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Abstract

This thesis is interested in the study of the maximum number of limit cycles for three dif-
ferent classes of perturbed differential systems, using averaging theory. The study is illustrated
by application examples.

In first, we study the maximum number of limit cycles which bifurcate from the periodic
orbits of the Hamiltonian system @ = y?’~!,y = —22?~ !, when it is perturbed in the form

=yl g = g2 - e(1+ C’SzmH)Q(ac, Y),

where C'sf, Snf are generalized trigonometric functions, p, g, m are positive integers, the poly-
nomial Q(z,y) has degree n > 2 with (0,0) = 0 and ¢ is a small parameter.
Afterwards, we study the maximum number of limit cycles for differential systems in form

T = y>y = —T— Z‘Sk(l + COSkaG)Qk(xay>a

where k = 1,2, the polynomial Qx(z,y) has degree n; and m; a non-negative integer.
We study also the bifurcation of limit cycles from the periodic annulus surrounding the
origin in a class of cubic polynomial differential systems in form

it=y—ylr+a)y=—z+a(x+a)?

where a is a positive real number and a # 1, when perturbed within the class of all polynomial
differential systems of degree 7.

Keywords : Averaging theory, Periodic orbit, Hamiltonian system, Limit cycle, Mathieu
differential equation, Mathieu—Duffing equation.
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Résumé

Cette these s’intéresse a 1’étude du nombre maximal de cycles limites pour trois classes
différentes de systemes différentiels perturbés, en utilisant la théorie de moyennisation. Cette
étude est illustrée par des exemples d’applications.

En effet, nous étudions le nombre maximal de cycles limites qui bifurquent des orbites
périodiques du systéme Hamiltonien & = y?P~1, y = —22971, lorsqu’il est perturbé sous la forme

=y gy =—2" —e(1+ Cs*0)Q(x,y),

ou C'sf#, Snb sont des fonctions trigonométriques généralisées et p, ¢, m sont des entiers positifs,
Q(z,y) est un polynéme de degré n > 2 avec (0,0) = 0 et ¢ est un petit parameétre.
Ensuite, nous étudions le nombre maximal de cycles limites pour les systémes différentiels
de la forme
T=y,y=—x— Z&?k(l + cos*™ 0)Qp(z, ),

k>1

ou k=1,2, Qr(x,y) est un polynoéme de degré ny et my est un entier non négatif.
Nous étudions aussi la bifurcation des cycles limites a partir de 'annulus périodique entou-
rant 1’origine dans une classe de systémes différentiels polynomiaux cubiques de la forme

i=y—ylr+a)’y=—2+z(x+a)?

ou a est un nombre réel positif et a # 1 , lorsqu’ils sont perturbés au sein de la classe de tous
les systémes différentiels polynomiaux de degré 7.

Mots clés : Théorie de moyennisation, Orbite périodique, Systéme Hamiltonien, Cycle
limite, Equation de Mathieu, Equation Mathieu-Duffing.
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In recent years, the study of dynamical systems has gained widespread
attention, driven by its extensive applications in both theoretical and practical
aspects of mathematics. Since the field of dynamical systems merges tools
and concepts from disciplines like analysis, geometry, and topology. A system
is considered dynamic when it evolves over time, and studying these systems
is crucial for understanding complex behaviors across various fields, including
chemistry, physics, biology, and economics. The evolution of these systems is
often modeled using differential equations, providing a framework for analyzing
their behavior. As such, dynamical systems play a major role in predicting

and understanding intricate patterns in both natural and engineered systems.

The analysis of limit cycles in dynamical systems represents one of the
most complex and intriguing areas in the qualitative study of differential
equations. Almost challenge in this domain is the second part of Hilbert’s
sixteenth problem, which focuses on identifying the maximum number of limit
cycles and their arrangements in planar polynomial differential systems of a
specified degree. Despite extensive research spanning decades, this question
remains unresolved, even for polynomial systems with relatively simple co-

efficients (see. [3], [29]). Recently, the investigation of limit cycle behavior



has gained substantial interest across a wide range of disciplines, including
biology, physics, chemistry, economics, and mechanics (see. [13], [21], [57],
[59]). Significant strides have been made in exploring the emergence of limit
cycles from periodic orbits in differential systems with centers, whether linear
or nonlinear, as evidenced by numerous studies (see. [10], [62], [44], [8], [55]).
These limit cycles, defined as isolated periodic trajectories in phase space,
were the first introduced by Poincaré in 1881 ([46]). Since then, they have
become a cornerstone of research due to their wide-ranging applications across

diverse scientific fields.

Mathieu equation, one of the most famous second-order differential equa-

tions, is given by

Z+b(14cost)x =0, (0.1)
where b is a real constant (see [27], [35]). This equation, first studied by
Mathieu in 1868 during his research on the vibrations of an elliptical drum-
head, has become a fundamental model in fields such as quantum mechanics,
mechanical engineering, and theoretical physics. Its solutions are expressed
in terms of Mathieu functions, which possess a wide range of properties and
are extensively used to model physical phenomena (see [31], [49]). Mathieu
equation can also exhibit limit cycle behavior, representing stable periodic
oscillations under certain conditions, with significant applications in the de-
sign of mechanical systems, electronic circuits and other systems exhibiting
oscillatory behavior (see. [14] ).

The equation (0.1) can be reformulated as the following system of first-
order differential equations
T =y
y=—b(1+cost)x,

x1



Afterwards, various generalizations of the Mathieu equation have been pro-
posed. One notable extension is the Mathieu-Duffing equation, which intro-
duces a nonlinear term to account for more complex behaviors. The general

form of the Mathieu-Duffing equation is presented as
#+0b(1+cost)r — a2 =0,

where the cubic nonlinearity z® models nonlinear stiffness, making this system
more suitable for studying complex oscillatory phenomena in mechanical and
electrical systems.

In the generalized form (see [16]), the system can be expressed in the following

form

Y (0.2)
y=—b(1+cost)x+ 2P,
where ( is a real number, often representing different types of nonlinearity.
This form(0.2) of Mathieu-Duffing equation is widely used to study nonlinear
oscillations and bifurcation phenomena.

Another noteworthy generalization is presented in [61], where the au-
thors conducted an in-depth study of the limit cycles of a modified system,
represented as

=y
Y= —x—5(1+cosl(9)Q(x,y),
where 6 = arctg (y/x), Q(z,y) is a polynomial of degree k and [ € N.

The study of the Mathieu-Duffing equation and its extensions are crucial
for understanding more complex dynamical behaviors, such as chaos and
bifurcations. Recent works, such as those by Kyziol and Okninski (2023, [24])

on jump phenomena in the asymmetric Duffing oscillator, have demonstrated

the applicability of these systems in modeling real-world phenomena. In

xii



another study, Mao et al. (2024, [37]) explored the use of the fractional-order
Duffing system for weak signal detection, showcasing the system’s sensitivity
and robustness in noisy environments. These studies underline the importance
of both the Mathieu and Mathieu-Duffing equations in modern research,
particularly in areas dealing with nonlinear dynamics and complex oscillatory

systems.

Among the important results concerning limit cycles are those related
to cycles that bifurcate from a single degenerate equilibrium point, such as
those arising from Hopf bifurcation. These are known as small amplitude limit
cycles, and significant studies on them can be found in the work of Lloyd
[34]. Significant progress has also been made in uncovering partial results
regarding the number of small-amplitude limit cycles in various classes of
generalized Liénard polynomial differential systems (see. [6], [7]). However,
obtaining periodic solutions analytically is generally a challenging task, often
bordering on the impossible. So the averaging theory can play a crucial role,
simplifying this difficult problem for certain ordinary differential equations
by transforming it into a problem of finding the zeros of nonlinear functions.

The study of limit cycles in polynomial dynamical systems is a vibrant
and diverse area of mathematical research, utilizing various important per-
turbative methodologies to achieve advancements in this field. Among the
diverse methodologies available, averaging theory stands out as one of the
most influential and widely utilized approaches. Its roots can be traced back
to the pioneering works of Lagrange and Laplace in 1788, who laid the foun-
dation for this method through their insightful and intuitive justifications.
Subsequently, the first proof of its asymptotic validity was presented by Fatou
in 1928, followed by Krylov and Bogoliubov in 1934 [4] and further developed
by Mitropolsky and Bogoliubov in 1961 [5]. The method has since been refined

xl1il



by numerous researchers, including Verhulst [56], Sanders and Verhulst [50],
Malkin [36], Roseau [48], and Buic and Llibre [9].

Averaging theory is also a powerful tool in the study of systems with
centers, where limit cycles can emerge through the perturbation of a system
characterized by a center. This perturbation induces the bifurcation of limit
cycles from the periodic orbits encircling the center of the unperturbed
system, as detailed in [[38], [53], [43] ]. This methodology has undergone
various developments over the decades by many scholars, including Verhulst
[56], Sanders and Verhulst [51], Malkin [36], Roseau [47], Buic and Llibre [9],
Giné, Grau, and Llibre [20], and Llibre, Novaes, and Teixeira [33].

In our work, we concentrate on exploring limit cycles in three distinct classes
of differential systems:

(i) Generalized Mathieu Differential Equations,

(ii) Generalized Mathieu- Duffing Equations,

(iii) Septic Polynomial Differential Systems.

The structure of this thesis is organized as follows
Chapter 1: Preliminary Concepts and Definitions

First chapter presents a comprehensive overview of fundamental con-
cepts related to the study of differential systems, while revisiting classical
preliminary notions and the essential mathematical tools required for this
thesis. It delves into polynomial differential systems, techniques for solving
such systems, and the core principles of dynamical systems. Key analytical
techniques, such as linearization, are presented to analyze the behavior of
systems in the vicinity of equilibrium points. The chapter expands on this
foundation by exploring periodic orbits and limit cycles, emphasizing their
stability and identifying the conditions that govern their presence or absence.

Moreover, Hamiltonian systems are discussed, with a particular emphasis on

Xiv



their significance in energy-conserving dynamics. Lastly, critical equations
and definitions are outlined to provide a robust foundation for the detailed
analysis conducted throughout this work.
Chapter 2: Averaging Theory

The second chapter focuses on the main tool employed to establish our
various results the theory of averaging. This theory is presented through
key theorems and illustrated with several examples. In particular, we delve
into the first-order and second-order averaging methods, providing practical
demonstrations to highlight their application and effectiveness.
Chapter 3: Limit Cycles for a Class of Generalized Mathieu Differ-

ential Equations Using Averaging Theory

In this chapter, we delve into the bifurcation analysis of limit cycles within
Hamiltonian systems. Utilizing the first-order averaging theory, we determine
upper limits on the maximum number of limit cycles that can arise from the

periodic orbits of the Hamiltonian system characterized by

s .2p—1 o 2q—1
r=1yY Y= — )

where p and ¢ are positive integers. The study is framed within the context of
perturbations belonging to a specific class of generalized Mathieu differential
equations, providing a systematic approach to understanding their dynamic
behavior. This study was published in the international journal ” Nonlinear
Studies” titled ”Limit cycles of a class of generalized Mathieu differential
equations”, for more details see [44].

Chapter 4: On the number of limit cycles in a class of generalized

Mathieu-Duffing equations

In this chapter, we investigate limit cycles in Mathieu-Duffing equations,

which are significant in physics, engineering, and applied mathematics. Using

XV



first and second-order averaging theory, we derive upper bounds for the
maximum number of limit cycles that can bifurcate from the periodic orbits

of the center system
T = Y, y = -,

when it is perturbed by generalized Mathieu-Duffing differential equations.
Our approach combines averaging theory and Descartes’ theorem to determine
the maximum number of limit cycles in these systems.

This chapter is submitted for publication in the international journal ”
Symmetry”.
Chapter 5: A number of limit cycle of septic polynomial differential

systems via the averaging theory

This chapter explores the upper limits on the number of limit cycles
that may arise via bifurcation from the periodic orbits of a specified system,

characterized by the equations
i=y—ylr+a)y=—z+z(r+a)

where a is a positive parameter not equal to 1. Our analysis focuses on
perturbations of this system within the context of septic polynomial differential
systems. Using the first-order averaging theory, we demonstrate that the
perturbed system can generate up to twenty-two limit cycles. This result
highlights the complex bifurcation behavior of the system under specific
perturbations, offering deeper insights into its underlying dynamics.

This study was published in the international journal ”Partial Differential
Equations in Applied Mathematics” titled ”Limit cycles of septic polynomial
differential systems bifurcating from the periodic annulus of cubic center”,

for more details (see. [62]).
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Chapter

1

Preliminary Concepts and Defini-

tions

In this chapter, we present key foundational concepts essential
for the qualitative analysis of polynomial differential systems and

dynamical systems.

1.1 Polynomial Differential Systems

Polynomial Differential Systems are differential equations where derivatives
depend on polynomial functions, used to study nonlinear dynamics such as
stability, oscillations, and chaos. They have applications in natural sciences
(e.g., disease modeling), engineering (system stability), economics (market
dynamics), and physics (chaotic systems), making them essential in mathe-

matical modeling.

Definition 1.1.1. A polynomial differential system in R™ is elegantly char-



acterized as a mathematical construct of the form

( dyq (t
) ()0 (1) 1),
dys (t)
= ) ya (), yn (),
di Q2 (y1 (1), y2 (1) Yn (1)) (1.1)
dyn (t)
= n t ) t AR n t )
\ " & @Qn (1 (1), y2 (1) Yn (1))
where Qq, Qa, ..., Q, are polynomials with real coefficients,where y; represents

the dependent variables and t is the independent variable, typically interpreted

as time.

Remark 1.1.1. The system (1.1) is said to be of degree s, where

s = Maz(DegQ1, DegQs, ..., DegQy).

The degree of a polynomial differential system is an important characteristic.
It provides insight into the complexity of the system. For instance, a first-
degree polynomial (linear) system is much simpler to analyze than a higher-

degree one.

Remark 1.1.2. An autonomous polynomial differential system is one where
the polynomials 1, Qa, ..., Q. are functions of the state variables only and
do not explicitly depend on time t. This implies that the system’s behavior
is time-invariant, making it easier to analyze the stability and long-term

behavior of the system.

1.1.1 Significance in Qualitative Analysis

Qualitative analysis of polynomial differential systems involves
studying the properties of the solutions without necessarily find-

ing the exact solutions. This encompasses the analysis of equi-



librium point stability, the behavior of periodic orbits, and the
overall dynamics of trajectories within the phase space.
dy (t) dyn (t)

dt dt
points are crucial as they represent the steady states of the system.

= (. These

e Equilibrium Points: Points where =0,...,

o Stability Analysis: Determines whether small perturbations around

equilibrium points grow or decay over time.

o Phase Portraits: Graphical representations that provide a visual in-

sight into the trajectories of the system.

By exploring these aspects, researchers can predict the system’s

long-term behavior under various initial conditions.

1.2 Solution of a Differential System

Differential system solutions are crucial in understanding and predicting phe-
nomena in fields like physics, biology, engineering, and economics, as they

provide insights into stability, oscillations, and long-term system behavior.

Definition 1.2.1. A solution to the system (1.1) is any differentiable function
Y:JCR—R"

t— Y (t) = (Yi(t), Ya(t), ..., Ya(t)),

where J is a non-empty interval such that, for every t € J, the vector Y (t)

satisfies the system of differential equations.



1.3 Dynamical Systems

Dynamical Systems refer to mathematical models that describe how a sys-
tem evolves over time according to a set of fixed rules, typically expressed
as differential or difference equations. These systems can represent physical,
biological, economic, or engineering processes where the state of the system
changes dynamically. Let’s delve deeper into the conditions specified in the

definition

Definition 1.3.1. A dynamical system on R" is a function V : RxR" — R”
such that

i. Continuity in Time: V (.,y) : R — R" is continuous for esch fived

y € R™ . This ensures that the system’s evolution with respect to time

18 smooth.

ii. Continuity in State: V (t,.) : R* — R" is continuous for each

fizred t € R . This guarantees that the system’s state is continuous with

respect to its initial conditions.

iii. Identity Condition: The condition V (0,y) =y for ally € R™ . This

represents the initial state of the system at time t = 0.

iv. Composition property :V (t; +ta,y) =V (t1,V (t2,y)) forallty,ts €

R and all y € R™ reflects the property of the system’s evolution being
consistent over time. It means that evolving the system first by time ty
and then by time ty is equivalent to evolving it by the total time t, + to
in one go. This property is known as the semigroup property and is

fundamental in the theory of dynamical systems.



Example 1.1. Consider the linear system
Y =CY
where C'is a constant matriz, Y (t) is a state vector in R", and t € RT is

time. The solution is: V (t,Yy) = exp (Ct) Yo.

This function satisfies all the conditions of a dynamical system:

i. Continuity in Time: The matriz exponential exp (Ct) is continuous

in t.

ii. Continuity in State: For a fized t, exp (Ct) is a linear transformation,

hence continuous.

iii. Identity Condition: V (0,Yy) = exp (C.0) Yy = IYy = Yy, where I is

the identity matriz.
iv. Composition property:

V(ti+12,Y0) = exp(C(t1+12)) Yo
= exp (Cty) exp (Cta) Yo

= V(t1,V (t2,Y0)).

A linear dynamical system is characterized by a fundamental property called
linearity, which guarantees that the system’s reaction to a combination of

inputs equals the combined responses to each input individually.

Definition 1.3.2. A dynamical system V defined on R™ is considered linear

if for all scalars o, B € R, for all vectors y,z € R", and for all t > 0

V(t,ay + Bz) = aV(t,y) + BV (L, 2).



This implies that the system’s evolution preserves the operations of scaling
and addition, such that the result of evolving a linear combination of initial
states y and z is equivalent to the linear combination of their individually

evolved states.

1.4 Linearization of Systems

When dealing with nonlinear dynamic systems, precisely analyzing their be-
havior can be challenging due to the inherent complexities in the equations.
To address this, system linearization is employed, where the system is approx-
imated around an equilibrium point or steady state using a linear expansion
(linear approximation) of the equations. This approach enables the applica-
tion of mathematical tools specific to linear systems, such as eigenvalues and

Jacobian matrices, to gain insights into the local dynamics of the system.

Definition 1.4.1. Let us examine the nonlinear differential system
Y =h(Y), (1.2)

where Y € R™ and h represents the nonlinear vector field. Let Yy be a equi-
librium point of this system (i.e., h(Yy) = 0). The linearized system at the
point Yy is given by

Y = DY,
Oh;

Yy,
0
evaluated at Yy. The matrixz D is called the Jacobian matrix associated with

where D = Dh (Yy) = , 1 <14, 7 <n, is the Jacobian matriz of h

the system h (Y') evaluated at Y.

Remark 1.4.1. By linearizing the system of differential equations, we are

able to investigate the nature of the equilibrium points.



Definition 1.4.2. A critical point Yy of the system (1.2) is considered hy-
perbolic if the real part of none of the eigenvalues of the Jacobian matrix

D = Dh(Yy) is equal to zero..
Example 1.2. Consider the nonlinear system

U1 = Yo,

Yo = —y1 + y%yz — Y.

To perform the linearization of this system at the equilibrium point
(y1,92) = (0,0) :

1. Calculate the Jacobian matrix:

ohy  Ohy
_ oy Oys
D= | 5y oh
Oy Oy2 7/ L)
0 1
= B ,
TH2py yi=1
0 1
-1 -1
it. Linearized system:
. 0 1
Y = Y.
-1 -1
cor S\, — —lEBy . —1-iVB g -
tii. Eigenvalues of D: A\ = —"= Xy = ==, Since the eigenvalues

have non-zero real parts, the equilibrium point at (0,0) is hyperbolic.

1.5 Periodic Orbits and Limit Cycles

Understanding periodic orbits and limit cycles is crucial in the study of dy-

namical systems, as these concepts play a key role in analyzing the long-term

7



behavior of systems. They help determine whether systems settle into steady

states, exhibit oscillations, or evolve into more complex patterns.

1.5.1 Periodic Orbits

A periodic orbit in a dynamical system is a path in which the system’s state
recurs identically after a fixed period T'. In other words, starting from any
point along the orbit, the system will return to that exact state after a

duration of T', and this behavior will repeat endlessly over time.

Definition 1.5.1. A trajectory V (t,y) of the system (1.1) is defined as a
periodic orbit if it repeats itself after a fixed interval, meaning there exists a

positive number T' > 0 such that
U(t+T,y)="V(y),Vy €R"

The period of the orbit, which represents the fundamental time required
for one complete cycle, is the smallest positive value of T' that satisfies this

condition.

1.5.2 Limit Cycles

A limit cycle is an isolated and unique type of periodic orbit, meaning no
other periodic orbits exist arbitrarily close to it. In the phase space of a dy-
namical system, it stands distinct, with nearby trajectories either converging
toward it or diverging away, depending on the stability of the limit cycle.
This isolation highlights its special role in shaping the system’s long-term

behavior and stability dynamics.

Definition 1.5.2. A limit cycle is a closed periodic orbit that is isolated

within a set of periodic orbits.



Definition 1.5.3. Let I be a limit cycle of planar dynamical system, parametrized
by a periodic solution v(t) = (x(t),y(t)) with period T'. The amplitude of the
limit cycle is defined as A = maxyco 1) |Y(t)| where |-| denotes the Euclidean

norm.
Example 1.3. Consider the following differential system

i=—y+rz—x(@*+y?
y (2* +y%) (13)

p=y+tz—y@@®+y°).
In polar coordinates x = rcos(0) and y = rsin(0) with r > 0, the system
becomes: 7 = r (1 —1r?) and 0 = 1. From this transformation, we get that
7 =0 when r = 0 or |r| = 1. Since r > 0, we accept only the positive
root r = 1. Thus, for r = 1, we have the periodic solution (z(t),y(t)) =
(cos(t + 61),sin(t + 61)), with 6(0) = 6;.
In the phase plane, there is a single limit cycle with the equation x*+y? = 1

and amplitude r = 1.

NNNNN VW VI A A Ay
NNNNN VW WA A
NNNNN W WA v v
R N O T B B G
NN A M R R
SNNN Y e AR D e anane
~NNN Y A LN N N,
NNV Y ST RN N
SRR e BLEES
I S 2 [ AN
NN ~2 t AN
e R e e R
ottt AR RRR
D ettt SR P i 2 B S UL N N N
R ettt VA 2 I O S UL N N N
mmmmmpp 222 /0 PP ARNANN
A IR R BB RN
R o i 2 F O B B U T U U W NN

Figure 1.1: Limit cycle of the system (1.3)



1.6 Stability of Limit Cycles

The stability of limit cycles refers to how a system’s periodic solutions behave
when disturbed by small changes. It determines whether trajectories near the
limit cycle converge to, diverge from, or stay at a fixed distance from it. This
concept is essential for understanding the long-term behavior of nonlinear
systems, with applications in fields such as mechanical engineering, biology
and chaos theory (to predict transitions between periodic and chaotic behav-
ior). Studying limit cycle stability helps predict system behavior and design

more reliable, controlled systems.

Theorem 1.6.1. Let C' represent the trajectory of a limit cycle. Assume that
all neighboring trajectories, both inside and outside C, spiral toward it as

t — oo.

i. A limit cycle is considered stable if all neighboring trajectories, both

inside and outside, converge toward C.

it. The limit cycle is said to be unstable if all neighboring interior and

exterior trajectories are repelled from C'.

iti The limit cycle is said to be semi-stable if trajectories approach it on

one side and diverge from it on the other.

Example 1.4. Consider the van der Pol oscillator, a classic example in
nonlinear dynamics, which exhibits limit cycles. The van der Pol equation is
given by

F-p(1=2")242=0,
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where p is a positive parameter. This second-order differential equation can
be rewritten as a system of first-order differential equations

=y

g=p(1-2)y— =2
For large values of p, the system has a stable limit cycle. To see this, let’s

analyze the stability of the limit cycle:

o Fquilibrium Points:  The equilibrium points are obtained by solving:

b=g=0:
y=0
p(l—2%y—2=0.
This gives the equilibrium points (0,0).

o Jacobian Matriz: Compute the Jacobian matriz J at (0,0):

0 1 0 1
J = —
—1—=2pzy p(1-2?) -1 p
The eigenvalues of J are given by the characteristic equation.:

A2 — pA+ 1 =0, which has roots: \ = (p:l: \/,02—4>/2.

o Stability Analysis:

— For p > 2, the eigenvalues are real and of opposite signs, indicating

a saddle point, and hence the origin is unstable.

— For0 < p < 2, the eigenvalues are complex conjugates with positive

real parts, indicating an unstable focus.

— For, p =0 the origin (0,0) is a center point.

11



1.7 Existence and Non-existence of Limit Cy-
cles

Examining the presence of limit cycles is essential for understanding the dy-
namics and trajectory patterns of nonlinear differential systems.. The Poincaré-
Bendixson theorem helps in identifying the presence of limit cycles or equi-
librium points in planar systems, while Bendixson’s criterion aids in ruling
out the existence of closed orbits based on the behavior of the divergence of
the vector field. These theorems are fundamental in the qualitative analysis
of nonlinear differential systems, providing essential tools to understand the
possible behaviors of trajectories within these systems.

The Poincaré-Bendixson theorem provides significant insight into the long-

term behavior of trajectories in planar systems.

Theorem 1.7.1. (Poincaré-Bendixson)
Consider the planar system
X =h (X,Y)

Y =hy (X,Y),

(1.4)

where hy and ho are continuously differentiable functions defined on an open
subset G of R2. Assume that the positive trajectory ¥+ (q) = 1 (q,t), t > 0
originating from a point q, remains entirely within a compact subset H C G.

Then one of the following three cases holds:

i. Y1 (q) converges to an equilibrium point.
ii. YT (q) approaches a periodic orbit.

tii. Yt (q) forms a periodic orbit itself.

12



Additionally, if the compact set H does not include any equilibrium points,

the system must have a periodic orbit within H.

Bendixson’s criterion provides a method to determine the non-existence of
limit cycles. It states that if the divergence of the vector field H (i.e., VH =
% + %%) is always positive or always negative and not zero within a simply
connected region G, then no closed orbits (and hence no limit cycles) can

exist within that region.

Theorem 1.7.2. (Bendixson’s Criterion) Consider the system (1.4),
where H = (hl,hg)t is C1 on a simply connected region G in R%. If the
divergence of the wvector field H, denoted as VH, is not identically zero
and does not change sign in G, then the system has no closed orbit entirely

contained in G.

Example 1.5. Consider the following planar differential system

X=-2X+Y
Y =—X—2Y,

LetH =(—2X +Y,—X —2Y)". We compute the divergence of the vector field
H.

. 8 B
divH = VH= oo (<2X +Y) + 50 (~X —2Y)

Since divH < 0, it follows that the divergence is negative and does not change
sign within R%. Based on Bendixzson’s Criterion, this system does not possess

a limit cycle in R2.

13



1.8 Hamiltonian Systems

Hamiltonian systems are a class of dynamical systems that describe the time
evolution of physical processes using a function known as the Hamiltonian,

which encapsulates the system’s total energy.

Definition 1.8.1. Let G be an open subset of R, and let H € C*(G) such
that H = H (X,Y) with X, Y € R". A system of the form

¢ — OH
X =5
S _OH
Y =—-5%
on oH o\’ oH AN Y
where: §5% = (a—Xl, ""ﬁ) and 55 = (8_1/17"" m) , It is referred to as a

Hamiltonian system with n degrees of freedom on G.

1.9 Some Important Equations

1.9.1 Liénard Equation

The Liénard equation is a second-order nonlinear differential equation widely
used to describe dynamical systems, particularly in the analysis of electrical
and mechanical oscillators. It serves as a fundamental tool for studying limit
cycles, which are closed trajectories representing stable periodic behavior in

dynamical systems.

Definition 1.9.1. The Liénard equation is defined as a monlinear second-

order differential equation represented by

g+ fWwy+gy) =0,
where f,g: R — R are two continuously differentiable functions on R.

14



Example 1.6. Consider the Van der Pol oscillator, which is a classic exam-

ple of a Liénard system. The Van der Pol equation can be written as

j—p(l—y*)y+y=0,

where p is a positive constant that controls the nonlinearity and damping of

the system.

1.9.2 Duffing Equation

The Duffing equation plays a crucial role in the study of nonlinear dynamical
systems. It is vital for modeling and analyzing forced oscillations in systems
with nonlinear stiffness and damping, providing insights into phenomena such
as chaos and bifurcations in nonlinear oscillators. This equation describes a
driven, damped harmonic oscillator with a nonlinear stiffness term and mod-
els various physical systems, including certain types of mechanical oscillators

and electrical circuits.

Definition 1.9.2. The Duffing equation is a nonlinear second-order differ-

ential equation expressed as

j+cy+fly)=g(),

where f : R — R is a continuous function adhering to the local Lipschitz
condition, ¢ is a positive constant, and g : R — R is a continuous function

that exhibits periodic behavior with a period T'.

Example 1.7. Consider the classical Duffing oscillator, which is a specific

case of the Duffing equation with a cubic nonlinearity
i+ i+ ay + By* = ycos g (wt),
where a, 3,7y, and w are constants.
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1.9.3 Mathieu Equation

The Mathieu equation is a second-order linear differential equation with pe-
riodic coefficients, playing a pivotal role in analyzing parametric resonance
and stability across various physical systems. It emerges in diverse applica-
tions, such as evaluating the stability of floating structures, studying the
oscillations of elliptical membranes, and exploring certain aspects of quan-
tum mechanical systems. What sets the Mathieu equation apart is its ability
to exhibit a wide range of dynamic behaviors depending on the parameters
a and ¢q. Understanding the stability zones through the Mathieu chart is
essential for predicting the behavior of systems governed by this equation.
Its solutions reveal a fascinating spectrum of behaviors, from stable oscilla-
tions to parametric resonance, establishing it as a cornerstone in the study

of systems with periodic coefficients.

Definition 1.9.3. The Mathieu equation in its standard form is written as

i+ (a —2qcos(2t))y = 0.

Where 4 is the second derivative of y with respect to time t, a and q are

parameters that determine the behavior of the solution.

1.10 Important definitions

In the study of differential equations and dynamical systems, certain math-
ematical tools and coordinate systems play a crucial role in simplifying and
solving complex problems. Among these tools, the use of generalized coordi-
nates, such as (p, ¢)—polar coordinates, and classical theorems like Descartes’
Rule of Signs, provide valuable insights into the behavior of systems in both

two-dimensional (R?) and three-dimensional (R?) spaces. These concepts are
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particularly useful in analyzing symmetries, singularities, and the distribu-
tion of roots in polynomials, thereby enabling a deeper understanding of the

underlying structures in mathematical models.

1.10.1 Descartes’ Rule of Signs

Descartes’ Rule of Signs offers a robust method for approximating the count
of positive real roots in a polynomial by analyzing the variations in the signs
of its coefficients. This principle establishes an upper limit for the number
of positive roots, with the actual count being either equal to this limit or
differing by an even number. Furthermore, the rule guarantees the feasibility
of constructing a polynomial with an exact number of positive real roots

matching the observed sign changes in its coefficients.
Theorem 1.10.1. /3] Consider the real polynomial
P(x) = pjlxil + pjzxiQ + - —I—pjma:i’"

where 0 < ji < jo < -+ < jm and p;, # 0 are real constants for 1 < i < m.
If pj.pj.., <0, it indicates a sign change between p;, and p;, .. The total

number of such sign changes, denoted as n, sets an upper bound for the

number of positive real roots of P (x)such that the polynomial has precisely n

strictly positive real roots.
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1.10.2 (p,q)—Polar Coordinates in R?

According to Lyapunov ([27]), we introduce the trigonometric functions v(#) =
C'sf and w(0) = Snb as solution to the following initial value problem
0= —w?

W = vt

with initial conditions: v(0) = 2</% and w(0) = 0, p and ¢ are positive

integers. These functions satisfy the following properties:

(i) Periodicity: The functions C'sf and Snf are periodic with period T
o L D(ETD(E
T — gt g o) )
I'(3 +2)
where I' is the gamma function.

(ii) Classical Trigonometric Functions: For p = ¢ = 1, we have

Csf = cosf and Snf = sin 6.
(iii) Unit Circle: The identity pCs*6 + ¢Sn??0 = 1 holds.

(iv) Polar Coordinates (p, q): Introducing the polar coordinates (p, q) de-
fined by (r,0) where v = r?C'sf and w = r2Snf, the general expression

of a differential system in these coordinates is:

L1 21 2p—1,;
7= et (V0 4+ wPT ),

0 = L (pvib — giw).

rp+aq

(v) Integral of Trigonometric Functions:

Let C's@ and Snf be the (1.¢)-trigonometrical functions such that the

indices i and j are even (see. [18]),

—_

v L T(EET(EL)

2q

[\

(1.5)
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This formulation in polar coordinates allows for a more general analysis of
the differential system, incorporating specific properties of the trigonometric

functions Csf and Sn#.

1.10.3 (p,q)—Polar Coordinates in R?

Extending (p, ¢)—polar coordinates to R? involves introducing an additional
angular coordinate. In this three-dimensional space, (p, ¢)—polar coordinates
can describe systems with radial symmetry around a central point. The coor-
dinates are defined as: x = rPC'sf, y = r9Snf cos p, z = riSnf sin @, where r
is the radial distance, 6 is the polar angle, and ¢ is the azimuthal angle. The
differential equations governing the dynamics in these coordinates can be
derived similarly to the two-dimensional case, accounting for the additional

angular dependence.

Example 1.8. Special Casep=qg=1
Consider the special case when p = q = 1, where the functions C's = cos 6

and Snf = sinf. The original Liouville system is

with initial conditions: v(0) = 1 and w(0) = 0. We can solve this equation
using basic integrals to obtain the solutions: v(6) = cos(f) and w(f) = sin(0).

The functions C's6 and Sn6 are periodic with period T :
T=21""217121(1/2)T(1/2)/T(1) = 2.

The identity pCs*0+qSn?10 = 1 holds because cos? O+sin® 6 = 1. Introducing
the polar coordinates (1,1) defined by (r,0) where v = rCsO and w = rSnb,
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the general expression of a differential system in these coordinates is

7= L (vl +wh) = (oo + w),

r

<

0= % (v — tw).

This simplifies to
r =0,
§- 1
We evaluate the integral o; j when i =2 and j = 2

(3/4)0(3/2)

roy = TGMA)TO/).

T
Qg9 = / Cs%0Sn%0dh = 2.173/2
0

Example 1.9. General Casep=2,q=1

Consider the case when p =2, g = 1. The Liouville system is

subject to the initial condition: v(0) = v/2 and w(0) = 0. To calculate the
period T when p = 2 and ¢ = 1: T = 2.27Y217V20(1/4)[(1/2)/T(3/4),
then

T =2.(2m)"% I(1/4)/1(3/4).

Introducing the polar coordinates (2,1) defined by (r,0) where v = r*C's0 and
w = rSnb, the general expression of a differential system in these coordinates
is

= %500+ wii) = & (vo + wi),

0 = L (20w — vw).

We calculate the integral o j when i = j = 2:

T
Q2 = / Cs*05n*0dl = 2.1*3/2W

0 T - m/2T(3/4)/T(9/4).
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Chapter

)/ Averaging Theory

Averaging theory is a traditional approach employed to analyze the presence
of periodic solutions in differential equations. Beyond equilibrium points,
periodic orbits and their stability types provide valuable insights into the
dynamics of differential systems. Averaging methods offer conditions under
which singular points of the averaged system yield limit cycles in systems
with a center. The historical roots of this method trace back to the works of
Lagrange and Fatou in the late 18th century. The first rigorous proofs of its
asymptotic validity were presented by Fatou in (1928, [17]), Bogoliubov and
Krylov in (1934, [4]), and later by Bogoliubov and Mitropolsky in (1961, [5]).
Subsequent developments were made by Sanders and Verhulst [50], Roseau
[47], Verhulst [56] and Malkin [36]. This chapter delves into the averaging

theory with its various theorems.

2.1 First-Order Averaging Theorem

The first-order averaging theorem is a crucial tool for studying dynamical

systems, as it establishes conditions linking the equilibrium points of the
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averaged system to periodic solutions in the original system. This technique
is essential for understanding and predicting periodic behavior in nonlinear
systems.

Let us consider the following differential system:

©(t) = ef(t,x) + 2g(t, z,¢),
(t) = £f(t.) + g(t..) o)
y(0) = zo,
where z € B C R" is within a bounded domain and ¢ > 0. Assume that
f(t,x) and g(t,x,e) are T—periodic functions in ¢.

The averaged system associated with the system (2.1) is defined by

y= EF(y)> (2'2)
y(0) = o,
where .
F(y) = %/f(t,y)dt- (2.3)

The theorem below establishes the conditions for which the equilibrium points
of the averaged system (2.2) coincide with periodic solutions in the original

system (2.1).
Theorem 2.1.1. Consider the system (2.1) and suppose that

2 . .
1. f, %, gTJ; and , g—g are continuous functions and bounded by a constant

K independent of € in [0,4+00[ x B and € € ]0, .
2. f and g are T—periodic in t (with T' independent of ).
Then,

i. If the point q is an equilibrium point for the averaged system (2.2) such

OF

22

that
£0, (2.4)

y=q




then for |e| > 0 sufficiently small, there exists a T—periodic solution

z(t) of the system (2.1) such that x.(t) — q.

ii. Provided that the equilibrium point q of the averaged system (2.2) is
hyperbolic, there exists a sufficiently small |e| > 0 such that the corre-
sponding periodic solution in the original system (2.1) is both unique

and exhibits stability properties identical to those of q.

Proof. For more details on the proof of this theorem, see reference [51]. [

Example 2.1. Consider the Rayleigh equation :

:i—e(x'—%3>+x:0. (2.5)

We recast equation (2.5) in the form of a differential system as follows:

T =y,
y:6<y—y§3>—x.

In polar coordinates (r,0) where x = rcosf, y = rsinf, the system (2.6)

(2.6)

becomes

. . 3 qind
rze(?“smz@—%),

' t (2.7)
0=—-1+c¢ (sin&cos& - w) :
The system (2.7) is equivalent to
d 3sin* 0
d—g = —¢ <7“ sin? @ — - S;n ) + O(e?). (2.8)

Equation (2.8) is in the standard form (2.1) so we can apply the averaging
theory withx =r,t =0, T = 2r, f(t,r) = f(0,7) = —rsin?0 + @ From

(2.3), we obtain the averaged function
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Fy(r) = 0 has a unique positive root r = 2. According to Theorem 2.1.1,
the Rayleigh equation (2.5) has a limit cycle bifurcating from the periodic
solution of radius r = 2 for |e| > 0 sufficiently small because 92 (2) =1 # 0.

Since U2 (2) > 0, this cycle is unstable (see Figure 2.1).

Y

nstable 'mi}éfycle (r=2)
T

e>0

Figure 2.1: Unstable limit cycle, for € = 0.1 of the system (2.7)

2.2 Second-Order Averaging Theory

Second-order averaging theory extends the first-order method to provide a
second-order approximation of periodic solutions for certain differential sys-
tems. This higher-order method allows for more accurate approximations and

is particularly useful for systems with more complex dynamics.
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Theorem 2.2.1. Consider the initial value problems:

() = efi(t,x) + 2 fo(t, ) + 3 f3(t, z, €),
2(0) = o,

(2.9)

and
Y =eg0(y) +€* (910(y) + Go(y)),

y(0) = o,
where fi, fa 1 [0, +00] X B — R™ and f3 : [0,4+00[ x B x [0,e9] — R™ are

(2.10)

continuous functions, T —periodic in t, and B is an open subset of R™. Let

Fi(t,x) = %yl(t,x) — %go(a:), (2.11)

where

(b, 2) = / (fy (u2) — go(x)) du + B (x), (2.12)

with h(x) being a C* function such that the mean is zero. gy, gio and Gy are

the averaged functions of fi, F1 and fo, respectively. Suppose that:

. %, fo and f5 are continuous functions and Lipschitz continuous in x.

| f3(t, x,€)| is uniformly bounded by a constant K in [0, K /e[ x B x]0, o).

T is independent of €

y(t) € B for a time scale of 1/.

Then z(t) = y(t) + ey1(t,y(t)) + O (%), for a time scale of 1/e.
Proof. For more details on the proof of this theorem, see Verhulst [56]. [
Corollary 2.1. If the assumptions of Theorem 2.2.1 are satisfied and addi-

tionally Fy(y) =0, then:
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i. If q is an equilibrium point of the averaged system (2.10) such that

a% (910(y) + Co(w))],_, # 0. (2.13)

then there ezists a T—periodic solution x.(t) of (2.9) such that z.(t) —

q ase — 0.

ii. If q is hyperbolic, then for sufficiently small ||, the periodic solution
z(t) of (2.9) is unique, hyperbolic, and has the same stability as q.

Remark 2.2.1. 4. If Fy(y) = 0, then in polar coordinates x = 1 cosf
2

and y = rsind, we obtain Fy(r) = 0, leading to [ £ fi(6,7)d6 = 0.
0

Calculating Fio, we find
2m

Fig=(2n)7" / % f1(6,7) / fi(p,7)do | do+h (r) (2m) 7 / % f1(6,r)de.

0 0

27

27 2 0
Since [ 2 f,(0,7)d =0, we get Fio = (27) " [ (%fl @,7) [ f1(e,7) dgp) do.
0 0 0

ii. For Fy(y) = 0, we denote the second-order averaged function as
FQ(T) = Fl(](?") -+ Go(?“). (214)
Example 2.2. Consider the system:

T =y +ex? + 2a?,
Y (2.15)
y=—c+e (et +a>+y° —y/3).
In polar coordinates x = rcosf and y = rsinf with r > 0, system (2.15)

becomes:

)
7 = er?cos® 0 + &2 (3r3 cos® Osin 0 + 3r% cos* 0

+ 3r2cos @ sin 6 + 3rcos® 6 — 612 cos? 0

+ cos?0 + 3r? — 1) /r,

6 =—1+ercos?Osind + &% (r3 cos® 0 + r? cos* 6

—r2cos?0sinf — rcos? Osinfh + r2 cos? O sin

— cosfsinf/3).
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Considering 0 as an independent variable, we obtain:

dr
0 = er? cos® —¢&? (r4 cos® @sin 6 + 3 cos* 0 + 12 cos® O sin § — r3 cos® @ sin 0) )

This is equivalent to: % = e f1(60,r) 4+ €2 f2(0,7) + 0 (%) , with
f1(0,7) = r?cos® 0 and — f2(0,r) = r* cos® Osin O + 3 cos? 6 + r? cos® O sin 6 —
r3 cos® Osin§. Applying Theorem 2.2.1, we calculate the averaged function

21

Fy(r) = (27r)—1/f1 0,r)do = r*(2m)"" /cos3 0dh = 0.

0

Since Fy (r) = 0, we proceed to the second-order averaging theory. We calcu-

late Fy such that Fy (0,7) = % 0,7)y1 (0,7), with

0
y1 (0,7) = [ fi(u,r)du=r?sinf (cos® § + 2) /3, hence
0
Fi(0,r) =r"cos®@sinf (cos® 6 + 2) /3.

We now calculate the function Fy such that

2

Fy(r) = Fio(r) + Go(r) = (2m) " / (Fy(0,r) + f2(0,7))do,

0
on obtient Fy(r) = —r (9r? —4) /24. The equation Fy(r) = 0 has a single
positive root r = 2/3. Since F3(2/3) = —1/3, the system (2.15) has a single
stable limit cycle with amplitude 2/3 for sufficiently small |e| # 0 (see., Figure

27



PV S a2 st at e e
S A o o e e

¥ ¥y e e e

L LN

e S S B W SN R R
aaiat oS NN N NN N
S G N N .Y
o _ 9w S S % %

P el ot o = et SN N
Pl o ot o S N NN
PVl ol e et e S S N

A e

R T T

R T e st el ol el

A

Figure 2.2: Stable limit cycle, for e = 0.01 of the system (2.15).
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-~ Chapter ~
Analysis of Limit Cycles in Gen-

3 eralized Mathieu Differential

Equations via Averaging Theory

J

3.1 Introduction and Main Results

Studying limit cycles in the Mathieu equation is crucial for solving problems
in various scientific and engineering fields, especially those involving periodic
systems like electronic circuits. This chapter uses first-order averaging theory
to establish upper bounds on the number of limit cycles that can emerge from
periodic orbits in a specific Hamiltonian system & = y*~!, §y = —22¢~! with
P, q being positive integers (see chapter 2), when subjected to perturbations

characterized by a generalized form of the Mathieu differential equation
Z+b(14cost)x =0,

where b is a real constant (see. [35]).

The system under investigation includes two differential equations:

‘ - (3.1)
gy =—221 — (14 Cs?*0)Q(z,y),
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where z(0) = Csf and y(0) = Snb is the solution of the initial problem

s, 2p—1
x_yp )

o 2q—1
y__xq )

with z(0) = 2{1/% and y(0) = 0, and p, g, m are positive integers, defining a
dynamic system that can exhibit periodic behavior under certain perturba-
tions. The polynomial Q(z,y) in the system has a degree n, n > 2, and the
condition Q(0,0) = 0 ensures that the polynomial passes through the origin.
The parameter ¢ is a small positive value that introduces a perturbation into

the system. The system (3.1) can be written as

i =91
yaH (3.2)
y=—9 —e(1+Cs*0)Q(z,y).
This form clearly indicates that when € = 0, the system (3.2) is a Hamiltonian
system, simplifying to:
.. __ OH
Tr = 6_y’

_0H
- oz’

with the Hamiltonian function: H(z,y) = %}qu + QprQP . In particular, our

main findings were as follows

Theorem 3.1.1. Suppose that n = 2s or n = 2s — 1 when n is even or odd

respectively, € # 0 sufficiently small, the system (3.1) has at most

qgs if p<gq

Opg = )
p(s—1)+q ifp>gq,

)

limit cycles bifurcating from the periodic orbits of the center @ = y*~ 1,

U = —ax2171 using first-order averaging theory.

Remark 3.1.1. System (3.1) with ¢ = p = 1 has been studied in the paper
[11].
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Theorem 3.1.2. Consider system (3.1) with p = 1, ¢ > 1 and |g| # 0

sufficiently small, let s = § or s = "+1 when n is even or odd respectively and

[ denote the maximum number of limit cycles of the polynomial differential
system (3.1) bifurcating from the periodic orbits of the center & = y,y =

—22071 ysing first-order averaging theory, then

a)ForsSq,l:w.

_ (g=1)
b) Fors>q+1,1=qs— 5= — 1.

3.2 Proofs of the Results

3.2.1 Proof of Theorem 3.1.1

To apply the averaging method, we must transform system (3.1) into canon-
ical form (?7?). By performing the change of coordinates to (p, ¢)—polar coor-

dinates x = rPC'sf and y = r9Sn# and taking 6 as the independent variable,

if we write
n d
Q(z,y) = (Z aj,dard‘”yj>
d=1 \j=0
= g1(z,y) + g2(2,y) + g3(w,y) + g9a(x, ),
where

(5] /4
gl(f,y) = Z (Z a2i—1,zzw2l_2i+1y2i_1) 7
g? Z (Z a21 ol 1332[ 25— 1y21> ’
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and

s l
ga(z,y) = Z (Z a2¢-1,2z—1$21_2i?/2i_1) ;

=1 i=1

n _ n+l

for every s = 4 or s = "= when n is even or odd respectively, then system

(3.1) can be written as

r=—er Sn?10(1 + Cs*™m0)Q (r*C'sf, r15nb)

§ = —p2ra—p—q _ epr=1Cs0(1 + C's*™0)Q (r*C'sb, r1Snh) , (3.3)
where
3] /4
Q (r’Csb,r1Snb) = (Z azi172lr21p+2i(qp)+p¢108212i+195n2119)
=1 \i=1
(3.4)

l
(Z a2i721717,2lp+2i(q7p) pCSQZQiIGSn%e)
=0
l
+ (Z a2i72ﬂ,2[p+2@(qu) Cs2l2z@sn219>
|

Now taking 6 as independent variable, system (3.3) becomes

2 a2i_1721_1r?lp+2l(q—p)—q082l—2295n21—10) .

=1

dr 9
i eR(r,0) + O(e?),
where

R(r,0) = P~ 5p20=19(1 4+ C's20)Q (r*C's0, r1Snf) |

Using the notation introduced in section two, we have

rP—2pg+1

W) =

T
[ / [Sn*~10(1 + Cs*™0)Q (rPCsh, r1Sn0)]d6,
0
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we have the formula
T
/ Cs'0Sn?0df = 0 if 5 or j is odd. (3.5)
0

By using (3.4), the formulaes in (3.5) show that

p2patp—g+1 | S ! A T A ‘
W) = ——— |2 | D iy / Cs*1=09 S~V g

I=1 \i=1 0
s l T
+Z (Z a2i1’2l1r2lp+21(qp)/ Cs2(l1+m)95n2(2+p1)9d0>] ’
I=1 \i=1 0
we have
r—2pgtp—g+1
(r) = ————
X (Z(azi—l,m—l(az(zi),z(Hp1) + az(le)Q(Hp1))r2(p(l—z)+qz)) 7
I=1 \i=1
(3.6)
with

T
aa,b:/ C's®0Sn’ade.
0

For the simplicity of calculation, let

Wig = agi—1,21-1(Q2(1—4) 2(i4p—1) T Q2(1—itm) 2(i+p—1) )

therefore, (3.6) can be reduced to

—2pg+p—q+1 _S ! o
Pr) = ro T Z ( wi’lr2(p(l_z)+qz)> . (3.7)
=1

1=1
As is common knowledge, the number of positive roots of ¢°(r) is equal to

that of l
=1 \i=1
then, to find the real positive roots of T'(r), we must find the zeros of a

polynomial in the variable p = 2,

S =" (Z wi,zp'“(li’*qi) . (38)

=1 =1
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Now, we stretch the polynomial (3.8) as the following

s

S(p) = Z (wl,lpp(l_1)+q - wg pP DT g pPUIT3T gy P
I=1

+wl,lpql)

= w1197 + (012071 + w2 20™] + W13 + wa 30" + w3 3%

W pPm2D7IH gy P ((5=22420 o pp((52)=3) 430
et Wy 2" T "]

t [wy gy pP D DH gy (=D =242 gy (s 1)=8)+3g
4+ ...+ w5_275_1M+((5‘1)_1)q + wS_LS_lpq(S—l)]

+ [wlvspp(s—l)-kq + w27spp(s—2)+2q + w378M(5—3)+3q

+ ...+ ws_lﬁsppJ’(s_l)q + w; sp°7).
So, the degree of S(p) is bounded by

gsifp <gq
p(s—1)+qifp>g,

p,q —

we conclude tha ¢°(r) has at most d,, simple positive real roots. This com-

pletes the proof of Theorem 3.1.1.

3.2.2 Proof of Theorem 3.1.2

Consider the polynomial differential system (3.1) with p = 1, from equation

(3.7) we obtain

0 roSe & : 2(1+(q—1)i)
_ , q—1)i
g (r)= T lg_l 2 wir , (3.9)

where

Wy = a22'71,2l71(042(l—i),2i + aQ(l—i+m),2i)7
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with
T
Qo = / C's"0Sn’0do.
0

The number of positive roots of ¢°(r) is equal to that of

F(r)= zs: (Z wivlr2(l+(q_1)i)) , (3.10)

=1 \i=1
we write (3.10) as follows

s

F(r)= Z[wl,zrg(l+(q_1)) 4w 22D g e 2(F30a=1)
=1

2(+(1-1)(¢—1)) 2(l+l(qfl))]

. Wy—1,7 + wy,r

14+(g—1)) 2(2+(¢—1)) 2(2+2(¢—1))

2
= w1,1T ( + Wy ,2T + Wa 2T

2(3+(¢—1)) 2(3+2(¢—1)) 2(3+3(¢—1))

+ wi,3T + W 3T + w3 3T

+ [wl75727’2((372)+(q71)) + w27572r2((572)+2(q71)) + w3’372r2((372)+3(q,1)) 4o
Wy g g or2(57DHE=R@=D) 4y 872T2((572)+(372)(q71))]
+ [w175_17‘2((5_1)+(q_1)) + w2’5_1r2((8—1)+2(q—1)) + w378_1,r‘2((s—1)+3(q—1)) 4o
+ Wy 5_1r2((5‘1)+(s‘2)(q‘1)) +w, S_1T2((s—1)+(s—1)(q—1))]

+ [wl S7,2(s+(q71)) + Wy s¢2(s+2(q71)) + wsy sr2(s+3(q71)) 4

2(s+(s=1)(g—1)) 2(5+S(q—1))]‘

+ wsfl,sr + ws,sr
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Let us write f (r) as

F(r) = [wy 23 g op2CHa=) gy gp2GHa=D) (3.11)

+ wy 372T2((572)+(q71)) + wy 8717,,2((8*1)4*((]71)) + w, sr2(s+(q—1))]

g @A) gy 26420-0)

gy pr2(mDHGD) 22D gy 22 1)]

+ [wg 3T2(3+3(q_1)) + ...

1w 372T2((872)+3(q71)) + w3 871r2((871)+3(Q*1)) 1 ws ST2(3+3(q71))]

+ ...
+ [ws—2 5_27“2((8_2)+(5_2)(q_1)) + Wy_o 5—1T2((S_1)+(S_2)(q_1)) T w,_s ST2(5+(S_2))\)]
F [wyop g r 2 DHED@ D) 4oy st (s= D a-D)]

+ ws ST2(8+S((]71)) .

To find the number of positive roots of polynomials F (1), we distinguish 2
cases
Case 1: For s < ¢, the number terms in polynomial (3.11) is

s(s—l—l)'

s+(s—1)+(s—2)+...+1= 5

Now, we shall apply the Descartes Theorem, we can choose the appropriate
coefficients w;; in order that the simple positive roots number of F (r) is at

most
s(s+1) ) (s —1)(s+2)

2 2

Hence (a) of Theorem 3.1.2 is proved.

Case 2: For s > g+ 1, let 4 = s — ¢ the number terms in polynomial
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(3.11) is

s+(s—1)+(s—2)+..+2+1—p—(p—1)—(p—2)—...—2—1
s(s+1) —p(p+1)
2

q(g —1)

—

:qs—

by Descartes Theorem, we can choose the appropriate coefficients w; ; in order

that the simple positive roots number of F (r) is at most

q(q—1)

- 1.
2

qs —

Hence (b) of Theorem 5.1.2 is proved.

3.3 Example
We consider the system

=y,
Y (3.12)
§=—a% — (1 + Cs?0)(x + 2.4551y — 28.761x%y + 29°).

Inthiscasp=1,¢g=3,m=1,n =3, Csf and Snb are T —periodic function
with period 7' = 8.413 1. From equation (3.9) we obtain

0y _ L 2 6
g(r)= TT(wl,l + wy or” 4+ woar”),

where
Wiy = Qoi—1,21-1(Q2(1-1),2i + X2(1—i41),2i)-

Using (?77), we get

s = 2.1033, an5 = 0.604 60, cvg 5 = 0.323 39,

a4 = 0.63098, apy = 0.151 15.
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So

() (2.7079ay1,1 + 0.92799a; 5% + 0.782 13a; 3r°)

T 8.4131r

= m(ﬁ 6482 — 26. 6907 + 1. 564 3r°).
. T

This polynomial has two positive real roots, r; = 0.5 and r, = 2. Using
the first-order averaging theory, system (3.12) has exactly two limit cycles

bifurcating from the periodic orbits of the center @ =y, y = —2°.
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Figure 3.1: The system (3.12) has two limit cycles, for e = 0.01

3.4 Summary and Future Directions

The generation of limit cycles through perturbations of Hamiltonian systems
with centers is a significant and intricate method in the study of dynamical

systems.Through precise perturbations of such a system, it becomes possible

to trigger the bifurcation of limit cycles from the periodic orbits characteristic
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of the original, unperturbed system. In this study, we have systematically
determined upper bounds for the maximum number of limit cycles that can

arise from the periodic orbits of a particular Hamiltonian system. This system

i

T where p and ¢

is defined by the Hamiltonian function H(z,y) = % +
are positive integers. The perturbations considered fall within the scope of
generalized Mathieu differential systems of the form (3.1), extending and
building upon earlier studies on differential systems, as referenced in [11],
[51]. This study not only contributes to the theoretical understanding of limit
cycle bifurcations in perturbed Hamiltonian systems but also opens avenues
for further exploration using advanced mathematical techniques. In future
research, we plan to apply higher-order averaging theory and the Melnikov
method to delve deeper into the bifurcation phenomena associated with such
systems. Additionally, numerical simulations will be conducted to validate
and exemplify the theoretical predictions, providing a more comprehensive
understanding of the dynamics at play. Through these efforts, we aim to

contribute to the broader field of dynamical systems and enhance the toolbox

available for analyzing complex nonlinear phenomena.
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-~ Chapter
On the number of limit cycles in

4 a class of generalized Mathieu-

Duffing equations

4.1 Introduction and Main Results

The study and examination of limit cycles in Mathieu-Duffing equations
are crucial for numerous disciplines, including physics, engineering, and ap-
plied mathematics, where periodic phenomena are of paramount importance.
These equations often model systems that exhibit complex dynamic behav-
iors such as oscillations, bifurcations, and chaos, making their analysis es-
sential for both theoretical understanding and practical applications. In this
chaper, we investigate the maximum number of limit cycles in generalized
Mathieu-Duffing equations using first- and second-order averaging theory.
Our methodology involves a detailed examination of two second-order dif-
ferential equations, employing averaging theory and Descartes’ theorem to
uncover the intricate dynamics of these systems. We provide a theorem that
determines the maximum number of possible limit cycles in the generalized

differential systems through polynomial averaging associated with the prob-
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lem. Additionally, we present lemmas detailing polynomial integrals related
to the functions Fiy(r) and Fi (r), which are crucial to our analysis. The re-
sults indicate that the maximum number of limit cycles in the studied system
can be determined based on polynomial analysis and second-order averaging
theory, considering the equation parameters and system conditions.

In recent years, significant progress has been made in understanding the
dynamics of the Duffing equation and chaos in dynamical systems. For in-
stance, Kyziol and Okninski (2023, [24]) studied the jump phenomenon in
the forced asymmetric Duffing oscillator, introducing the concept of a jump
manifold, which encodes global information about all possible jumps. Their
work demonstrated the advantages of this method by calculating several
examples of jumps. In another study, Kyziol and Okninski (2024, [25]) inves-
tigated escape phenomena, bistability, jumps, and other bifurcations in the
twin-well Duffing equation, providing predictions for bifurcations using the
steady-state asymptotic solution. Furthermore, Mao et al. (2024, [37]) exam-
ined the application of the incommensurate fractional-order Duffing system
for weak signal detection, highlighting the system’s sensitivity to specific sig-
nal functions and its robustness against noise. In [11] Chen and Llibre, using
the averaging theory of the first, studied the limit cycles of the differential
system

=y
y=—x—¢e(14 cos™)Q(x,y).

Building on these foundational studies, the primary aim of this paper is to
examine the upper limit on the number of limit cycles that can arise in a
specialized generalization of the differential system (3.1) under the specific

case where p=¢q¢ =1
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T =y
y=—z— 3 (14 cos™ 0)Qx(z,y),

k>1

(4.1)

where for each k, the polynomial Q, (x,y) is characterized by having a degree
of ng, € is a small parameter and my a non-negative integer. By leveraging
polynomial analysis and advanced averaging techniques, we aim to elucidate
the maximum number of limit cycles that can arise in this generalized dif-
ferential system, providing new insights and extending the existing body of
knowledge on the dynamic behavior of Mathieu-Duffing equations.

The core finding of this paper is presented in the following theorem, which
succinctly outlines the upper bound on the number of limit cycles in the

differential system (4.1).

Theorem 4.1.1. Let k = 1,2, and assume that the polynomials Qx(x,y) are
of degree ny, with ny, > 1. For |e| sufficiently small the mazimum number of
limit cycles of the polynomial differential systems (4.1) bifurcating from the
periodic orbits of the linear center & =y, y = —x, using averaging theory
(i) of first order is
(a) if ny is even, we find Iy — 1 limit cycles,
(b) if ny is odd, we find ly limit cycles,

(i) of second order is
A =max{2l; — 1,0 — 1},
where ng = 2l or ng = 2l + 1 when ny is even or odd respectively.

Remark 4.1.1. The function Fyy represents the averaged behavior of the
system over one period, encapsulating key dynamics that help determine the
conditions for periodic solutions, known as limit cycles. Our approach employs

classical methods such as the averaging method and Descartes’ rule of signs.
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However, it innovates in its application to generalized Mathieu-Duffing equa-
tions. This specific application, along with the detailed polynomial analysis we
provide, offers new insights and significantly contributes to the understand-
ing of such systems. To contextualize our findings within the broader field,
we compare our results with existing literature. For example, previous stud-
ies, like those by Melki and Makhlouf (2021, [12]), used first-order averaging
methods to estimate the number of limit cycles. Our study extends this by
incorporating second-order averaging and detailed polynomial analysis, pro-
viding a more comprehensive and precise understanding of the limit cycles in
generalized Mathieu-Duffing equations. Unlike some previous approaches that
relied on numerical methods, our analytical framework offers exact bounds

and conditions for the existence of limit cycles.

4.2 Proofs of the Results

4.2.1 Proof of Theorem 4.1.1

Proof of Statement (i) of Theorem 4.1.1

To use the averaging method we express system (4.1) with k& = 2, in polar
coordinates (r,6) where z = rcosf, y = rsinf, r > 0. If we take Q. (z,y) =
n, o
> Qri;x'y’ the expression for system (4.1) can be formulated as follows:
i+5=0

/

7= —esinf(1 + cos?™ 0)Qy (rcos,rsin ) + % sin (1 + cos>™2 )
X Q2 (rcosf,rsinb)
6 = —1— cosf(1+ cos®™ 0)Q (rcosd,rsind) + = cos O(1 + cos? )

X Qg (rcosf,rsind) .

(4.2)
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Now taking 6 as the new independent variable, system (4.2) becomes

By considering 6 as the new independent variable, the system (4.2) trans-

forms into
dr 9 3
@ =ch (T,@) +¢€ FQ(T,0)+O(€ ),
where
Fy (r,0) = sin0(1 + cos®™ 0)Q; (rcosf,rsin ), (4.3)

Fy (r,0) = —sin 6 (1 + cos®2 0) Q3 (r cos 0, rsin 6)

1 . 2m 2 ~2 . (454)
—r~tcosfsinf (14 cos®™ 0)” Q7 (rcosf,rsinb).
Applying the precedent notation, it follows that
2m
1
Fio(r) = — / F (r.0) d6
2
0
1 n1 2 2
=5 Z quir /cosi 0 sin’t! 6do + /cosi“m1 0 sin?*! 9do
+=0 0 0

We know that

2
S I;; # 0 if ¢ and j are even
cos’ 0 sin’ 0df = : (4.5)

1
2m 0 otherwise.

o

To investigate the number of positive roots for Fiy, we consider two cases:

Case (1): Let n; be even,

ni/2
Fig(r) = Z 012525172 (Lyi g + Doivom, 25) (4.6)
i+j=1
ni/2
then Fig (r) = > Apr?~!. Since Fyg is a polynomial generated by a linear
h=1

5

combination of {r,r3 7% ...,r™~1} Using the Descartes Theorem, the poly-

nomial Fjo has at most (n; — 2) /2 positive roots.
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Case (2): Let ny be odd,

(n1+1)/2
Fio(r Z q1,2,2j— )= 1([2 2+ Doivom, 25) (4.7)
i+j=1
(n1+1
then Fip(r) = Z Bhr . Since Fig is a polynomial generated by a

5

linear combinatlon of {r,r3 r® ...,r™}, Applying Descartes’ Rule of Signs,

the polynomial Fjq can have at most (n; — 1) /2 positive roots. Consequently,
statement (i) in Theorem 4.1.1 is validated.

Proof of Statement (ii) of Theorem 4.1.1

For proving ii. of Theorem 4.1.1 we shall use the second-order averaging
theory. To calculate Fy(r), Fio(r) must be identically zero. Then from
(4.5) and (4.6), we have:

q1,2’i72j71 = O, Z+] < {1, ceey %} if nq is even, (48)

7’L1+]_

Q12i2j-1 =0, 1+ J € {1, e } if n; is odd. (4.9)

First, using (4.8) — (4.9) and by substituting into the expression Fy (r,0), we
obtain

ni/2
Z @1.2i.257 D (1 4 cos®™ ) cos™ O sin®+! g (4.10)
i+7=0
n1/2
+ Z Q1,2i+1,2j717“2(’”)(1 + cos®™ 6) cos* ! 0 sin® 0
i+j=0
(n1—2)/2
+ > qaierg? (L cos™™ 0) cos® ! Osin¥ 6, if ny s even,

i+j=0
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and

(n1—-1)/2
Fi(r0)= > g™ (1+ cos™ ) cos™ fsin®*! 6 (4.11)
i+j=0
(n1-1)/2
+ Z q172¢+1,2j_1r2(z+])(1 + cos?™ 6) cos* 't 0 sin®
i+5=0
(n1—1)/2
+ Z Gr.2i01.2;7° DT+ cos?™ 0) cos® T 9 sin¥ T 9, if ny is odd.

i+5=0

Now that we have the expression %Fl (r,0),

n1/2 o , .
LF (r,0) = .+Z 1 2 (i + ) qraioir? D71 + cos?™ ) cos® O sin¥ T g
it+j=
n1/2 o . .
+ 30 2(i+7) qrair1.2; 172 D71 + cos?™ §) cos? ! @ sin® 0
itj=1
(n1-2)/2 o .
+ 2 U+ 4)+ 1) i (1 + cos®™ ) cos® T 6
i+j=0
x sin? 10, if n, is even,
(4.12)
and
(n1=1)/2 - . .
%Fl (T, 0) = ' Z , 2 (Z + j) Q1,2¢,2j7“2(2+])71(1 + COS2m1 0) COS22 0 SiIlZJJrl 0
1+)=
(n1—1)/2 o ) ,
+ 3 2(i+J) Qa2 17D TH(L + cos?™ ) cos¥ L O sin? 9
i+j=1
(n1—1)/2 o .
+ 3 (204 5) + 1) qrair12;7*0 ) (1 4 cos?™ §) cos?HL 6
i4j=0
x sin? 1@, if ny is odd.
(4.13)

Furthermore, by employing the integrals provided in Appendix A, we obtain:
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Case (1): Let ny be even,

y(r,0) = [§ Fi (r,) de

ny/2
= 3 quoigrittD Z Z’ylk(z ma,j)cos ((2k +1)6)
z+] 0 =0 k=1
(n1—2)/2 o J .
+ Y @2ip12 DTN By 5+ Y pri g cos?0HED
i4j=0 =0
i _ n1/2 (4.14)
+ Z ﬁl,i—i—ml,j C082(1+m1+l+1) 9) + Z q1.2i41,2j— 17,2(z+])
=0 i+5=0
i 41
x(> 27 (4,7)sin ((2k + 1) 0)

1=0k=1
i+mq l+i+mq

£ N (i ma ) sin (2K 4 1)6))
Case (2): Let nq be odd,

Yy (Tv 9) = f09 F (7’7 @) dgp,

(n1—1)/2 J
= > quaigr 2047) 3 Z Y,k (i, m1, j) cos ((2k + 1) 6)
i+j=0 =0 k=1
(n1—1)/2 .
+ Y @22 I B+ Zpl s cos2(it+1) ¢
z‘+j 0
(ma—1)2 o (4.15)
+ Z Pl itma COS2(z+m1+l+1) 9) + Z Q1,2i+1,2j—172(l+])
= 1+75=0
i 141

(Z Z ViR (i,5) sin (2 +1)0)

z+m1 l+z+m1 )
+ Z Z Y (i ma,j)sin ((2k +1)6)),

where

(0)

D7)+ G+ g)

ﬁl,k (i7m17j) =N,k

Piymy j = Pij T Pitmy,js

. _ _ 0 . 0 . . 1 .. 1 . .
With pij, Pitma,js Pliss Plitm.is %(k) (4,7), %( Y (i +masg) %(k) (4,5) and Vz(,k) (i +ma, j)

are non-zero constants. To implement the second-order averaging method, it is necessary to
calculate the associated function Fao (), which can be expressed as Fog(r) = Fa, (1) +Fay(r)
with

27

27
1 d 1
Flo(r) = %/ <drF1 (r,9)> y (r,0)df and F(r) = 5 /F2 (r,0) db.
0 0
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Lemma 4.1. The integrale Fy,(r) is expressed as a polynomial in the variable
r, defined by:

1

F210 Z Z Q(Z]) 2(i+j+u+v)— 1

i+7j=0 u+v=0

where ny = 2l or ny = 211 + 1 when ny is even or odd respectively, and

u  l4u

itJ
Q(”) (u,v) = [Qm 2jq2u+1,20-1 Z Z Y k (u,v) (Mg + Amytiik)

=0 k=1
u+mq l+u+mq

+ 42i,2j92u+1,20-1 Z Z ’Y(I) (w4 m,v) (ANijr + Amytigik)
=0 k=1

v l4v

+ Q2i+1,2j—-192u,20 E E Vi k (u> my, U) Fi,j,k’
=0 k=1
v I4+v

+ G2i4+1,2j—1G2u,20 E g Y (w,ma,0) Loy ],
=0 k=1

where A; j iy Noytijes Uijr.and Uy ik are real constants.

4.2.2 Proof of Lemma 4.1

From (4.12) — (4.15), we have

6 o
> hi(r), if ng si even,

Fyo (r) =< 5 (4.16)
> hi(r), if ny is odd,

where h; (r), hi(r),i=1,...,6, are given by

n /2 27

~ 1 < o . ,

hy (r) = p Z 2 (i + §) q1 i 95727 /cosm 0 sin¥ 1 0y (r,0) db,
it+j=1

R 1 ni/2

ha (r) = o D 2(i + ) quaig / cos?™+2 G sin%+L Gy (r, 0) df,
i+j=1 9
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n1/2 27

~ 1 . . )
hs (r) = oy Z 2(i+ J) qraip1,9j 1 r2 D /Cos2Z+1 0 sin® Gy (r,0) db,
i+j=1 J
1 n1/2 27
hy(r) = Py Z 2 (i + ) quaiy1.9j 20T /C082m1+2i+1 0 sin® Oy (r,0) db,
itj=1 ,
| (r=2)/2 o
hs (r) = 7 Z (2(i 4+ 5) + 1) quoig1.057°0 ) /cos2Z+1 0 sin®* 0y (r,0) db,
m
i+j=0 ,
R 1 (n1—2)/2 2m
he (r) = 5 Z (2(i + ) + 1) qrasi1.05720H) /(:082’"1”“rl 0 sin¥ 1 0y (r,0) db,
m
i+5=0 ,
_ | (D2 2”
hy (r) = p Z 2 (i 4 §) qugigrH71 /0052’ 0 sin®* Oy (r,0) db,
i+j=1 4
_ =k 2”
ha (r) = - > 2(i+ ) qraigr® / cos?™+2 9 sin%+L 9y (r, ) df,
m
itj=1 ,
~ | (D2 o
hs (r) = P Z 2(i 4+ §) qraipr,05_ 120D /0052”1 0 sin® Oy (r,0) db,
m
i+j=1 ;
_ =k o
hy(r) = o Z 2 (i + ) quaiy1.9j 720! /cost1+2Z+1 0 sin® Qy (r, 0) do,
m
itj=1 .,
_ (m-1)/2 T
hs (r) = P Z (2(i + ) + 1) qroir10720 ) /cosm+1 0 sin? 1 0y (r,0) db,
m
i+5=0 ;
and
~ =k o
he (1) = P Z (2(i 4+ 7) + 1) quoig1.057°0 ) /c032m1+2’+1 0 sin¥ ! Oy (r,0) db.
m
i+5=0 ;

To simplify the representation of the polynomial /le(r), utilizing the integrals

provided in Appendix B, we obtain:

49



n1/2 n1/2

= or Z Z+] 42i,257 2(i+j)_l Z q2u,2vr2(u+v)

l+j 1 u+v=0
v l+v 2m
X Z Z Yk (w, my, v) /0082’ 0 sin® " 0 cos ((2k + 1) 0) df
=0 k=1 0
= 07
nl/2 ni/2
= — Z 7 +j Q2,257 2(i+5)—1 Z q2u+172v_17,2(u+v)
’L+j 1 u+v=0

u  l+u 2

X Z Z ’y(l) /cosm 0 sin¥*! 9sin ((2k + 1) 6) do
=0 k=1 0
ni/2 ni/2

=525 Ry e
i+j=1u+v=0

u l4u 1)
where R(i,j) (U, U) - _q21 25 q2u+1,20—1 z Z ’7 ( )Ai,j,ka
=0 k=1
N 1 n1/2 n1/2
Ag = % Z 2 (Z +j) QQi,2jT2(Z+])_1 Z QQu+1,2u—17"2(u+U)
i+j=1 u+v=0
2

u+my l+u+m

X Z Z ’ylk (u 4 my,v )/cosQiQSin2j+19sin((2k+1)9)d9
=0 k=1

0
ni/2 mni/2
(m1) 2(i+j+utv)—
=2 2 Sy ,
i+j=1u+v=0

where
u+mq l+u+mq

S((i,jl))( v) = 42i,2j92u+1,2v—-1 Z Z 'sz (u+my,v) A g,

~ . ny/2 . » i1 (n1—2)/2 -
A4 ~on '_,'_Z 1 2 (Z + j) 92,257 () ; 0 q2u+1,20T 2uto)+ Pu,mq v
)= utv=

21
x [ cos? §sin®*! 0do = 0,
0

20



—~ ni/2 o (m=2)/2
As =5 > 2(i+J) qugyr® ™70 3T oy gor?C T Zpluv

i+j=1 u+v=0 =0
27 ) )
x [ cos?THuttl) g gin?t gdg = 0,
0
~ ni/2 (n1—2)/2
— 1 ; ; 2(i+j)—1 2(utv)+1
Ag=5- > 2(i+7)quizr D=1 S~ goupr20r?™ Zpl utmiw
i+j=1 u+v=0 =
27

X f cog2litmituti+l) g in2itl gqp = (.

The polynomial /f;l(r) is expressed as the sum of integrals <£1> to (36)

Utilizing the integrals provided in Appendix B, we have:

1 n1/2 TL1/2
A Lo 2(i+j)—1 2(utv
A7 = o Z 2 (i + ) qigjr*" Z Gou 2o
i+j=1 u+v=0
v l4v 27
X Z Z Yk (u,my, v) /0082(7”1“) Osin¥* 0 cos ((2k +1)6) do = 0,
=0 k=1 0
n1/2 n1/2
AS = — Z i ‘l‘] QinjT 2(i+j)—1 Z (2ut120-17 2(u+v)
H—] 1 u+v=0
u  l4u 27
X Z Z 71(,? (u,v) /0052(7”1“) 0 sin¥*! fsin ((2k + 1) 6) do
=0 k=1 0
ni/2 mni/2
— Z Z R 2(i+j+utv)— 1
i+j=1 u+v=0
u l+u 1)
where R(zg (ua U) q2@ ,2542u+1,20—1 2 Z Yk ('LL U) Am1+i,j,k7
1 7’L1/2 TL1/2
Ag = 2_ Z 2 (Z + j) q2i,2] 2i+d)= Z un_H 20— 1T‘ (utv)
i+j=1 u4v=0

u+mq lHutmq 2

X Z Z %k u+m1,v)/0052(”“”)Hsin2j+10sin((2k+1) 6) df
=0 k=1

0
ni/2 mni/2 _
-3 3 R
i+j=1u+v=0

o1



where

~ J u+mq l+u+mq
Rg?’?))( v) = 92i,2j Q2u+1,20—1 Z Z ’Vlk (u+m1,v) Ay i ks
2 —-2)/2
A=+ ni/: 2(i+ 7) q2i2; 2(i+j)*1(n1 V 2(utv)+1%
10 = o7 7+ ]) q2i,2;7 Z Qou+1,207 Pu,ma v
itj=1 u+v=0
27 )
x [ cos?(mi+D) gsin® 1 gdo = 0,
0
~ 1 n1/2 ) ) ) ) (n172)/2 v
A =gr 3 200+ 7) qizi® ™70 3T gausr 20NN B,
itj=1 utv=0 -
2
y fﬂCOSQ(i+m1+u+l+1) Gsin2j+1 0do = 0,
—~ 1 ni/2 . . L (n1—2)/2 v
A= Y 2060+ Y Goupr ™Y B,
i+j=1 ut+v=0 =0

27
x [ cog?@mititutitl) ggin2itl gqg = 0.
0

The polynomial /17\,2 (r) is obtained as the sum of integrals (87) through (ﬁlg). Sim-

ilarly, to construct the expression for the polynomial /ﬁg, (r), we make use of the integrals

specified in Appendix B, resulting in:

ni/2

n/12
““~ 1 . . +7)— u+v
Az = Gy Z 2 (i +])Q2i+1,2j_17"2( )1 Z C]2u,2u7’2( o)
i+j=1 u+v=0
v l4wv 2m
X Z Z%k (u,my,v) /COSQH—l 0 sin® @ cos ((2k + 1) 0) df
1=0 k=1 0
ni/2 mni/2 — )
=30 Y R e,
i+j=1 utv=0
here ™ (1,0) = Hgy 15 St I,
where fi(; 5 (U,U) = TQ2z+1,2g-1Q2u,2vl_ZO];%,k (% mlav) i,5,ks
ni/2 ni/2
=5 Z i+ J) Qaiv1,2j17 20+9)= Z Q2u+1,20-17 2ut)
’L+j 1 u+v=0
u  l4u 2m
X Z ny(l) /0082”1 0 sin* Osin ((2k +1)6) do = 0,
1=0 k=1

0

52



n1/2

n1/2

~ 1

A5 = 2— Z Z—l—] @2i+1,2j— 1T2(z+]) 1 Z G2ut1.20— 1r2(u+v)
Jj=1 u+v=0

u+mi l+u+my 2m 4 .
x Z Z 71 k /6052”1 # sin? 0 sin ((2k+1)60)do =0,
=0 k=1

0

~ 1 ni/2 ) ] (it 1(n1—2)/2 2 L~
Ais =5z > 2(i+7)qi1,2j—1r* 0 3T gouga oI D,
itj=1 wto=0
2 ) )
X f cos® 1 9sin? 0dh = 0,
-~ n1/2 B ("1_2)/2 5 L v
A7 = 27‘r > 2(i+J) quigr,2j-17 (i+9)= > Qut120T (utv)+1 $~ Pl
i+j=1 u+v=0 1=0
2
x [ cos?(iHutltD+1 ggin2i gap = 0,
—~ L ni/2 o L (m—2)/2 "
Aig =52 > 2(i+7)qai1,2j17* 70 30 gour1 0TS By
i+j=1 u+v=0 =0

2
X f C052(1+u+m1+l+1)+1 GSiH2J 0do = 0.
0

The polynomial /I:Lg(r) is expressed as the sum of integrals (313> to (318). Using the
integrals of Appendix B, we have:

L1 e 2
Ay = by Z 2(i + 5) guig1,2j—1720 )1 Z Gou, 2072 FY)
1+j=1 u+v=0
v 4o 27
X ZZ%J@ (u,m1,v) /cos2<mlJrZ )19 5in% 6 cos ((2k + 1) 0) dO
1=0 k=1 )
ni/2 ni/2

Z Z Rgnf) (u,v) 2(i+j+1L+1))—17

i+j=1u+v=0

where
+ ] v l4v
R%) (4, v) = —=q2i41,2j-102u,20 Z Z Yk (w,ma,v) Doy gk,
1=0 k=1
1 ni/2 n1/2
Agy = o Z 2 (i + J) qoig1,2j—1r2 ! Z (oust 2o 2T
it+j=1 u+v=0
u  l+u
X Z Z’yl y (u,v /COSQ("““ 10 sin% @ sin ((2k + 1) 6) df = 0,
1=0 k=1 9

23



1 ni/2 ni/2
Agy = o 2(i+J) qig1,2j-17 2= Z Q2u+1,20—1T 2utv)
u i+j=1 u+v=0

u+mq l+u+m, 2

x> Z TR ( U+m17v)/cosg(m1“)+1Gsin2j05in((2k+1)0)(10:07
=0 k=1

0
-~ L a2 g (MMD/2 , )
AQQ = o7 Z 2 (7’ +]) QQi+172j—1r (Z+J)7 Z q2u+1,21)r (u+v)+ pu mi,v
i+j=1 u+v=0

2T )
X f cos2(Mm+I+1 g gin® 9dh = 0,
ni/2 (n1—2)/2

~> v
Aog =5 > 2(i+7) qoit1,2j— (2D —1 S q2u+1,2v,’n2(u+v)+1 S Dl
z+] 1 u+v=0 =0

7r .
x [ cos?litutmitlt+l ggin?i 94 = 0,
0

ni/2 (n1—2)/2

-~ v
- 1 1 1 2(i44)—1 2 1 _
Dog =5 > 200+ ) q2ir12jm1r” 70 S Gounr 20T By o
i+j=1 u+v=0 1=0
27 ) )
x [ cog?@mititutit)+1 ggin 9dg = 0.
0

The polynomial lAL4(r) is expressed as the sum of integrals (319) through <£24). In
formulating the expression for the polynomial Er, (r), employing the integrals outlined in

Appendix B, we have:

~ (n1—2)/2 g
Ags = P Z (2(i+74)+1) Q2i+1,2j7"2(2+]) Z ungUTQ(“'H’)
i+5=0 u+v=0
v l+v 2m _
X Z Z ik (w,mq,v) / cos? T 9 sin® 1 0 cos ((2k + 1) 0) df = 0,
1=0 k=1 0
N (71172)/2 n1/2
Ao6 =5 Yo @G+ + D a2 Y gougrgeorr? Y
i+5=0 u+v=0
w l+u 27 .
X Z Z 7(1) /COSZH_I fsin?*! gsin ((2k+1)60)do = 0,
1=0 k=1 5
= (n1—2)/2 o n1/2
Bar = 27 Z (2(i+5) + 1) aiy1,2;7°0 1) Z Gout1,20_ 1720
i+75=0 u+v=0
u+mq l+u+mq 2m ‘ 4
x Y Z T ( +m1,v)/Cosz”lﬂsinQ”lein((Qk—k 1)6)d6 =0,
=0 k=1 0

o4



e  (m=2)2 ~
Aog =5 > 26045 +1) @127 Y @our1 205y 0
1+35=0 u+v=0
2m )
x [ cos?*19sin® ! 9do = 0,
0

N L (n1—2)/2 o o (m=2)/2 v
Dpg =5 > QGE+7)+D iy Y qaupr oIS By
i+5=0 u+v=0 =0
2
x [ cos?(FutlHH ggin2itl gdg = 0,
0
N L (n1—2)/2 o o (m=2)/2 v
DNgo=5: > E+H)+1D iz Y qauri2or®™ Y brumg o
i+5=0 u+v=0 =0

2
x [ cos?litutmitlal+1 ggin2itl g9 = 0.
0

The polynomial E5 (r) is expressed as the sum of integrals (£25> to (ﬁgo). In formulating

the expression for the polynomial Bg(T), employing the integrals outlined in Appendix B,

we have:
~ (n1-2)/2 0y /2
As1 =5 > @G+ 1) quigr2r? T Y gaugr® ™t
T i+j=0 u+v=0
v l4v 27 '
X Ak (u,my,v) /cosz(ml“)Jrl 0sin® 1 cos ((2k +1)0) df = 0,
1=0 k=1 5
o o Y
Agp=o >, G+ + D g2 Y 0 gaugr zoar )
4 i+7=0 u+v=0
u l+u 27 ‘
X Zvl(’lk) (u,v) / cos2(M+D)+1 g in2itl ggin ((2k+1)6)do =0,
1=0 k=1 5
~ (n1-2)/2 R
Asgz = o Z (2(i + §) + 1) qair,257°0 ) Z Qoui1,2v_ 1720V
i+j=0 u+v=0

u+mq l+u+mq 27
X Z Z %(Ik) (u+my,v) /COSQ(m1+i)+1 0 sin® 1 @sin ((2k +1)6) df = 0,
=0 k=1 A
Cmzpp NG , -
Azg =5 > (20 +J)+1)qit1r ) S Goug1,00m? TG e
1+35=0 u+v=0

21 .
x [ cos?(mitiFl ggin? 1 gdg = 0,
0
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. (n1—2)/2 o (m=2)/2

o~ v
Ags =5 > (20475 +1) @127 3 Gui1,20r® @IS b

i+7=0 u+v=0

2 )
% f COSQ(z+u+2m1+l+1)+1 HSianJrl 0do = 0,

(n1—2)/2 o (m=2)/2

=0

Ago=2 5 2(+5)+1D) a2 Y @120 Y Bluma o

1+75=0 u+v=0
27 )
x [ cog?li+2mitutit+1 ggin2+1 gdp = 0.

Similarly to the preceding method, we obtain:

(’I’L1 1)/2(77,1 1/2 ’I’Ll 1/2 ny— 1/2 (

7 2(1—0— +u+tv)— my)
= > 2 R AR D DI DR
i+j=1 u+v=0 i+j=1 u+v=0

(’I’L1 1)/2(77,1 1/2 ( ’I’Ll 1/2(n1 1/2

7 _ my) 2(1—0— +u+tv)—

ha(r)=" 3, > Ry ’ Y Y RN
i+j=1 u+v=0 i+j=1 u+v=0

(n1—-1)/2 (n1-1)/2

-SSR e,

i+j=1 u+v=0

N (n-1)/2(m=1)/2 o
ha) = 3 30 B (wyritre
i+j=1 u+v=0

and hs(r) = he(r) = 0. This ends the proof of the lemma 4.1.

=0

2(i+j+u+v) —1

)

2(7L+j+u+v)—1

Lemma 4.2. The polynomial in the variable r represented by the integral Fi, () is given

by

F2 (r Z Li (mg) r20+)=1 ¢ Z Z D) (y, ) p2i L

i+j=1 i+j=1u+v=0

where ng, = 2l or ng = 2l + 1 with ny is even or odd respectively.

4.2.3 Proof of Lemma 4.2
Using (4.8), (4.9) and, substituting in (4.4) we have
g; (r,0), if ny si even,

>
FQ(’/‘,Q): ?
Z i (r,0), if ny is odd,

26
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where

n2
Go(r,0) =30 (r,0) = — (L+cos™0) > ga,m" cos' fsin’ ™ 6,

g1(r,0) = -

/9\2 (Ta ‘9) =

gs (r,0) =

/g\4 (Ta 6) = -

95 (r,0) =

§6 (Tu '9)

i+j=0
ni/2 ni/2
2 o B ,
(1+cos®0)" 37 3" guigjquuzr® I oL g
i+7=1u+v=0
x sin2U v+l g

)

n1/2 (n1—2)/2

=2 (L + cos™ 9)2 Z Z G2i.2jQous 1,207 TIHUT) cog2(iHutD) g

i+j=0 u+v=0

x sin2Utv)tl g
n1/2 ’I’L1/2
(1 + cos?™ 9 E E 42i,2i42u+1,20— 2Tt =1 o 2itutl) g
i+j=1u+v=0

x sin?0+v) g,

(n1—2)/2 (n1—2)/2

2m1 g)? 2(i+j+utv)+1 . 2(itut1)+1
(1 + cos™ 0) E E G2it1,2j 020t 1,207 )H1 cos?( )+ g

i+j=0 u+v=0
x sin?Utv+ g,

(nl 2)/2 n1/2

2m 2(i+j+utv 2(itut1)+1
—2 (1 + cos™™ 9 § , E Q2i+1.2jQ2ur1.20- 17T ) cos )+
i+j=0 u+v=0

X Sin2(j+1}) 9’

nl 2 /2(n1 2/2

— (1 + cos®™ 9 g E @121 Qs gy 72T HFL og2litur D+ g
i+j=1 u+v=0

x sin?Utv)=1g,
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(n1—1)/2 (n1—1)/2
g1 (r,0) = — (1 + cos?™ 9)2 Z Z q2i,2jq2u,2vr2(l+j+u+v)_1 cos2itutl g

i+j=1 wu+v=0
sin20+v)+1 g
(n1—1)/2 (n1—-1)/2

G2 (1,0) = =2 (1 + cos®™ 9)2 Z Z Q2z,2jQ2u+1,2v7’2(i+j+“+v) cos?(itut g

i+j=0 u+v=0
sin2Utv+l g,

(n1—-1)/2 (n1—1)/2

g3 (r,0) = =2 (1 + cos™™ 9 Z Z 20,2 G2ur 1,201 72T cog2litutl) g
i+j=1 u+v=0

x sin2U+v) g,

(m 1)/2 (n1—1)/2

91 (r,0) = — (14 cos®™™ 9 Z Z G125 Qo1 20 20T HHOHL (o2 g
i+7=0 utv=0

x sin?U I+l g

(n1—-1)/2 (n1—1)/2

gs (r,0) = =2 (1 + cos™™ 9)2 Z Z QZi+1,2jQ2u+1,2v717"2(i+j+u+v) cos(itutbil g
i+j=0 u+v=0

x sin?0*v) g,

and

(n1—1)/2 (n1—1)/2

~ _ 2m 2 2(i+j+utv)—1 2(i4u+1)+1
9o (r,0) = — (1 + cos™™! 9) E E q2i+1,2j—192u+1,20—17 (i+5 )1 cog?( J+lg
i+j=1 ut+v=0

x sin?0F)=1g,

Using (4.5), the polynomial F, (1) can be explicitly expressed, where

2w 2w

~ 1 - ~ 1 -

=5 [0, =5 [amod, 1=12,.06
0 0

we have

~ = 2(it
= (S E L i.j m2 - s
i+j=1
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3\3 _ ’53 ZZI Z Uz] 2(i+j+u+v)71’

i+j=1u+v=0
where L, ; (mg) and UZ-(?“) (u,v) are non-zero constants and

5 =0,0,=0fori=1,24,5,6.

With this, the proof of Lemma 4.2 is concluded.

Relying on Lemma 4.1 and Lemma 4.2, we derive

Fy (r) = Z Z QET;) AitgHute)=1 4 Z ng mo) 2i+d)-

i+7=1utv=0 i+7=1
I
+ E E U(ml) u U 2(i+j+utv)— 1
i+j=1u+v=0
we have
-1 1 lo—1
FQO (7") — E E : Q u U 2(z+]+u+v )+1 + E Lz] ) 2(i+7)+1
i+j=0 u+v=0 i+75=0
l1—1 1
+ § § : U (m1) (i+j+u+v)+1
i+7=0 u+v=0
-1 I la—1
o z+ +u+v 2(i+7
_ E{E(Q J )+§:L”m2)r(J)
i+7=0 u+v=0 i+7=0
-1 151
(m1) 2(i+j+u+tv)
+ g E Up; " (u,0)r ).
i+7=0 u+v=0

We can conclude that Fyy has at most max {2l; — 1,l; — 1} positive roots.

Therefore, statement (ii) in Theorem 4.1.1 holds.

4.2.4 Examples

Example 4.1. Consider the following system

T =y,

(4.17)
y=—x—¢&(l+cos?0)(—y + 5z + 57 20 2y + é?y?’)
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The averaged function as follows

9r
Fo(r) = @(ﬁ - 2),
The unique positive root of Fio(r) is r = /2 Since (412) (v/2) = 1.125 # 0,

by Theorem 77, it follows that system (4.17) has for |e| # 0 sufficiently small
a limit cycle bifurcating from the periodic orbit of radius v/2 of the unperturbed

system (7?) withe = 0. Moreover, since (4512) (v/2) = 1.125 > 0, by Theorem

??, this limit cycle is unstable, (see., Figure 4.1.).

Figure 4.1: The unstable limit cycle of system (4.17)

Example 4.2. Consider the following system

T =y,
y=—x—e(l+cos*)(52°) — (1 + cos?0) (15y — 222y + Sxy® + Zaty),
(4.18)

here ny = 3,n9 =5 and my = 2,me = 1. From (4.3) and (4.4), we get that

Fy(r,0) = sinf(1+ cos*d) (%r‘q’ cos® 9) ,

Fy(r,0) = —sinf(1+ cos®0) (irsiné—gﬁ’

3
0 5 cos? fsin 6 + §T4 cos @ sin® 6

+£T5 cos*fsinf | — lCosﬁsinﬁ (1 + cos? 9)2 17’3 cos’ :
117 r 2 ’
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We now compute the first averaged function and arrive at

1 21
Fio(r) = — / Fi(r,0) = 0,
0

:27r

Since Fio(r) = 0, we proceed to the second-order averaging theory and obtain

Fo(r) = % 7 (d%Fl (r, 9)) (/00 Fi(r,s) ds) d9 + % 75 (r,0) b

0

_ A qa2
= 144r(4r 13r* +9).

The equation Fyy(r) = 0 has the two simple positive roots ri = %, ro = 1. Since

d20(3) = —0.09375 < 0 and 222(1) = 0.13194 > 0, then, the differential

system (4.18) has one stable limit cycles for r1 and one unstable limit cycle

for o bifurcating from the origin (see., Figure 4.2.).

PP P AP

-
R e el Lt P P

44444

GV e B N

/
s 7

Figure 4.2: The two limit cycles of system (4.18) for ¢ = 0.1,

4.3 Final Thoughts and Outlook

In this study, we analyzed the maximum number of limit cycles in general-

ized Mathieu-Duffing equations using both first- and second-order averaging
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methods. Our primary contributions include establishing explicit bounds on
the number of limit cycles and utilizing Descartes’ Rule of Signs to confirm
the results. We showed that the polynomial differential systems under consid-
eration can generate up to max{2l; — 1,1, — 1} limit cycles bifurcating from
the periodic orbits of the linear center characterized by x = y and y = —=x,
where n;, = 21, if ny, is even or ny, = 2[;, + 1 if n; odd .

Our approach is distinguished by its application of classical methods in a
new context, providing a rigorous mathematical framework that not only
deepens the theoretical understanding but also offers practical insights for
applications in fields such as physics, engineering, and applied mathematics.
We particularly emphasized the importance of the second averaged function
Fyg, demonstrating its crucial role in determining the number and stabil-
ity of limit cycles in nonlinear systems. This aspect is vital for predicting
and controlling the behavior of such systems. Compared to previous studies,
our work extends the application of averaging theory to a broader class of
equations and offers a detailed polynomial analysis that yields new insights,
highlighting the potential of our investigation to advance the understanding
of limit cycles in Mathieu-Duffing equations.

Despite the significant advancements made in understanding the limit cycles
of generalized Mathieu-Duffing equations, several open questions remain. One
major challenge lies in assessing the robustness of averaging theory when
applied to more complex and highly nonlinear systems. Investigating the
boundaries and potential extensions of averaging theory could provide deeper
insights into the dynamics of such systems. Furthermore, while our study
primarily focuses on local bifurcations, extending the analysis to global bifur-
cation scenarios could reveal more intricate system behaviors and potentially

uncover new types of limit cycles.
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Another promising area for future research is examining the impact of higher-
order terms in the differential equations on the stability and number of limit
cycles. A thorough analysis of these effects could lead to a more comprehen-
sive understanding of the dynamics at play. Addressing these open problems
will further advance the field, uncover new phenomena, and broaden the
scope of applications for averaging theory in the study of nonlinear dynami-

cal systems.

63



-~ Chapter
A number of limit cycle of septic

5 polynomial differential systems

via the averaging theory

5.1 Introduction and Main Results

The analysis of limit cycles plays a vital role in understanding the intricate
dynamics and behaviors exhibited by differential systems.

This chapter focuses on analyzing the maximum number of limit cycles
that can emerge from the periodic orbits of a particular cubic system when
perturbed within the framework of septic polynomial differential systems.
The cubic system under consideration is defined as:

i=y—y(r+a)
(5.1)
j=—x+a(r+a)?,
where a is a positive number not equal to 1. The main goal is to estimate
the upper bound on the number of limit cycles using the averaging method

when the system is subjected to perturbations. Upon perturbation, the cubic
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system assumes the form:

i=y—y(r+a)’+eP(2,y),

(5.2)
Y= —a:+a:(a:+a)2—|—5Q(a:,y),

where P (x,y) and @ (x,y) are polynomials of degree n, || represents a small
perturbation parameter, and a is different from 1. The main result of this
study is derived using the first-order averaging theory. The primary finding

of this chapter is encapsulated in the following theorem

Theorem 5.1.1. Let us ezamine the perturbed system (5.2) with

a € 10,1[U 1, +o0[, and P(x,y) and Q(z,y) being polynomials of degree 7.
For sufficiently small values of € # 0, the first-order averaging theory predicts
that the system can exhibit a maximum of twenty-two limit cycles bifurcating

from the periodic orbits of the cubic center.

This result demonstrates a significant increase in the number of limit cycles

compared to previous studies with lower-degree polynomials.

Remark 5.1.1. In the work by [19], he authors explored a comparable sce-
nario where P(u,v) and Q(u,v) are real polynomials of degree three. Their
results showed that the maximum number of limit cycles in this case is re-
stricted to eight. This comparison underscores the impact of the polynomial

degree on the number of limit cycles that can bifurcate.

5.2 Proofs of the Results

5.2.1 Proof of Theorem 5.1.1

For a € ]0,1[ U |1, +o0[, the cubic system (5.1) possesses a single period

annulus denoted by A = {(z,y) : 0 < 2% +y* < r?}, where r = min{|a —
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1|, Ja+1]}. This result is derived using the first-order averaging theory method
in polar coordinates (7, 0), where x = rcosf and y = rsin@, with r > 0. Let
us now consider:

Z > pyr'y’ Qz,y) = Z > gy,

k=1 i+j=k k=1 i+j=k

The system (5.2) can be rewritten in the following manner
(

=y (cos 03 g Pijcos' Osin? @ +sinf >, ., gy cos’ O sin? 9) r*
k=1

0=(rcos@+a)’—1+¢ed (coséziﬂ.:k qij cos® O sin’ 0
k=1

—sinf Y, pijcos’ fsin? 0) rh=t,

\

Therefore, we have

dr

Fr i Z (cos@ Zz—i-] . Dij cos' Bsin? 6 + sin 6 ZZ+ _;, Gij cos’ O sin/ 0)
k=1

-+ e*R(r,0,¢).

(r cos 9+a)

(5.3)

The average function of (5.3) is

_ i i T,k /271‘ CcOS 9 ZH_]'Zk pij COsi 9 Sinj 9 + sin 0 Zi-i-j:k Qij COSi 9 Sinj ede
o (rcos@—i—a)Q_l

For n =7, we get

7
%) =3 (pyBisij(r) + 4y Bigaa (), (5.4)

k=1 i+j=k

where

1 o COS : §sin’

with
H(r,0) = (rcosd+a)* — 1.
Based on Theorem ?7, each simple zero of the average function ¢%(r) is

associated with a limit cycle of system (5.2). We now proceed to demonstrate
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Theorem 5.1.1. The proof consists of two steps: The proof is carried out in

two stages: initially, we compute the integral ¢°(r), followed by an analysis

of the number of its simple zeros.

To derive the precise expression for ¢°(r) we utilize the following formulas:
(i)-

cosFt1 9 cosFt1 o

H(r,0)  (rcosf+a)’ —1
H(r,0) cos*1 0 — 2ar cos® 6 + (1 — a*) cos*~1 0

r2H (r,0) ’
we have
cost 10 _1 cos-1g 2a cos* 0 N 1 — a? cos®1 9‘ (5.6)
H(r,0) r? r H(r,0) r2  H(r,0)
(ii)- For s = 1, ..., [E1]
cos 2 9sin® 0 cos" 211 0 (1 — cos? 6)’
H(r,0) B H(r,0)
s  cogh—2st2i+1 g
= (_1)Z C; )
2 H(r.0)
we have
Cosk—23+1 4 sin25 0 _ S (_1)1 C; Cosk—2s+2i+1 9’ (57)
H(’I“, 9) i—0 H(’I“, 9)
(iii)-
/271‘ Sink+l 0 B O . lf k c 2N7
H 0 o 1—cos26) 2 % ; i cos2i .
0 (r,0) % =% (1) C?%l H(r,9§ if ke2N+1,
(5.8)
(iv)-
T cosk § sin* T g
df = k,s with k +2s < 7. :
/0 Hr.0) 0, Vk,s wi +2s <7 (5.9)
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Lemma 5.1. For 0 < a <1, we have

2 1 —U — v
df = 2
/0 H(r,0) uv L

T cosf —u(l—a)+v(l+a)
0 H(r,@)da_ uv o

where

U= (a+1)2—r2, v = (a—l)z—r?

5.2.2 Proof of Lemma 5.1

By putting z = ¢ and C = {z : |2| = 1}, we obtain

2 1 4
/ o = = SR dz,
o H(r0) 10 (122 4+ 20z +1)” — 422
T cosf 2 22 +1
—df = - 5 ,
o H(r0) te(rz?+2az+r)” — 422

the poles are

l—a+£v —1—atu
f12=— " A4 — ——— -
T T

Using the residue theorem with |2zo| < 1, |25] <1, |21| > 1 and |z4] > 1 for

a €10, 1], we obtain

2 1 —U — v
df = 2
/0 H (r,0) uv LA

T cosf —u(l—a)+v(l+a)
i H(r,@)da_ " .

Lemma 5.2. For a > 1, we have

S | u—v
df = 2
o H(r,0) w
2w _
cos 6 szu(l a)—i—v(l—{—a)mn’
o H(r,0) uv

where

U= (a+1)2—7“2, v = (a—1)2—r2.
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5.2.3 Proof of Lemma 5.2

To verify this hypothesis, we rely on the same previous proof with |z| < 1,
|z3] < 1, |22] > 1 and |z4] > 1 for a > 1.

For 0 < a < 1, from the equations (5.6) to (5.9) and Lemma 5.1 in (5.5), it
yields the following

2uv
Bio — —u(l—a)+v(1+a)n

2uv

1 ™ cos? 6
Byy = —

2r Jo f

1 27

do

1 2a 1 —a?
— [ —w-"p
2 Jy  r? r Lo+ 72
(a* —2a + 1) ur® + (a® + 2a + 1) vr? — 2uw

- )

2uur?

By

then

By,s = Boo — Bz
~ ((a+ 1)? =72 vor? + ((a — 1)* = r?) ur? — 2uv

Quur? ’

and we aslo have

(a® —3a® +3a — 1) ur? + (a® + 3a* + 3a + 1) vr? — daww
2r3uw

BS,O =

Y

1—a)((@a+1)°=r)vr?+(a+1) ((a—1)° —7?) ur? — daww
2uors

Bip=—

Y

(a* — 4a® + 6a* — da+) ur® + (a* + 4a® + 6a* + 4a+) vr? (—r* — 6a* — 2) wv
2uurt

Bio=—
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Byy =

S [(a2 + 2a+) ((a + 1)2 — 7“2) or?

+ (a®—2a+1) ((a— 1)° — r?)ur® + (r* — 6a* — 2) uv],

Boa = (=12 +a®+2a+1) ((a+1)° —72) vr?

 ouurt
+ (—7“2 +a®—2a+ 1) ((a — 1)2 — 7“2) ur?

+ (3r® — 6a® — 2) uv),

Bs [(a® — 5a* 4 10a® — 10a® + 5a — 1) ur®

’0 =
2uurd

a® + 5a* + 10a® + 10a® + 5a + 1) vr?

+(
+ (—2ar* — 8a* — 8a) wv],

Bsy = [(a® +3a® +3a+1) ((a+ 1)% — r?) or?

 2uwrd
+ (@® —3a°+3a—1) ((a— 1)? - r?) ur®

+ (2ar* — 8a® — 8a) uv),

1
Bl -

AT ouors [((—CL -1 r2 4 (a3 +3a%+3a+ 1)) ((a + 1)2 B 7”2) or?

+((1=a)r* + (0 = 30° + 30— 1)) ((a = 1)" = *) wr®

+ (6ar* — 8a® — 8a) uv),

Bso = [(4@6 — 24a® 4 60a* — 80a® + 60a® — 24a + 4) ur?

 Suwr®
+ (4@6 + 24a® + 60a* + 80a> + 60a® + 24a + 4) or?

+ ((—12a* — 4) r* — 3r* — (40a” 4 80a® + 8)) uv],

By = [(4a" + 16a° + 240® + 16a + 4) ((a + 1)* = *) vr®

Suwvro

+ (4a* — 16a® + 24a® — 16a + 4) ((a — 1)* — r%) ur?

+ (7’4 + (12(12 + 4) r’— (40a4 + 80a? + 8)) uv),

70



2

Bya = g [((4a2 +8a+4) r* — (4a* + 16a® + 24a* + 16a + 4)) ((a +1)* — 1) vr
((4a —8a+4) r? + (160 — 4a* — 24a® + 16a — 4)) ((a — 1)* — 7?) ur®
+ (3r* + (—36a° — 12) r* + (40a* + 80a® + 8)) uv],

By = ! [(47’4 + (—8@2 — 16a — 8) r? 4 (4@4 + 16a® + 24a® + 16a + 4))

Suwro

x ((a+1)* = r?) vr? + (4r* + (16a — 8a® — 8) 1? + (4a® — 16a® + 244 — 16a + 4))

x ((a—1)* = r?) wr? + ((60a® + 20) r* — 157* — (40a* + 80a” + 8)) uv],

Bro = 7——=[(207 — 140 + 42a° — 70a" + 70a” — 420" + 14a = 2) wr”®
( a” + 14a°® + 42a° + 70a* 4 70a° + 424 + 14a + 2) vr?
+ (=3ar* + (—8a® — 8a) r* — (244’ + 80a® + 24a)) wv],
Bsy = — [(2a° + 10a* + 20a® + 20a° + 10a + 2) ((a + 1)* — 7*) vr?

dupr?

+ (2a® — 10a* + 20a® — 20a® + 10a — 2) ((a — 1)* — r?) ur’

+ (ar* + (8a® + 8a) r* — (24a® + 80a® + 24a) ) uv),

Bsy = — [((20° + 6a® + 6a + 2) r* — (2d° + 10a* + 20a” + 20a* + 10a + 2))

duor?
x ((a+ 1)* — r?)vr? + ((2a® — 6a* 4 6a — 2) r* + (10a* — 2a° — 20a® + 204

—10a +2)) x ((a —1)* = r?) ur® + (3ar* + (—24a® — 24a) 1

+ (24a° + 80a® + 24a) ) uv),

Big=—

T [((2a+2) r* + (—4a® — 12a® — 12a — 4) r?

+(24° + 10a* + 20a° + 20a% + 10a + 2)) x ((a+ 1)* —+?) vr?

+((2a = 2)r* + (12a* — 40> — 12a + 4) 7* + (2a° — 10a* + 20a® — 20a” + 10a — 2))

x ((a— 1) — r*) ur® + (—15ar* + (40a® 4 40a) r* — (24a° + 80a® + 24a)) uwv],
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Bgo=— [(8a® + 64a” + 224a° + 448a” + 560a* + 448a® + 224a® + 64a + 8) vr?

1673uv

+ (8a® — 64a” + 224a° — 4484a° + 560a* — 448a” + 224a® — 64a + 8) ur’
+ (=5r° + (—18a® — 6) r* + (—40a* — 80a® — 8) 1

— (112a° + 560a* + 336a* 4 16) ) uv],

2

By [(8a% + 48a® + 120a* + 160a® + 120a* + 48a + 8) ((a + 1)* — r?) vr

2= 16uvrs

+ (8a% — 48a° + 120a" — 160a® + 120a* — 48a + 8) ((a — 1)* — 7?) ur?

+ (r® + (6a® + 2) r* + (40a* + 80a” + 8) r* — (112a° 4 560a” + 336a” + 16)) uv],

By = ﬁ[(— (8a° + 48a° + 120a* 4 160a” + 120a* + 48a + 8)
uvr

8a* + 32a® + 484 + 32a + 8) r?) x ((a+1)2—7“2)m"2

(48a° — 8a® — 120a” + 160a” — 120a” + 48a — )

+(

+

+ ((8a* — 32a® + 484 — 32a + 8) r?)) x ((a — 1)* — r?) ur®
+ (r% + (18a® +6) r* + (—120a" — 240a® — 24) 1

+(

112a° 4 560a* 4 336a” + 16)) uv],

1 2 4 4 3 2 2
Brs = 15 —sl(8a® +16a + 8) r* + (~16a” — 64a” — 96a° — 64a — 16) r

+ (8a° + 48a° + 120a" + 160a® + 120a® + 48a + 8)] ((a + 1)* — r?) vr?

+ [(8a* — 16a + 8) r* + (64a® — 16a* — 964 + 64a — 16) r*
+ (8a® — 484a° + 120a* — 160a® + 120a* — 48a + 8)] ((a — 1)* — r?) ur?
+ [5r% + (=90a* — 30) 7* + (200a* + 400a* + 40) r* — 112a° + 560a*

+ 3364 + 16]uv],
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BO,S - -

T [[—8r° + (24a® + 48a + 24) r* + (—24a* — 96a® — 144a® — 96a — 24) 1
+ (8a® + 48a° + 120a* + 160a® + 120a® + 48a + 8)] ((a + 1)* — 1?) vr?

+ [-8r° + (24a® — 48a + 24) r* + (—24a* + 96a° — 144a® + 96a — 24) r?

+ (8a® — 48a° + 120a* — 160a® + 120a® — 48a + 8)] ((a — 1)* — r?) wr?

+ [35r° 4+ (—210a” — 70) r* + (280a” + 560a* + 56) r?

— (112a° 4 560a* + 3364 + 16)]uv],
and
By os41 = 0,Vk,s with k425 < 7.
Substituting all integrals B; ;, for 2 <i+ j < 8 into (5.4), we have

0 Auv + Bur? + Cor?
g (r) =

16uvr ’

where

6 4 2
(agr® + asr* + asr® + ag) |

A
B (bg?"g + b67’6 + 647’4 + b27"2 + bo) s
C

8 6 4 2
(csr + ceT” + cyr + cor” + CQ) ,

with the coeffcients a;, b; and ¢; are polynomials in the coeffcients of a, p;
and g; ;.
Indeed, there are precisely ten independent parameters between a;, b; and ¢;
in relation to p;j, ¢;; and a. To establish bounds on the zeros of the numerator
of ¢°(r), it suffices to limit the number of zeros of the function I(r), which is
given by

l(r) = A%u*v? — B*%r* — C%0*r* — 2BCuvr?.

Ultimately, to limit the number of zeros of the expression above, it is essential
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to limit the zeros of the corresponding polynomial:
w (r) = Atu'vt — 2A2B%0?utrt — 2A2C*0 ! + Blutr® (5.10)
—2B2C%u%v%r® 4 CHotr®, .

therefore, we get

w (T’) = d447“44 + + dQT’2 + d(),

where d; are polynomials in a,a;, b; and ¢;. We conclude that ¢°(r) has at
most twenty-two (22) simple zeros.

For a > 1, we can apply an analogous method to the one used for 0 < a < 1,
which results in the same determination of the maximum number of limit
cycles.

Therefore, Theorem 5.1.1 is proved.

5.3 Example (At most 20 limit cycles)

Consider the system
i=y—y(z+ %)2 + e(boaty + bya),
j= -+ (x+ 1) +e(bry + bszy® + bsy),
Given that € > 0 is a small parameter and by, by, b3, by, b5 are real constants.

Then

9°(r)

= (Auv + Bur? 4+ Cor?)

where

A = (160by — 1120b5) 7° + (336by + 3920b5) r* + (—6832b5 + 976b,) 12 — 5120,
+4376b, + 4376bs,

B = —256bs5r® 4 256b5r° — 96b51* 4 (16b5 — 256by ) 12 + (—by + 64b; — bs)

C = —256bs5r® + 2304bsr® — T776bsr* — (256b; — 11 664bs) 1

— (6561by — 576by + 6561bs) |
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2 2
U = \/(l—l—l) —7r2 ] and v = \/(1—1) — 72
2 2

Bounding the zeros of the numerator of ¢°(r) can be achieved by limiting the

number of roots of the function w(r), as defined in (5.10), Thus, we arrive at
w (7’) = T407’4O + T387’38... + T2T2 + T(),
where

Ty = 841813590016b2
Tys = — 1342177 280b3 (—5b3 + 70bsbs + 1229902)
T3 =67 108 864b2 (—955b7 + 21 210b4bs + 2350 67703 ,
T34 =16 777 216b3 (25519b; — 1089 970b4bs — 57 482 145b7 + 114 688b1b5) ,

T3y =655 360 000b; — 18 350 080 000b3bs — 1440 389 005 312b7b3
+ 13421 772 800b1b3bs + 186 777 620 971 520453 — 230 854 492 160b, b, b3

+ 4164 749 504 806 9122 — 30 309 047 336 9600, b2,

T3o =2228 224 000b] + 212 389 068 800b3bs — 1174 166 044 672b3b3
— 77846 282 240b,b3b5 — 1313 425701 470 208b4b3 + 2642 478 628 864b, b,b?

— 13249 140 080 246 784b; + 225 835286 003 712b, b3,

Ths =1340029 796 352b7b2 + 300 110 839 808b;b3bs — 29 250 337 898 496b,b,b3
— 1039 271490 224 128b; b2 + 10 639 769 600b; — 1462 910 320 640 b5

+ 56 967 428 833 280b2b2 + 6346 496 344 588 288b,b + 31 340 774 036 279 168b?,
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The =6710 886 4000305 — 179851 755 520b2bsbs — 15751 524 122 624b7b2
— 8388608 000b, b5 — 154 081 951 744b,b3b5 + 246 040 758 321 1520, b,b?
+ 3213 854 234 378 240b, b3 + 68 813 783 040b] + 3462 122 569 728b3bs
— 563227093 368 832b2b2 — 21 500 868 355 293 184b,4b2 — 53 716 510 985 879 5520,

Toy = — 13757317 12063b7 + 1397 340 766 208b3b4bs + 81 522 975 571 968b7b2
+ 161113702 4000, b5 — 6799 621 095 424b,b3b5 — 1301 385 985 392 6400, byb2
— 6731328 116 490 2400, b3 + 69 274 177 536b; + 1233 156 489 216b7bs

+ 3392 506 686 791 680b%b2 + 51 011 087 661 645 824b,b3 + 59 809 722 882 166 7845,

Ty =274 877 906 944b3bs + 26 742 882 304b2b — 13 303 862 525 952b7b,4bs
— 233741 884 588 0320762 — 199 732 756 4800, b} + 65 797 732 958 208b, b3bs
+ 4319514 325 942 272b,byb2 + 8733490 006 720 5120, b + 2474 436 603 904b
— 87293617 504 256b7bs — 13 138 631 886 315 520b7b2 — 80 429 373 341 401 088b,b2

— 21260007 980 175 3605,

Tao = — 42949 672 960b5b, — 1967 095 021 568b5b5 + 185899 941 888b7b7;
4 82034 831 654 912b2b4bs + 354 586 334 330 880b2b2 + 59 057 111 040b, b3
— 486334 773 854 208b,b2bs — 8781 865 378 643 968b,byb? — 3642 592 899 629 0560, b
+ 3957 743 111 168b; + 675831 991 468 03203 b5 + 32282291 101 710 336b3b3

+ 66 022 936 966 668 288b4b2 — 64 924 921 473 655 808b3

Ths =178 241 142 784b3b, + 4438 848 700 416b3b5 — 2276 050 599 936622
— 251981 761 347 584b3b,bs — 68 804 305 485 824b2b2 + 5119616 090 1120, b
+ 1998 262 281 961 472b,b3b5 + 9025 828 111 646 720, byb2 — 10 630 093 125 713 9206, b2
+ 9426 945 266 432b7 — 3527 718 582 565 888b3bs — 45 061 159 695 459 8405213

+ 29 062 400 903 853 056b4b2 + 148 777 765 163 617 024b;,
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T =17179869 184b] — 1163 936 137 216b2b4 + 1997 159 792 64062 b5

T14 =

+ 16 562 769 362 944b7b3 + 336 712 311 504 896b7b,bs — 870 744 880 054 272b7b2
— 38487929 380 864b,b3 — 4032477910 310 912b,b3bs + 2438 928 920 109 056b, by
425331516 791 267 328D, b2 + 84775 104 919 488b7 + 10 040 354 918 608 64055305

+ 15613119214 681 728b3b2 — 161 712 555497 959 680b,4b2 — 157 580 391 127 300 16003,

— 17179869 184b7 + 4067 065 593 856b5b, — 30227 174 522 880b6°b5

— 71079375667 2000303 + 124 419 879 993 344b7b,bs + 1878 169 731 727 36003 b3

+ 318313920 471 040b,b3 + 2417 575 165 747 200b,b2b5 — 21 247 546 419 486 720b, byb?
— 25859 115 590 836 224b,b3 — 123 203 181 814 144b} — 11 259 541 088 000 512b3b5

+ 60 450 029 867 268 864b3b2 + 210 561 490 727 042 560b4b3 + 73 428 678 536 841 85603,

= — 302795194 368b7 + 209 748 754 432b3b, + 64 812499 337 2167 b5

+ 87043 377 397 760b3b3 — 1079 466 372 759 552b7b4bs — 1792299 311 366 1445313
— 779794 349 078 528b,b3 + 5320 692 329 601 024b,b2bs 4 27 700 832 200 415 232b, byb2
+ 9124 677 684 905 984b, b3 + 1784 696 850 928 752b; — 6737 096 032 344 128b3bs

— 110341502 034 266 976b3bz — 111 356 747 069 078 592b4b2 + 36 991 622 335 619 6965,

Tho =887 984 488 448b7 — 19 768 065 130 496b°b, — 58 715 768 094 72002 bs

+ 134612 837 728 256b7b3 + 1371 741 790 142 464b%bybs + 427 009 721 237 5045702
— 164025292 040 192b,b3 — 10 778 854 894 467 072b,b3b5 — 11279 736 504 023 040b, b, b3
+ 10110472662 702 080b, b2 — 817575021 177 600 + 28 297 544 413 774 336b3bs

+ 65112947 947 259 904b3b2 — 43 546 467 092 505 088b4bs — 92 156 753 490 148 608b3,

7



Ty = — 752625909 760b] + 25 058 588 229 632bby + 5874 781 257 728b3bs
— 313813539913 728bb7 — 353 041 251 631 104b7b,4bs + 885 271 623 991 296b3b2
+ 1743 816 061 256 704b; b3 4 4718 751 055 825 920b,b3bs — 10 395 406 226 224 128b;byb2
— 16 536 940 144 606 208b, b5 — 3610 514 252 269 244b; — 18 127 281 173 559 5365505

+ 24 562 518 270 133 656b3b2 + 115 541 352 357 649 168b,4b3 + 77 638 058 908 590 9163,

Ty = — 80262201 344b] — 989406 953 472b%b, + 33 733 860 130 8166°b5
+ 60 000 884 686 848b7b7 — 696 397 347 815 424b7b,bs — 1053 940 413 431 808b3b2
— 607464429 177 856b,b3 + 4525813 953 616 896b,b2b5 + 15844 461 531 110 400b,byb?
+ 11019639998 772 224b, b2 4 1854 933 701 687 424b] — 8879570 196 078 5923 b5

— 58514 864 771 248 896b3b2 — 85607 626 291 258 368b4bs — 37 827 265 417 775 488b3,

T, =4 (547by — 64by + 547b5)* [29274 11207 — 408 278 912b, b,
— 1165 023 104y b5 + 1355 849 2033 + 8716 544 486b,bs + 9212 503 027bZ],
Ty = — 1152 (547by — 64by + 547bs)° (4921b, — 640b; + 9313bs)
and
To =1296 (547b, — 64by + 547b5)" .

We deduce that ¢°(r) has at most 20 positive roots. (The computations

for this example were carried out using Matlab).
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This thesis has deepened our understanding of limit cycles in polynomial
differential systems using the averaging theory. Through a detailed analysis
of various systems, such as the generalized Mathieu differential equations and
septic polynomial differential systems, we have demonstrated the importance
of advanced analytical techniques in exploring the complexity of dynamic be-
haviors. The results obtained confirm the richness and diversity of phenomena
observed in these systems while highlighting the open challenges that persist
in the field.

This research paves the way for new explorations, particularly in the
application of averaging methods to higher-dimensional systems or those in-
volving more complex nonlinearities. It also strengthens the interest in the-
oretical studies in the context of practical problems in physics, mechanics,

and other applied disciplines.
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In this Appendix, we present essential integral formulas and mathematical

results that underpin the analyses conducted in the main body of the work.
These appendices contain detailed derivations and expressions for integrals
involving trigonometric functions, which play a pivotal role in the polynomial
averaging method employed to determine the maximum number of limit cy-
cles in the studied differential systems. The provided integral expressions and
constants are instrumental in streamlining and solving polynomial differen-
tial equations, thereby enhancing the overall understanding of the system’s

dynamics.

5.4 Appendix A

This appendix includes a mathematical formulation of a set of integrals in-
volving sin and cos functions raised to various powers. These integrals have
played a crucial role in utilizing the averaging theory to determine the upper
bound of limit cycles in dynamical systems. The provided formulations aim

to simplify computations and enhance accuracy in the study of limit cycles.
0 in+j(1—n) I+in+j(1—n)

[ cos? T sin? 1" pdp = lz: kz %(,Z) (i,7)
0 =0 =1
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xcos (nf — (2k+1)0), n=0,1,

0 (i+Rh)n+j(1—n) I4+(i+h)n+j(1—n)
/COSQ(H_hH—n © sin?+i-n pdp = Z Z %(77;? (i +h,j)
0 =0 k=1

xcos(ng—(2k+1)0>, n=0,1,
9

j
/0082”1 psin® ! odp = p; ; + Z prijcos? D g

0 =0

0 J
2(i+h)+1 - 2741 _ — 2(i4+1+1
/ cos® L o sin® T odp = piyp; + E Prith, cos” DG,
0 =0

(n)

where (

o n) - N
(,7) s x4+ R d) s Prigs Privngs pij and pr; ; are non-zero constants.

5.5 Appendix B

This appendix provides a mathematical formulation of integrals involving
sin and cos functions raised to various powers. The results are categorized
based on the parity of the indices i and 7, with specific coefficients identified
to describe nonzero contributions under certain conditions. These integrals
have greatly facilitated the computation process when applying the averaging

theory to assess the maximum number of limit cycles in dynamical systems.

27

1 ) . Oif 7=2{+1

—/COSZQSiHJQCOS (2k +1)0do = J ,

27T 0 Al7l/7k lfj - 21, Z - 21, + 1
27

1 o 0if j =21

—/cos’@smjesm (2k + 1) 0do = ,

2 ) Toppif j=20+1,i=2
27

1 . .

Q—/COSZHSiIIJHSiD(Qk‘—f— 1)6do=0if j=214+1,i=2I"+1,

T
0

where A;p , and 'y ;, are real constants.
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