#(s)ds) dx

B [M _ N3Bk(0) éz + k<o>>] /01 ( /* K (t—s) ¢5(s>ds) dx

N V2N2k(t) (2 + k(0
P

/ <p0xdx+N2—)(/ Prupdx.

We select our parameters appropriately as follows.
First, we choose N, large enough such that
b? 3u

TR

> 0.
We pick Ny large such that

N2b2k(0) (2 + k(0))
p

Ny — > 0.

We select Nj large enough such that

b? ~
ONp — N2C81 — ﬂ — NyH> (0) > 0.

We choose N3 large such that
k
N3 — ]—Nl > 0.

93
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Finally, we take N large enough (even larger so that (4.4.17) remains valid) such that

3 b22
Ni = N1(2] 4pe

)—Nng(O)— ?>0
All these choices leads to
1 1 t
L'(t) < —oq/ <<,bt2+gb,2c+u%+u§+qbz> dx—/ (/ k(t—s)gbtz(s)ds) dx
0 0 0
1 b 1
+ aok(h) /0 $.dx — cN3Fy () — NyTFs () + Nz%x /0 ritprdx, (4.4.19)

where a7, 07 > 0.

On the other hand, from Eq. (4.2.2) and by using Young’s inequality, we obtain

EW) <t [ (o2 + g7 b|) us + 63 b|)¢* ) d
<>_§/0 (put+f4>f+<u+1 2+ 042+ (2 + b)) ¢?) dx

L ([r0-owon)

(/ up + ¢F + 13 +4’x+4’)

( t—SCPt)) )/Ql>0,

which implies that

—/1<u2+ 2 412 4 g2 + 2>dx—/1 /tk(t—s) 2(s)ds ) dx < —02E (t), (44.20)
0 t + ¢t x TP+ 0 0 on > —02 ’ 2

where g7 > 0.

1
The combination of (4.4.19) and (4.4.20) gives (4.4.18) with C; = zx2/ ¢ dx. O
0

We are now ready to state and prove the following exponential stability result

Theorem 4.4.1. Let (1, $p) be the solution of (4.1.1)) and assume that (£.1.2), (H1)-(H2) hold and

X = 0. Then, there exist two positive constants t) and T, such that

E(t) < me ™, vt > 0. (4.4.21)
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Proof. By using (4.4.18) and the right side of (4.4.19), we get

L'(t) < —C1L(t) + Cak(t), (4.4.22)
_ B

where C; = P > 0.
2
Multiplying (4.4.22) by exp (C1t), we obtain

% (L(t)exp (Cit)) < Crexp (Cut) k(t). (4.4.23)

Integrating over (0, T) the inequation (4.4.23) and choosing C; smaller than g, we have

L(T)exp (CiT) < £(0)+-C2]€Texp(gt)kﬁ)dt

§£@+Q/em@MWﬁ
0
Thanks to the hypothesis (H2), we can write

L(T) < Cszexp(—CiT), C3 >0,

which yields the serial result (4.4.21), using the fact that Fy (f), F5 (¢) are positive and the
other side of the equivalence relation (4.4.17) again. The proof is complete. ]

4.4.2 Polynomial stability

Here, similarly to [37], we prove a polynomial decay result of solutions of the problem
(4.1.1) when (4.1.5) does not hold by assuming that the function k verifies the same hy-
potheses (H1)-(H2) and the following additional assumption

e (H3) —wk (t) <K (t) <0, where w is a positive constant.

In order to establish this result, we need to introduce the second-order energy E; (t) by

using the multipliers technique as in the case of E (t). For that, by differentiating (4.1.1);
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and (4.1.1), with respect to time, we arrive at

Uttt = Ullxxt + by, x € (0,1), t >0,

Jre + ] (/ (t—s)¢e(s)d ) = Oxxt — byt — CPr + u1¢n, x € (0,1), £ >0,
! (4.4.24)

with boundary conditions

Uyt (0, t) = Uyt (1, t) = ¢t (0, t) = gbt (1, t) = 0, t> 0,

and initial data

Note that

VR

[x <t—s><pf<>ds)ﬁ
([row-n)
(

s) pu (t —s) ds + k(t) ¢y (0))
= [ k(t—s)u (s)ds +k(t)pu (0) +K ()¢ (0).

0

tt

t

Then, the system (4.4.24) can be rewritten as follows

Ut = Uyt + by, x € (0,1), >0,

t
](,bttt + ]/O k (t — S) it (S) ds + ]k(t)qbz + ]k/(t)(Pl (4.4.25)
= Oxxt — iyt — CPr — p1p, x € (0,1), £ >0,

where ¢ = ¢ (0) and ¢1 = ¢+ (0) depend on x.
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Theorem 4.4.2. The second-order energy E (t) associated to the system (3.1.1)) defined by

1 /1
Ex(t) = 5 [ (0uhi+ Jh + 6% + 043 + i, + 2bpu )
1 t
+£/0 (/0 k(t—s) g3 (s)ds) dx, (4.4.26)

satisfies

E, () < —JK' () 1 dx — 1 2d +I KO (¢ 4.4.27)

2 (1) < =] /0<P1<Pttx V1/0(Pftx 2( o) (1), (4.4.
and

Er(t) <1, Vt >0, (4.4.28)

Proof. By multiplying (4.4.25); by u, (4.4.25), by ¢4, integrating over (0, 1) and summing

up, we obtain

1d !
2 dt /0 (Pu%t + ]4% + §¢2 + 5‘P%t + yuit + 2b¢tutx) dx

1 1
+ Jk(t) / Prepadx + JK () / Grprdx
+ I/ o (/ (t —s) pre(s )ds) dx = —],11/ cpttdx (4.4.29)

By using again the result in Lemma 1 to estimate the last term of (4.4.29), we get

]/01 Pt (/ /Otk(t —s) cpttt(s)ds) dx

d rl t 1
:éa 0 (/0 k(t—s) 2 (s)ds) dx—]k(t)/o Prpuudx
k 1
- ]Zﬂ/o Predx — % (K'Oepr) (1) - (4.4.30)

By using the positivity of k() and the combination of (4.4.29) with (4.4.30), we have (4.4.26)
and (4.4.27).

Now, by using the hypothesis (H3) and Young’s inequality, we can write

1 1
K (#) /0 Prpudx < J610k(t) /0 <p,%tdx+]‘;”;1 / $2d (4.4.31)
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1
letting 07 = 5 and because k' (t) < 0, then, (.4.27) becomes

Jw?k(t) wzk

£ (1) < 80 [ e = v,

2

where { = ]% / ¢dx > 0. A simple integration over (0, T) and by the hypothesis (H1),
0

we obtain (4.4.28). O

We introduce the following functional

b 1
B(t) = ~Fx [ e,
that satisfies ) 1
- b b
Fé(t) = _%X/O utx¢tdx - %X/O gbttuxdx.

By using Young’s inequality, we get

pb 1 > o, 'y
_?X/o Preuxdx < 8_]/0 dex+co/0 Prdx.

Then,

F(t)<b— uldx +C /1¢2dx—p—b)(/lu Prdx
_8] x 0 0 tt ]/l 0 tx Pt .

We define the following Lyapunov functional as follows

L1(t) =N (E(t)+ Ex(t)) + by (t) + Np (B (t) + B (t)) + F5 (¢)
+ N3Fy (t) + NyFs (t). (4.4.32)

The Lyapunov functional £, defined by (4.4.32) is not equivalent to the energy functional E,
but it is equivalent to E + E; + F4 (t) + Fs (t) . Indeed by using (4.4.32), Young’s, Poincaré
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and Cauchy-Schwarz inequalities, we have

|L1(t) — N (E (t) + E2(t)) — N3Fa (t) — NaFs (1)|
< ME (t) + )\zEz(f)
< B(E(t) + Ea(t)), p=max (A1, A2),

SO

(N = B) (E(t) + Ea(t)) + N3Fy (t) + NyFs (t)
< Lq(t) < (N+B) (E(t) + Ex(t)) + N3Fy (t) + NyFs (¢) .

Now by choosing N sufficiently large, we obtain
o1 (E (1) + Ea(t) + Fy (1) + F5 () < £4(8) < pa (E (1) + Ealt) + Fa (1) + F5 (1)),

where

p1 = min{N — 13' N3, N4}, 02 = max{N -+ ,3, N3, N4} .

Therefore,

ﬁl(t) ~ E+Ey+ Fy+ Fs.
Now, we are ready to state and prove the polynomial stability result

Theorem 4.4.3. Let (1, $) be the solution of ({4.1.1)) and assume that (£.1.2), (H1)-(H3) hold and
X # 0. Then, there exits a positive constant Cs such that

E(t)g%,t>0.
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Proof. First, note that when x # 0, we have

v s02 B2 (0 ,
< -
BO+ B0 < —g [ daxs (PO L LY o

+e (2+k(0))/1u2dx+b2k / 2dx+&/ 2dx
1 0 t 481 0 (P()x ] 0 (Pf

v’k (0) [/t 1
+ = ( )/0 (/0 k (t—s)4>,%(s)ds) dx+C0/0 Pdx. (4.4.33)

481

By differentiating £1 and using (4.2.3)), (4.4.1)), (4.4.33), (4.4.13), (4.4.14) and (4.4.15), we get

1 1 1
L£h(t) < —(51/0 ¢7dx + 0y (K D) (t) — 53/0 u?dx — (54/0 ¢2dx

1 1
- 55/ cp,%dx — 56/ u%dx — 571:4 (t) — (581:5 (t)
0 0

_59/01 (/Otk(t—s)ﬁ(s)ds) dx—510/01 </Ot|k’(t—s)‘cp,2((s)ds) dx

1
+ (011 + 014) k(t) — 512/0 ¢hdx + 613 (KD ) (1),

where

| 3] , 0 ; i
01 = |Np1 — Ny < > T 4y280> — N3Hj (0) — NZT ,
N
b= 5=, 6 =2Nig,
_ 2

05 = [6N] — NoCe, — 5 — N H, (O)} ,

b? 3u
06 = <8]N2 — 7) , 07 = ¢N3, 08 = TNy,

- 2.2
5y — <N3 - ]—kN1> b [N4— N2b2k(0) (2+k(0))] ,
2 Y
b>NZ (2 + k(0
o = 2 ( / PG,
N
012 = (Npg — Nzco), 013 = X d14 = NC.
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We select our parameters as follows. First, we choose N, large enough such that

b? 3u
J6 = —Nr — — > 0.
6 8] 275 >0

We pick Ny large such that

N3b2%k(0) (2 + k(0))
[y

> 0.

d10 = Ny —

We select Nj large enough such that

b? ~
05 = ON7 — N2C€1 — ﬂ — N4H» (O) > 0.

We choose N3 large such that

k
59:N3—%N1>0.

Finally, we take N large enough (even larger so that (4.4.17) remains valid ) such that

_ 3] | b
01 =Nu; — Ny (E + 4}4280

~ ‘l/lz
) — N3H; (0) — N271 > 0,

and
O1p = N“l/ll — NGy > 0.

Because k' (t) < 0and 9y, d7,dg, 619, 011, 12, 613 > 0, then
1 1 1 1
L(t) < —51/ Pprdx — (53/ u?dx — 54/ P*dx — (55/ ¢2dx
0 0 0 0
1 1 t
— 56/ uidx — 59/ (/ k(t—s) (,btz(s)ds) dx + (o011 + 514) k(t)
0 0 0

1 t
< —v1/0 (u%+¢%+u§+¢§+¢2+/0 k(t—s)4>$(s)ds> dx

+ Uzk(t),

where v; = min {(51, 03,04, 05, 0g, (59} , Uy = 011 + d14.
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On the other hand, from the energy formula and by using Young’s inequality, we obtain

E(t) <

+
NI~ N

/o1 </Ot k(t—s) 4’?(8)015) dx

1
sel(/O (1 + 97 + 12 + 9%+ ¢ dx

[ ([ re-9ges)ar), 0o

which implies that

[ (Bt gt g [k 9 gl ) dr < (1),

where ¢ > 0. Then
L1(t) < —woE (t) + wik(t),

with wg = v102, w1 = vy.

By integrating over (0, T) , we get

WoE(T)T < —L1(T) + £1(0) + s /OT k(1)dt,

< £1(0) + /Ooo K(£)dt = 1.

So
with

The proof is complete.

[ (o4 148+ (e 10112+ 693 + (@ 4 1b1) ) d

]

Remark 4.4.1. We note that the results obtained hold even for ug = b2. In this case, we
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have to redefine the energy as in [45] as follows
1t 2 2 2 b .\? b 2
E(W) =5 [ (ot +197 40024 p (wet Do) +(6-7 ) 0 )&

([ ru-9es) ar

and adjust our calculations accordingly.

Conclusion

In this paper, we studied the asymptotic behavior of the solution of porous-elastic system
in the presence of neutral delay. Introducing a single damping mechanism given by this
type of delay makes our problem different from those considered so far in the literature
and under some assumptions imposed on the kernel of delay, we have been able to prove

an explicit energy decay rate that depends of the wave speeds of propagation.
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Conclusion

In this thesis, a qualitative study and analysis have been presented of some real problems
arising from physics and mechanics corresponding to the one-dimensional porous-elastic
system in the presence of both the thermal effect and neural delay. We gave a global well-
posedness using the Faedo-Galerkin approximations along with some energy estimates and
the semigroup theory. Then, based on the energy method, we established an exponential,

polynomial, and general stability results of solutions of the studied problems.
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