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Résumé

Il est bien connu que la théorie des inégalités intégrales joue un role essentiel dans
I’étude de 'analyse qualitative et quantitative du comportement de divers types de solu-
tions des équations différentielles non linéaires.

L’objectif de cette these est d’établir, dans un premier temps, de nouvelles inégalités
intégrales fractionnaires pour les fonctions a une variable.

Dans un deuxieme temps, nous allons établir de nouvelles inégalités de type Gamidov
bidimensionnelles.

Enfin, nous avons utilisé quelques inégalités intégrales pour étudier d’une part la sta-
bilité exponentielle de certains systemes dynamiques non linéaires perturbés aux échelles
de temps arbitraires et d’autre part la h-stabilités d'une classes d’équations dynamique

dans un espace de Banach.

Mots-clés: Echelles de temps, Inégalité intégrale de type Gronwall, Inégalité de type

Gamidov, Intégrale fractionnaire, Stabilité exponentielle,h-stabilité Systemes perturbés.
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Abstract

It is well known that the theory of integral inequalities plays an essential role in the
study of the qualitative and quantitative analysis of the behaviour of various types of
solutions of non-linear differential equations.

The aim of this thesis is to establish, in a first step, new fractional integral inequalities
for one-variable functions.

Secondly, we will establish new two-dimensional Gamidov-type inequalities.

Finally, we used some integral inequalities to study the exponential stability of some
perturbed nonlinear dynamical systems at arbitrary time scales and to study the h-
stability of a class of dynamical equations in a Banach space.

Keywords : Time scales, Inequality of Gronwall, Inequality of Gamidov, Fractional

integral , Exponential stability,h-stability, Perturbed systems.
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General Introduction

Inequalities have played an important role in the development of all branches of math-
ematics and occupy a central place in the attention of many mathematical researchers.
Integral inequalities are involved in the theory of differential and integral equations. The
first to introduce integral inequalities was Gronwall in 1919( [11], Ref of chapter 1)who
gave their applications in the study of certain problems concerning ordinary differential
equations. After 1919, several researchers showed their attention to this subject and sev-
eral works have been established. Much information on this subject can be found in a
number of monographs published in recent years .

One of the main attempts to unify continuous and discrete analysis is the theory of time
scales. This new theory was introduced by Stefan Hilger in his doctoral thesis ([15],Ref
of chapter 3) in 1988. This constitutes a unique topic for studying both differentials and
difference problems of dynamic equations. It can be applicable to any process dynamics
that are described by discrete or continuous temporal models or a mixture of both.

Martin Bohner and Allan Peterson developed this theory in two important books
([7,8] ,Ref of chapter 3).

Stability is the most effective study for designing the behavior of solutions of dynamic
equations in relation to their domain of evolution. Aulbach and Hilger began the study
of this subject which attracted the attention of several researchers. Various contributions
dealing with the stability of linear and nonlinear dynamic systems on time scales, such
as ( [2—4,6,10 — 13], Ref,chapter 3) and ([11,17 — 24, 26, 27] ,Ref chapter 4).Among the
most valid approaches, we cite the integral inequalities approach and Lyapunov analysis

to evaluate trajectory behaviors through an energy function.



Introduction

The objective of this thesis is initially, the study of the estimation, the existence
and the uniqueness of certain classes of fractional differential equations associated with
a generalized operator and also for certain classes of integral equations and secondly,
the study of the exponential stability and the h-stability of certain classes of perturbed
nonlinear systems.

The thesis is organized into 4 chapters as follows:

In chapter one, we recall some definitions and notations about fractionnal derivatives
and integrals, then we establish some fractional integral inequalities associated with a
generalized operator which will be used in the qualitative study of the following initial
problem:

Dix(t) = f(t x(t)),

Itl():a’px(t) |t:to: Cy

(IVP)

where 0 < a < 1,0 <t < T <ooand f:[0,00) x R — R is a continuous function
with respect to all its arguments.
Chapter 2 concerns generalizations of some integral inequalities of the Gamidov type

involved in the qualitative study of certain classes of integral equations of the form :

2(5,1) = a(s,t) + Bs,1) /0 s /0 "B, )dndr + (5. 1) /0 ! /0 " H.r.2)dgdr.  (IE)

for (s,t) € I', where z(s,t) € C(I',R), (s, 1), B(s,t),v(s,t) € C(I';R;) such that
a(s,t), B(s,t), v(s,t) are nondecreasing in s and ¢t and ®(s,t,z), H(s,t,z) € C(I' x R, R)
and I' = [0, A] x [0, B] .

In chapter 3, we study the exponential stability of the following system

22(t) = At)z + F(t,2(t)),
2(tg) = 20,20 # 0.

(PNS)

where zg,z € R", F(t,0) = 0, tp € T, and F : T x R* — R" is an rd-continuous

function.
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The chapter 4, deal with problem of h- stability of certain classes of the following

abtract dynamic equations :

A = Az(t) + f(t,2), 2(t) = 2 € D(A),t € T¢, (ADE)

where we derive sufficient conditions on the perturbed term of the dynamic equations
to ensure h-stability of system (ADE).

The results of these chapters are published inhe results of theses chapters are published
in

A.Ayari, K.Boukerrioua, Some new Gronwall-Bihari type inequalities as-
sociated with generalized fractional operators and applications, RAD HAZU,
MATEMATICKE ZNANOSTI, 26(2022), 127-138.

K.Boukerrioua, A.Ayari, Further Refinements of Certain Pachpatte-Gamidov-
Type Inequalities in Two Independent Variables and their Applications, Jour-
nal of Dynamical Systems and Geometric Theories,Volume 19(1)(2021), 13-24.

A.Ayari, K.Boukerrioua, B. Kilani, Exponential stability for nonlinear per-
turbed time scales systems with Gronwall Bihari-inequalities,Discontinuity,
Nonlinearity, and Complexity 11(4) (2022) 781-792.

A.Ayari, K.Boukerrioua, Further new refinements in h-Stability condi-
tions for nonlinear Abstract Dynamic Equations on Time Scales and appli-

cations,Surveys in Mathematics and its Applications, 16(2021), 275-299.



CHAPTER

Some new
Gronwall-Bihari type
inequalities associated
with generalized
fractional operators and

applications

1.1 Introduction and preliminaries

It is well known that the Grénwall-Bellman inequality [2,11] and their generalizations
can provide explicit bounds for solutions to differential and integral equations as well as
difference equations. Many authors have researched various inequalities and investigated
the boundedness, global existence, uniqueness, stability, and continuous dependence on
the initial value and parameters of solutions to differential equations, integral equations

see [3 — 6, 14]. However, we notice that the existing results in the literature are inadequate



1.1. Introduction and preliminaries

for researching the qualitative and quantitative properties of solutions to some fractional
integral equations see [13 — 15,17,22 — 23].

Fractional calculus is the field of mathematical analysis which deals with the investi-
gation and applications of integrals and derivatives of arbitrary order see [21]. However,
in this branch of Mathematics we are not looking at the usual integer order but at the
non-integer order integrals and derivatives. These are called fractional derivatives and
fractional integrals. The first appearance of the concept of a fractional derivative is found
in a letter written to Guillaume de I’Hopital by Gottfried Wilhelm Leibniz in 1695. As far
as the existence of such a theory is concerned the foundations of the subject were laid by
Liouville in a paper from 1832. The autodidact Oliver Heaviside introduce the practical
use of fractional differential operators in electrical transmission line analysis circa 1890.
Many authors have established a variety of inequalities for those fractional integral and
derivative operators, some of which have turned out to be useful in analyzing solutions of
certain fractional integral and differential equations, for example, we refer the reader to
[14, 15,22, 23] and the references therein.

In [16], the authors proved the following results :

Theorem 1.1.1 Let 7,0 € R*. Also, let ¥ and u be nonnegative and locally integrable
functions defined on [0,w) with w < +oo. Further, let ¢(x) be a nonnegative, non-
decreasing, and continuous function on [0,w) which is bounded on [0, @), that is, p(x) <
M for all x € [0,w) and some M € Rt . Suppose that the functions ¥, u, and ¢ satisfy

the following inequality:

ue) < V@) +79(0) [ =) o) dp. w € 0.).

Then

o) < v+ 30 TADLOE [ st aydy € f0.)

Corollary 1.1.1 Let 7,6 € RT Also, let ¥ and u be nonnegative and locally integrable
functions defined on [1,w) with w < +o00. Further, let ¢(x) be a nonnegative, nonde-

creasing, and continuous function on [0,w) which is bounded on [1,w), that is, ¢p(x) < M
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for all x € [1,w) and some M € R*. Suppose that the functions W, u, and ¢ satisfy the
following inequality:
z | d
u(z) < U(z) +7rq5(x)/ <ln %) w L, e, w).
0

Then

nl_1
s

(o) < v+ S AEREE (0 2) " ()% repn =)

In [1] ,the authors proved the following result :

Theorem 1.1.2 Let a > 0, z(t),a(t) be nonnegative functions and b(t) be nonnegative

and nondecreasing function fort € [ty,T) ;T >0, b(t) < M, where M is a constant. If

() < a(t) + b(t) / G=" dr

e (11)

then

#(t) < alt) + /t Z(“?&gﬂn(ﬁ . Dyecta(n) S te o T (12)

In this chapter, we establish some new Grénwall-Bihari-type inequalities associated
with the generalized fractional integral operator given by (1.12) (see Definition 1.1.3),
which generalize some results given in [1].We also present some nonlinear integral in-
equalities with singular kernels of Bihari type,we apply the results established to research
boundedness, uniqueness for the solution to some certain initial value problems within
generalized fractional derivatives given by (1.13) (see Definition 1.1.4).

Now, some important properties for the modified Riemann-Liouville derivative and

fractional integral are listed as follows :

Definition 1.1.1 The Riemann-Liouville fractional integral of order o on the interval

[0, @] is defined by

N = | == i@ @0, (13)

where

which is well defined for a > 0.
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Definition 1.1.2 i) The modified Riemann-Liouville derivative of order a is defined by

fmis Jo (@ = O (F (O = f(0)d, 0< a<1,

(D2f) = - (14)
(f(”)(w)) , n<a<n+1l, n>1.
i1) The Hadamard fractional integral HI{fwf of order p > 0 is defined by
1 “ w\H1 dr
I =—— (1 —) o 1). 1.5

i1i) The Hadamard fractional derivative HD’f,wf of order p > 0 is defined by

wDlef =i (o) [0 @0 0

= +1, @>0),

In what follows, we denote by C,R,R" R, N, and Z; the sets of complex numbers,

real numbers, positive real numbers, nonnegative real numbers, positive- integers, and
non-positive integer, respectively.

Diaz and Pariguan [8] introduced k-gamma function I'y defined by
o0 tk
Ty (z) = / et 9% (2)] > 0.k € RY) | (1.7)
0

which has the following relationships:

and
Du(y) = k37T (7) (1.9)

Also, k beta function By («, 3) is defined by

LieE=t(1—t)r " at (min {R (o), R (6)} > 0)

Dy ()T (8) _
Lo (o, B8 € C\KZ)

EIS

By (o, 8) = (1.10)

where kZ, denotes the set of k-multiples of the elements in Zj .
Among many generalizations of the Mittag-Leffler function, one of them is recalled

(see [18,19]) :

(e 9] n

Evy=Y m (\BECT; R(N) >0), (1.11)

n=0
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Definition 1.1.3 The generalized fractional integral operator of order o € [n—1,n),p >

0,t0 > 0 and t € [ty, 00) is defined by

11—«

a,p _p ' p __ —pya—1
It = s [ @ =7 55 (112)

to

Definition 1.1.4 The generalized fractional derivative operator is defined by

n t
a,p . v P — TP n—a—1 dr _
Do)t = iy [ ST e e e n- e, (119

_ (41-pd
where v = (77 %).

The relation between the above latter two fractional operators is as follows:
(Dif9)t =" (L5, 9)(t),a € [n — 1,m). (1.14)
Note that the generalized operators (1.12) — (1.13) are reduced to Riemann-Liouville
fractional operators as p — 1 and Hadamard fractional operators as p — 0.

The generalized Caputo fractional derivatives were discussed in [10].

Lemma 1.1.1 ([10]) (i) Let « > 0,8 > 0,0 < ty,p > 0. Then we have

a7 =0\ B+ 1) =10 0s
L0 = ey (D (1.15)
In particular
o 1 ftr—rr o dr ] tr—th
B0 = o | G = e, 0
(t)If B3>0 and 0 < a <1 then
a, 7 — 1 8 _ I'B+1) -t B—a
D)0 = ey () (117
In particular )
(D 1)(t) = (F(T—_)a) (1.18)
and for k =0, 1.., [a] + 1,we have
(Dfof(T%tg)a-k)(t) = 0. (1.19)
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Lemma 1.1.2 ([9]) Suppose that a >0, p > q >0 and p # 0, then

ar < 1%+ E—4ch, (1.20)
p

for any ¢ > 0.

1.2 Main Results

In this section, we establish a new version of Grénwall type integral inequality, which

generalizes some previous ones.

Theorem 1.2.1 Let a > 0,x(t),a(t) be nonnegative functions and b(t) be nonnegative

and nondecreasing function fort € [tg,T) ,T > 0,b(t) < M, where M is a constant.If

) . typ _ p aflxq . i
() < att) +ott) | (TP 5 (2.)
where p # 0,p > q > 0 , are constants. Then
N P (BT () 0 — 7P dT
w0 < a0+ [ SEE I C T n S e, 22
where
a(t) =a P—4.3 =ty = 4
a(t) = a(t) + o b(t)( p )%, b(t) ) b(t). (2.3)

Preuve. Denote the right-hand side of (2.1) by z(¢). Then we have

2(t) < zo(t), (L€ [to,T)). (2.4)
So it follows that
2(t) < a(t) + b(t) /t:(tp;Tp)alzZ(T)%, (t € [to,T)). (2.5)

Using Lemma 1.1.2, we obtain that

2(t) < a(t) +b(t)/t = (Z%g";‘“z(f) + p;‘-’gi) T telnT) . (26)

Using Lemma 1.1.1, one gets

() <a(t) +300) [ (=T 55 2.7
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where @ and b are defined as in (2.3).

Applying Theorem 1.1.2 to (2.7) and using (2.4), we can get the desired inequality in

(2.2). =m

Remark 1.2.1 [fp = q =1, then Theorem 1.2.1 reduces to Theorem 1.1.2 in [1].

Theorem 1.2.2 Let o > 0,z(t),a(t) be nonnegative functions and b(t) be nonnegative

and nondecreasing function for t € [to,T) ;T > 0, b(t) < M, where M is a constant.

Furrther, let S € C (Ri,RJr) be a continuous function such that
0<S(t,x) = S(t,y) <L(zx—vy), x>y=>0,

fort € [to, T),where L > 0. If

() < a(t) + b(t) / T e 15 (r, 4 (1)

e
to P TP

where p # 0,p > q > 0, are constants. Then

l’(t) < [’d(t) +/ Z(b(t)r(a))n<tp _ Tp)”o‘_la(T) dr ]%,t c [tO,T),

o s T'(na) p Ti=r
where
bgp — 7P p—q o dr ~ q a-»
a(t) = alt +btl/ ——)1S(r, er b(t) = L=c 7 b(t).
(t) = af(t) ()to( p ) S ; ) =15 0(2) ) (2)

Preuve. Denote the right-hand side of (2.9) by z(¢). Then we have
() <z (), (€. T)).

So it follows that

2() < alt) + b(t) / T 15, 23 (1)

to P T

dr

1—p’

By Lemma 1.1.2, we obtain for any ¢ > 0,

q

2 () < L5 P4

er z(t)+

q
Ep.

R

Using (2.8) and (2.14), one has for any € > 0 that

10

(t € [to, T)).

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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S(t,zv(t)) < S(t, 2’7 2(t) + le
(.40 <0375 (0) + 51ch) 015
< St Bler) + Liev 2(1).
From (2.13) and (2.15), we have
L —rr pP—q a q a—» dr
ztgat+bt/—°‘187, ev)+ L=c7» z(1)|—, (t €lte,T)),
() <af(t) (>t0(p) S —=er) + Loe v an) o=, (el T))
(2.16)
the inequality (2.16) can be reformulated as
o [T d
A0 <)+ 30 [ (T (2.17)
to p TP

where @ and b are defined as in (2.11).
Applying Theorem 1.1.2 to (2.17) and using (2.12), we can get the desired inequality
in (2.10). m

Remark 1.2.2 Ifp = ¢ = 1 and S(t,z) = z, then Theorem 1.2.2 reduces to Theorem
1.1.2 in [1].

Theorem 1.2.3 Let o > 0,2(t),a(t) be nonnegative functions and b(t) be nonnegative
and nondecreasing function fort € [to, T) , T > 0, b(t) < M, where M is a constant. Fur-
rther, let g : Ry — Ry is a differentiable increasing function on |0, +oo[ with continuous

nonincreasing first derivative g'on |0, +00l. If

() < a(t) + (1) / E = g0y

1—
to p TP

, (2.18)

where p # 0,p > q > 0, are constants. Then

z(t) < [a(t) _,_/ Z(b(T)F(Oé))n(tp — Tp)”a_lzi(7'> dr ]%,t € [to, T), (2.19)

o s T(na) P Tl=r

where

e g (P L)), (2.20)

11
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Preuve. Denote the right-hand side of (2.18) by z(¢). Then we have

2(t) < 25 (8), (t € [to, T)). (2.21)
So it follows that
2(t) < a(t) + b(2) /t:(g)mg@z(f))%, (teltoT).  (222)

By Lemma 1.1.2, we obtain for any ¢ > 0 that

g(zr (1)) < g(}%s%”z@) +2 . a

ev), (2.23)

applying the mean value Theorem for the function g, then for every = > y > 0 there

exists ¢ € | y, z[such that

then
p(t) < g(2e’ 2(t) + Plew
EH ) Sl T o 4 ) .
< g(551cH) 4 g (58h) 1 2 (1)
From (2.22) and (2.24), we have
b —1r pP—q 3. q e ,p—q g dr
ztﬁat%—bt/—a_lg—sp—l——spg er)z(T ., (t€lty,T)),
(t) < al(t) ()t()(p) [(p )p (p el ==, (e, T))
(2.25)
the inequality (2.25) can be reformulated as
o [T d
A0 <a()+ 30 [ (T (2.26)
to p TP

where @ and b are defined as in (2.20).

Applying Theorem 1.1.2 to (2.26) and using (2.21), we can get the desired inequality
in (2.19). m
1.3 Applications

In this section, we will use the Grénwall inequality mentioned in the previous section in

order to investigate the boundedness and uniqueness of a certain fractional differential

12
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equation with generalized derivatives, on the order and the initial conditions. Consider

the following initial value problem within generalized fractional derivatives:

Df‘o’fx(t) = f(t,z(t)), (3.1)
and
L P (t) = c, (3.2)

where 0 <« < 1,0<t<T <ocand f:[0,00) x R — R is a continuous function
with respect to all its arguments. The Volterra integral equations corresponding to the

problem (3.1) — (3.2) is as follows :

dr

— 1 tgp—gp 1
z(t) = c (o) + o) /to( ; ) f(T,[E(T))Tl_p70 <ty <t<oo. (3.3)

It is clear that the cauchy problem(3.1) — (3.2) and the problem (3.3) are equivalent.
Exemple 1.3.1 Assume that f(t,z(t)) satisfies

£t ()] < b(t)g (|z(1)]) (3-4)

where g,b are defined as in Theorem 1.2.3, such that ¢g(0) = 0,then we have the

following explicit estimate for x(t)

el <at+ [ SR E= e e o), 69
where )
0) = s () s (e (09(0), (3.6)

Preuve. The solution of the initial value problem (3.1) — (3.2) is given by

c tp_tg a—1 1 Lt — 1P a=leir (r d_T o0
() = i iy [, )T 0 e )
then
lc| P —th. ., 1 P—1P dr
Ia:(t)lér(&)< 5 ) +F(a) /to( p ) b(r)g (|2(7)]) 5=, 0 < to <t < oo,

13
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taking into-account that b is nondecresing fuction, we obtain that

le| P —th. oy b)) [Tt —TP dr
(0] < g (—, ) +F(a)/t( T g () 5 0 St < £ < o6,

0

applying Theorem 1.2.3 to the last inequality, we obtain the desired inequality in (3.5).

Exemple 1.3.2 Assume that

where g,b are defined as in Theorem 1.2.3 such that g(0) = 0 and b(t) is nondecreasing
function in t > 0. Then the Cauchy problem (3.1) — (3.2) has has at most one solution.

Preuve. Suppose x(t), T(t) are two solutions of the Cauchy problem (3.1) — (3.2),

then we have

(#)ail 1 L —1P dt
"0 = ey T /to( ;) et 0sth <t < oo
_ (#)a_l 1 b —1P _ dr
z(t) = ¢ o) +F(a)/to( ; ) f(T,x(T))E,Ogtggtgoo.
Then, we have
of0) ~7(6) = s [ (T () - )
which implies that
T 1 T T x(T) —x(T dr
o) =70)| < s | (=T g ()~ 7)) A
Taking into account that b is nondecreasing function, one gets
b TP — TP dr
olt) =701 < 5y [ (T g le(r) = 20 5 (3.5)

Through a suitable application of Theorem 1.2.3 to (3.8) (with p = ¢ = 1), we obtain that
|z(t) — Z(t)| < 0, which implies x(t) = T(t). m

Conclusion In this chapter, some new inequalities fractional of Grénwall-Bihari
type,were derived. The obtained inequalities are extensions of many results given in [1].
They can be help in the study of boundedness, uniqueness for the solution to some certain

initial value problems.
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CHAPTER

Further new
generalizations of certain
Gamidov integral
inequalities in two
independent variables

and their applications

2.1 Introduction

Integral inequalities play a dominant role in the study quantitative properties of solutions
of differential and integral equations. For instance, see [1,10,11,13 — 16,19 — 22| and
the references given therein. During the past few years an enormous amount of effort has
been devoted to the discovery of new types of inequalities and their applications in various
branches of ordinary and partial differential and integral equations see [2 — 9, 18].

In [11], Sh.G.Gamidov while studying the boundary value poblem for higher order dif-
ferential equations, initiated the study of obtaining explicit upper bounds on the integral

inequalities of the forms :
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2.1. Introduction

x(t) §5—|—/ h(s)x(s)ds+/ m(s)x(s)ds, (1.1)

for t € [a,b], under some suitable conditions on the functions involved in (1.1).

Pachpatte in [17], established the following inequality :

x(t) ga(t)—i-/ U(t, s)x(s)ds—i—/ m(s)x(s)ds. (1.2)

K. Cheng, C. Guo in [8] discussed the following general version in two independent

variables as follows :

z(s,t) < afs, t)+0(s,t) /S /t U(n, 7)x(n, 7)dndr+(s,t) /A /B m(n, 7)z(n, T)dndr,
0o Jo 0o Jo 3
for (s,t) € [0, A] x [0, B].
In this chapter, we are interested in the study of some properties of the following

integral equation in two independent variables.

2(5,1) = als,1) + Bls,1) /0 /Otcb(n,ﬁx)dndr—i—y(s,t) /OA/OBH@,,T,QC)dndT, (1.4)

where, we derive some new results on Pachpatte-Gamidov-type inequalities, which can
be used in the analysis of (I.E)(see General Introduction). To show the feasibility of the
obtained inequalities, some illustrative examples are also introduce.

Now, we give some Lemmas which are used in our work.

Lemma 2.1.1 [8] Assume z(s,t), a(s,t), v(z,y),m(s,t) € C([0, A] x [0, B],[0,00)) and

A B
x(s,t) g&(s,t)—i-’y(s,t)/o /0 m(n, T)x(n, )dndr,

for (s,t) € [0, A] x [0, B].
It

A B
/ / v(n, T)m(n, T)dndr < 1,
0 0
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2.2. Main Results

then the following explicit estimate

(s,t) fo fo n, T)m(n, T)dndr
l—fo fo n,T , T)dndr

x(s,t) < afs,t) + 7

hold for (s,t) € [0, A] x [0, B].
Lemma 2.1.2 [12]  Assume that 0 >0, p>q >0 and p # 0, then

or < IS e + P gs, (1.5)
p P

for any K > 0.

2.2 Main Results

In what follows, R denotes the set of real numbers R, = [0,00),J; = [0, 4], and J, =
[0, B] are given subsets of R. Let I' = J; x Jo, C(W, ) denotes the collection of continuous

functions from W to ¥. Now let’s give the main results of this paper.

Lemma 2.2.1 Assume z(s,t), a(s,t), v(s,t), m(s,t) € C(I',R;) and S : R3_Rybe a

continuous function which satisfies the condition

0<S(s,t,x) —S(s,t,y) < R(s,t,y)(z —y), (2.1)

for x > y > 0, where R(s,t,y) is a nonnegative continuous function defined for s,t,y €
R,.
If x(s,t) satisfies

z(s,t) < afs,t) + 7(3,75)/0 /0 m(n, 7)S(n, T, x(n, 7))dndr, (2.2)
for (s,t) € I, then

(s,1) fo fo S(n,T,a(s,t))dndr

z(s,t) < afs,t —l— ’
(s,t) < s, 1) fo 17 )R(n,T,a(s,t))dndT
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2.2. Main Results

holds for (s,t) € I, when

A rB
/0 /0 v(n, T)m(n, 7)R(n, T, a(n, 7))dndr < 1.

Preuve. It is clear that, fOA fOB m(n, 7)S(n, 7, x(n, 7))dndr is a constant.

Setting s
o= /0 /0 m(n, 7)S(n, T, a(s,t))dndr, (2.4)
from (2.2), we have
z(s,t) < a(s,t) + (s, t)ep. (2.5)
and
0 < S(s,t,x(s,t)) < S(s,t,a(s,t) + (s, t)p). (2.6)
From (2.1), we have
0 < S(z,y,2(s,t)) < S(z,y,a(s,t) + R(z,y, (s, t)y(s, t) . (2.7)

As m(s,t) is positive function, then
(s, )8 (5., 2(5,1)) < m(s, 1) {8(s.1, a5, 1)) + R(s, t,als, O)(s, 1)} 2.5)

Integrating botth sides of (2.8) on I', we get

fo fo S(n, T, xn, T)dndr
< ¢f0 fo n,T ,T)R(n, 7, a(n, 7))dndr (2.9)
+Jy fo S(n, 7 a(n,))dndr
It is easy to see that
b < < fo fo (s,t, (s, t))dndr . (2.10)
= 3 Jy v(merymln, T)R(s, 8, als, 1)) didr

Substituting the inequality (2.10) into (2.5), we get the explicit estimate (2.3) this

completes the proof. m
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2.2. Main Results

Remark 2.2.1 Setting S(x,y,x(s,t)) = z(s,t),we see that the obtained inequality is as
seen in in Lemma 1.2.1 and if we replace S(x,y,x(s,t)) by n(x(s,t)) where n is is a
differentiable increasing function on |0, +oo[ with continuous decreasing first derivative

n 10, +00[, one can easily derive Lemma 2.1 in [6] .

Theorem 2.2.1 Assume a(s,t), 5(s,t), v(s,t), ¥(x,y), m(s,t) € C(A,Ry) ,and a(s,t),
B(s,t), v(s,t) are nondecreasing in s and t. If z(s,t) € C(T',Ry) satisfies

z(s,t) < afs,t)+ [(s fo fo , T)dndT (2.11)
(s, t) [ fo m n,T)S(n,T,m(n,T))dndT
then,
M* dnd
o(5,8) < M (.94 N(ag) x Ao Jo TS T M D)ldr )
L= J S N*(n,7 ) (n, 7)R(n, 7, M*(n, 7))dndr
for (s,t) € I', where
s t
M*(z,y) = a(s,t) exp{ s.t) Jo Jo ¥(n,7)d dT}, (213)
N*(z,y) =(s texp{ t) f5 J }
and S (also R) is introduced as in Lemma 2.2.1,with
A B
| [ 3G timtn R 7 M 7)) ndr < 1. (2.14)
0o Jo

Preuve. Fixing any arbitrary (S,T) € I | then for (s,t) € 'y = [0, 5] x [0,T], from
(2.11) and taking into account that «(s,t), 5(s,t), and ~(s,t) are nondecreasing in s and

t, we have
(s,t) < a(S,T)+ B(S,T) [y [y ¥(n,T)x(n, 7)dndr

A B (2.15)
+7(5,T) fo fo m(s,t)S(n, T, x(n, 7))dndr.

Define a function z(s,t), (s,t) € I'; by the right side of (2.15). It is easy tp see that

z(s,t) is postive and nondecreasing in s and ¢, then

x(s,t) < z(s,t), (2.16)
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Further, we have

A B
(0,9) = a(S,T) + (S, T) /0 /0 m(n, 7)S(n, 7, 2(n, 7)dndr, (2.17)
&2(s,t) = B(S,T) fy (s, m)a(s, T)dT
< B(S,T) fo T)z(s, 7)dT (2.18)
< (g STfO STdT)(T).

Since z(s,t) is nondecreasing in ¢, from (2.18), one gets

(0/0s)v(s,t)
z(s,t)

keeping t fixed in (2.19), letting s = 7, and integrating it from 0 to s, we obtain
s t
z(s,t) < 2(0,t) exp {B(S, T)/ / »(n, T)dndr} . (2.20)
0o Jo
Combining (2.16) and (2.17) , we have

2(s,1) < [a(S T) +~(8,7) [;* P m(n,r)S(n,T,x(n,T))dndT}
xexp { B(S,T) fi [y dﬁdT}
— a(S, T)exp { B(S,T) fo Jy ¥ (n, 7)dndr }
+v(S,T) exp{ B(S,T) [y fo dT}dT}

X fo fo S(n, T, x(n, ))dﬂdT
= Mi(s,t, S, T) + Ni(s,1,8,T) [ [P m(n,7)S(n, 7, 2(n,7))dndr,

< B(S,T) /0 (s, )i, (2.19)

(2.21)

where
Mi(s,t,8,T) = a(S,T)exp {5(5, T) 2 [fu(n, T)dndT} ,
Ni(s,,8,T)  =5(S,T)exp {B(S,T) [ Jy v(n,7)dndr } .
Using Lemma 2.2.1 from (2.21), we obtain

(2.22)

x(s,t) < Mi(s,t,S,T)+ Ni(s,t,5,T)

fo fo (n,7)S(n,7,M1(n,7,S,T))dndr
1= [ [P N1 (s,6,X,Y ym(n,7) R(s,t,M1 (s,t,5,T))dndr’

(2.23)

X
since the inequality (2.23) holds for all (s,t) € I'y , taking s =S and t =7 , we have

w(s,) < M(S,T,S,T)+ N(S,T,8,T)
]0 ]0 m(n,7)S(n,7,M1(n,7,S,T))dndr
1 fo fo (n,m)M1(n,7,S,T)R (777',M1(7]7'ST))d17d7—

o % % f f m(n,7)S(n,7,M*(n,7))dndr
= M*(8,T) + N*(5,T) x 1-f5 }0 ?V*(n Tym(n,7)R(n,7,M*(n,7))dndr’

(2.24)
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for (S,T) € I', where M*(X,Y), N*(X,Y) are defined as in (2.13).
Taking into account that S and 7T are arbitrary, we replace S and T by s and ¢ ,

respectively, one gets the desired inequality. This completes the proof. m

Remark 2.2.2 If we take S(s,t,z(s,t)) = x(s,t), Theorem 2.2.1 will be reduced to Theo-
rem 2 in [8] and if we replace S(s,t,z(s,t)) by n(x(s,t)) where n is defined as in Remark

2.2.1, one can easily derive Theorem 2.1 in [6].

Theorem 2.2.2 Assume a(s,t), 3(s,t), v(s,t), ¥(s,t) and m(s,t) are defined as in The-
orem 1. If x(s,t) € C(I',Ry) satisfies

2P(s,t) < af(s,t)+ [(s fo fo )z (n, T)dndr (2.25)
+y(s,) J fg m n,T)S(n,T,w(n,T))dndT,
where p > ¢ > 0, p > 1 and p, g are constants, then,
M* dnd
2(5,t) < M*(s,t) + N*(s,) x Jo Jo " (5,8)S(n, 7, M*(n, 7)) . (2.26)
1 _.[O fO N* 777 ) (77’ )R(nuTa M*(nﬂ'))dﬁdT
holds for (s,t) € I, where
M*(s,t) = M(s,t)exp { fo fo dndT} (2.27)
N*(s,t) = Ni(s,t)exp { fo fo dndT}
and
M (z,y) = 1K v B(s, 1) ) Jo f3 [qK(q PIPa(n, T) + B K‘I/p] dndr
L s, t) + B=LKD
+2 a(s,t) + oK, . (2.28)
Bi(s,t) = LK@ P/Pf(s,t),  Ni(s,t) = K 7 (s, ),

W(Sat) = ¢<57t)7 m*(57t) = m(57t)7

and S (also R) is introduced as in Lemma 2.2.1,with
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2.2. Main Results

/ / N* (5, 7)M* (1, 7) R(n, 7, M* (1, 7))ddr < 1.

Preuve. Define a function (s, t) as follows

0(s,t) = t) dnd
(5:8) = B(s.) J§ Jy w00 7)a3(0. ) )
+y(s,1) o' Jo m n,T)S(n,T,:v(n,T))dndT,
for (s,t) € I'. Then, from (2.29) ,we obtain
2P(s,t) < afs,t) + 0(s,t). (2.30)
Applying Lemma 2.1.2, we have
(s, 1) < (s, t) + (s, )7 < LK (a(s,t) + 6(s,1) + LK
= A(s, t).
xi(s,t) < (afs,t) +0(s, )" < %K(qu)/p (a(s,t) +0(s,t)) (2.31)
4P=q pa/p
p Y

1-p
SK70(s,t) < A(s,0).
It follows from (2.31) , we easily obtain

O(s,t) < B(s,t) [ [30(n,T) x [gK(q—pvp (a(n, ) +6(n,7)) + 22 KUP| dndr
+(s.8) Ji* 7 mn, )0, 7, Ay, 7)didr,

(2.32)
from the last inequality of (2.31), we deduce that
O(s,t) < B(s,t) [5 [ 0( [QK(‘? PPa(n, ) + Bl K" | dndr
+qK @ D/P3(s, 1) fo fo (n, T)A(n, T)dndr (2.33)
+’V S t fO fO ’ ) 5(77777)\(7777)>d77d77
By a simple computation, we obtain
A(s, 1) < My(s,t) + Bi(s,t) f; [ 4b*(n, T\, T)dndr (234

FNL (s, 8) [ L7 e (s, 1) S (0, 7, Ay, 7)) dipd
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where M (s,t), Bi(s,t), Ni(s,t),¢¥*(s,t) and m*(s,t) are defined as in (2.28).
Remarking that M;(s,t), Bi(s,t) and Ni(s,t) are nonnegative, continuous, and non-

decreasing for (s,t) € I'".A suitable application of Theorem 2.2.1 to (2.34) gives

x(s,t) < A(s,t) < M*(s,t) + N*(s,t)

fOA f()B m* (an)S(anvM* (an))dndT
1— [ [B N+ (g1 )m* () R(,7,M*(n,7))dndr’

(2.35)

where M*(x,y) and N*(z,y) are defined as in (2.27). m

Remark 2.2.3 If we take S(s,t,x(s,t)) = x(s,t),p = 2,q = 1, Theorem 2.2.2 will be
reduced to corollary 8 in [8] and if we replace S(s,t,x(s,t)) by n(x(s,,t)) where n is is de-

fined as in Remark 1.2.1, one can easily derive Theorem 2.2 in [6].

2.3 Illustrative Examples

In this section, we apply some inequalities obtained in the previous sections to investigate

certain properties of the solution of integral equation in two independent variables.

Exemple 2.3.1 Consider the following intergral equation.:

2(5,1) = a(s,t) + Bs,1) /0 /OtCD(n,T,x)dndT—i—fy(s,t) /OA/OBH(n,T,:E)dndT, (3.1)

for (s,t) € I', where z(s,t) € C(I',R),a(s,t),5(s,t),v(s,t) € C(I'yR,) such that
a(s,t), B(s,t), v(s,t) are nondecreasing in s and t and ®(s,t,z), H(s,t,z) € C(T' x R, R).

Theorem 2.3.1 Assume that the functions ® and H in (3.1) satisfy the conditions

|D(s,t,z)| < (s, t)|x|, [H(s,t,x)] < m(s,t)S(s,t,x), (3.2)

where S, R : R x R — R, are nonnegative continuous function satisfy the following

properties
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IN

S(s,t,v) < S(s,t,u), (s,t) €eRI,v<wuu,veR

(3.3)
S(s,t,u) — S(s,t,v) < R(s,t,v)(u—v),(s,t) € RZ,0<v <u.

where (s, t) and m(n, T) are defined as in Theorem 2.2.1.
If x(s,t) is the unique solution of (3.1) ,then

S mn, 7)S (7, M* (n, 7)) dndr
1— [ [P N=(m, rym(n, 7)R(n, 7, M*(n, 7))dndr’

for (s,t) € I" where M*(s,t), N*(s,t) are defined in (2.13), with

|z(s,t)] < M*(s,t) + N*(s,t) X

A B
/O/0N*(n,T)m(n,T)R(n,T,M*(n,T))dndT<1. (3.5)

Preuve. Assume that z(s,t) is the unique solution of (3.1), from (3.2) and (3.3) we

have

z(s,t)] < als,t)+B(s,1) [y [y w(,7) [2(n, 7)| dndr
+y(s,t) [ 7 m(n,m)S(, 7, |2 (n, 7)|)dndr.

Now by applying Theorem 2.2.1 to (3.6), the required estimation (3.4) is obtained.

(3.6)

Proposition 2.3.1 Assume that the functions ® and H in (3.1) satisfy the conditionS

|q)(8,t,$) - @(S,t,f” < ¢(Sat) |l‘ - f| ) |H(S,t7l‘) - H(Sataf” < m(s,t)S(s,t,m _f)a
(3.7)
where 9(s,t), m(s, t) are defined as in Theorem 2.2.1 with S(s,t,0) = 0. If

A B
/ / N*(n,7)m(n,7)R(n, 7, M*(n, 7))dndr < 1,
0 0

where M*(z,y)and N*(x,y) are defined as in Theorem 2.2.1, and z(s, t) is a solution
of (3.1), then (3.1) has at most one solution.
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Preuve. Let x(s,t) and Z(s,t) be two solutions of (3.1), then
x(s,t) = afs, t) + [(s,t) fo fo (n, 7, z)dndt + (s, ) fo fo (n, 7, x)dndr, (3.8)
z(s,t) = a(n,7) + B(s,t) [y fo (n, 7,T)dndt + (s, 1) fo fo (n, 7,7)dndr,
From (3.8), we have
’$(37t) _E(Sat)’ < ﬂ(&t) fos fot |<I)<7777—7 $) - (I)(Uﬂ', f)’ dﬁdT
+(s,t) [3 f) |Hn,7,2) — H(n, 7,7)| dndr (39)

<ﬁstf0f0 7) |z — T| dndr
+7(s, 1) fo fo m n,T)S(n,T, |z — T|)dndr.
According to Theorem 2.2.1, we obtain that |z(s,t) —Z(s,t)] < 0, which implies
x(s,t) =T(s,t) for (s,t) €T. m
Conclusion In this chapter, some new inequalities of Pachpatte-Gamidov type in
two independent variables were derived .The obtained inequalities are extensions of many

results given in [6] . They can be help in the study of some classes of integral equations.
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CHAPTER

Exponential stability for
nonlinear perturbed time
scales systems with
Gronwall-Bihari-

inequalities

3.1 Introduction and preliminaries

The theory of time scales, which has recently received a lot of attention, was introduced by
Hilger [15] in his Ph. D. thesis in 1988 in order to unify continuous and discrete analysis.
A great deal of work has been done since 1988, unifying the theory of differential equations
and the theory of difference equations by establishing the corresponding results in time
scale setting. A time scale T is an arbitrary nonempty closed subset of the set of real
numbers R. During the last decades, time scale methods have rapidly been developed,
and have received a lot of attention by several authors, not only to unify continuous and
discrete processes, but also help reveal diversities in the corresponding results. The analysis
of nonlinear perturbations of linear systems is not only important for its own sake but also

has a broad range of applications. One of the analytic methods of the perturbation theory
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was referred to integral inequalities to quest some type of stability. Latterly, there have
been several papers(2,3,4,6,9,10,11,12,13,17,18,19], studying various types of stability
of dynamical time scale systems.

In this chapter , we investigate uniform exponential stability for nonlinear perturbed
systems on time scales by using the Gronwall-Bihari type inequality and Pachpatte type
inequality.

The chapter is organized as follows: in Section 2, provides a brief review of the time
scale theory and integral inequalities which play an important role in our analysis. In
Section 3, contains the statements and proofs of our main results. Section 4 shows the
applicability of the theoretical results by numerical examples.

First, we will briey mention some basic definitions and results of time scale calculus
for reader’s convenience, as they are detailed in the books of M. Bohner and A. Peterson

7,8].

3.1.1 Time scale calculus

In what follows, R denotes the set of real numbers, R, = [0,00) is the given subset of
R and T is an arbitrary time scale. The forward and backward jump operators o, p :
T — T are defined by o(t) :=inf {s € T: s > t}, p(t) :=sup{s € T : s < t}. C,q denotes
the set of rd-continuous functions and the set 7% which is derived from the time scale
Tas follows: If T has a left-scattered maximum m, then T* = T-{m}, otherwise, T* =
T, The graininess function g : T — [0, 00) is defined by wu(t) := o(t) —t. A function p :
T — R is called regressive if 1 + up # 0 on T* . R denotes the set of all regressive and

rd-continuous functions. We define the set of all positively regressive functions by

Rt ={peR:1+pult)p(t)>0for allt e T}.

Also, we define the interval [a, b] means the set {t € T : a < ¢ < b} for the points a < b

in T, If b = +o0, we denote T = [a, +00]y.
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3.1. Introduction and preliminaries

Definition 3.1.1 [7] If p € R(T,R), then we define the generalized exponential function
€p (tu tO) by .
eo(t.t0) =oxp ([ o)) forttn e,
to

where &, (2) is the cylinder transformation given by

6 (2) = %bg(uzh), i h£0,
&(2) = =z if h =0,

Lemma 3.1.1 [7]For a nonnegative p whith —p € R, we have the inequalities

¢ t
1—/p(u)AuSe_p(t,to)gexp{—/p(u)Au} for all t € T} .
to

to

Lemma 3.1.2 [7] Let ty € T* and assume L : T x T* — R is continuous at (t,t), where
t € TF witht > ty. Also assume that for eacht € TF, L2t(t,.) is rd-continuous on [ty, o(t)]
and for each € > 0, there exists a neighborhood U, of t, independent of T € [to, o(t)], such
that

|L(o(t),7) — L(s,7) — LA (t, 7)(o(t) — s)| <elo(t)—s| forallseU

where LAt denotes the derivative of L with respect to the first variable. Then

t t

g(t) == / L(t,n)An implies g>(t) := / LA (t,n)An + L(a(t),1).
to to

Lemma 3.1.3 [6]|Assume that z,m € Crq,n € RT. If

22 <n)z(t) +m(t) , t > to,t € T

Then

z(t) < z(to)en(t, to) + /ttm(s)en(t, o(s))As,t >ty t e T
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3.1. Introduction and preliminaries

Corollary 3.1.1 [7] Let p € R and t,ty,s €T, then
(i)eg (t,t0) =1 and e, (t,t) =1,
fii)ey (o (8) 1) = (1 + 1 (0)p (1) € (1. 10),
(iiey (t,10) € (t0, 5) = €5 (£, 5),
(iv)ey (t,t0) = gy
(v)If p € R, then e, (t,t9) > 0 for allt € T

Exemple 3.1.1 Letpe R, t,s € Tand t > s.

If T =R, then e, (t,s) = exp (fstp(T) dT),
IfT =R and p(t) = «, then e, (t,s) = e*(t=%),

If T =Z, then e, (t,s) = T:ﬁ_l (14+p(7)),

T=5

If T =hZ, with h > 0 and p(t) = a, then e, (,s) = (1+ ah)7 .
Note that if p, ¢ € R, then we define p& ¢ and & p by

(p®q) (t) := p(t) + q(t) + u(t)p(t)q(t), forall teT",

and

(ep) (t) = ) for all ¢ e T*.

1+ p(t)p(t)

For more details about the time scale exponential function properties, the readers may

read [8, chapter 2].

Definition 3.1.2 [14] A function w : R, — R, is said to belong to class F', if it satisfies

the following conditions :

w(x) > 01is mnondecreasing and continuous for z > 0,
1

—w(z) < w (f) fora>0.
a

a =

For example, if w(z) = 2P,p > 1, then w(Z) = () > N A= (0,1].

- a a
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3.1. Introduction and preliminaries

3.1.2 Stability definitions

For our purpose, we will assume that the time scale T is unbounded above, i.e., sup T =+

0o. Let ty € Tand t € ng . Let us consider time scale dynamic equations of the form

22(t) = f(t2(1)),

Z(to) = 20,

(1.1)

where z : T;g — R™ is the state vector and f : 'JI‘;; x R®™ — R" is a rd-continuous
vector-valued function. It is assumed that the conditions for the existence of a unique
solution of system (1.1) are satisfied. For the existence, uniqueness and extensibility of

its solutions, one can refer to [7]. Designate any solution of (1.1) with the initial state

(to, 20) by 2(t) = 2(, t0,20)-

Definition 3.1.3 [8] A mapping A : T — M, (R) is called regressive if for each t € T*
the n x n matriz I, + u(t)A is invertible, where I, is the identity matriz.

The class of all regressive and rd-continuous functions A from Tto M, (R) is denoted

Definition 3.1.4 [17] Let to € T. The unique matriz-valued solution of the IVP
78 = At)Z Z(ty) = I, (1.2)

where A € CrqR(T, M,,(R)), is called the matriz eXponential function and it denoted by
(bA (t7 tO) .

Accordingly, the matriz function ¢ 4(t,ty) possesses the following two properties:

gbﬁ(t,to) = A(t)¢A(t’t0>7
¢A<t0,t0) == In

This matrix function is referred to as the state transition matriz, and our assumption

in the nature of A(t) turns out that the state transition matrix exists and is unique.
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Theorem 3.1.1 [7] Suppose A, B € C.qR(T; M,(R)) are matriz-valued functions on T,
then

(1) ¢a(t,m)pa(r,s) = ¢pa(t,s) for allr, s, t € T.

(i) dala(t),s) = (I + pu(t)At))¢alt, s) -

(1it) If T = R and A is constant, then ¢(t,s) = ea(t,s) = eAtt=s.

() If T =hZ, with h >0, and A is constant, then ¢a(t,s) = (I + hA) =

Definition 3.1.5 [13] The system of dynamic equations (1.1) is said to be uniformly ex-
ponentially stable if there exist constants v > 1 (independent of ty) , A > 0 (=X € RT)
such that

1)1 < vllzolle-x(, to)-

The positif reals v and X\ are the so-called growth constants.

Now, we give the following characterization in terms of the transition matrix for system

(1.2).

Theorem 3.1.2 [13]The system of dynamic equations (1.2) is uniformly exponentially
stable with respect to t € T% if and only if there exist constants A > 0 (=X € R") and

v > 1 such that for any ty and z (i), the corresponding solution satisfies

l|pa(t,to)|| < ve_a(t,to), for allt € ng.

3.1.3 integrals dynamic Inequalities

The following lemmas are useful in our main results.

Lemma 3.1.4 [16] Let z € C.q(T, R,). Suppose that h,g € RT with h > 0,9 > 0 and
2o € R. If

t s

2(t) < 2o+ /h(s)[z(s) + /g(T)z(T)AT]As fort € T,

to to
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then
t

2(t) < zo[1 + /h(s)eh+g(s,to)As] fort € T,

In particular, if z(ty) = 20 = 0, then z(t) =0 on T*.

Lemma 3.1.5 [16] Let H € C(R.,R,) be nondecreasing function such that H(z) > 0
for z>0 and g € BT with g > 0. If z2(t) € Crq(T,R,) satisfies
t
z(t) < M + /g(s)H(z(s))As fort € T,
to
where M > 0 is a constant, then

2(t) < GTHG(M) + /g(s)As) fort € T,

to

where G satisfies condition:

a) G is a solution of G*(u(t)) = I;(i((?)) and G is strictly increasing with G(M) +

t
[g(s)As which is in the domain of G~ fort € T*.

to

Lemma 3.1.6 Suppose that z, f,g,d,m € C.q (T,Ry). If

2(t) < f(t) + g(t) /t [d(s)2"(s) +m(s)] As for allt € T}, pe]0,1[,

to

then
2(t) < f(t) + g(t)/ L(7) exp [ M(S)As] AT for allt € T,
to o(r)
where
Lt =dOmf0) +1-p) +mlt), s
M(t) =pd(t)g(t).
Preuve. Define a function z(t) on T by:
(0= [ {97 (s) + m()} As.
then,
z(t) < f(t) + g(t)=(1), (1.4)
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fort € T N'T*, we have

then,
22(t) < d®)(p(f(t) + g(H)2(t) +1 = p) +mlt),
further,
22 (t) < pd(t)g(t)=(t) + d(t)(pf(t) + 1 — p) +m(t), (1.5)

the inequality (1.5) can be reformulated as
22(t) < M(t)z(t) + L(t), 2(ty) = 0,

where L(t), M(t) are defined as in (1.3).
Applying Lemma 3.1.3 to the last inequality, we obtain that
2(t) < /tL(T)eM(t,O'(T>>AT,
to
It follows from Lemma 3.1.1 that
A(t) < / L) exp [ / : )M(S)As] Ar, (1.6)
to o(T

substituting (1.6) in (1.4), we obtain the desired inequality. m

Lemma 3.1.7 [6] Let us consider z, f € C.q(T,R}) and c is a positive constant. Let
w : Ry — Ry be a continuous function which is nondecreasing positive on ]0, +00],
L:T xT— Ry be a rd-continuous function and G be given by
* ds
G(z) :/ ——,2>0,2 > 0.
2 W(s)

If

n

) < et / Fn) |w(zm) + / L, Pyw(=(r)Ar | An,

fort € T, then for all t € Tsatisfying

n

G(c) + /f(n)[l + /L(?],T)AT]A?] € Dom(G™1),

t
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we have
A1) < GG(A) + / FlL + / L(n,7) Ar]An),

where G~ Yis the inverse function of G.

3.2 Main Rresult

In this section, we consider a particular class of systems (1.1), i.e the system

22 =At)z + F(t,2(t)),

3.1
Z(to) = 20, <0 7’é 0. ( )

where zg,z € R", F(t,0) = 0, ty € T and F : T x R* — R" is an rd-continuous

function. F represents the disturbance of the time-varying linear system :

22t = A(t)z,

(2.2)
Z(to) = 20, <0 # 0.

Lemma 3.2.1 [3]Consider the regressive time-varying perturbed system of the form (2.1).

Then, every solution can be written in this form

2(t) = Pa(t, to)zo +/ Da(t,o(s)F(s,2(s))As, t € T, . (2.3)

to

Now, we investigate the uniform exponential stability of such time-varying perturbed
systems under different conditions on the perturbed term using Gronwall-Bihari and

Pachpatte- type inequality.

Theorem 3.2.1 Suppose that (2.2) is uniformly exponentially stable with positive con-
stants A and v and

I1E(E 2(O)F < g(®) H[[=(D)]]), (2:4)

where H € F and g € RT with g > 0 such that f#}i(s)g(s)As < +o0.
to

Then the perturbed system (1.1) is uniformly exponentially stable.
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Preuve. Let to € T, 0 # 20 € R" and t € '11";;. For any to and 2y = 2(ty) and from
(2.3), the solution of the perturbed system (2.1) is given by :
t
z(t) = D a(t, to)z(to) +/ Gy (t,0(s))F(s,z(s))As.
to
Taking into account the fact that system (2.2) is uniformly exponentially stable and

the growth rate perturbation (2.4), we can estimate the solution z(t) as

2@ < [[@alt, o)l ||Zo||+/t [@a(t, a(s))[E(s, 2(s))]| As

IN

Izl 1At o)l 1|20l + /tt 1@ a(t, ()l g(s)H([[2(s)[]) As

2O < ye-a(t,to) [l 2o

t
1
+’Y€—/\(t7t0)||20||/ ve-x(to, o(s))e-x(s,t0)g(s) H([|z(s)]])As.
to ve-x(s,to) [|zol]
Setting u(t) = % and taking into account the fact that H € §, one can get

t
g
u(t Sl—l—/— s)H (u(s))As.
<1+ | e )
Applying Lemma 3.1.5 to the above inequality, one obtain that

t

u(t) < GHG() + / T e(eIA),

to
where G is defined as in Lemma 3.1.5.

Then, we have

12 < 7 llz0ll e-a(t, 1) G~HG(1) + /mg(S)AS),

0

let
400

d =GN (GA) + /#M(S)g(s)as).

+oo
It is clear that GY(G(1) + [ T 9(s)As) = 1, then d > 1, which proof that the
0

perturbed system (3.1) is uniformly exponentially stable. m
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Theorem 3.2.2 Assume that the following assumptions are satisfied:

i) the system (2.2) is uniformly exponentially stable with positive constants A and =y

and
IE (@ 2@ < h@) =] +y(?)), 2.5)
ya(t) < g@) Iz, y(to) =0,
where h,y, g are nonnegative rd-continuous functions,
i1) there exists a positive constant m such that
+00
/ﬁeﬁ+g(s,to)As <m < 400, (2.6)
to
where
h(t) = ye_x(to, o (£))h(1). (2.7)

Then the perturbed system (2.1) is uniformly exponentially stable.

Preuve. Let to € T, 0 # 2p € R* and t € ng. For any ty and 2y = z(ty) and from
(2.3), the solution of the perturbed system (2.1) is given by :
t
2(t) = Pa(t, to)z(to) +/ D4(t,0(s))F(s,2(s))As.
to
Taking into account that system (2.2) is uniformly exponentially stable and the growth

rate perturbation (2.5), we can estimate the solution z(t) as

2@ < 1@t o) [l 20 +/tt [Palt, o(s)IF (s, 2(s))]| As
< ettt lal
reortioty) [ sttt (Il + [ ot el ar) as
< realtsto) o °
+e_x(t, o) /t: ve_x(to,o(s))h(s) (% + /t: g(T)%AT) As
Since from Lemma 3.1.1, we have e_,(t,ty) < 1 and setting u(t) = Jj((gl‘o),one can

obtain

u(®) <7l + | eoa(to, o())h(s) (u<s> + [ nguv)m) As,

to to
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Applying Lemma 3.1.7 to the last inequality one can get

ut) <7 llall[L+ [ Bs)eg(o,to) s,

to
where h is defined as in (2.7).

From (2.6), one can obtain

()] < v(m+1) [|zol| e-a(, to)-
Therefore, the perturbed system (2.1) is uniformly exponentially stable. m

Theorem 3.2.3 Assume that there the following conditions are satisfies :

D) F(tx)|| < n(@) ]z + k), where I, k € Crq(T,Ry) and n : Ry — Ry is a
differentiable increasing function on |0, +oo[ with continuous nonincreasing first derivative
n'on ]0,00[,p € ]0,1].

i1) Suppose that the linear system (2.2) is uniformly exponentially stable with growth

constants A and v,
iid) [ DO N < T < oo, [F((1 = pf ((s))I(5) + n(k(3))ex(to, o(5))As <
k< +00.

Then the perturbed system (2.1) is uniformly exponentially stable.

Preuve. Let t) € T,z € R” and t € T}. For any t, and zy = z(fo) and from (2.3),
the solution of the perturbed system (2.1) is given by :
t
2(t) = P a(t, to)20 +/ G y(t,0(s))F(s,2(s))As.
to
Taking into account hypotheses i) and ii), we obtain that
t
[2()[] < ve-x(t, to) [0 +7€A(t,to)/ e-x(to, o ())n (U(s) [2(s)[I" + k(s)) As.  (2.8)
to
Applying the mean value Theorem for the function 7, then for every z; > y; > 0, there

exists ¢ € |y1, z1] such taht

n(z1) —n(y) =n'(c)(z1 — 1) <0’ (n) (21 — ),
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which gives:

1 (1) ()" + k(s)) < 71'(k(s)) x 1(s) [|2()]I” + n(k(s))- (2.9)

From (2.8) and (2.9),0ne gets
I2(D]] < ve-x(t, to) ||Zo||+76—x(t7to)/t e-x(to, o(s)) [ (k(s)) x (s) [[2(s)[]” + n(k(s))] As.

Applying Lemma 3.1.6 to the above inequality, we obtain

2N < ~e-x(t, to) [lIZoll + Jyle-a(to, o () (k()l(s) (pre-x(s. to) o]l +1 = p)
+ea(to, o(s))n(k(s))}

X exp (m Sl oy e-xlto, o ()i (k(r)) x U(7)e_(r, to)m) As} ,
(2.10)

It is clear that inequality (2.10) can be reformulated as :

2] < ye-x(t; to) [HZoH + Jyle-a(to, o () (k($)U(s) (pre-x(s. to) o]l +1 = p)
+e-(to, o(s))n(k(s))}

x exp (p7 f1,) e lto, o (1) (k(7)) % UT)e (7, ) AT ) As| -

According to the hypothesis iii) and from (1.11), we obtain the following estimate

[0 < 7 (1+prdexp (prd) ) e-altsto) 20l + vk exp (prd) eat o).

kexp (m@

= ye_x(t,to) |20l |1 +p75eXp (pvcj) * 20|

Then the perturbed system (2.1) is uniformly exponentially stable. =

Theorem 3.2.4 Assume that there exist [, y,g € Cq(T, Ry) and w € F that satisfy the
following conditions :
i)
IE® 2] < 1) (w(llz(0]) +y(@),

N (2.12)
y=(t) < g@w(llz@)]), y(to) = 0.
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i1) Suppose that the linear system (2.2) is uniformly exponentially stable with growth
constants A and v,

i1i) There exists a positive constant m such that

400 ~ s
/ T +/to e-x(n,8)g(n)An]As < m < +oc.

to

Then the perturbed system (2.1) is uniformly exponentially stable.
Preuve. Let to € T, 0 # 2o € R and t € T;,. For any ¢, and zy = z(ty) and from
(2.3), the solution of the perturbed system (2.1) is given by :
t
z(t) = D a(t, to)z(to) +/ Dy (t,0(s))F(s,z(s))As.
to

Taking into account that w € § and the growth rate perturbation (2.12), then we have

t
[z < ([ Palt,to) ||ZO||+/ [@a(t,a(s))|l [[ (s, 2(s))]| As
to
< vea(t to) |20l
t s
rer(ttn) [ renttaa()its) (wlle @D+ [ smudimiar) as
to to
< ve_a(tsto) [ 20|
! HZOH e_x(s, to)w (22—
se(tte) [ et o ()N Tvle-s{o2)
to + J 9) [lz0]l e-x (0. to)w (o tirey ) A7
< ve-x(t to) [ 20|
t llzoll w( llz(s)l )
—i-e)\(t,to)/ ~y1(s) 1- )\H(S) llz0lle—x(s,to) ol
to +e_» to, j; ‘ZQHQ A(ﬁ,to)M(m)An
t — /\1 w llz(s)ll )
< et to) |20l 74_7/ I(s) u(S)n ”ZOHE—AH(j(t?;)))” As
fo + oo 9D 550 (e ey ) AT
Setting u(t) = Hzolilz(%’ then we obtain that

o) <7+ [ st (wule)+ [ et shgtututn)an) s

t01_>\/’l’8 to

an application of Lemma 3.1.7, gives

45

As

As



3.3. Numerical examples

t

) SWIWE) + [T+ [ e ool ans)

to

t
where W (~) + fﬁml(s)[l +ftz e_x(n,8)g(n)An]As) € Dom(W ~1) then, we obtain
to
that

—+00

=01 < ol eostt W (W) + [ i+ [ eostnslatmanas),

to

which ensure that the perturbed system (2.1) is uniformly exponentially stable. =

3.3 Numerical examples

In order to illustrate the performance of the proposed stability criteria in Theorem 3.2.1

and Theorem 3.2.3, we will provide a numerical examples.

Exemple 3.3.1 Let T be a mized continuous-discrete time scale and ty = 0.The discrete

part has non-uniform step size. The graininess function is bounded as follows: Vt € Tg

0 S ,U/(t) < HUmax = 3

Consider the following time-varying system:

A _ V3 1 2
@ =t S Emee el
A — 1 1 2
%L T TRy E e A (3.1)
Z<0) - (21707 22 0)7
where z = (21, z9)" € R2.
System (3.1) can be written as system (2.1) :
_ V31,2
Ao TV )4 2 T |Z2|2 , (3.2)
0 -1 <2 2 D) (o)1) |21
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3.3. Numerical examples

— 0
where A = € CrdR(T,M,(R)), p # 1, F(t,0) = 0 and
0 -1
e_1(t,0 0
DA(t,0) = 1(£0) , te T, (3.3)
0 6_1<t, 0)

we deduce that

[ a(t, to)]] = V2e_1(t,0), (3.4)

then the varying linear system of (3.1) is uniformly exponentially stable with (\,~) =
(1,v2).

The perturbation satisfies conditions of Theorem 3.2.1 with

1

IF( =) < (t+D)(o(t) + 1)

[ElQl (3:5)

Here g(t) = 5 and H(z) = 2%.1t is clear that H € F . Moreover, one can

1
(t+1)(o(t)+1

verify that v ||zol| e—a(t, o)

+oo  ~g(s) _ [too 1
Jo T TR@As =l e eeemAS: (3.6)

+oo 1 _
S 2’}/ fO WAS = 2\/5 < +00.

From Theorem 3.2.1, one can conclude that system (3.1) is uniformly exponentially

stable.

Exemple 3.3.2 Let Tbe a mized continuous-discrete time scale and to = 0.The discrete

part has non-uniform step size. The graininess function is bounded as follows: ¥Vt € T,

1
0< ,u(t) < Umax = 5

Consider the following time-varying system:

A SO
20 = —z + garctan(l(t) |22]3 + \/m),
B = =+ Barctan(I(t) 2]} + —=L ), (37)

\/Z%+Z;+1
Z(O> - (Zl,ov Z2,0>7
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3.3. Numerical examples

where z = (21,22)" € R? , U(t) = “ERTEAR and k(1) = HE G

System (3.7) can be rewritten as :

1 54 k@l
A= -0 <[ I arctan({(t) |z2]” + \/z%’+z§+1) (3.8)
1 .
0 -1 22 \/Tg arctan(l(t) |z + —lzl )

\/zf—&—zg—i-l

The varying linear system of (3.7) is uniformly exponentially stable with (\,v) =
(1, \/5) . Hence assumption (ii) of Theorem 3.2.3 is verified.

The perturbation satisfies

1E(t,2(8))]| < arctan(i(t) [|2]|7 + k(£) = n(i(t) [|2]|* + Kk(?)),

e 1(a(),0)(t+o(t)+2) e 1(a(1),0)
I(t) = 1(t+1)2(0(t)+1)2 , k() = m’

(3.9)

hence assumption (i) of Theorem 3.2.3 is verified, with n(z) = arctan(z) is a differen-
tiable increasing function on|0, co[ with continuous nonincreasing first derivative.
Now, we verify iii) as follow :

1 e_1(0(s),0)(s+o(s)+2)

/“’o n(k)Us) N, /+°° OGN GO
1) : T— u(s)

T s+0(s) 42 T B N
/o <s+1>2<a<s>+1>2A5‘/0 (Grp ds =<t

/ (= D (R(5))I(s) + n(k()))e-n(to, 0(s)) As

to

T2 s+to(s)+2
/0 3(s+1)2(o(s) + 1)26—1(0(5)7 0)e-1(0,0(s))As

oo 1
+/0 arctan(<s Do) T 1)6_1(0(5), 0))e_1(0,0(s))As

/+°°2 s+o(s)+2 1
0

Foo 2 5
3051 D2o(s) 122 +/0 I COE T it Rt B

IN

From Theorem 3.2.3 , one can conclude that system (3.7) is uniformly exponentially

stable.
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Conclusion In this chapter, the exponential stability problem for some classes of
non linear perturbed system has been studied by using appropriate integral inequalities

on time scales.
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CHAPTER

Further new refinements
in h-Stability conditions
for nonlinear Abstract
Dynamic Equations on
Time Scales and

applications

4.1 Introduction and preliminaries

The theory of dynamic equations on time scale was introduced in [2] whose main objective
is to provide a unified approach to continuous and discrete analysis.The calculus on time
scales and dynamic equations on time scales have applications in any field that requires
simultaneous modeling of continuous and discrete processes, because they bridge the di-
vide between continuous and discrete aspects of processes. The applications include insect
population models, epidemic models, neural networks, and heat transfer. Foundational
definitions and results from the time scale calculus appear in an excellent introductory text

by Bohner and Peterson [8,9]. During the last few years, several studies were achieved on

23



4.1. Introduction and preliminaries

stability, h— stability of certain classes of dynamical equations and oscillation of dynamic
equations on time scales, see[3,4,5,6,7,11,12,13,14, 15,17, 18, 20, 22, 23, 24, 26, 27, 28, 29, 30, 31]
and references cited therein. The notion of h-stability was introduced by Pinto [26] which
is an extension of the notions of exponential stability and uniform stability.

In this chapter we discuss the h—stability for the following abstract dynamic equation

on time scale :

22(t) = Az(t) + f(t, 2), 2(tg) = 20 € D(A), t € TS, t > 1, (1.1)

in terms of the h-stability of the homogeneous equation :

22 (1) = Az(t), 2(to) = 20 € D(A),t € T, t > to, (1.2)

where A is the generator of a Cy-semi-group 7', f : T¢ x X — X is an rd-continuous
with f(¢,0) = 0 and 2 is the delta derivative of  : T{ —X, X is a Banach space.

We derive sufficient conditions for the h-stability notion of certain classes of abstract
dynamic perturbed equations on time scales using time scale versions of some Pachpatte
type and Gronwall Bihari inequalities.

Thanks to the definition of Cy-semigroup based on the concept of Laplace transforms
on time scales given in [21], we will avoid the following condition used in [18 — 20,24] :
Ifa,be T, thena—beT.

This condition is very restrictive because many time scales do not satisfy this condition.
For exemple, the quantum time scale T = ¢Z U {0} ,q > 1.

This chapter is organized as follows. In Section 2, we present definitions, properties
and some necessary concepts on the theory of Cjy-semigroup on time scale which are useful
for our study.In Section 3, we prove some integral dynamic inequality which can be used
in stydy of the h—stability of system (1.1). In section 4, some examples are given to

illustrate the obtained results.
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4.2. Co-SEMIGROUPS AND THE ABSTRACT CAUCHY PROBLEM

4.2 Cy-SEMIGROUPS AND THE ABSTRACT CAUCHY
PROBLEM

In [21], the authors introduce a definition of Cy-semigroup based on the concept of Laplace
transform on time scales, definition which is more general and encompass all the time
scales Ty satisfying 0 € Ty and sup Ty = +oo. Let us denote by Ty = Ty N [0, +00).

We begin by recalling the definition of the Laplace transform on time scales.

Definition 4.2.1 [8]|Assume that z : Ty — R is a requlated function. Then the Laplace
transform of z is defined by
ZA) = LA{z}(N) = / z(t)ed,y (t,0) At,
0

for X € D{z}, where D{z} consists of all complex numbers X € R for which the
improper integral erists.

In what follows, we present some properties of the Laplace transform.

Theorem 4.2.1 (Linearity, [8]) Assume f nd g are regulated functions on Ty and o and

B are constants. Then,
L{az+ By} (A) = al{z} (A) + BL{y} (V)
for xe D{z}nD{y}.

Theorem 4.2.2 [16] The function f: T — R is said to be of exponential type II if there

exist constants M, ¢ > 0 such that
|f(t)] < Me.(t,0). (2.1)

Theorem 4.2.3 [16] (Domain of the transform). Assume that f: Ty — R is a regu-
lated function of exponential type II with exponential constant ¢ > 0.

Then the integral [~ eZ, (t,0) f(t)At converges absolutely for
NeD={\eC: Re,\N(t)>c, ¥V €Tp}.
where

|lzh + 1| — 1

Rep(z) 1= :
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4.2. Co-SEMIGROUPS AND THE ABSTRACT CAUCHY PROBLEM

Definition 4.2.2 We say that T : Ty — L(X) is strongly continuous if T satisfies
|T(t)z — z||, = 0 as t — 0T for each z € X.

In [21], the authors use this property to establish concept of Cy-semigroup on time

scales.

Definition 4.2.3 We say that T : Ty — L(X) is a Cy-semigroup with infinitesimal
generator A if the following conditions are satisfied :

i)T(0) =1 and for every z € X, the function t — T(t)z is strongly continuous.

ii) There exists a Ao such that (Ag,00) C p(A), A€ D{T}NR and

~

TA\z=MN—-A)""2, zeX,
for all Re,(\)(t) > X fort € T{.

Corollary 4.2.1 [21] Let A : D(A) C X — X be a closed linear operator. Then there
exists at most a unique Cy—semigroup with infinitesimal generator A.

Also the authors in [21] characterize the infinitesimal generator of the semigroup T :
Ty — L(X). To this object, there begin by introducing the operator B as follows :

(1) If 0 is right-scattered, then

T(o(t)z—=z TO0)z—z
g Tle®):=z T
p(t) 1(0)
(iW)If 0 is right-dense , then
Br—lim LHZ=2
t—0 t

on the domain D(B) consisting of all z € X for which the limit exists.

In [21], the authors establish that definition of Cy-semigroup is equivalent to the ex-
istence of mild solutions of an abstract Cauchy problem. In what follows, let us consider
that A : D(A) C X — X is a closed linear operator and X\ is the constant involved in
Definition 4.2.3.

Theorem 4.2.4 [21] Let T : Ty — L(X) is a Cy-semigroup on X and let A be its

generator. Then the following properties hold :
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4.2. Co-SEMIGROUPS AND THE ABSTRACT CAUCHY PROBLEM

(i) For all z € X, the function u,(t) = T(t)z, t € T§ , is a mild solution of (1.2), where
u, satifies (2.1).

(i) A=A T =Tt) (A= A" forall X € (M.00) C p(A) , where X € RNC\ {0},
for allt € T{ .

(iii) If 2 € D(A), then T(t)z € D(A) and AT(t)z = T(t)Az, for all t € T{ .
(iv) [ T(s)zAs € D(A) and A [, T(s)zAs =T(t)z — 2 for all z € X and t € T§.

(v) Let z,y € X. Then z € D(A) and Az =y, if and only if f(f T(s)yAs =T(t)z— z for
all t € T§ .

(vi) A= B.
(vii) T'(-)z is a classical solution of (1.2), if and only if, z € D(A).

Remark 4.2.1 For more details about the properties of a Cy-semi-group T and its gen-
erator A in arbitrary time scale, we refer the reader to [21] and in the case T =R, we
refer to [25].

Now, we present the concepts of h—stability. We consider the dynamic equation defined

on a time scale T as below

22 (t) = f(t,2), z(ty) = 20, t,1o €T, (2.2)

where X is a Banach space and f : T x X — X is rd-continuous in the first argument.

Definition 4.2.4 [12] Equation (2.2) is called globally uniformly h-stable if there exist a
positive bounded rd-continuous function h : T— R | and a constant v > 1 such that, any
solution z (t) = z (t,tg, zo) of equation (2.2) satisfies

12 (t, to, z0) || < Yllzoll (8) (B (80) ™", .80 € T, (2.3)
(here (h (1) = L.

(®)

For the various definitions of stability, we refer to [15].
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4.3. Statement of results

4.3 Statement of results

4.3.1 Integral dynamic inequalities

Now, we state some nonlinear integral Gronwall type inequalities on time scales, which

are useful in our study.
Lemma 4.3.1 ([3]) Suppose that z, f, g,d,m € C,q (T,Ry) .If

z(t) < f(t) + g(t) /tt {d(s)z(s) +m(s)} As, for allt € Tf, (3.1)

then

£)+g(t /{d m(s)} exp Vt d(T)g(T)AT] As, for allt € Tf. (3.2)

o(s)
Lemma 4.3.2 Suppose that z, f,g,d,m € C.q (T,Ry) .If

z(t) < f(t) +g(t /{d )2P(s) +m(s)} As, for allt € TS, p €]0,1],

then
z(t) < f(t) + g(t) /t L(T) exp [/ M(s A8:| A, forallt € Tf,
where
L) = d0)pf0) + 1~ p) + (o), s
M(t) = pd(t)g(t).
Preuve. Define a function z(¢) on T} by:
= [ )5+ ms)} s,
then,
2(t) < f(t) +g(t)=(1), (3.4)

for t € T} N'T*, we have

then
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4.3. Statement of results

22(t) < dt)(p(f (1) + 9(t)2(8)) +1 = p) + m(t),

further

22 () < pd(t)g(t)=(t) + d(t)(pf(t) + 1 — p) +m(t), (3.5)

the inequality (3.5) can be reformulated as

22(t) < M(t)z(t) + L(t), 2(t) = 0,

where L(t), M(t) are defined as in (3.3).
Applying Lemma 3.1.3 (chapter 3) to the last inequality, we get
t
2(t) < / L(7)en(t,o(T))AT,
to

from Lemma 3.1.1 (chapter 3), it follows that :

() < / tL(T)exp[ t M(S)As] Ar, (3.6)

to o(7)

substituting (3.6) in (3.4), we obtain the desired inequality. m

Lemma 4.3.3 [1] Suppose that g is continuous and nondecreasing, p is rd-continuous

and nonnegative, and y is rd-continuous. Let w be the solution of

w? = p(t)g(w(t), wite) =F

and suppose there is a bijective function G with (G o w)A =p. Then

y(t) < B+ /ttp(T)g(y(T))AT, forallt €T

implies

y(t) < G [G (8) + / o) AT} , forallt €.

to
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Lemma 4.3.4 (/6]) Let to € T and assume that u, f € C,4(T;

to?

R;) and S : Ty xRy —

R, be a rd-continuously A-differentiable with respect to the first variable, which verifies
0<8(t,2) = Sty) < R(t,y)(z — y), (3.7)
fort e ']I'zg,z >y >0, and

SAt,0) >0, RA(t,0)>0 for allt € mathbbT}" (3.8)

to

where R : T, x Ry — R% a rd-continuously A-differentiable function with respect to
t. Let u, f be nonnegative rd-continuous functions on mathbthg . If L(t, s) is defined as

in Lemma 1 such that L(t,s) > 0 and L?t(t,s) >0 fort,s € ']I‘Z;Jr with s < t,then,

wy e+ [ s (stutm+ [ LSt an

to to

with ¢ > 0,for all t € TfO’Jr, implies

) < et [ F(S0,0) + Rita 0))ex-(nto) + [ ea(n.o(r) B (AT

to

for allt € Ty, with

A*(t) := R(o(t),0)f(t) + B2 (t0) + L(o(t),t) + /t LA(t, 7)AT

R(t,0) to
and t
B*(t) := S%(t,0) + L(o(t),t)S(t,0) + / LA(t,7)S(T,0)AT.

to

4.3.2 h-stability via integral inequalities

In this Section, we study h- stability of the abstract dynamic equation (1.1) in term of
the h-stability of the homogeneous equation (1.2) i.e.

22(t) = Az(t) + f(t,2),0 # 2(to) = 20 € D(A), t,to € TS, t > t,.

in terms of the h-stability of the homogeneous equation :
22(t) = Az(t),0 # 2(tg) = 20 € D(A),t,tg € TS, t > to.
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4.3. Statement of results

Here, we assume that the values z(t) € X and f : T¢ — X is an rd-continuous
function.  Assume initially that A is the infinitesimal generator of a Cy-semigroup 7T :
Ts — X .

Proceeding as indicated in [[21], Theorem 4.13], we can show that problem (1.2) has
a unique solution u(t, s) for all z € X. We define z(t,ty) = T'(t, to)z. It is not difficult to
see that

T:{(t,to): to,t €Tq, t >t} — L(X),

is a strongly continuous map, for every initial value zo € D(A).

Lemma 4.3.5 [21|Let A € L(X) and assume that f: T§ — X is rd-continuous. Then

the mild solution z(t) of the problem (1.2) is given by

() = T(t,to)= + /t T(t, 0 (1) (. 2(7)) At (3.9)

Remark 4.3.1 If T = R,, then (3.9) coincides with the classical solution of non-

homogeneous I'VP

2 () =Az(t)+ f(t,2(1), t >0,

(3.10)
VA (to) = 20
le.
¢
2(t) = eAltt0) 5 +/ eAt) £ (s, 2(s)) As. (3.11)
to
If T=hZ; (h > 0)then (3.9) take the form of
t—tg t t—s—h
2(t) = (I +hA) ™ z +/ (I4+A) " f(s,2(s))As, (3.12)
to

for more examples, we can see [21].

The following definition is important in establishing the following theorem.
Definition 4.3.1 ([1]) A function g : R, — R is said to belong to calss H if

(Hy) g(u) is non decreasing and continuous for u > 0 and positive for u > 0,
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(Hy) there exists a continuous function ¢ on Ry with g(au) < ¢(a)g(u) for a > 0,u > 0,

Now, we investigate the h—stability of such time-varying perturbed systems under
different conditions on the perturbed term using Gronwall-Bihari and Pachpatte- type

integral inequality.

Theorem 4.3.1 If the following conditions are satisfied
i) Equation (1.2) is globally uniformly h-stable.
i) f(t,z) < g(t)w(||z]]),t € Ty, where g is a positive and rd-continuous,and w € H

with corresponding multiplier function ® and r be the solution of

r2(t) = p(tw(r(t), r(to) =,
we assume that there is a bijective function W satisfying
Wor)®=p  with / p(s)As < oo, (3.13)
to

where

_ v9(t) Bto)) " h(t) 120 .
p(t) HZOH(h(to))_lh(U(t))(b(( (to)) ™ () llzoll) , (3.14)

then equation (1.1) is globally uniformly h-stable.

Preuve. Eq (1.2) is h-stable. Then, there exists a positive bounded function h defined
on T§ and there is a constant v > 1 such that for any solution z(¢,ty) = T'(¢, )20 of (1.2)

with intial value zy € D(A), we have
IT(t, to)z0ll < 7 ll20]l (1) (R(t0)) ™", t € T (3.15)
The solution of equation (1.1) is given by

z(t) = T(t, to)20 +/ T(t,o(s))f(s,2(s))As, t € Ty.

to

From condition i), and for any ¢ty € Ty and 29 = 2(¢y) and from (3.15), we obtain

Iz = ||T(tat0)20||+/tt||T(tJU(S))|| 1/ (s, (z(s))]| As

< llal 100 ()™ +9000) [ %w(ﬂz@)n)m
< B0 0t ol |1+ | (et As).
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4.3. Statement of results

The last inequality can be reformulated as

h(to) [12(0) ]| : o(s) ) ) )]
HOTl <7, Tt e O““” ”“M(>h@w%n)

Letting u(t) = }égf(ot))l)ﬁi?””, then the above inequality becomes
' 9(s)
i

to [120]] (h(to)) ™

Since w € H , then we have

‘ 79(s)
o 120]] (h(to)) ™" h(o(s))
ut) < v+ [ ploulus)as,

to

u(t) <7+ w ((A(to)) ™" [l20ll Als)uls)) As.

h(o(s))

6 ((h(t0)) ™" ll20]l h(s)) w(u(s))As,

u(t) < v+

where p is defined as in in (3.14). Applying Lemma 4.3.3, we get
t
u(t) < Wt [W () +/ p(s)As]
to
< w {W () —|—/ p(s)As] :
to

for all t € Ty .
Then, we have

h
[2(®)] < dWa

where

- [W () + /Oop(s)As] |

to

It is easy to prove that d > 1.Which characterizes the h-stability of equation (1.1). =

Theorem 4.3.2 If the following conditions are satisfied :
i) Equation ( 1.2) is globally uniformly h-stable.
i) The perturbed term satisfies || f(t, z(t))|| < (t) ||z]| + e(t),where I, e are nonnegative

rd-continuous functions.

iii) There exists a,b>0 such that

oo [(s).h(s (t oo es
" h() )As <a < +oo and ‘ZOTR fto h(a((g))As <b< +oo,

then equation ( 1.1)is globally uniformly h-stable.
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4.3. Statement of results

Preuve. Equation ( 1.2) is globally uniformly h-stable. Then, there exists a positive
bounded function A defined on ’]T(T and there is a constant v > 1 such that for any solution

z(t) = T(t — tg)zp of ( 1.2) with intial value zy € D(A), we have
IT(t, to)z0ll < 7 ll20]l (1) (h(t0)) ™, t € T

The solution of equation ( 1.1) satisfies

Izl < HT(t,to)ZoHJr/t 1Tt a(s)IF (s, 2(s)]| As

< llall o) ()™ 40 [ { s e+ e L

w Uh(o() (o 5)
Using Lemma 4.3.1 to the above inequality, we obtain that
O <l KO+ 7bi0) | o0 ol ) () ™)+ o)

o [ 7

It follows that

1201 < lzoll A (hlta) ™" + 21|20l A(E) (h(to))~"
()1 (s) o(s) A CUCTAW
/ Clols) T SR o) Tl p(”/a@ ho(r) )A'

From conditions i) and éi7), and taking into-account the fact that v > 1,we obtain

1)1 < v =0l B(£) (A(to)) ™" [ +(a + b)e™]
1)1l < e llzoll A(#) (A(to)) ™", where ¢ =y(1+(a+0b)e™) = L.

Then equation (1.1) is globally uniformly h-stable. =

Theorem 4.3.3 If the following conditions are satisfied :
i) Equation (1.2) iss globally uniformly h-stable,
i) The perturbed term satisfies || f(t, z(0))|| < 1(¢) ||z||” + e(t),p €]0,1],

iii) There exists a’, b/>0 such that foo lh‘zés)As <a < +o0 and P||zg|)| fto (- Z)(Z?SJFE D Ag <

b < 400,

then equation (1.1) is s globally uniformly h-stable.
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4.3. Statement of results

Preuve. Equation (1.2) is s globally uniformly h-stable. Then, there exists a positive
bounded function A defined on ’]T(T and there is a constant v > 1 such that for any solution

z(t) = T(t — to)zp of (1.2) with intial value zy € D(A), we have

IT(t, to)z0ll < 7 ll20]l (1) (R(t0)) ™", t € T

The solution of equation (1.1) satisfies
t
@Ol < T to) =l +/ 1Tt o (DS (s, 2(s)]| As
to

< Wl ) e 200 [ { G IO+ g f s

Using Lemma 4.3.2 to the above inequality, we obtain

IO < 5 ol 10 (Bt ™ + 9000 | (sl ) (o)™ + 1=

o
o) | I(r)h(r)
TRl P [p”/(,(s) o) ]A

It follows that

L@l < v llzoll (1) (h(t)) ™" + p7* 20l AlE) (A(to)) ™

(R () el [ UhE) ],
/to(h«o—(s)) M= p[m/g@ ho(r) © ]A'

From conditions #i) and 4ii) and taking into account the fact that v > 1 ,we get

1201 < 7 llz0ll E) (lte) ™" [1+ (e’ + ¥)em™]
the last inequality can be reformulated as
126l < ellzoll h(t) (Alto)) ™", where ¢ = y(1+py(a + 1)) > 1.
Then equation (1.1) is s globally uniformly h-stable. =

Theorem 4.3.4 If the following conditions are satisfied:

i) Equation (1.2) is s globally uniformly h-stable.

i) | 2) < (@) ||z)|P +e(t)), where l, e € Cog(T¢,Ry) and n: Ry — Ry is a
differentiable increasing function on |0, +oo[ with continuous nonincreasing first derivative

on 10,00, p €10, 1].
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4.3. Statement of results

+oo e(s))l(s)h(s)As
m)ft %§u<+oo,

then equation (1.1) is s globally uniformly h-stable.

h(to) +oo (1=p)n'(e(s))i(s)+n(e(s))
ol fto CO) As < v < +00,

Preuve. Equation (1.2) is s globally uniformly h-stable. Then, there exists a positive
bounded function h defined on T§ and there is a constant v > 1 such that for any solution

2(t) = T(t — to)zp of (1.2) with intial value zy € D(A), we have
IT(t, to)zoll < ll20]l R(t) (h(to)) ™", t € T§.
The solution of equation(1.1) satisfies

t
121 < 7 llz0ll (1) (Rlto)) ™" + vh(t)/ ey (L) [|2]I” + e(s)) As, with p € ]0,1[.
t
' (3.16)
Applying the mean value Theorem for the function 7, then for every z; > y; > 0, there

exists ¢ € Jy1, z1] such taht

n(z1) —n(y) =1'(c)(z1 — 1) <0’ (Y1) (21 — v1)-

which gives:
n(U(s) 121" + e(s)) < n'(e(s)) x Us) |2]1" + ne(s)). (3.17)

Then, inequality (3.16) implies

t
=00 < 7 oll A (e +9h(e) [ {6l o+ B s (a9

to

Applying Lemma 4.3.2, we obtain

@1 < 7 llzoll A(2) (h(to))1+7h(t)/t (TR ovh(s) lzoll (R(to) ™" + 1= p)

we(s) ) [ [ el D) T
Thio ”[p”/a(s) Mo (7)) A]A‘

From conditions 47) and 4i7) and taking into-account the fact that v > 1, we get

@)1 < ¥ lz0ll A(2) (A(t0)) ™ (L +py(p + v)e™],
2()I] < e llzoll A(t) (Ato)) ™", where ¢ = (1 +py(u + v)e™) > 1.

Then equation (1.1) is s globally uniformly h-stable. =
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4.3. Statement of results

Theorem 4.3.5 If the following conditions are satisfied

i) Equation (1.2) is s globally uniformly h-stable,

)| f(t, 2)|| < g®)w(||z]]),t € Ta,where g is a positive and rd-continuous function, w € §
and r be the solution of

r2(t) = ptw(r(t), r(to) =1,

we assume that there is a bijective function W satisfying
(Wor)>=p,  with / p1(s)As < oo,
to

where
~7g9(s)h(s)
D) = o)

then equation (1.1) iss globally uniformly h-stable.

Preuve. Equation (1.2) is s globally uniformly h-stable, Then, there exists a positive
bounded function h defined on T¢ and there is a constant v > 1 such that for any solution

z(t) = T(t — to)zp of (1.2) with intial value zy € D(A), we have
IT(t, to)z0ll < 7 [l20]l (1) (R(t0)) ™", t € T
The solution of equation (1.1) satisfies

Iz < ||T(t,to)20||+/t 1Tt o(sDIS (s, 2(s)]| As

< T to)z0ll + / 17, ()] 9(s) (ko)™ l1z0ll A(s) <h<t$§”f§zsk)s’i)|\zOr|As’

taking unto- account the fact that w € §,the last inequality can be rewritten as

to)) ol h(s), 1
O hlEo) Tzol 1(s)

=00l < 7 0] B0 (o)) 42000 | g(s) (A l=()) s,

to h(o(s))

the above inequality can be reformulated as

u(t) <+ /tpl(s)w(u(s))As,t e Td,

to
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4.3. Statement of results

where
R
U= Ry ) Tl
~ g(s)h(s)
SN TETE)

Applying Lemma 4.3.3 to the above inequality, we obtain

iy < w Wi+ /t:msms]
< wwe) s /:msms] ,

for all t € Ty .Then, we have

()11 < dh(t) (h(to)) ™" [l=o]l .

where

d=Ww {W () + /Oo pl(s)As} .

to

Then equation (1.1) is globally uniformly h-stable. m

Theorem 4.3.6 If the following conditions are satisfied
i) Equation (1.2) is globally uniformly h-stable,
i) Assume that there exist I, y, € Crd.(T§,R,) that satisfy the following conditions

L@ 2@ < WS E 1201 + y(®),

N ’ (3.19)
y= (1) < g@)SE [1z(1), y(to) =0,
iii) There exists positive constants m and m' such that
Jo sty (SlHo.0) % Rlto,0)exe(to) + [l en-trotr) B @ADS o
<mé,Vé € R, ,Vt, € T,
S (M00,0)+ Rlto, 00 e 10) + [l eas (o GNBI MDD

<m'd' V8 € Ry, Vg € T,
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4.3. Statement of results

where M (t,u(t)) = ﬁS (t, h(t)u(t)) where S satisfies (3.7) and the following condi-

tion

SAt(t,0)h(t) > S(t,0)h2(t), (3.22)

then equation (1.1) is globally uniformly h-stable.

Preuve. Equation (1.2) is globally uniformly h-stable. Then, there exists a positive
bounded function h defined on T and there is a constant v > 1 such that for any solution

2(t) = T(t — to)z of (1.2) with intial value z € D(A), we have
Tt to)20ll < 711201l A(E) (hi)) ™, £ € T
The solution of equation (1.1) satisfies
@l < 1T to)l + / Tt DI 175,206 As
< T to)zoll + / (o)1) (S el 0+ [ an)s () ar ) As

to

< llal b (e +900) [ 1 (S0 + [ oS () A

the above inequality can be reformulated as

u(t) < c+ /t h?ff(?)) (S(s, hs) [lu (s)]]) + /t 9(7)S (7, h(7) Hu(T)H)AT) As, (3.23)

where u(t) = ‘(‘28%', and ¢ = vyh(tg) ™! ||20]| ,

-if h(t) < 1, then S (¢, h(t) lu (@)]]) < S @ [[u @),

then, we obtain

u(t) <c+ /to h?(ly((z))) (S (s, [Ju(s)]]) + /t: g(17)S (7, ||u (7)]]) AT) As, (3.24)

applying Lemma 4.3.4, with L(t, s) = g(s),we obtain

12O < vh(0)h(to) ™ [1z0ll + Yh(E) fy, 7k ((S(Eo, 0) + R(to, 0)c) ea- (s, to)
+ ftz eas(s,0(7))B*(1)AT)As,

(3.25)
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4.3. Statement of results

for all t € Tp", with

and

B*(t) := S%(t,0) 4+ g(t)S(t,0),

Using inequality (3.20) of Assumption (éii), from (3.25) one can obtain for § =
llzoll R(to) ™Y, |2(O)|| < (1 +m)h(t)h(to) " ||20|| - Therefore, the equation (1.1) is globally
uniformly h-stable.

If h(t) > 1,then

L)l < yll2oll () (At0)) ™

0 L1085 (s (b 58 s ol ) )
3.26

the inequality (3.26) can be rewritten as :

DL < o 20| (o))~
+ [y S ( | 5(3 (s) L2l ) e 2 g i S <77 h(r) ”ZEQ”)AT> As.

one can reformulate (3.27) as

u(t) <c+ /t: % (M (s,u(s)) + /t:g(T)M (7,u(T)) AT) As,

where M (t,u(t)) = ﬁS(t, h(t)u(t)) and u(t) = |fl(g”.Clearly, M  verifes relation
(3.7), ie
M (t,z) — M (t,y) < Ri(t,y)(z —y),z >y > 0,t € T, with Ry(t,y) = R(t, h(t)y).

From our hypothesis we see that M and R; verify relation (3.8). Using Lemma 4.3.5 | it
yields

[ < ARt o]l +7h(E) J S (M (20, 0) + Rito, 0)c) es (5, t)
+ftz ea:(s,0(7))Bi(1)AT)As,

(3.28)
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4.4. Applications

Y(E)h(t)  RA(t,0)

ALlt) = Rle(®), 0 7o * “Ra.0)

g(t),

and

Bi(t) = M*(t,0) + g()M(t,0),

Using inequality (3.21) of Assumption (ii7), from (3.28), we obtain with &’ = h(to) ™" || 20|,

that [|z(t)]| < (1 4+ m/)h(t)h(te) " ||20]| .- Therefore, the equation (1.1) is h-stable. m

4.4 Applications
In this section, we give two illustrative examples to highlight the utility of our results.

Exemple 4.4.1 Let us consider the following perturbed problem. :

2 eiz(t,o)
22(t) = A2(t) +e_a(t,0)25(t) + Gy tto € T =524t > 1o, (1)
z(ty) =20 #0,
=2 _2
where 7, is the set of positive or zero integers, z € Cpq (Tg,R?), A = b €
0 -2

2 6_2(t70)
M (R) and f: T x R? — R? such that f(t,2(t)) = e_s(t,0)23(t) + Fgr

It is easy to see that the matriz A is the generator of the following Cy semi-group,

1
T(t,0) = (I+pA)" = (I +54)%,

then,
A 2t
T
Tt,0)=1[° ,
0 0
and
2(t—to)
= by (1
T(t,to) = = (2)¥tt) te Ty,
0 0 5 0 0
therefore,
V41 4 V41
1T, t0)ll :_(?2@40) e_2(t,to),
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4.4. Applications

by taking 6 > @ and h(t) = efg(t,O),we get

IT(t, 1) || < Se_2(t,0)e_2(0,t0) = 6h(t) (hlto)) ",

which ensures that the homogenous equation of the form z*(t) = A z(t) is globally uni-

formly h-stable. Furthermore, we have

1, -2 4
L3 (10) = ses(0,0).

Let know verify the others two conditions of Theorem 4.3.3.

It’s clear that || f(t, z(1))]] < e_%(t, 0). ||Z(t)||§—i-(i—1)2 , also
i T e q s,0)e=2(s,0
/ Uh(s) A, _ / i Je=2(s,0) N
Wo(s)) T (5,0)
to to 5
5 [e.e]
= Z/e—é(S’O)AS
to
5 3\ 5=/ 9
- Z e < Z -~
42(5) —42(25> =
SE%Z s=0
. 3 1 67%(570)
h(to) [ 5l(s) +e(s) §€_§(t0,0) /Oo ge_%(s,O) + e
As = o507 . As =
pllzoll Jiy  h(o(s)) [zl Je se_2(s,0)
3 1 e 2(s,0)
2¢-3(t0, 0) /°° 3¢-4(50)e3 (s, 0) + G
[zl Ji se_2(s,0)
56—3(t070) 9
= . —)+3 <+
8 ||zo % (6) g; Grnp ST
s€5 7+

All statements of Theorem 4.3.3 are approved. So, we deduce that the equation (4.1)
15 globally uniformly h-stable.

Exemple 4.4.2 Consider the following time-varying system:

A 422+ Laretan(e_s (1,0) |1 + o)

= At 2z + jarctan(e_s(1, V) [z NCTE T

A V3 RO 4.2

Z2 = —222 —I— Tarctan(e_%(tao) |Z1|3 + \/32+72+1)’ ( . )
21Ty

Z(O) - (21,072270)7
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4.4. Applications

where z = (21, 29)7 € R2
System (4.2 ) can be written as :

1 _a(t,0)|22|
1 2 4 sarctan(e_s(t,0) 1] + )

a— O 5 X + \/g 1 6_%(1?,8”2’2‘ (43)
— Vo 3 —_—
22 2 arctan(@_% (t, 0) ‘Zl’ + \/m)
2t
-1 2 11
1 AN\2t 2
where A = € My (R), T(t,0) = (I + pA)* = (I + 3A)* = :
0 -2 0 0

2t

1\2(t—to) 12
T(t to) = (5) , therefore,

IT (1 )l = VB = Ve (1 o),

by taking § > /5 and h(t) = e_;(t,0),we get
IT (¢, to)|| < de1(t,0)e-1(0,t0) = 6h(t) (h(to)) ",

which ensures that the homogenous equation of the form z2(t) = A z(t) is globally

uniformly h-stable.Furthermore, we have

h(o(t)) = e (o(),0) = (1 + _71)@_1@,0> - %e_l(t, 0).

The perturbation satisfies condition (i) of Theorem 4.3.4 with n(z) = arctan(z) is a

differentiable increasing function on]0, co[ with continuous nonincreasing first derivative.

1) < aretam(e_s (1,0) [|21]* +e_4(,0)) = n(l(t) 2] * +e().
I(t) = e_%(t, 0),e(t) = 6_%(25, 0),

we have

(4.4)

/+°° WU / o ey(5,0)ea(s,0)
5 1(5,0)(1 + (e_s(s,0))?)

_1(s,0)e_1(s,0)As = 2(1)23 < Z(%)s < 00,

SGTS' s=0

IN
[\]
S— 5
+
8
(‘0
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and
h(to) +oo 31 (e(s)l(s)+n(e(s)) ~ 3e_1(to,0)
pllzoll Jto h(a(s)) As == o) " o
400 587% S, arctan 67% S,
fto (%efl(s,O)(lJr(e_Ax(870))2 t le_1(s,0) JAs
10e_1(t0,0) [+00 e—1(s,0)e_2(s,0)
ol Jw ey A8 (4.5)
= —1071(?'0’0) e 2(s,0)As
Z0 to —3\7
_ 105—1@0,0) 2)\2 106_1(15070) x é
= 7 Teol gjz (5)% = 7 2_30(9)8 < t+00.
s€q Ly S§=

All statements of Theorem 4.3.4 are approved. So, we deduce that the equation (4.2)

is globally uniformly h-stable.

Conclusion This paper has been concerned with the problem of h-stability for per-

turbed system in bannach space.Sufficient conditions for h-stability of a class of abstract

dynamic equations on arbitrary time scales are obtained using integral inequalities ap-

proach. On the mentioned topics, new theorems are proven. The obtained results include

and improve some results in the literature. Moreover, two examples are given to illustrate

the applicability of the main result.

Acknowledgement. The authors are grateful to the referees for their valuable sugges-

tions.
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