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Abstract

This thesis addresses advanced models of retrial queuing systems, integrating several real-
istic operational features found in communication systems, cloud computing, and energy-
constrained data centers. Two main models are proposed and analyzed in this work.

In the first part, a single-server queuing system with retrial is studied, incorporating working
vacations, setup time, automatic power-off to conserve energy, and perfect repair mechanisms.
Customers who find the server unavailable join the orbit and attempt service again after a ran-
dom delay. When a new customer arrives during server idleness, the system enters a setup phase,
which may fail and require repair before service can resume. The system dynamics are analyzed
using the supplementary variable technique. Performance measures, reliability analysis, and an
optimization study are provided, supported by numerical experiments using Python.

In the second part, the previous model is extended by introducing negative customers and
a second distinct repair mechanism. Negative customers cause immediate server failure upon
arrival, leading to a specific repair process. This extended model captures more realistic fail-
ure scenarios. Additionally, the Particle Swarm Optimization (PSO) algorithm is applied to
enhance system performance, along with optimal strategy analysis to determine the best op-
erational configurations. The theoretical results are validated through numerical experiments,
highlighting the impact of service policies,orbiting retrial behavior, and repair mechanisms on

system performance and reliability.

v



Résumé

Cette these traite des modeles avancés de systemes de files d’attente avec rappels, en intégrant
plusieurs caractéristiques opérationnelles réalistes observées dans les systemes de communica-
tion, I’informatique en nuage et les centres de données contraints en énergie. Deux modeles
principaux sont proposés et analysés dans ce travail.

Dans la premiere partie, un systeme de file d’attente avec rappel a serveur unique est étudié,
intégrant des vacances actives, un temps de configuration, une mise hors tension automatique
pour économiser 1’énergie, et un mécanisme de réparation parfaite. Les clients qui ne trouvent
pas le serveur disponible rejoignent une orbite et tentent d’obtenir un service apres un certain
temps aléatoire. Lorsqu’un nouveau client arrive pendant I’inactivité du serveur, le systeme
entame une phase de mise en route, qui peut échouer et nécessiter une réparation avant de
reprendre le service. Les dynamiques du systéme sont analysées a 1’aide de la technique des
variables supplémentaires. Des mesures de performance, une analyse de fiabilité et une étude
d’optimisation sont fournies, appuyées par des simulations numériques en Python.

Dans la deuxieme partie, le modele précédent est étendu par I’introduction de clients né-
gatifs et d’un deuxiéme mécanisme de réparation distinct. Ces clients provoquent une panne
immédiate du serveur a leur arrivée, nécessitant un processus de réparation spécifique. Ce
modele approfondi reflete des scénarios de défaillance plus réalistes. En outre, I’algorithme
d’optimisation par essaim de particules (PSO) est appliqué pour améliorer la performance du
systeme, accompagné d’une analyse stratégique optimale visant a déterminer les meilleures
configurations opérationnelles. Les résultats théoriques sont validés par des expérimentations
numériques, mettant en évidence 1’impact des politiques de service, du comportement des rap-

pels de I’orbite et des mécanismes de réparation sur la performance et la fiabilité du systeme.



Contents

[List of Figures| ix
[List of Tables| X
(1 Overview of Retrial Queueing Theory | 4
(1.1 Retrial Queues with Setup Time| . . . . . . .. ... ... ... ... 4
(1.2 Retrial Queues with Negative Customers|. . . . . . . ... .. ... ... ... 5
[1.3  Retrial Queues with Server Vacations| . . . .. .. .. ... ... ....... 6
[1.3.1 Single Vacation| . . . . . ... ... ... ... ... ... .. ..., 6

(1.3.2  Berpoulli Vacationl . . . . ... ... ... ... ... 0L 7

(1.3.3  Multiple Vacations| . . . . . ... ... ... ... o L. 8

[1.3.4  Working Vacation|. . . . . ... ... ... ... .. .. .. .. ..., 9

(1.3.5 Retrial Queues with Unreliable Server] . . . . . . . .. ... ... ... 9

(1.4  Supplementary Variable Method| . . . . . ... ... ... ... ..... ... 10
(1.5 Optimization| . . . . . . . . . . . . . e 11
(1.5.1 Quadratic Interpolation Search|{ . . . . ... ... ... ... ...... 11

[1.5.2  Particle Swarm Optimization (PSO)| . . . . . . .. .. ... ... ... 11

(1.6 Some Motivating Examples|. . . . . . ... ... ... .. 000 12
[1.6.1 Al Inference Serving with Limited GPU Resources| . . . . . . .. . .. 12

(6.2 Serverless Al Functions| . . . . .. ... ... ... ... .. ... 13

[1.6.3  Bioinformatics and Computational Biology Workflows| . . . . . . . .. 14

[1.6.4  Al-Driven Network Slicing in 5G/6G for Smart Cities| . . . . . .. .. 15

2 Unreliable M/G/1 Queue with General Retrial Time, Working Vacation and Setup |
[_Timel 16
2.1 Justifications of the Model and Practical Relevance| . . . . ... ... ... .. 16
2.2 Model Description| . . . . . ... ... 17
[2.3  Steady-State Analysis|. . . . . . .. ... 18
[2.3.1  Stability and ergodicity conditions| . . . . . . .. ... ... ... ... 20

Vi



CONTENTS vii

[2.3.2  Governing Equations|. . . . . .. ... ... o oL 20
[2.3.3  Steady stateresults| . . . . . ... ... ... oL 25

2.4 Performance Measures and Reliability | . . . . ... .. ... ... ... ... 27
[2.4.1  System state probabilities| . . . . ... ... ... 000, 27
[2.4.2 Mean system size and orbitsize| . . . . . .. ... ... 28
[2.4.3  Reliability Measures| . . . . . . . ... ... Lo 28

[2.5 Cost and Optimization Analysis| . . . . . . ... .. ... ... ... .. .. 29
[2.5.1 Quadratic Fit Search Method|. . . . . . . . . .. .. ... ... .. .. 30
[2.5.2  Optimization analysis| . . . ... .. ... ... ... .. ....... 31

[2.6  Numerical Examples and Sensitivity Analysis|. . . . . . ... ... ... ... 32
3 M/G/1 Retrial queue with Negative Customers Under Working Vacation and |
[ Setup-Time| 36
3.1 _Justifications of the Model and Practical Relevancel . . . . . . ... ... ... 36
[3.2 Model Desription | . . . . . . .. ... 37
[3.3 Steady-state analysis| . . . . . . ... o 38
[3.3.1  Stability and ergodicity condition| . . . . . ... ... .. ... .. .. 39
[3.3.2  Governing Equations|. . . . . ... ... 0oL 39
[3.3.3  Steady stateresults| . . . . . ... ... oo 45

3.4 Performance Measures| . . . . . . . . ... L L 47
[3.4.1 System state probabilities| . . . ... ... ... .. ... L. 47
[3.4.2  Mean system size and orbit size| . . . . ... ... oo 48

[3.5 Cost and Optimization Analysis| . . . . . . .. ... ... ... .. ...... 48
B.5.1 Cost Model Formulation]. . . . . ... ................. 49
[3.5.2  Application of Particle Swarm Optimization (PSO)|. . . . . .. .. .. 50
[3.5.3  Convergence Analysisof PSO[ . . . . ... ... ... .. ....... 50

[3.6  Sensitivity Analysis and Numerical Examples| . . . . . . ... ... ... ... 51




List of Figures

(1 General structure of aretrial queue| . . . . . . .. ... o Lo 1

(1.1 Retrial queue with setup time: the first customer triggers the setup and 1s served [

| after preparation. Other arrivals may join the retrial orbit until the server 1s ready.| 5

(1.2 Retrial queue with negative customers: positive customers enter service, while |

| negative customers may remove them. Removed customers either retry via the [

| orbitor leave the system.| . . . . . .. ... .. ... . L L Lo 6

(1.3 Single vacation policy: after completing a busy period, the server takes exactly |

| one vacation. If the orbit remains empty, it returns to the idle state without [

|1.4 Bernoulli vacation schedule: After service, the server takes a vacation with |

| probability p or stays active with probability g =1—pf. . . . . .. . ... .. 8

(1.5 Unreliable server with repair: The server may fail during service, undergo re- [

| pair, and return to the working state. Customers retry during downtime.| . . . . 10

(1.6  Simplified retrial queueing model for GPU inference. Rejected requests enter a |

| virtual orbit and retry afteradelay| . . . . . .. ... ... 00000, 13

(1.7 Performance dynamics of serverless Al functions with retry behavior under con- [

| currency Ilimits and cold starts.| . . . . . . .. ... ... oo 0L 14

(1.8 Rejected jobs are queued for automatic retry, enabling resilient execution n [

| genomic pipelines.| . . . . . . ... 15

(1.9  Network slicing with retrial: Al-managed system retries rejected slice requests |

I viaorbitl. . . ... 15
[2.1 ~ Schematic diagram of the proposed model.|. . . . . . ... .. .. ... .... 19
2.2 The optimum servicerate 73 | . . . . . . . . . .. ..o 31
2.3 Vanationin 'cwithmsandma| . . . . . . . . . .. .. 34
2.4 TImpactof Eandmgon (Ly)|. . . . . . . ... L 34
2.5 Impactof mgandmyon (L,)| . . . . . .. oo o 34
[2.6  Effect of the setup rate and repairrrateon ['g|. . . . . . .. .. ... ... ... 34

viii



LIST OF FIGURES ix

[2.7  Effect of repair rate on repair state probability of server|. . . . . . . . ... .. 35
[2.8  Probability of server in setup versus ms.| . . . ... ..o oL 35
[2.9  Probability of server in vacation versus vacationrate 7. . . . . ... .. ... 35
[3.1  Optimality of the cost function using PSO|. . . . .. ... .. ... ... ... 50
[3.2  Convergence of the cost function using PSO| . . . ... ... ... ... ... 51
[3.3  Vanation in [/, versus A for different valuesof pp,|. . . . . . . . .. ... ... 52
[3.4  Variation in [/, versus u, for different valuesof 5|. . . . . . . ... ... ... 52
[3.5 Variation in L, versus p,, for different valuesof A|. . . . . ... .. ... ... 52
[3.6 Effectof A\ong.andg,|. . . . .. ... ... ... ... oL 54
3.7 Effectofnong.andg,|. . ... . .. ... . ... . 54
[3.8 ¢.and g, as functions of pp,|. . . . . ..o Lo 55
3.9 Effectof fong.andg,| . . . . . . . . ... . .. 55
(3.10 Maximum of social welfare versus K for different valuesof CI . . . . . . . .. 55
3.11 Maximum of social weltare versus r for different valuesotal. . . . . . . . .. 56
[3.12 Maximum of social welfare versus A for different values of z1,,.f . . . . . . . .. 56

[3.13 Maximum of social welfare versus 7 for different valuesof &.[. . . . . . . . .. 56




List of Tables

2.1 Sensitivity of 7. to (Fi, F2), with F5 =20, F, =120 . . ... ... .. ... 32
2.2 Sensitivity of 7. to (Fo, Fy), with F; =10, F3 =20 . . . . . ... ... ... 32
2.3 Sensitivity of 7. to (Fy4, F3), with F; = 10, Fo =350.[ . . . ... ... . ... 32




Introduction

Queueing theory provides a fundamental framework for modeling systems in which demands
for service compete for limited resources. Originating from the pioneering work of Agner
Krarup Erlang on telephone traffic congestion in the early 20th century [29, 30]], the theory has
evolved into a rich mathematical discipline with profound implications across diverse domains
such as telecommunications, computer networks, production systems, transportation logistics,
manufacturing, and healthcare [50, (73} 19, 33]. Among its many applications, queueing the-
ory constitutes a cornerstone of applied probability, enabling the analysis and optimization of
stochastic service systems under uncertainty.

Among the various extensions of classical queueing models, retrial queueing systems have
received significant attention due to their ability to capture realistic customer behaviors that
traditional waiting-line models cannot adequately represent. In such systems, customers who
find all servers occupied upon arrival do not join a conventional queue nor abandon the sys-
tem permanently; instead, they enter a so-called retrial orbit and attempt service again after
random time intervals governed by predefined retrial policies [31,153,16]. This mechanism nat-
urally arises in numerous practical contexts such as repeated connection attempts in mobile and
wireless networks, job resubmissions in cloud computing environments, or retry requests in dis-
tributed service architectures where blocked requests persistently seek access rather than being
lost or queued [1}, 149 72, 184} 95]. Figure [I]illustrates the general structure of a retrial queue,
showing the interaction between the main service facility and the orbit where customers wait

and retry for access.

aﬂiva.[s aﬂi‘ra_ls
= [T
& retrials

retrials

Figure 1: General structure of a retrial queue



LIST OF TABLES 2

Foundational contributions to retrial queueing theory were made by Yang and Templeton,
Falin and Templeton [32], and later extended by Artalejo and Gémez-Corral [36], as well as Ar-
rar et al. [2,/3,4]. The study of retrial queues has expanded remarkably in recent decades, driven
by their relevance to emerging technologies. Modern research has thus incorporated new op-
erational characteristics into retrial models, such as server vacations, setup times, breakdown—
repair mechanisms, and energy-saving policies [7 126} 55]].

Of particular practical relevance are queueing systems incorporating server vacations,
which enable dynamic resource management by allowing servers to temporarily suspend or
reduce service during idle periods. First formalized by Levy and Yechiali [S9], such models
have become indispensable for analyzing production lines, service centers, inventory control,
and other stochastic environments. In classical vacation models, service halts entirely during
server breaks; however, numerous extensions have been proposed to account for vacation in-
terruptions, with seminal work by Keilson and Servi [44] and later contributions by Li and
Tian [61]. Takagi [83]] further enriched the literature by analyzing single-server queues under

Bernoulli vacation schedules.
To enhance system efficiency without fully suspending service, the concept of working va-

cations was introduced, wherein servers operate at a reduced rate during vacation periods. This
paradigm was pioneered by Servi and Finn [[79] in the context of an M/M/1 queue with exponen-
tially distributed working vacations. Subsequent developments were comprehensively surveyed
by Tian et al. [85] and Chandrasekaran et al. [17]. The integration of retrial behavior with
working vacations was first examined by Do, followed by Banik et al. [13], who proposed a
general framework for such systems. Arivudainambi et al. [3] analyzed single-server retrial
queues under working vacation regimes, while Zhang and Hou [97] incorporated vacation in-
terruption into M/G/1 models. More recently, Gupta and Kumar [37]] extended the framework
to include server breakdowns and repairs within retrial-working vacation systems.

Furthermore, the incorporation of setup times has emerged as a critical feature, particu-
larly in energy-efficient computing and green communications. Setup periods allow servers to
deactivate during idle intervals and require a preparatory phase before resuming full-capacity
service, thereby enabling significant power savings. Phung-Duc [75, [76] was among the first
to integrate setup times into retrial queueing models. Gupta and Kumar [38]] later analyzed a
retrial system with feedback, setup times, working vacations, and perfect repair mechanisms.
Additional insights can be found in the works of Manoharan and Jeeva [70} 41]].

To emphasize the modern relevance of these models, this thesis draws motivation from re-
cent technological contexts such as artificial intelligence inference serving under limited GPU
resources, serverless machine learning functions, bioinformatics workflows, and Al-driven net-

work slicing in 5G/6G systems. These examples reveal how retrial phenomena emerge naturally
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in data-driven and resource-constrained environments, underscoring the need for advanced an-
alytical models that jointly account for performance, reliability, and energy efficiency.

Building upon these motivations, the thesis investigates advanced retrial queueing systems
with energy-saving mechanisms, setup and repair processes, and reliability considerations. The
remainder of this thesis is organized into three main chapters as follows:

Chapter 1 introduces the fundamentals of retrial queueing systems and surveys key devel-
opments in the literature, with a focus on models involving server vacations, setup procedures,
interruptions, breakdown-repair mechanisms, and optimization frameworks. The chapter also
reviews analytical tools such as the supplementary variable technique and optimization algo-
rithms like Particle Swarm Optimization (PSO).

Chapter 2 develops a single-server retrial queueing system with working vacations, setup
time, automatic power-off, setup failure, and perfect repair. The system’s steady-state behavior
is analyzed using the supplementary variable method, and performance measures are derived
to assess server availability and energy efficiency. A cost-based optimization problem is then
formulated to determine optimal configurations, supported by numerical validation.

Chapter 3 extends the previous model by introducing negative customers—entities that
can cause server breakdowns during regular service periods—and a second repair mechanism
distinct from setup-failure repair. The system’s steady-state distribution is obtained analytically,
and reliability as well as optimization analyses are performed using PSO. This chapter further
explores strategic policies balancing energy consumption, reliability, and service performance
under dual repair conditions.

Finally, the thesis concludes with a synthesis of the main results and outlines directions for

future research in the modeling and optimization of complex retrial queueing systems.



Chapter 1

Overview of Retrial Queueing Theory

Since the pioneering works of the 1950s, retrial queueing models have become indispensable
tools for stochastic modeling in telecommunications, computer networks, and everyday service
systems. In modern complex systems such as cloud computing infrastructures, edge networks,
and IoT-based service platforms retrial behavior is often intertwined with diverse operational
phenomena, giving rise to a rich taxonomy of model variants. Below, we systematically cat-
egorize and analyze the most prominent types, incorporating recent theoretical and applied

advancements.

1.1 Retrial Queues with Setup Time

In many real-world service systems, the server does not immediately resume operation after
becoming idle. Instead, it undergoes a preparatory phase, commonly referred to as setup time,
before service can restart. Levy and Kleinrock [[60] first formally incorporated this mechanism
into the classical M/M/1 queue. In their model, the server is deactivated during idle periods and
must complete a setup phase upon reactivation, forcing arriving customers either to wait or to
retry.

Because of its practical relevance, the setup-time framework has been widely studied.
Bischof [[15] analyzed M/G/1 queues with setup times and vacations under several service dis-
ciplines and provided detailed performance measures. Later, Gandhi, Doroudi, Harchol-Balter,
and Scheller-Wolf [34]] developed an exact analysis of the M/M/k/setup model, emphasizing its
applicability to energy-efficient server management.

A significant theoretical extension was proposed by Phung-Duc [76], who generalized both
setup and service times to arbitrary distributions and derived the stationary queue-length dis-
tribution using matrix-analytic methods. More recently, Chang and Wang [18] extended the

framework to unreliable M/M/1/1 retrial queues with setup time, allowing server breakdowns
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during the setup phase—an important feature for modeling fault-tolerant systems. Recent Ex-
tension (2023-2024): In cloud and edge computing, setup times are now modeled as cold-start
delays in serverless architectures. These delays impact Quality of Service (QoS) and motivate

adaptive strategies to mitigate latency .

Service
Arrival T
Activate Ready
Server (OFF) > Setup Phase > Server (ON)
/@ry

/ ’ ) N \
/ \
| Retrial Orbit !

Figure 1.1: Retrial queue with setup time: the first customer triggers the setup and is served
after preparation. Other arrivals may join the retrial orbit until the server is ready.

1.2 Retrial Queues with Negative Customers

Queueing systems incorporating negative customers, commonly referred to as G-networks,
provide a powerful analytical framework for modeling cancellation mechanisms, congestion
control, and disruptive events in communication and manufacturing systems. In these systems,
positive customers request service in the usual manner, whereas negative customers—arriving
only during active service periods—remove positive customers from the system without joining
the queue.

G-networks introduced a novel class of queueing models in which special signals eliminate
customers, leading to tractable product-form solutions and stimulating extensive research in
both continuous- and discrete-time settings.

In the context of retrial queues, Wang and Zhang [90] investigated a discrete-time retrial
system with negative arrivals and an unreliable server, highlighting the combined impact of
cancellations and breakdowns on system performance. Subsequently, Krishnakumar, Vijayaku-
mar, and Sophia [52] examined retrial models with multiple service phases and vacation mech-
anisms. Wu and Lian [92] incorporated priority customers and disaster effects, while Gao and
Wang [35] analyzed performance and reliability characteristics of an M/G/1-G retrial queue

using soft computing techniques. Further extensions were proposed by Zhang and Liu [99],



1.3 Retrial Queues with Server Vacations 6

who studied non-exhaustive random vacations, and by Peng, Liu, and Wu [74]], who introduced
preemptive resume priority under an N-policy framework.
Modern Application: In cybersecurity systems, the concept of negative customers has been

used to model malicious activities such as malware infections or denial-of-service attacks. For
instance, negative arrivals can represent malicious packets that remove legitimate requests from

the system, thereby disrupting normal operations. Recent studies have applied retrial queue-
ing models with negative arrivals to capture the reliability and cost impact of malware-infected

systems, showing how such attacks can degrade performance and increase downtime .

.
.
ServigN _ 7 Removes
2

Server
. ST ~Leave
\ Retry N
Retry AN
NNUEELE 3
7/

/ A\

i \

i Retrial Orbit |

\ !

Figure 1.2: Retrial queue with negative customers: positive customers enter service, while
negative customers may remove them. Removed customers either retry via the orbit or leave
the system.

1.3 Retrial Queues with Server Vacations

Server vacations model periods when the server performs secondary tasks (e.g., maintenance,
diagnostics, or auxiliary processing) when no customers are present. Vacation policies are

classified into several types, each with distinct operational rules and performance implications.

1.3.1 Single Vacation

Under the single vacation policy, the server takes exactly one vacation after each busy period.
Upon returning, if the system is empty, the server remains idle instead of initiating another
vacation. This mechanism is frequently adopted in production and maintenance systems where
downtime is scheduled once per operating cycle.

Lee et al [56] analyzed the M*/G/1 queue with N-policy and server vacations, incorporating
batch arrivals into the single vacation framework. Choudhury [21] extended classical vacation

models by studying batch arrival queues under a single vacation policy. Madan and Abu Al-Rub
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[67] investigated a two-phase optional M*/G/1 system with a single vacation, while Madan and
Al-Rawwash [68] examined feedback mechanisms combined with optional server vacations.
Ke [42]] further enriched the literature by analyzing an M~ /G/1 system with startup, standby
spare, and breakdown features, thereby integrating reliability aspects into the single vacation
setting.
Recent Development: Adaptive mechanisms in cloud resource allocation have been proposed
to balance energy efficiency and Quality of Service (QoS). Instead of keeping all servers active,
some resources can temporarily enter an idle or sleep statesimilar in spirit to vacation models
in queueing theory. Recent approaches, such as the Look-ahead Energy Efficient VM Alloca-
tion (LAA), use workload prediction techniques (e.g., Holt-Winters forecasting) to dynamically
adjust the number of active servers. This adaptive strategy reduces power consumption signifi-

cantly while ensuring that QoS requirements are still met .

~
~
~

N
~ ~No New Vacation
<

A
Orbit Empty Return
Server (Busy) > Vacation > Server (Idle)
\w_'_ -
’ ’ A \
i \
i Retrial Orbit |
\ !

Figure 1.3: Single vacation policy: after completing a busy period, the server takes exactly one
vacation. If the orbit remains empty, it returns to the idle state without further vacations

1.3.2 Bernoulli Vacation

Under the Bernoulli vacation policy, upon service completion and when the orbit is empty, the
server takes a vacation with probability p or remains active with probability ¢ = 1 — p. This
probabilistic control mechanism has been widely adopted in communication and manufacturing
systems to regulate workload and improve operational flexibility.

Keilson and Servi [45]] first introduced the foundational Bernoulli vacation model, establish-
ing a stochastic framework in which vacation decisions are made probabilistically after service
completion. Madan [65] extended related queueing structures by incorporating a second op-

tional service phase, while Madan [66] further examined systems with random breakdowns.
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Atencia and Moreno [9] investigated retrial queues with general retrial times in discrete
time, broadening the applicability of Bernoulli-type mechanisms. Wang and Li [89] analyzed
a repairable M/G/1 retrial queue with Bernoulli vacations and two-phase service, explicitly
integrating reliability features. Ke and Chang [43]] proposed modified vacation policies for batch
arrival systems with breakdowns and multiple vacations. Choudhury and Ke [23] provided a
detailed study of unreliable batch arrival queues operating under a Bernoulli vacation schedule
combined with multiple vacation behavior.

More recently, Liu, Zeng, Cui, and Song [64] explored reinforcement learning-based charg-
ing scheduling for electric vehicles, where charging units probabilistically switch to low-power
modes. Although developed in the context of smart energy systems, their probabilistic control

mechanism reflects the same structural principle underlying Bernoulli vacation policies.

Server (Active)

l

[
_Orbit Empty? Yes Take Vacation (p)
Next Service

Check Orbit
No
Stay Active (ﬂ

Figure 1.4: Bernoulli vacation schedule: After service, the server takes a vacation with proba-
bility p or stays active with probability ¢ = 1 — p.

1.3.3 Multiple Vacations

The server repeatedly takes vacations until it finds at least one customer upon return. This mech-
anism is particularly relevant in systems requiring periodic diagnostics or segmented mainte-
nance, such as telecom switches and database servers. The foundational work in this area
was established by Baba [[11]], who analyzed the M*/G/1 queue with vacation times, and sub-
sequently extended by Lee and Srinivasan [S7] through their investigation of optimal control
policies. Krishna Reddy et al. [51] further enriched the model by incorporating N-policy with
setup times, thereby addressing more complex operational scenarios.

The discrete-time generalization of these models was later developed by Tian and Zhang
[86], while finite-buffer and bulk-service variants were rigorously analyzed by Sikdar and Gupta

[81] and Arumuganathan and Jeyakumar [8], respectively. These theoretical advancements have
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laid the groundwork for contemporary applications in edge computing environments, where the
multiple vacations model effectively characterizes micro-sleep cycles for energy conservation.
In this context, Kim et al. [48] demonstrated that optimized vacation sequencing can achieve
energy consumption reductions of up to 30% in 5G base stations without compromising latency

service level agreements.

1.3.4 Working Vacation

Unlike traditional vacations, during a working vacation, the server operates at a reduced rate in-
stead of halting completely. This mechanism effectively models scenarios involving preventive
maintenance during low-load periods or background processing operations in web servers. The
foundational analysis of working vacation policies was established by Servi and Finn [80] for
M/M/1 queueing systems. Subsequently, Liu et al. [63] developed important stochastic decom-
position properties for these models, while Baba [12] extended the framework to GI/M/1 queues
with comprehensive sojourn time analysis. Further generalizations were provided by Wu and
Takagi [93], who analyzed M/G/1 systems with general service distributions, and Zhang and
Hou [98]], who derived queue-length distributions using matrix-analytic methods.
State-of-the-Art (2024): Recent advances in sustainable Al inference have highlighted dy-
namic precision and adaptive execution as effective techniques for reducing energy consump-
tion. Barad et al. [14] demonstrated that early-exit strategies can significantly reduce infer-
ence costs while maintaining acceptable accuracy levels. This emerging trend naturally extends
to the concept of “hybrid working vacations,” wherein servers alternate between full-rate and
reduced-rate operational modes to achieve an optimal balance between computational precision

and energy efficiency.

1.3.5 Retrial Queues with Unreliable Server

Real-world servers are inherently susceptible to failures, which may occur either actively (dur-
ing service delivery) or passively (during idle or setup periods). These failure modes sig-
nificantly compromise system reliability and necessitate explicit modeling within queueing-
theoretic frameworks. The seminal contribution in this domain was made by Yang and Li
[94]], who pioneered the analysis of M/G/1 retrial queues with starting failures, establishing
fundamental stability conditions and stochastic decomposition laws. Wang et al. [88]] subse-
quently integrated comprehensive reliability metrics including availability and failure rates into
the analysis. The incorporation of server failures with vacation policies and two-phase service

structures was later investigated by Wang and Li [89] and Ke and Chang [43]. Furthermore,
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Wang and Zhou [91]] introduced admission control mechanisms for batch-arrival retrial systems,
while Choudhury and Deka [22] developed models incorporating delayed repair processes. The
optimization of multi-server retrial systems under economic constraints using matrix-analytic

techniques was addressed by Yuh et al. [96].

Failure (during service)

Y

Server: Working < Server: Failed

Repair Done tart Repair

Under Repair

During failure/repair, customers remain in orbit and retry

Figure 1.5: Unreliable server with repair: The server may fail during service, undergo repair,
and return to the working state. Customers retry during downtime.

1.4 Supplementary Variable Method

Due to the memoryless property inherent to exponential inter-arrival and service time distribu-
tions in M/M/1 queues, the system’s occupancy level can be characterized as a Markov process,
denoted by Q(s). However, this Markovian property is lost when arrival or service intervals
follow non-exponential distributions. To address this fundamental limitation, Cox [25]] intro-
duced the supplementary variable method, thereby enabling rigorous analysis of non-Markovian
stochastic systems. Keilson and Kooharian [46] noted that this methodological approach was
subsequently adopted by Henderson [40], Choi et al. [20], and Medhi [71]]. By introducing an
auxiliary state descriptor representing residual service times, differential equations analogous
to those governing Markovian systems can be systematically derived.

For illustrative purposes, consider queueing systems with general service time distributions.
In such cases, the process Q(s) becomes non-Markovian. To restore analytical tractability,
we define 7(s) as the residual service duration of the customer in service at epoch s. The
augmented process (Q(s),7(s)) then constitutes a Markovian system amenable to standard
analysis techniques. This approach offers significant computational advantages over alternative
methodologies such as embedded Markov chains [58]]. The supplementary variable technique
was first applied to M/G/1 retrial queues by Keilson et al. [47], who analyzed the joint steady-
state distribution of server status and orbit population. Li and Yang [62] subsequently extended

this framework to incorporate server vacations and finite source populations.
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1.5 Optimization

Optimization constitutes an essential component in enhancing queueing system performance,
whether through minimizing waiting times, controlling queue lengths, or maximizing through-
put. In complex model configurations incorporating retrials, vacations, and server failures,
performance metrics typically emerge as nonlinear functions of multiple system parameters.
Analytical optimization often proves infeasible in such contexts, necessitating the application

of numerical methods to identify optimal configurations under operational constraints.

1.5.1 Quadratic Interpolation Search

This derivative-free optimization method locates extrema of unimodal functions by fitting a
quadratic polynomial through three evaluation points. Given three distinct abscissas y < ¢ < ¢
and their corresponding function evaluations 7 (x), J (v), J (¢), the extremum 6* of the inter-
polating parabola is approximated by:

T2l TN@ =) +TW) (6 —x)+T(0)(x — )

The iteration proceeds by replacing the worst-performing point among {x, ¥, ¢} with the

g~ L[TOW? = 6%) + T(W)(¢° = x°) + T(9)(x* — ¢7)

newly computed #*, continuing until convergence criteria are satisfied.

1.5.2 Particle Swarm Optimization (PSO)

PSO represents a bio-inspired metaheuristic that emulates swarm intelligence observed in
natural systems. This optimization paradigm is particularly favored for its algorithmic sim-
plicity, rapid convergence characteristics, and robust capability to handle non-convex, high-
dimensional optimization landscapes. Within queueing systems research, PSO has been suc-
cessfully deployed to optimize cost functions, delay metrics, and overall system efficiency.

The algorithm initializes a swarm comprising M agents (particles), each representing a can-

didate solution in the parameter space. Each particle « is characterized by a position vector Ez‘]

and velocity vector ngl Iat iteration n. Particles iteratively update their trajectories by incorpo-

rating both personal memory (the best position previously visited, p,) and collective memory
(the global best position discovered by the entire swarm, I').
Notable applications of PSO in retrial queueing systems include the work of Upadhyaya

[87], who minimized operational costs in discrete-time retrial queues with startup failures.
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Algorithm 1: Particle Swarm Optimization (PSO)

Input: Cost function 7 (-), swarm size M, dimension D, max iterations Nyay,
parameters (, Kk, A

Output: Global minimizer estimate I'

Initialize positions 551 and velocities 17[0? ! for all particlesa = 1,..., M;

Set personal bests p,, = 52?], compute J (p,,);

Set global best I' = arg min,, J(p,,);

forn =0to N.x — 1 do

for each particle o =1, ..., M do

Draw €1, €3 ~ U(0,1);

Update velocity:

na =il + ker(p, — 1Y) + Xea(T — €1);

Update position:

S S

Evaluate 7 (¢7+1);

if 7(¢5Y) < J(p,,) then

| p, =&Y
if 7(p,) < J(T) then
| T=p.;
return T

Zhang et al. [100] optimized state-dependent service rates, while Malik et al. [69] demon-
strated that PSO outperforms genetic algorithms in terms of convergence speed and solution
accuracy. More recently, Harini and Indhira [39] applied PSO to hospital management systems,

validating its robustness in dynamic operational environments.

1.6 Some Motivating Examples

1.6.1 Al Inference Serving with Limited GPU Resources

Contemporary Al deployments involving large language models and deep learning workloads
are typically hosted on GPU clusters. However, the substantial cost and limited availability of
GPU resources frequently necessitate oversubscription strategies. When all GPUs are occupied,
incoming inference requests may be blocked or subjected to significant delays. Retrial queue-
ing models provide an elegant alternative framework wherein blocked or rejected requests re-
attempt service after a specified delay period. Rather than maintaining extensive waiting queues
that consume memory resources and risk timeout failures, rejected requests enter a virtual or-

bit and retry following a random or adaptively determined backoff interval. This modeling
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approach has been extensively investigated in the literature, ranging from stability analysis of
GI/G/c/K retrial queues [[10] to multi-class systems with sophisticated retrial policies [28]], and
more recently in cloud computing contexts [24]. Such mechanisms effectively balance sys-

tem load, enhance resource utilization efficiency, and mitigate tail latency under bursty traffic

Retry Orbit

Rejected

conditions.

Retry

€-_____

Incoming Request { GPU Server

Figure 1.6: Simplified retrial queueing model for GPU inference. Rejected requests enter a
virtual orbit and retry after a delay.

1.6.2 Serverless AI Functions

Serverless computing platforms such as AWS Lambda are increasingly adopted for machine
learning workloads due to their inherent elasticity and cost efficiency. These systems exhibit
specific performance characteristics including strict concurrency limits that may trigger request
throttling under heavy load, and cold start phenomena that introduce substantial initialization
delays, particularly for large ML models [16]]. Although the serverless computing literature
has not extensively employed retrial queueing formalisms, the analogy provides a rigorous an-
alytical lens. By mapping concurrency limits to server capacity, cold starts to setup times, and
retry policies to retrial processes, retrial queueing theory offers powerful predictive capabilities
for latency, rejection probabilities, and resource utilization in serverless ML pipelines. This
conceptual connection illustrates how classical queueing models can be extended to capture

emerging cloud-native architectural patterns.
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i ________3) Client Requests
(High Arrival Rate)
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(e.g., AWS Lambda)
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; + Jitter)

Figure 1.7: Performance dynamics of serverless Al functions with retry behavior under concur-
rency limits and cold starts.

1.6.3 Bioinformatics and Computational Biology Workflows

High-throughput genomic pipelines provide compelling examples where retrial queueing the-
ory offers valuable analytical insights. In such environments, thousands of computational jobs
are simultaneously submitted to high-performance computing clusters or cloud platforms, fre-
quently exceeding available resources or encountering transient failures that necessitate job re-
submission. Workflow management systems such as Nextflow are explicitly designed to address
these challenges through built-in automatic retry mechanisms, ensuring resilient computation
without manual intervention. This operational behavior closely parallels retrial queue dynam-
ics, wherein jobs that do not receive immediate service re-enter an orbit and attempt execution
again after a specified interval. Adopting this perspective, job resubmissions can be interpreted
as customer retrials, scheduler queues as service nodes with finite capacity, and resource failures
as server breakdowns. Such queueing-theoretic abstractions underscore the critical importance
of retrial policies in ensuring robustness and reproducibility in large-scale genomic data pro-
cessing [78, 182, 27]].
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[ Retry Queue
‘(e.g., Nextflow)

4. Ayto-retry
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1. Submit 3.8
Submit Job e (1P Ll Heeess Success
Cluster

2. Rejected?

Figure 1.8: Rejected jobs are queued for automatic retry, enabling resilient execution in genomic
pipelines.

1.6.4 Al-Driven Network Slicing in 5G/6G for Smart Cities

Fifth-generation (5G) mobile networks employ network slicing technology, enabling the cre-
ation of multiple virtual sub-networks atop shared physical infrastructure, each optimized for
distinct service requirements. For instance, autonomous vehicular applications require ultra-
reliable low-latency communication slices, whereas video streaming services prioritize high
bandwidth allocation. These slices operate independently while coexisting on common re-
sources, ensuring heterogeneous applications receive appropriate quality of service guarantees.
When network capacity becomes temporarily saturated, slice requests are not discarded; in-
stead, they are redirected into an orbit where they retry access after a randomized interval. This
mechanism can be naturally modeled using retrial queueing theory, which has been extensively
applied to telecommunication systems for analyzing congestion dynamics, delay characteristics,

and resource allocation optimization [101].

ejected

Network Core

Slice A

|4
Slice B

Figure 1.9: Network slicing with retrial: Al-managed system retries rejected slice requests via
orbit.



Chapter 2

Unreliable M/G/1 Queue with General
Retrial Time, Working Vacation and Setup
Time

In this chapter, we present a comprehensive analysis of an M/G/1 retrial queue with a general
retrial time distribution, incorporating setup times and working vacations. The server may en-
ter a working vacation state serving customers at a reduced rate or undergo a setup phase before
resuming normal operations. Crucially, the server is susceptible to random breakdowns during
both service and setup periods, with repair times governed by general probabilistic distributions.
We derive the steady-state distribution of the system, compute key performance and reliability
metrics, and conduct sensitivity and cost optimization analyses to evaluate the operational and

economic impact of system parameters.

2.1 Justifications of the Model and Practical Relevance

Consider a stylized manufacturing system designed for paper recycling, comprising three key
components: a recycling machine (server), a foreman (primary server), and an assistant worker
(auxiliary server). Waste paper batches, conceptualized as customers, arrive stochastically to
be processed into finished goods. The foreman operates the machine at full capacity whenever
waste paper is available. However, in the event of supply disruptions such as transportation
delays causing customer unavailability the foreman may enter a vacation state, temporarily
suspending direct involvement in production.

During the foreman’s vacation, if new waste paper arrives, the assistant worker assumes

16
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operational control of the machine. In this phase, termed a working vacation, production con-
tinues, but at a reduced service rate, reflecting the worker’s limited capacity compared to the
foreman. Upon completion of a production batch, the worker triggers a vacation interruption
mechanism, recalling the foreman to resume operations at the standard, higher service rate.
Alternatively, if the foreman’s vacation concludes naturally (i.e., without interruption), he
returns to the system and assesses its state. If waste paper is present upon his return, he imme-
diately restarts the machine and resumes full-capacity production. If no customers are waiting,

the foreman may initiate a shutdown procedure to conserve energy effectively deactivating the
server.

Subsequently, when new waste paper arrives after such a shutdown, the system must un-
dergo a setup period before production can recommence. This setup phase represents the time
required to reconfigure and warm up the machine. If the setup is successfully completed, nor-
mal service resumes. However, if the setup fails modeled as a probabilistic event the machine
enters a breakdown state and is sent for repair. During the repair period, no production occurs,
and arriving customers may join a retrial orbit.

This scenario encapsulates a rich interplay of queueing phenomena: server vacations,
working vacations, vacation interruptions, setup times, and server breakdowns with re-

pair all embedded within a practical, energy-aware manufacturing context.

2.2 Model Description

In this study, we analyze a single-server retrial queueing system characterized by server unreli-
ability, a single working vacation policy, and non-negligible setup times. The system dynamics

are governed by the following assumptions:

* Arrival and Retrial Mechanism:
Customers arrive according to a Poisson process with rate m; > 0. Upon arrival, if the

server is idle, the customer enters service immediately. Otherwise, if the server is busy,
on working vacation, undergoing setup, or under repair the customer joins a retrial orbit,
adhering to a First-Come-First-Served (FCFS) discipline. While in orbit, each customer
independently retries after a random time interval. The inter-retrial times are governed
by a general probability distribution function A; (), with corresponding Laplace-Stieltjes
Transform (LST) denoted by Aj ().

¢ Normal Service Phase:
When the server is idle and a new or retrial customer arrives, normal service commences
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immediately. The service time during this phase follows a general distribution A,(¢),
with LST A3(0).

Working Vacation Policy:

If the orbit becomes empty, the server initiates a single working vacation, the duration of
which is exponentially distributed with rate w. During this phase, arriving customers are
still served, albeit at a reduced service rate. Service times during working vacation follow
a general distribution A3(&), with LST .43(6). Upon completion of the working vacation,

if no customers are present in the orbit, the server is deactivated to conserve energy.

Setup Phase and Server Activation:

When the server is in the off-state and a customer arrives, the server must undergo a setup
procedure before resuming service. The setup time is modeled by a general distribution
As(€), with LST A%(6). During the setup period, newly arriving customers are directed
to the orbit.

Server Breakdown During Setup:
The setup process may fail with probability & = 1 — «. In such an event, the server is
sent for repair. The repair time follows an arbitrary distribution A4 (), with corresponding

LST Aj(#). No service is rendered during the repair period.

2.3 Steady-State Analysis

Let 27(t), Z2(t), Z5(t), Zi(t), Z5(t) be the elapsed time in retrial, time in regular service,

working vacation time,repair time and setup time sequentially at time ¢.

Let supose that :

Al(O) = 07141(00) = ].,AQ(O) = O,AQ(OO) = 1,A3(0) = 07A3(OO) = 1,A5(0) = O,A5(OO

) =

1, A4(0) = 0, A4(c0) = 1 are continuous at £ = 0 . Consequently, we specify the hazard

rate functions (&), m3(&), m4(&), m5(&), m6(€), for retrial, normal service, lower rate service,

delayed repair and repair, respectively.



2.3 Steady-State Analysis 19

Arrivals

No customers

Normal
Service

Vacation

Vacation end

Server shutdown Customer arrives

Setup success

Setup
Time

Working
Vacation

Arrivals Arrivals

ordwod areday

Setup failure

Breakdown
& Repair

Arrivals

Figure 2.1: Schematic diagram of the proposed model.
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The state of the system at time ¢ can be defined by the Markov process {N(¢);t > 0} =
{R(t), X (t), Z1(t), Z2(t), Z3(t), Za(t), Z5(t)t > 0}, where X (t) denotes the number of cus-
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tomers in the orbit at time ¢ and

Y

Ok W N = O

)

server idle during regular service period
server idle during working vacation period
server busy providing regular service

server busy providing service at reduced rate
server undergoing repair

server in setup/initialization phase

Depending on the server state R(t), the elapsed time processes are defined as follows:

busy period at time .

t.

If R(t) = 0and X (t) > 0, then Z(¢) denotes the elapsed retrial time at time .

If R(t) = 2and X(¢) > 0 then Z5(¢) denotes the elapsed service time during the regular

If R(t) = 3and X(t) > 0, then 235(t) denotes the elapsed working vacation time at time

If R(t) =4 and X(t) > 1, then Z,(t) denotes the elapsed repair time at time .

If R(t) =5and X (t) > 1, then Z5(t) denotes the elapsed setup time at time .

2.3.1 Stability and ergodicity conditions

Let {t,;n € N} be the sequence of epochs of either service completion times or vacation ter-

mination time. The sequence of random vectors Z,, = {R (t,+), X (t,+)} form a Markov

chain which is the embedded Markov chain for our queueing system. Its state space is S =

{0,1,2,3,4and 5} x N.

Theorem 2.3.1. The embedded Markov chain {Z,;;n € N} is ergodic if and only if

p=m (ﬂ'is + ﬂ__14 + WA;%W)) < AT(ﬂj)

2.3.2 Governing Equations

For the Markov process { N (t);t > 0}, we define the probability

To(t) = {R(t) = 0, X(t) = 0}[\(t) = {R(t) = 1, X(t) = 0}
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and the probability densities

Ton(§,)dE = {R(t) = 0, X(t) = n,§ < Zi(t) <€ +dE}, €= 0,n =1
Tin(&,t)dE = {R(1) = 2, X(t) = n,§ < Zo(t) <& +dE}, 6> 0,n =0
Ton(§1)dE = {R(t) = 3, X(t) = n,§ < Z3(t) <E+dE},£=0,n 20
T3,(&,t)dE ={R(t) =4, X(t) =n,& < Zu(t) <E+dE},€>0,n>1
Tun(&1)dE = {R(1) = 5, X(t) =n, & < Z5(t) <& +dE},£>0,n>1

We assume that the stability condition is fulfilled in the sequel and so that we can set 'y =

tlim [o(t) and 'y = tlim I';(t) limiting densities for £ > 0 and n > 0
—00 —00

Tl,n(g) = tliroré Tl,n(ﬁa t)a TO,n(g) = tlirglo TU,n(é? t) and TQ,n(g) - tli@ TQ,n (67 t)

and Y'5,(¢) = tli@) Ts3.,(&,t)and Ty, (&) = tlﬁzé Tyn(,1).

Under the stated assumptions and notations, our model is described by a system of differential-

difference equations,

7T1F0 = (JJFl

(m 4+ )Ty = /0 X0 (©)ma€)de + /0 T Yao(E)ma(€)de

%Toﬂ(m(m+W2<£>>To,n<§>:o, £>0, n>1
10O + (1 +m(E) Vi€ = 0. €0
10O+ (1 + 1) T1al®) = mTaaa(€), €50, 021
ET20(O)+ (m +er - 1€) Taof6) =0, €50
d%Tz,n(f) F (14 w4 7(€) Tan(€) = Mo 1(E), €0,
T30 + (11 + 75(6) Tan(€) =0, €50
d

dé

T3,(8) + (1 +75(8)) T3 (§) = mT5n1(§), £€>0, n>1

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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d

d—€T4,o(§) + (m +m6(§)) Lao(€) =0, £>0 (2.10)
digT‘l’"(g) + <7Tl —+ 76(5))T4’n(§) = 71T4,n_1(§), f > 0, n Z 1 (211)

The boundary conditions at £ = 0 include Y ,,(0), Y1 ¢(0), T1,(0), T2,0(0), T30(0), Y5,(0), T40(0).

The description of these terms at £ = 0 are described as follows:

To,0(0) = / T on(§)ma(§)dE + / N T1n(§)ms(§)ds, n>1 (2.12)
0 0
T0(0) = / T o(E)mo(€)dE + / Py(€)m(€)de
0 0
- T d - T d 2.13
tw /0 20(€)dE + /0 20(E)ms(€)de (2.13)
T1a(0) = / X (E)me(€)dE + / T P (Oma(€)de +w / T Xy(€)de
+ OOO Tgm(ﬁ)dﬁ + OOO T37n(§)7r5(§)d§, n>1 (2.14)
szo(()) = 7T1F1 (215)
Ty,(0) =0, n>1 (2.16)
T470<0) = 7T1F0 (217)
Y,,(0)=0, n>1 (2.18)
Toal0) =a [ Yup(mo(e)a (2.19)
0
T3(0) = a / YOO, > (2.20)
0

The normalization condition is given by

Io+1h + Z:l /O‘X’ Yo, (§)dE + ZO /OOO T1n(8)dE + Zo /OOO o, (&)dE

+HZ:0 /0 Ts,n(£)d£+nz:0 /0 Ty (E)d =1

In order to solve the above set of equations we define the generating functions as

[e.e]

To(6,¢) =) ("Ton(€) for |¢| < 1and £ > 0,

n=1
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TW@ziﬁhm)
T&@zé@h&)
meziwnmx
Tﬁﬂzéﬁﬁﬁ)
mezéwnm»
T&@zi@ﬁ&)
Twnzéwnm>

oo

Ta(€,¢) =Y " anl€)

n=0

14(0,¢) = D ("T4(0)
n=0

for [(] < 1,

for |(| < land¢ > 0,

for |(| < 1land¢ > 0,

for || <1,

for [¢] < 1,

for [(] < 1,

for (| < 1.

Multiplying equations (2.2)-(2.11) by suitable powers of ( and summing over n, we obtain the

following set of partial differential equations :

8T0(£7 g)
23

+ (m + m(€))To(€, ¢) =0,

8'Y‘l (57 C)
23

TQ (57 g)
23
8"]-"3 (57 C)

23

8T4(€7 C)
23

+ (ﬂl - ch + 71'3(5)) Tl(fa() = 07

0

+ (m —m¢ +75(8))T3(£,¢) =0,

+ (m1 — m¢ + 76(£)) Ta(€, ¢) = 0.

+ (m — m¢ + w4+ () T2(€,¢) =0,

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Solving the above partial differential equations (2.21) to (2.25)

To(&,¢) = To(0,Q)[1 — A (§)]e™™*,
T1(6,¢) = T1(0,¢) [1 = Ap(€)] ™18,
T5(€,¢) = Ta(0,¢) [1 = Ag(€)] e OHmE,
T5(¢,¢) = T3(0,¢) [1 = Ag(€)] 7O,
T4(€,0) = Ta(0,¢) [L = As(&)] e~

where 1(¢) = m (1 — ()

(2.26)
(2.27)
(2.28)
(2.29)

(2.30)

Multiplying equation (2.12) by suitable powers of (, summing over n from 1 to oo and using

equations (2.1) and (2.2) after some algebraic manipulations, we get

T +w

10(0.0) = [ Ta(eOm(©ds + [ Mile maleyd - (

> 7T1F0 (231)

Similarly, multiplying equations (2.13)-(2.20) by suitable powers of ¢, summing over n and

after some algebraic manipulations, we obtain

[e%¢] ') “+o00
10,0 = ¢ / (€, o (€)dE + / To(faC)dﬁJr% / To(E,O)ma(€)de

+w [ e e+ / (e, Omse)e,
T2(0,0) = Ta0(0),

0a(0.0) = [ Ta(E Oml6)d,
T4(0.€) = Ta(0).

inserting equations 2.27-2.28 in 2.31 we get:

To(0,¢) = Ta(0, OALI(C) + 1) + T1(0, )G (1(Q)) (7“ : ‘”) _—

w

in similary way inserting equations 2.26-2.30 in 2.32 we get :

T4(0,¢) = %mo, A5 (m) + AL (T(C)T4(0,€) + V(O (0, )

+T0(0,¢) (1 — Aj(m)) + T3(0,0)A;(I(C))

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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where V(() = 72— (1 — A3(I(¢) + w)) using equations 2.15 and 2.1 :

I(¢)+w
15(0,¢) = %%FO (2.38)
using equation 2.13 :
14(0,¢) = mTy (2.39)
using equation 2.30 in 2.34 :
T5(0,¢) = aA5(1(¢))T4(0,¢) (2.40)
using equation 2.39 in 2.40 :
T4(0,¢) = amToAL(I(C)) (2.41)

using equations 2.38 -2.39 and 2.41 in 2.36 and 2.37 we get

N?"(C)

To(0.0) = 5 © (2.42)

Where N,.(¢) = mIoCA3(1(C))A;(1(0))[(a — DwAL(I(C)) — aw] +w
— m A (1(Q)V(() — mi(A5(I(C) +w) — 1)
D,(¢) = wA(1(¢))[C(1 — Aj(m1)) + Af(m)] — ¢

—ml . . .

1:(0,¢) = Do (O) {wC( — aAj(I(Q)) + o+ A (1(¢))) A5(1(¢))
+mCV(C) + C(Ai(m) — 1) (w = mAS(I(C) + w) +m)
— (w—mA(I() +w) +7r1)A1‘(7r1)} (2.43)

Substituting equations (2.38-2.43) in 2.26-2.30 .

2.3.3 Steady state results

Under the steady-state condition p < Aj(m), the probability generating functions (PGFs) for
the number of customers in the orbit, conditioned on the server’s operational state, are given as

follows:
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1. Server idle:

To(0) = [ Tale, ) d = LA .44
0 ™
2. Server busy (regular service):
_ [ _ Y4(0,9) (1= A(I(Q)))
(0= [ T - s 2.45)
3. Server busy (reduced-rate service / working vacation):
_ [ _ (0,6 (1 = A3((¢) +w))
(0 = [ Ta(e. 01 - ke (2.46)
4. Server under repair:
Y _ T5(0,0) (1 — Ai(I(€)))
Ta(0) = [ alé 0yt - s .47)
5. Server in setup phase:
_ [ _ Yu(0,9) (1 - AF(I(Q)))
10 = [ Tal0)de = s 2.48)

Among these expressions, the only unknown quantity is Iy, which can be determined using

the normalization condition:
Fo+T1 4 Yo(l) + (1) + To(1) + T3(1) + Ty(1) = 1.
Solving for 'y, we obtain:

w? (A*(my) — m E[A3])
w? (my (E[A4)(1 — @) + E[A5]) + Aj(m1))

+wi (245 (w) (ME[Ag] — Aj(m) + 1) — E[Ay] A3 (w))

+mAl(m) + 1 (1 — Aj(w))

I'y = (2.49)

Corollaire 2.3.1. Under steady-state conditions, the probability generating function (PGF) of

the number of customers in the system, K(C), is given by:

K(€) = To 4 't + To(¢) + ¢T1(¢) 4 ¢T2(¢) + ¢T5(C) + ¢L4(C). (2.50)
The PGF of the number of customers in the orbit, K,((), is given by:

Ko(Q) =To4+T1+ To(¢) + T1(¢) + T2(¢) + T3(¢) + T4(Q). (2.51)
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2.4 Performance Measures and Reliability

Our analysis relies on the following key characteristics of the retrial queueing system.

2.4.1 System state probabilities
1. The steady-state probability that the server is idle during the retrial period is expressed as:

I="To(1)

_ —ero(fq(ﬂ'l) — 1)
w? (Aj(m) — m E(As

) {w( — B(Ay)m (Aj(w) — 1) +w( — aB(Ay) + E(Ay) + E(A4)))

+ WE(Ay) + mwAs (w) +m (w.Agl (w) — Aj(w) + 1)}

2. The steady-state probability that the server is actively serving customers during a regular

service period is given by:

_ eroE(Ag)
w? (.A’{ (m) —mE

(As)) {uﬂ( — aB(Ay)my + E(Ay)m + E(Ay)m + A’{(ﬂl)>
+w (2#%«4;/ (W) — mAj(w) A (m) + T A (71))

)+ }

3. The steady-state probability that the server is occupied during a working vacation is:

milo - (1 — Aj(w))

w?

4. The steady-state probability that the server is undergoing repair is:
S = Tg(l) =F <A4) 7TlF0 . (1 - a)
5. The steady-state probability that the server is in setup mode is:

K= T4(1) =F (A4> 7T1F0



2.4 Performance Measures and Reliability 28

2.4.2 Mean system size and orbit size

(1) To quantify congestion in the orbit, we compute the expected number of waiting customers,
denoted L,. This is achieved by taking the first derivative of the orbit’s probability generating

function (Equation 2.51) with respect to z, then evaluating the limit as z — 1:

L,=K/(1) =lim iKo(z)

z—1 dz

(i1) Similarly, the expected total number of customers present in the entire system including
those in service and in orbit is captured by L;. It is obtained by differentiating the system’s PGF
(Equation 2.50) at z = 1:

d
J— , p— y
Ly =K,(1) = iziv% —dZKs(z)

(iii) Using Little’s Law we derive the average sojourn time in the system (W) and the

average waiting time in the orbit (11/,), both scaled by the effective arrival rate 7;:

Ly L
Wy== and W,=—

T Uy

2.4.3 Reliability Measures

In retrial queueing systems with server unreliability, reliability metrics play a pivotal role in
evaluating system resilience and guiding performance enhancement strategies.

(i) The steady-state availability of the server, denoted A, reflects the proportion of time the
server is operational either actively serving customers or remaining idle and ready for service.

It is formally expressed as:
Av =1- T3(1) =1—-F (A4> 7T1F0 : (1 - O[) (252)

(i1) The steady-state probability of server failure, denoted Iy, quantifies the likelihood that

the server is in a failed state during setup. This is given by:
Ff = OZT4(1) =aF (A4> 7T1P0

Theorem 2.4.1. Let E(T,) and E(T,) denote the expected durations of a busy period and a
complete busy cycle, respectively, under steady-state conditions. These quantities are derived

as follows:

1

E(Tb) = wQ(A*(m) —mE

™ {w2< —aB(Ay) + E(Ay) + E(As) + E(A4))
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n w( — B(Ay)m Aj(w) + 2m A3 (w) (B(Ag)m — A(m) + 1))

+ wAj () — m A5 (w) + 7T1} (2.53)

E(TC) = !

—wlm (A5 (m) — mB(Az)) {w2 (m (E(A4)(1 — ) + E(Ay)) + AI(W))

+ w(w% [2A§/ (w) (1 E(Ay) — Aj(m) + 1)})
— MwE(As) Aj(w) + m A (m) + 71 (1 — Aj(w)) } (2.54)

Proof. The derivation follows from the classical framework of alternating renewal pro-

cesses. Specifically, the idle probability I'y satisfies:

E (Ty) 1 /1
[y = = EM)=—|(=-1 E(T,) = E (T E(T,) (2.55
o= B @)=+ (- 1), BT =E@)+BT5) 59
where Tj represents the duration during which the system remains empty. Given that customer
inter-arrival times are exponentially distributed with rate 7y, it follows that E(Ty) = 1/m.

Substituting Equation (2.49) into (2.55) and performing direct algebraic simplifications yields
the expressions in (2.53) and (2.54).

2.5 Cost and Optimization Analysis

In practice, queue managers strive to minimize the system’s operating cost per unit time. In this
section, we formulate a steady-state expected cost function per unit time, treating the service
rate 73 as the decision variable. Our goal is to determine the optimal value of 73 that minimizes

this cost function.
To do so, we first define the following cost components:

* JFi: The holding cost per customer in the system per unit time.
* F3: The cost per unit time to keep the server running (even when idle).

» F3: The service cost per unit time (proportional to the service rate).
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» F,: The setup or startup cost per unit time required to activate the server.

Let 7. denote the total expected cost per unit time. It is given by:

72:flLs—i‘fQ(l—F0>+f3ﬂ'3+f4r0.

2.5.1 Quadratic Fit Search Method

In this section, we turn our attention to the cost optimization challenge, approached through
the lens of the Quadratic Fit Search Method (QFSM), under the predefined cost structure. As
outlined by Rardin [77], this method thoughtfully constructs a quadratic approximation of the
objective function using a three-point sampling pattern ensuring, under mild conditions, the
existence of a unique minimum within the interval of interest. Our central aim is to fine-tune the
service rate 73 across varying operational scenarios, with the goal of minimizing the expected
total cost function 7., which for simplicity and readability we denote here as H.

We assume for the sake of focus and analytical clarity that all system parameters remain
fixed, leaving 73 as the sole decision variable under our control. Thus, the optimization problem

reduces elegantly to:

Minimize: H(m3) = Fi1Ls + Fo(1 — Tg) + Fyms + Fulo.

As Laxmi et al. [54] insightfully observed, given any triplet of points (z!, 2™, z%), one can
construct a quadratic interpolant that exactly matches the values of H (z) at these locations. This
surrogate function, despite its simplicity, reliably yields a unique minimum denoted z? which
serves as an intelligent estimate of the true optimum. This estimate is then used to strategi-
cally update the search interval by replacing the least informative point, thereby accelerating
convergence with grace and efficiency.

The analytical expression for this interpolated minimum z¢ derived via quadratic interpola-

tion through the three sample points is given by:

L H() ((2™)? = (%) + H(=") (1) = (2)?) + H(z*) ((21)° = (z")?)

2 H(ZH)(zm — z%) + H(zm) (2% — 28) + H(z%) (2! — 2m)

21

To ensure consistency and reproducibility across all numerical experiments presented in this
section, we fix the cost coefficients as follows: F; = 10, F5 = 350, F3 = 20, F, = 120.
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2.5.2 Optimization analysis

To carry out the numerical analysis for parameter optimization in the considered queueing sys-
tem, we adopt the following baseline parameter values: o = 0.7, 1y = 2, w = 3, T4 = 2,
mg = 0, M5 = 4, and o = 8. The Quadratic Fit Search Method (QFSM) is implemented with a
convergence tolerance of € = 1079, ensuring high precision in locating the optimal solution.
As illustrated in Figure the cost curves exhibit clear convex behavior a reassuring in-
dicator that, for the given set of model parameters, there exists a well-defined service rate s
that globally minimizes the expected total cost function. Guided by this convexity, we initialize
the QFSM algorithm with the three-point pattern (Wé, 5, ﬂ?”j) = (3.05,3.5,3.75). After a finite
number of carefully orchestrated iterations, the algorithm converges gracefully to the optimal
solution: a minimal expected operating cost of H = 372.29, achieved at the optimal service
rate 3 = 3.282. This result not only validates the effectiveness of QFSM in this context but
also offers a tangible, actionable insight for system designers seeking cost-efficient performance

tuning.

400
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390 -
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385
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normal rate

Figure 2.2: The optimum service rate 73

Moreover, we conduct a systematic sensitivity analysis to explore how variations in the cost pa-
rameters influence the behavior of the expected cost function /. To ensure comparability across
scenarios, all system parameters are held constant at the following baseline values: o« = 0.7,
m=2,ma=2,w=23,7m=>5,m5 =4,and Ty = 8.

The impact of pairwise cost parameter adjustments is visualized in Tables 1-3, which re-
spectively examine the effects of varying: (i) (Fi, F2) representing holding and failure-related
costs, (ii) (F2, F4) linking failure penalties with reward incentives, and (iii) (Fj, F3) balancing

rewards against service effort costs.
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Across all configurations, a consistent and intuitive pattern emerges: the expected cost func-
tion H exhibits a near-linear upward trend as the underlying cost parameters increase. This
monotonic behavior not only reinforces the economic rationality of the model but also provides
decision-makers with predictable, interpretable guidance higher operational or penalty costs
naturally lead to higher total expected expenditures, underscoring the importance of strategic

parameter calibration.

Table 2.1: Sensitivity of 7 to (F;, F), with F3 = 20, Fy = 120.
(F1,F2) (100,250) (100,150) (100,100) (150,250) (200,250)

T. 222.1301 163.4991 134.1836 225.0850 228.0805

Table 2.2: Sensitivity of 7. to (Fz, Fy), with F; = 10, F3 = 20.
(Fo, F1) (350,150) (350,200) (250,200) (150,120) (100,120)
T. 293.1718 313.8563 255.2253 163.4991 134.1836

Table 2.3: Sensitivity of 7. to (Fy, F3), with F; = 10, F5 = 350.
(Fy, F3)  (100,10)  (200,10)  (200,15) (120,5) (120,20)

T 2724873 313.8563 323.8563 270.7611 300.7611

2.6 Numerical Examples and Sensitivity Analysis

In this section, we present a series of numerical experiments implemented in Python to explore
how variations in key system parameters influence critical performance measures. To ensure an-
alytical tractability and realism, we assume that all stochastic processes including retrial times,
service times, lower-speed service durations, vacation periods, setup times, and repair times fol-
low exponential distributions, characterized by the probability density function k(z) = ve™"*

for x > 0.
Parameter values are carefully selected to satisfy the necessary stability conditions of the

system, ensuring meaningful and convergent results. The subsequent tables summarize the

computed steady-state performance metrics, including:

* ['y: the probability that the server is idle;
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* L,: the mean number of customers in orbit (mean orbit size);
¢ 19 The retrial rate ;

e 13 The normal rate service ;

¢ 7, The lower rate service ;

* 75 The repair rate ;

* 7 The setup rate.

These metrics not only quantify system efficiency and resource utilization but also provide
intuitive, decision-ready insights for practitioners seeking to balance responsiveness, cost, and
reliability in real-world queueing environments.

As depicted in Figure [2.3] we observe a clear and intuitive trend: the probability that the server
remains idle, I'y, increases monotonically with higher values of both the lower-speed service
rate 73 and the regular service rate 74. This behavior reflects the system’s improved responsive-
ness as service capacity increases (even at reduced speed), customers are served more promptly,
reducing congestion and allowing the server to return to idle states more frequently. These find-
ings offer valuable insight for capacity planning, highlighting how even modest enhancements
in service rates can meaningfully elevate system efficiency and resource availability.

As shown in Figure the mean orbit size L, decreases monotonically with increasing values
of both the lower-speed service rate 7, and the retrial rate 7. This trend reveals an important
operational insight: enhancing either the system’s ability to serve customers even at a reduced
speed or encouraging customers to retry more frequently contributes to alleviating congestion
in the orbit. In practical terms, this means decision-makers can reduce waiting populations not
only by investing in service capacity but also by designing retry-friendly policies that keep the
system fluid and responsive.

As illustrated in Figure the mean orbit size L, exhibits a clear decreasing trend as both
the lower service rate 7, and the regular service rate 73 increase. This behavior underscores a
fundamental principle of queueing dynamics: whether through baseline service capacity (3)
or auxiliary, perhaps energy-efficient, lower-rate processing (74), enhancing service throughput
in any form contributes to reducing customer congestion in the orbit. These results empower
system designers to strategically allocate resources: even modest improvements in secondary
service modes can meaningfully alleviate pressure on the primary queue.

As shown in Figure the server’s idle probability I'y increases with a higher setup rate,
assuming a fixed repair rate. This trend reflects an intuitive operational dynamic: when the

server transitions more rapidly from setup to active service, it spends less time in non-productive
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Figure 2.3: Variation in I'y with 73 and 74
Figure 2.4: Impact of £ and 74 on (L,)

preparatory states thereby increasing the likelihood of returning to an idle, available state after
completing tasks. In practical terms, accelerating setup processes not only enhances system
responsiveness but also improves resource availability, offering system designers a valuable
lever for optimizing efficiency without altering repair protocols.
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Figure 2.5: Impact of 75 and 7, on (L,) Flgu.re 2£6: EIf‘fect of the setup rate and
repair rate on [y

As depicted in Figure [2.7] the probability of the server being in the repair state decreases
as the repair rate increases. This intuitively expected behavior highlights a core principle of
system reliability: faster repair processes reduce the server’s downtime, allowing it to return
more swiftly to active or idle operational states. From a managerial perspective, this under-
scores the value of investing in maintenance efficiency not only to minimize disruption, but
also to enhance overall system availability and responsiveness without altering other structural
parameters.

As shown in Figure an increase in the service rate 73 is associated with a higher probabil-
ity of the server being in the setup state. This counterintuitive yet meaningful trend may arise
from the server’s accelerated cycling between active service and idle periods leading to more

frequent transitions into setup as the system resets or reconfigures between bursts of activity. In
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essence, while higher service rates improve throughput, they may also increase the frequency

of preparatory phases, highlighting a subtle trade-off between speed and operational overhead.

As observed in Figure the probability of the server being in the vacation state decreases
as the working vacation rate increases. This behavior is both intuitive and analytically sound:
a higher vacation rate corresponds to shorter average vacation durations, causing the server to
spend less time in this passive state and transition more rapidly back into active service or idle
readiness. From an operational standpoint, this highlights how tuning the vacation rate can
serve as an effective mechanism for balancing energy conservation (or resource idling) with

service responsiveness enabling systems to remain agile without sacrificing efficiency.
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Chapter 3

M/G/1 Retrial queue with Negative
Customers Under Working Vacation and
Setup-Time

Queues with negative customers, also known as G-queues, have gained considerable in-
terest due to their wide-ranging applications in computer systems, communication networks,
and manufacturing processes. Negative customers arrive into the system only during the ser-
vice time of positive customers; they do not join the queue nor receive any service. Instead, a
negative customer removes one positive customer currently in service. The removed positive
customer may either rejoin the queue (orbit) for another service attempt or leave the system,
depending on certain probabilities.

In this chapter, we extend the retrial queue model by incorporating two types of server
breakdowns that occur under working vacation and setup time conditions. The first type of
breakdown occurs as in the previous model, while the second type is triggered specifically by
the arrival of negative customers during normal service. The server undergoes repairs depending
on the cause of breakdown, and these repair times follow different probabilistic distributions.
We conduct a steady-state analysis of this advanced model, derive system performance and cost
measures, and perform sensitivity analysis to understand the impact of various parameters on

system behavior and optimization and optimal strategy analysis.

3.1 Justifications of the Model and Practical Relevance

In a private medical clinic, the patients arrive randomly in time one after another for MRI scans.
A doctor primarily handles patients with the assistance of a medical assistant. The doctor works
faster and more efficiently than the assistant. But if the doctor goes away for example, to attend

a conference or on vacation the assistant handles the job, although less efficiently.

36
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If the physician is recalled and there are no patients waiting, the MRI device is shut off to
save energy. When a patient arrives while the machine is shut off, it is restarted, however The
device may fail to start, triggering a repair phase before it becomes operational again.

In addition, even if the MRI equipment is functioning, unexpected disruptions otherwise
known as "negative customers" while in service can cause abrupt failures. These interruptions

cause repair processes that interrupt service until finished.

3.2 Model Desription

In this work, we analyze an M/G/1 unreliable G-retrial queue with single working vacation ,

setup time. The following premises define the structure of the model:
1. The arrival of positive Customers follows a Poisson process with a rate A > 0 .

2. Upon arrival, if the server is idle, the positive customer enters service immediately. on
the other hand, if the server is busy, undergoing setup, on a working vacation, or out
of order due to a breakdown, the positive Customer leave the service area and join a
queueing pool called the orbit with probability ¢ or balk with complementary probability
1—gq. In the orbit, customers are managed according to a FCFS discipline. While in orbit,
the positive Customer waits a random amount of time before retrying. The inter-retrial
times follow an arbitrary probability distribution function W, () with corresponding LST
function W;*(0).

3. The server starts servicing both new and retry positive Customer as soon as they arrive
if it is free. The normal service time distributed with general distribution function Wy ()
having LST Wy (0)

4. When the orbit is empty, the server automatically enters a single working vacation ex-
ponentially distributed with rate w. If a positive Customer arrives during the working
vacation, they are served at a reduced rate. Once the working vacation is over, the server
resumes normal service. The service time distributed with general distribution function
U3 (z) having LST W;(0)

5. When the working vacation ends and no positive Customers are waiting, the server in-

stantly powers off to save energy.

6. In the server’s off-state, any arriving positive Customer , they will wait at the front of

the server until it is activated (setup time) . the setup time is assumed to follow general
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distribution with probability distribution function W4(x) with corresponding LST function
v (0).

7. During the setup phase, the server may fail with a certain probability @ = (1 — «). In
the case of a setup failure the server undergoes a repair process, where the repair time
is governed by a general distribution function W5(x) with corresponding LST function
UE(0).

8. Negative Customers arrive from outside the system following a Poisson process with rate
(3, but only during the regular service of positive customers. Unlike positive Customers,
negative Customers neither queue nor receive service; they instantly remove the positive
Customer being served, causing a server breakdown that halts service (active breakdown).
When a breakdown occurs, the server is immediately sent for repair. The repair time, fol-
lows a general probability distribution function Wg(x) with corresponding LST function
Ui (D).

3.3 Steady-state analysis

The state of the system at time ¢ can be defined by the Markov process {L(t);t > 0} =
{A(t), B(t), C1(t), Co(t), C3(t), Ca(t), ¢5(t), C(t), t > 0}, where X (¢) denotes the number of

customers in the orbit at time ¢ and

( . . . . .
if the server is idle in a normal period

if the server is idle in a working vacation period

if the server is busy on normal service
if the server is busy on working vacation period

if the server is on repair

if the server is on setup state

0N
—~
~+
~—
I
S O W = O

if the server is on repair tim for an active breakdown

If A(t) = 0and B(t) > 0, then (;(t) represents the elapsed retrial time, if A(¢) = 2, then
(2(t) represents the elapsed service time during normal busy period at time ¢, if A(t) = 3 and
B(t) > 0 then (3(t) represents the elapsed working vacation time at time ¢ and if A(¢) = 4 and
B(t) > 1 then (4(t) represents the elapsed repair time at time ¢ and if A(t) = 5 and B(t) > 1
then (5(¢) represents the elapsed setup time at time ¢ and B(f) > 0 then (4(¢) represents the
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elapsed repair time for an active breakdown at time ¢. The functions f;(z),Vi = 1,--- |6 are
the conditional completion rates for retrial time, service, working vacation, setup time, repair

time, repair time for an active breakdown respectively, at time ¢ i.e.

i)z = )

— 0 = 1.... 6.
1_%(@,‘7@ ;0,6

3.3.1 Stability and ergodicity condition

The sequence of random vectors Z,, = {A (t,+), B (t,+)} forms a Markov chain which is

embedded in the retrial queueing system.

Theorem 3.3.1. The embedded Markov chain {Z,;;n € N} is ergodic if and only if o < Wi(\)
for our system to be stable, where 0 = (A\/f8) (1 — U3(B)) (L + 8c¢W) . where ¢V the first

moment of repair time for an active breakdown .

Proof. Demonstrating the sufficient condition for ergodicity often benefits from applying
Foster’s criterion, as discussed in Pakes [29] , which states that the chain {Z,;n € N} is
an irreducible and aperiodic Markov chain is ergodic if there exists a non-negative function
h(j),j € N and € > 0, such that mean drift o; = E [h (zn41) — h (2n) /20 = J| is finite for all
J € Nand p; < —¢ forall j € N, except perhaps for a finite number j ’s. In our case, we

consider the function h(j) = j. then we have

Q_la lfj:O7
¥j = " o
o—VUi(\), ifj=1,2,...

Clearly the inequality o < Vi(\) is sufficient condition for Ergodicity.

To prove the necessary condition, as noted in Sennott et al. [30], if the Markov chain
{Z,;n > 1} satisfies Kaplan’s condition, namely, p; < oo for all j > 0 and there exits jo € N
such that p; > 0 for j > jo. Notice that, in our case, Kaplan’s condition holds because there
is a k such that m;; = 0 for j < i — k and i > 0, where M = (m;;) is the one step transition

matrix of {Z,;n € N}. Then o > W*(\) implies the non-Ergodicity of the Markov chain.

3.3.2 Governing Equations
For the Markov process {L(t);t > 0}, we define the probability

Io(t) = {A(t) = 0, B(t) = 0} (1) = {A(t) = 1, B(t) = 0}
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and the probability densities

Iy (z,t)de = {A(t) = 0, B(t) = n,x < x1(t)
I (z,t)dx = {A(t) = 2, B(t) = n,z < xa(t)
(2, t)de = {A(t) = 3, B(t) = n,z < xs(t)
s o (z,t)de = {A(t) = 4, B(t) = n,z < x4(t)
s (x,t)dz = {A(t) = 5, B(t) = n,z < x5(t)
7 (2, t)de = {A(t) = 6, B(t) = n,z < xs5(t)

<x+dz},z>0n>1
<z+dx},z>0n>0
<x+dz},z>0,n>0
<x+dr},z>0n>1
<x+dz},z>0,n>1

<z+dr},z>0n>1

Based on the above assumptions and notations, our model is governed by the following set

of differential difference equations,

/\HO = (,L)Hl,

()\ —|—OJ)H1 = /OOO H370(:B)f2(x)d93 + /Ooo H470(l‘)f3($)d$ + /OOO H770(1')f6(l’)dl',

%m,n(x) A+ fi(2) an(z) = 0,

d

%Hs,o(x) + (A + B+ folz)) s0(x) = 0,

d

%H&n(x) + (/\q + 6 + f2(x)) HB,n<~T> - Aqﬂiﬂ,n—l(l‘)a

%Hzx,o(iv) + (A\g 4w+ f3(x)) H470(x) =0,

L an(a) + O+ w0+ () Hanle) = Ml (z),

%Hs,o(x) + (Mg + fa(x)) 5 0(z) =0,

d

o Hsan(@) + (Mg + fo(@)) 5.0 (2) = AglT5 -1 (2),

(3.1)

(3.2)

rx>0n>1,
(3.3)

x>0
(3.4)

xr>0n>1
(3.5)

x>0
(3.6)

x>0,n>1
(3.7)

z >0
(3.8)

x>0n>1
(3.9)
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d
%H6,0<x) + (Mg + f5(z)) s p(x) = 0, x>0
(3.10)
d
%nﬁ,n(x) + (/\q + f5(9€))H6,n(fL’) = )\qnﬁ,nfl(l’)a r>0n>1
(3.11)
d
%Hzo(x) + (Mg + fo(z)) 7 0(x) = 0, x>0
(3.12)
d
%HM@) + (Mg + f6($))H7,n(€E) = )\qﬂ7,n—1($), z>0n>1.
(3.13)

The boundary conditions at x = 0 include I15 ,,(0), I15(0), I15,,(0), I140(0), I15(0), II5 ,(0),

II5,0(0), II7,,,. The description of these terms at x = 0 are described as follows:

11,,,(0) = / (@) falw)de + / " (@) folo)dr + / " () folo)de

II5,(0) = a/ooo I () f5(x)dx + /OOO 111 (2) fi(z)dx + w/ooo I o(x)dx

+ /OO II5 o(2) fa(z)dx

115 ,,(0 —oz/ I () f5(x dx+/ II5 i1 (2) fi (2 da:+w/ I, (x)dx

—|—)\/ Hgn d$+/ H5n f4

H4,0(0) — >\H1, H47n<0) — O,

II5,(0) = 07/000 I o(z) f5(x)de, 15 ,,(0) = 54/000 g () f5()dx

HG,O(O) = )\Ho, H&n(O) == O,

II75(0) = 5/000 II3 () fo(x)dx, 117 ,,(0

/ ;0 (2) ol

(3.14)

(3.15)

n>1
(3.16)
n>1
(3.17)
n>1
(3.18)
n>1
(3.19)
n>1.

(3.20)
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The normalization condition is given by

o+ 11+ / T (z)dz + ) / Ty (z)dz + ) / Iy (z)de + ) / 115, (z)da
n=1 0 n=0 0 n=0 0 n=0 0

In order to solve the above set of equations we define the generating functions as:

II)(x,z) = Zz"ﬂgm(:z:), for |z| <landz >0,
n=1

(0, z) = » 2", (0), for |z| < 1,
n=1

II3(x, 2) = Zz”ﬂgm(x), for |z| < land z > 0,
n=0

IT5(0,z) = 2"T5,,(0),
n=0

IIy(x,2) = Z 2"y (), for |z| < 1land z > 0,

n=0

IT,(0,2) = 2"I4,,(0),
n=0

o0

Is(x,2) = Y 2"II5 ,(x), for |z| < 1,

n=0

II(z, 2) = Zz”ﬂ&n(:c), for |z| <1,

II;(x, z) = Zz”ﬂm(y&), for |z] <1,
n=0
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I1;(0,2) = Zz”ﬂyvn(O). for |z| <1
n=0

Multiplying equations (3.2)-(3.13) by suitable powers of z and summing over n, we obtain

the following set of partial differential equations

0lly(x, z)

L5 b A+ Al@) (e, 2) =0 (3:21)
% + (A= Agz + B + fo(x)) Is(x,2) =0 (3.22)
% + (A — Agz +w + f3(2)) [s(z,2) =0 (3.23)
UEEE) 4 (g = Mgz + i) Ty(e.2) =0 (3.24)
T 2) 4 (g = Mgz + fo(a)) ol 2) =0 (3:29)
US4 (g =Mz + fola)) Tr(e,2) =0 (3:26)

Solving the above partial differential equations (3.21) to (3.26)

Io(z,z) = I5(0,2)[1 — Uy (x)]e> (3.27)
H3(z,2) = I5(0,2)[1 — Wy(z)] e G)" (3.28)
Iy(z,2) = I1,(0,2)[1 — Uz(x)] e A=) (3.29)
II5(z,2) = II5(0,2) [1 — Wy(x)] e @)= (3.30)
Ig(z,2) = IIs(0,2) [1 — Wy(x)] e @)= (3.31)
7 (z,2) = II;(0,2) [1 — Ug(x)] e 1) (3.32)

where I(z) = Aq(1 — 2) ,Ap(2) = Aq(1 — 2) + 5, Au(2) = Ng(1 — 2) + w
Multiplying equation (3.14) by suitable powers of z, summing over n from 1 to co and using

equations (3.1) and (3.2) after some algebraic manipulations, we get

I15(0,2) = /000 Iy(z, 2) f3(x) de + /Ooo II3(z, 2) fo(x) dx

+ /OO (e, 2) fo() da — (A : w) T, (3.33)
0
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Similarly, multiplying equations (3.15)-(3.20) by suitable powers of z, summing over n and

after some algebraic manipulations, we obtain

1150, 2) = %/000 II(z, 2) f5(z) do + )\/OOO IIy(x, z) dx

—1—2/000 Iy (z, 2) f1(x) dm—i—w/ooo IIy(x, 2) dx—i—/ooo II5(x, z) fa(x) dz (3.34)

14(0, 2) = I,.0(0) (3.35)
115(0,2) = /0 " Me(w, ) () da (3.36)
116(0, ) = e 0(0) (337)
IMQ@:ﬁém%@JMx (3.38)

Inserting equations 3.28- 3.29 and 3.32 in 3.33 we get :
115(0, 2) = 114(0, 2) W3( Ay (2)) + 15(0, 2) U5(A(2)) + 11(0, 2) Ug(1(2))

_ (A + “) A, (3.39)

W

In similary way inserting equations 3.27- 3.32 in 3.34-3.38 we get :
I15(0, 2) = % II5(0,2) UT(N\) + aWi(1(2)) I1s(0, 2) + V(2) 114(0, 2)
110, 2) (1= W5 (N) + 1150, 2) W (1(2)) (3.40)
where V(z) = ﬁ(z)(l — U%(A,(2))) using equations 3.32 and 3.42 :

I17(0, z) = D(2)115(0, 2) (3.41)

where D(z2) = Af(z) (1= W5(Au(2)))

The following are the symbolic solutions for the generating functions 15(0, z), 115(0, 2),
11,(0, z), II5(0, z), II5(0, 2), and 117(0, z), expressed in terms of I1:

)\2
1,(0,2) = =1, (3.42)
HG(O, Z) = )\H07 (343)
II5(0, z) = @AV (I(2)) I, (3.44)

for 115(0, ), I15(0, z), and I17(0, z), we define the following helper terms:
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¢ Denominator:

Den(z) = 1 — [W3(Ay(2)) + D(2)Wi(1(2))] (1 W\ + WT(A)) . (345)

* Numerator for /75(0, z), denoted Nump(z):

Nump(z) — (gwg(Av(z)) _ (”“) /\)

W

2

F B0 + DTN (aNGUIE) + V) + aAUEDEE) )

(3.46)
* Numerator for I73(0, z), denoted Num,(z):
Ui(A A2 A
Num,,(2) = (1 —Ui(\) + il )) (—\Ifg(Av(z)) — < —HU) A)
z w w
)\2
+ (04)\\1!2([(2)) + ;V(z) + a)\\I!Z(I(z))\I!’g(I(z))) . (3.47)
Using these helper terms, the remaining solutions are:
1000, 2) = 11, ( Nmel) (3.48)
2\U, 2) = Lig Den(z) ) .
Numy,(z)
II = I, [ ————~~ 3.4
3(072) 0 < Den(Z) ) 9 ( 9)
NumM(z)
17 =1l | D(z)—— ) - .
10.2) = 1o (D) ) ) 350
3.3.3 Steady state results
If the system is in steady state condition p < Wi(\), the PGFs are as follows:
(I) the number of customers in the orbit when the server is idle;
> 11 1 -3
Iy(z) == / Iy, 2)d — 120 Z)(A i) (3.51)
0

(IT) the number of customers in the orbit when the server is regularly busy;

Iy(2) = /0 " (o, 2)do = 30 szl;j;mb(’z)) (3.52)
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(IIT) the number of customers in the orbit when the server is at a lower speed service;

(2) = /0 Y (e, 2)de = 11O Z)(;;jgm”(z» (3.53)

(IV) the number of customers in the orbit when the server is at repair time;

1150, 2)(1 — W5(1(2))

I = II dr = 3.54
() = [ M, 2)da e (.54
(V) the number of customers in the orbit when the server is at setup time;
°° 1I5(0 1—-Ws(]
H6(Z) = / H6(I,Z)dl’ = 6( ’Z)(I( ) 4( (Z)) (355)
0 z

(VI) the number of customers in the orbit when the server is at repair time for an active break-

down;

II;(2) = /000 II7;(x, z)dx = T02) (3.56)

From the above equations, the only unknown is /7, which can be obtained by using the normal-
ization condition [Ty + 11y + II5(1) + II3(1) + 114(1) + II5(1) 4+ I1s(1) + II7(1) = 1 as

L =)
’ F(avﬁa)\awapaqjlv"' 7\Ijﬁ>7

(3.57)

where

Fla, B\ w,p, Uy, ... Tg) = B(p — Ty (N)) [ — N (Wy(w) — 1) 4 dw + w? (AaE(V5) + AE(T,) + 1)}
= Ag(1(A) = 1) [BA(Ts(w) — 1) — Bu? (GB(T) + B(W))
+w( = BE(W) = 1) (A(Ws(w) — 1) = w) (Wa(8) — 1)]
= (a(B) — 1) [ = Xa(Ws(w) — 1) + A (@B (W5) + E(¥y))

+w( = ATs(w) + A+ w)\yl(A)} [E(\pﬁ) (Wo(8) — 1) + 1} |
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Corollaire 3.3.1. If the system satisfies the steady state condition, The PGF of the number of

customers in the system (K(z)) is obtained using
K(2z) = Ho + I, + I15(2) + 21I3(2) + 2114(2) + 1I5(2) + IIs(2) + II7(2).  (3.58)
The PGF of the number of customers in the orbit (Ky(z)) is obtained using

K, (2) = Hy+ II) + II5(2) + I5(2) + I14(2) + II5(2) + He(2) + 17(2).. (3.59)

3.4 Performance Measures

Our analysis is based on the following system characteristics of the retrial queueing system.

3.4.1 System state probabilities

1. The steady state probability that the server is idle during the retrial time is given by

- IoAg (1 — ¥y(N))
 Bw?(p—Ti(N)

X {=BA(Ts(w) — 1) + fu® (B(T4) + aE(¥s5)) — w (—BE(Te) — 1) (A (¥3(w) — 1) —w) (T2(8) — 1)}

I=1I5(1)

2. The steady state probability that the server is busy on normal service period is given by

oA (1 — Wa(3))
Bw?(p — Ty(N))

U=1I31) = { — Nq(Vs(w) — 1)

+ /\w2q(E(\IJ4) + aE(\I!5)> — w(AT5(w) — A — w) Ty () }

3. The steady state probability that the server is busy on working vacation period is given
by

V=1L(1) = MoA* - (1 . V3(w))

w

4. The steady state probability that the server is under repair time is given by

S = II5(1) = IoA (1 — o) E(¥5)
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5. The steady state probability that the server is under setup time is given by
K = I15(1) = T AE(Vy)

6. The steady state probability that the server is under repair time for an active breakdown is

given by

o\ (1 — Wy (3)) B(W)
R=1H) == 50— )

— N2q (V3(w) — 1) + A?q (E(V,) + aE(T5))

X w(AV3z(w) — A —w) Uy(A).

3.4.2 Mean system size and orbit size

(i) The expected number of customers in the orbit (L,) is obtained by differentiating equation

52 with respect to 2z and evaluating at z = 1

d
L,=K/(1) =lim —K,(z)

z—1 d z
(ii) The expected number of customers in the system (L, ) is obtained by differentiating equation

51 with respect to z and evaluating at z = 1

d
L= K.(1) = lim —K(z)

z—1 dZ
(iii) The average time a customer spends in the system (1) and the average time a customer

spends in the queue (17, are found using Little’s formula

L, L
WS:A— and Wq:)\_j'

where A; = Aq (ITs(1) 4 T1,(1) + T5(1) + (1) + T7(1))
3.5 Cost and Optimization Analysis

To optimize costs, the retrial queueing system’s configurations must be carefully analyzed. It’s

not just about one thing you’ve got to consider stuff like the service rate and other important
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numbers that make the system work well. In this section, we desire to draw out the Most
efficient values service rate y;, and working vacation rate 1, by By applying cost optimization
techniques. this involves balancing operational efficiency and cost to ensure smooth system
performance. we begin by formulating a steady-state expected cost function per unit time,
where the service rate j;, and p,, is the decision variables. Our objective is to find the optimal
values of y;, and 1, to minimize the expected cost function. To reach this, We need to define

cost elements as follows:
771 : is the cost of each consomer in the system per unit of time.

T : represents the cost per unit time to leave the server functioning

T3 : Cost per service per unit time.

7T, : represents the cost per unit time needed to prepar starting up the server.
7T5 : represents the setup cost per busy cycle.

Let 7. be the total expected cost per unit time of the system:

Te=TiLs + To(1 — Io) + Tapup + Tadlo + Ts .

3.5.1 Cost Model Formulation

The recent surge in communications and computer networks has created an urgent demand for
the analysis of queueing models, so as to offer suitable service and allay congestion. This can
happen if the maximum number of persons reach to a cost-effective system. Hence, systems
that pose some cost optimization are very helpful and recommendable. Jain et al. (2020) and
Jain and Meena (2020) have recently attempted to cost analysis of a queueing model with vaca-
tion time and unreliable server. The present authors have tried to explore financial constraints
in network systems through particle swarm optimization (PSO). This is the method that is able
to find the best-suited solution from an extremely large solution space. Another advantage of
PSO is that Different from other optimization techniques, the objective function need not be
differentiable. This method has a variety of applications, some of which include signal process-
ing, telecommunications, workflow design, and management, among others. The procedure
entails initializing a certain number of candidates or particles, and subjecting them to move-
ment within the search space, governed by constraints concerning the objective function and
candidates’ positions and velocities. Each particle is assigned a fitness value that is compared
to obtain personal best (pbest) and global best (gbest) values. Any particle having a pbest that
is superior to gbest becomes the new global best. This process keeps on repeating up to the

required iteration limit.
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3.5.2 Application of Particle Swarm Optimization (PSO)

To conduct the numerical analysis for parameter optimization in the queueing system under
consideration, we use the following default values for the parameters: o = 0.7, \ = 2,6 =
8y =2,5s=5,r=4and £ = 8.

From Figure @, The curves clearly show convexity, which means , the existence of a
specific u;, and p,, that minimizes the total expected cost function for the given set of model

parameters. we observe that the minimum expected operating cost per unit time converges to

the solution H = 42.88825 at (u, i) = (9.51,5),

TC Vs [, Hw

® PsO

v
2

Total Cost

Figure 3.1: Optimality of the cost function using PSO

3.5.3 Convergence Analysis of PSO

In queue models for cost optimization, convergence means that an optimization algorithm will
iteratively change the system parameters in order to minimize a given cost function.The conver-
gence plots for cost function presented in Figure[3.2]show rapid decrease in best cost during the
first few iterations, implying that the PSO algorithm is strong in quickly obtaining near-optimal
solutions. Continuing the pre-defined number of iterations, it stabilizes, implying convergence

to a global or near-global minimum.



3.6 Sensitivity Analysis and Numerical Examples 51
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Figure 3.2: Convergence of the cost function using PSO

3.6 Sensitivity Analysis and Numerical Examples

This part offers Python-based numerical examples showing how various factors influence sys-
tem performance measures. We assume that retrial times, service times, lower-speed service
times, vacation times, setup times, repair times and repair times for an active breakdown all
follow exponential distributions with parametres &, tp, i, w, S, 7, 1) respectively . The parame-
ter values are chosen to satisfy the system’s stability conditions. The following tables present
computed values for various model characteristics, such as the probability that the server is idle
(IIy), the mean orbit size (L,), probability that server in working vacation , probability that
server in setup time, and probability that server in repair time . The exponential distribution is
k(x) =ve ", x> 0.

Figure , ustrate that I, decreases as A increases. in addition, for a fixed \ , I,

decreases with i, . This is because when the service is fast, the server is more likely to become
idle.

Figure shows that for a fixed pu; the probability of serer become idle decreases this
happens because if the arrival rate of negative customers increases() rises, They disturb the
server. This causes the server fail and go for repair, thus accumulating positive customers

and resulting in the probability of the server becoming empty decreasing. Figure shows
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Figure 3.3: Variation in I/ versus \ for Figure 3.4: Variation in [/, versus p, for
different values of 1 different values of 3
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Figure 3.5: Variation in L, versus p;, for different values of A

the mean orbit size L, increases with y;, and decreases with \ . Because if the server’s work
frequency increases, many customers are served, and this makes their number decrease .Unlike

if the frequency of entry of positive customers increases.

3.7 Optimal strategy analysis

In this section, we introduce the reward-cost structure and focus on balanced customer enroll-
ment strategies (at equilibrium) and the issue of social benefit maximization. After the end of
the service, each customer receives a reward of R, each customer also pays the cost of staying
in the system, as the cost of waiting in the system per unit time is C. All clients are risk neutral
and act rationally with the aim of maximizing their benefits. According to the reward-cost struc-

ture shown above, the expected benefit to the individual (referred client) who finds the server
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unavailable and decides to enter the orbit is:
U(q) =R —CW,

When customers arrive at the system, they judge whether to join based on what they gain or lose.
From the individual utility function, we can find the customers’ equilibrium joining probability
q. as follows.
(i) IfU(1) > 0, then the equilibrium strategy is g. = 1, this means that when customers choose
to join the system, their expected individual utility is positive.
(ii) If 4(0) < 0, then the equilibrium strategy is g. = 0, which means that when customers
decide to join the system, their expected individual utility is negative.
(iii) In addition, the necessary and sufficient condition for ¢. € (0,1) to be an equilibrium
joining probability is that/ (g.) = 0, this means that when customers choose to join the system,
their expected individual utility is zero.

We continue with the problem of maximizing the social welfare per time unit. The social

welfare per time unit is

S(q) = X'R - CL,

where \* is the effective arrival rate of customers, and
A= Alp(1) + Mg (TI5(1) + Ty (1) + II5(1) + Ig(1) + 7(1))

From the above equation S(q), a socially optimal strategy ¢; is determined, which maximizes
the social benefit per time unit.

Because the expressions obtained for individual and social benefits are very complex, it is
hard to get specific results through traditional calculations. In the following analysis, we can
use the particle swarm algorithm (PSO algorithm) to find the numerical solve this problem.
When it comes to PSO algorithm, the most significant advantage is that it does not require
too much analytic property of the objective function. It is an optimization algorithm based
on swarm intelligence theory. During each iterative search, the particles in the swarm can
dynamically adjust their position and velocity by tracking the two extremes of the swarm: the
optimal solution P-best found by the particle itself and the optimal solution G-best found by the
swarm. Through many iterations, the global optimal solution can be obtained.

In Figure 3.6, As \ increases the probability ¢. and ¢, decreases . Whereas the numbers of
cunsomers increasing in the system leads the orbital load will increase . This makes customers
less willing to join, due to the lower chance of getting the service quickly.

Figure [3.7|illustrates that the probabilities ¢. and ¢, rise with 1 . The repair rate rise , in this
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Figure 3.7: Effect of n on ¢. and ¢,

case, the server is quick to serve customers.

Figure that the duo ¢. and ¢, increase with respect p;, . This is because faster service
means that customers are served faster. which encourages new customers to enter the orbit in
anticipation of later service.

We observe from Figure [3.9] that both ¢. and ¢, drop as the negative arrival rate increases.
This is because negative customers cause server disruptions, leading to longer waiting times,
so customers decide not to join the system. Figure [3.10| presents that the welfare maximum
increases as the value of the reward R increases. Conversely, welfare decreases as the cost of

waiting C increases since high costs discourage customers from participating and weaken the
overall benefit of the system.



3.7 Optimal strategy analysis

55

100

035

090

085

080

Joining probability

075

070

065

0.60

=== Optimal g=
== Optimal g

55 60 65 70 75

Figure 3.8: ¢. and ¢, as functions of 1,

100 4
101 =, —=— Optimal q=
% a0 -
\ == Optimal qs E
08 “.\ z
=, 4 E a0
b= N, o
g ps &
0.6 u=
‘g \x\ =] 70 4
= e g
=3 £ £
g 04 o =
S - ]
=3 hhhh E &0
o
s,
02 50

15 1 17 18 19 20

Figure 3.9: Effect of 3 on ¢, and ¢,

15

Figure 3.10: Maximum of social welfare ver-

sus R for different values of C

Figure displays As the value « increases, the server is more likely to be up and running

successfully when a customer arrives, reducing failures and improving system performance. On

the other hand, a higher repair rate 7 indicates that when the server fails, it is fixed more quickly

, reducing downtime. For this reason, social welfare functions increase as both « and r, because

the system becomes more up and provides better service.
Figure shows the relationship between the social welfare and the positive arrival rate A for

different service working vacation rate ji,,

. It presents that the social welfare increases with

respect to the A and p,,. The shorter the A\ and lower service time, the more customers are

willing to enter the system, promoting the growth of social benefit.

Figure [3.13] displays that the growth of both 7 and & can increase the maximum social
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welfare. In this case, this reduces the waiting, which encourages customers to join the system.

Therefore, the social benefit function increases.
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General Conclusion and Future Work

This thesis has presented a comprehensive study of advanced retrial queueing systems incorpo-
rating features such as setup times, working vacations, unreliable servers, and the presence of
negative customers. Through rigorous steady-state analysis and the use of supplementary vari-
able techniques, the models were characterized, and explicit expressions for key performance
measures were derived. The inclusion of reliability considerations and cost optimization frame-
works further enriched the practical applicability of the results. Numerical examples demon-
strated the significant impact of system parameters on performance metrics, revealing critical
insights into system design and management. Moreover, the use of optimization methods, in-
cluding quadratic fit search and particle swarm optimization, allowed for the identification of
optimal operating conditions that balance system performance and operational costs. The mod-
els developed in this thesis can be extended to more complex systems involving multiple servers,
different retrial policies, or more general service time distributions. Future research may also
explore the integration of game-theoretic approaches to better understand strategic behavior of
customers in retrial queueing environments. Overall, this work contributes both theoretically
and practically to the field of retrial queueing theory, providing a solid foundation for ongoing

investigations and real-world applications.
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