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Abstract

This thesis is devoted to the study of the existence, the uniqueness and the as-

ymptotic behavior of some hyperbolic type problems, in the �rst problem, we study

the existence and the exponential stability of the solution of a porous-elastic system

with microtemperatures and a distributed internal delay term, the proof which we

have established the exponential stability is based on the construction an appropriate

Lyapunov function equivalent to the energy of the solution considered. This function

checks for a di¤erential inequation leading to the result of the desired decay

The next problem is devoted to the study of the asymptotic behavior of the

solution of a damped one-dimensional porous-elastic system with a single weakly

nonlinear feedback and a distributed delay term, using a multiplier method and some

properties of convex functions, we prove that the energy decreases explicitly and

generally for equal propagation speeds. .

Then, in the last problem, we consider a one-dimensional thermoelastic system of

full von Kármán beam with a delayed linear frictional damping, where the heat fux is

given by Cattaneo�s law. Under suitable assumption on the weight of the delay and

iii
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that of frictional damping, we prove that the system is exponentially stable. The idea

here, is to generalize some previous results existing in [19, 20, 21], by considering the

delayed problem.

Keywords: Porous system, mecrotemperature, exponential stability, Wave equa-

tion, Varying delay term, Exponential stability, Semigroup theory, Lyapunov func-

tional, delay terms in the feedbacks, distributed delay, viscoelastic, thermoelastic,

decay rate.

2000 Mathematics Subject Classi�cation: 35B40, 35L70, 93D15, 93D20.

35B40, 35L70, 93D15.



Résumé

Cette thèse est consacrée à l�étude de l�existence, de l�unicité et du comportement

asymptotique de certains problèmes du type hyperbolique, dans le premier prob-

lème, nous étudions l�existence et la stabilité exponentielle de la solution d�un sys-

tème poreux-élastique à microtempératures et à terme de retard interne distribué, la

preuve que nous avons établie pour démontrer la stabilité exponentielle repose sur

la construction d�une fonction de Lyapunov appropriée équivalente à l�énergie de la

solution considérée. Cette fonction véri�e une inéquation di¤érentielle conduisant au

résultat.

Le problème suivant est consacré à l�étude du comportement asymptotique de la

solution d�un système poreux-élastique unidimensionnel amorti avec une seule rétro-

action faiblement non linéaire et un terme de retard distribué, en utilisant une méth-

ode du multiplicateur et certaines propriétés des fonctions convexes, nous prouvons

que l�énergie décroît explicitement et généralement pour des vitesses de propagation

égales. .

Ensuite, et dans le dernier problème, nous considérons un système thermoélas-

tique unidimensionnel de poutre pleine de von Kármán avec un amortissement de

v



vi

frottement linéaire retardé, où le �ux de chaleur est donné par la loi de Cattaneo.

Sous des hypothèses appropriées sur le poids du retard et celui de l�amortissement par

frottement, nous prouvons que le système est exponentiellement stable. L�idée ici, est

de généraliser certains résultats antérieurs existant dans [19, 20, 21], en considérant

le problème retardé.

Mots-clés: Système poreux, Equation des ondes, Di¤erentiales à retard, Sta-

bilité exponentielle, Théorie de semi-groupes, Fonction de Lyapunov, Viscoelasticité,

Thermoélastisité, Retard distribué, .

2000 Mathematics Subject Classi�cation: 35B40, 35L70, 93D15, 93D20.

35B40, 35L70, 93D15.



 ملخص

، الزائدي النوع المسائل من لبعض تقاربًال والسلوك ، الوحدانٌةالوجود لدراسة الأطروحة هذهتهدف 

 مرن جملة نظام لحل سًالأ ستقرار الإو  و الوحدانٌةوجودال بدراسة الأولى سألةالم فًحٌث قمنا 

عن  سًالأ ستقرارأثبتنا الإ ، الموزع الداخلً التأخٌر بوجود حد و دقٌقة حرارة درجات مع مسامً

   و تحقق متراجحة تفاضٌلٌة، هذه الأخٌرة النظاملطاقة مكافئةمناسبة، طرٌق بناء دالة                    

.بدورها تؤدي مباشرة لتحقٌق الإستقرار الأسً لطاقة النظام   

 فعل بردود مخمد البعد أحادي مسامً مرن نظام  جملةلحل تقاربًال السلوك ندرس فٌها التالٌة سألةالم

 خصائص بعض و ؤثر الضربًالم طرٌقة باستخدام ،موزع تأخٌر  بوجود حدو ضعٌفة خطٌة غٌر

.نتشارالإ سرعات  تحت شرط تساويعامو ٌحصر  بشكلتتناقص  الجملةطاقة أن ناثبتأ المحدبة، دوالال  

ا نظامًا ناعتبرإ الأخٌرة، سألةالم فً ًٌ امد التخ  بحدالكامل                      لشعاع البعد أحادي حرار

Cattaneo   قانون ٌتبع الحراري التدفق حٌث المتأخر، الخطً  الإحتكاكً

 بشكل مستقر النظام أن نثبت ،تحت شروط مناسبة على دالتً وزن حد التأخٌر و حد التخامد الإحتكاكً 

 من خلال [21]، [20]، [19] فً الموجودة السابقة النتائج بعضل تعمٌم هً، النتائج المحصل علٌها كبٌر

 . إعتبار المسألة المتأخرة

:الكلمات المفتاحية  

.، الإستقرار الأسً، المرونة الحرارٌة، حد التأخٌر الموزع، معادلة الأمواجمسامً نظام  

 

  

von Kármán 

Lyapunov 
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0.1 Introduction

Porous media have become an important subject of study and increasing interest in

recent years due to their role in the modeling required by various industrial appli-

cations such as geological storage of CO2, storage of waste radioactive, engineering

of hydrocarbon reservoirs or geothermal energy. A scienti�c challenge facing geome-

chanics in this �eld is to model the �ow in such materials as well as determine their

permeability e¤ective. Signi�cant work has recently been devoted by various organi-

zations to these questions, both theoretically and in terms of numerical modeling and

experimental. The interest of this question also a¤ects other �elds such as hydroge-

ology (management of water resources), the environment (transport of pollutants in

cracked soils) or civil engineering (waterproo�ng of concrete).

The theory of porous-elastic material has been established by Cowin and Nunzi-

ato [1] and Cowin [2] in 1985. In order to obtain a stability results, various types

of dissipative mechanisms have been considered by many authors, temperature and

microtemperature elements have been introduced in the theory by Lesan [3], and

Lesan and Quintanilla [4]. We can refer to some references in this topic [5, 6, 7, 8].

Quintanilla [9] has studied the temporal decay in one-dimensional porous-elastic ma-

terials, and has found that porous viscosity was not su¢ cient to have exponential

stability in the solutions. We note that only thermal damping or only porous damp-

ing leads to the slow decay of the solutions, but when both of them are considered,

Casas and Quintanilla [10] has proved that exponentially stability of the solutions

holds. In addition, in another paper [11], they have showed that mixing temperature
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and microtemperature gives rise to exponential stability. In this way, Santos , A. D.

S. Campelo and D. A. J unior.[12] studied the porous elastic system when porous

viscosity is coupled with microtemperature.

The main results of this thesis

Our main results in this thesis can be summarized as follows:

Chapter II. In this chapter, we consider a porous-elastic system with microtem-

peratures and internal distributed delay acting on the �rst equation

8>>>>>><>>>>>>:
�utt � �uxx � b�x + �1ut +

R �2
�1
�2(s)ut (x; t� s) ds = 0;

j�tt � ��xx + bux + ��+ dwx = 0;

�wt � kwxx + d�tx + kw = 0:

By using the semigroup approach, we prove the well-posedness of our problem. In

addition, we prove that the unique dissipation due to the microtemperature is strong

enough to exponentially stabilize the system when the speeds of wave propagation are

equal.To achieve the decay estimate, we have introduced an appropriate multiplier

method which leads to the desired result.

Chapter III. In this chapter, we consider a one-dimensional porous system

damped with a single weakly nonlinear feedback and distributed delay term,
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8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

�utt � �uxx � b�x + �1ut +
R �2
�1
�2(s)ut (x; t� s) ds = 0; x 2 (0; 1); t > 0;

j�tt � ��xx + bux + ��+ � (t) g (�t) = 0; x 2 (0; 1); t > 0;

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ; x 2 (0; 1);

� (x; 0) = �0 (x) ; �t (x; 0) = �1 (x) ; x 2 (0; 1);

ux (0; t) = ux (1; t) ; � (0; t) = � (1; t) = 0

ut (x;�t) = f0 (x; t) in (0; 1)� (0; � 2)

The aim of this chapter is to establish an explicit and general decay rate, using a

multiplier method and some properties of convex functions in case of the same speed

of propagation in the two equations of the system. The result is new and opens more

research areas into porous-elastic system.

Chapter IV. This chapter is devoted to the study of the delayed system with

Cattaneo�s law and thermoelasticity with second sound8>>>>>>>>>><>>>>>>>>>>:

wtt � d1
��
ux +

1
2
(wx)

2�wx�x + d2wxxxx + �1wt + �2wt(x; t� �) = 0;

utt � d1
��
ux +

1
2
(wx)

2��
x
+ ��x = 0;

�t + qx + �utx = 0;

qt + 
q + �x = 0;

In this chapter, we consider a one-dimensional thermoelastic system of full von

Kármán beam with a delayed linear frictional damping, where the heat fux is given

by Cattaneo�s law. Under suitable assumption on the weight of the delay and that of

frictional damping, we prove that the system is exponentially stable. The idea here,

is to generalize some previous results existing in [19], [20], [21] by considering the

delayed problem.



Chapter 1

Preliminary

In this chapter, we recall and state some necessary basic knowledge in fonctional

analysis and some basic results which concerning the Layponov functionals and other

theorems, most of which will be used in the subsequent chapter. The reader can easily

�nd the detailed in the related literature, see e.g. [13, 14, 15, 16]

1.1 Functional Spaces

We denote by Rn the Euclid space, 
 � Rn is a bounded smooth domain, Ck(
) is

the kth di¤erentiable continuous function space in 
, C1(
) is the1th di¤erentiable

continuous functions space in 
 , C1c (
) is the1th di¤erentiable continuous functions

space with compact support in 


De�nition 1.1.1 Let X be a vector space over the �led K (K = R or C). Then a

semi-norm on X is a function k:k : X ! R, such that:

a) kxk � 0 for all x 2 X,

7
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b) k�xk = j�j kxk for all x 2 X and � 2 K,

c) kx+ yk � kxk+ kyk for all x; y 2 X.

A norm on X is a semi-norm wich also satis�es :

d) kxk = 0 =) x = 0. A vector space X toghether with a norm k:k is called a

normed vector space, or simply, a normed space.

De�nition 1.1.2 (Convergent and Cauchy sequences ). Let X be a normed space,

and let (xn)n2N be a sequence of elements of X.

a) (xn)n2N converges to x 2 X if: limn�!1 kxn � xk = 0;

i.e. if: 8� > 0;9N 2 N;8n � N; kxn � xk < �

b) (xn)n2N is a Cauchy sequence if: 8� > 0;9N 2 N;8m;n � N; kxm � xnk < �

Normed spaces in which every Cauchy sequence is convergent are called complet

normed spaces. In general a normed space is not complete.

De�nition 1.1.3 (Banach Spaces). A normed spaces is called a Banach space if it

is complet i.e. if any Cauchy sequence inside the space converges to a point of the

space.

Its dual space X
0
is the vector space of all continuous linear functional f : X !

R

Proposition 1.1.1 X
0
equipped with the norm k:kX0 de�ned by

8f 2 X 0
; kfkX0 = sup fjf (u)j ; kukX � 1g

is also a Banach space.
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Remark 1.1.1 From X
0
we construct the bidual or second dual X

00
=�

X
0�0
:Furthermore,with each u 2 X

we can de�ne ' (u) 2 X
00
by (' (u)) (f) = f (u) ; f 2 X

0
; this satis�es clearly

k' (u)kX00 � kukX ; u 2 X:

Moreover, for each u 2 X there is an f 2 X
0
with f (u) = kuk2X and kfkX0 =

kukX ; so it follows that k' (u)kX00 = kukX :

Proposition 1.1.2 Since ' is linear we see that

' : X ! X
00

Proposition 1.1.3 is a linear isometry of X onto a closed subspace of X
00
, we denote

this by X ,! X
00

De�nition 1.1.4 If ' (in the above de�nition) is onto X 00
we say that X is re�exive.

1.1.1 The weak and weak star topologies:

Let X be a Banach space and f 2 X 0
: Denot by

'f : X ! R

x 7�! (' (x)) (f)

when f cover X
0
, we obtain a family

�
'f
�
f2X0 of applications to X in R:

De�nition 1.1.5 The weak topology on X; denoted by �
�
X;X

0�
;is the weakest topol-

ogy on X for which every
�
'f
�
f2X0 is continuous.
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We will de�ne the topology on X
0
;the weak star topology, denoted by

�
�
X

0
; X
�
:For all x 2 X:Denote by

'x : X
0 ! R

f 7�! 'x (f) = hf; xiX0 ;X

De�nition 1.1.6 The weak star topology on X 0
is the weakest topology on X

0
for wich

every ('x)x2X0 is continuous.

Remark 1.1.2 Since X ,! X
00
; it is clear that, the weak star topology �

�
X

0
; X
�
is

weakest

then the topology �
�
X

0
; X

00�
;and this later is weakest then the strong topology.

De�nition 1.1.7 we call that a sequence (xn)n2N in X is weakly convergent to x 2 X

if and only if:

lim
n�!1

f (xn) = f (x)

for evry f 2 X 0
; and this is denoted by xn * x:

Remark 1.1.3 1) If the weak limit exist, it is unique.

2) If xn ! x 2 X (strongly) ; then xn * x (weakly).

3) If dimX <1; then the weak convergence implies the strong convergence.
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1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial di¤erential equation turns out

to be

the most important function space in modern physics and modern analyse, known

as

Hilbert spaces. Then, we most give some impotant result on these spaces here.

De�nition 1.1.8 A Hilbert space H is a vector space supplied with inner product

hu; vi

such that kukH =
p
hu; vi is the norm which let H complete.

Theorem 1.1.1 [13] Let (xn)n2N be a bounded sequence in the Hilbrt space H, then

it possess a

subsequence which converges in the weak topology of H.

Theorem 1.1.2 [13] In the Hilbrt space, all sequence which converges in the weak

topology is bounded.

Theorem 1.1.3 [13] Let (xn)n2N be a sequence which converges to x in the weak

topology and (yn)n2N

is an other sequence which converges weakly to y; then:

lim
n�!1

hxn; yni = hx; yi :

Proposition 1.1.4 Let H1 and H2 be two Hilbert spaces, let (xn)n2N � H1 be a

sequence which converges weakly to x 2 H1; let A a bounded linear operator from H1

to H2: Then, the sequence (A (xn))n2N � H2 converges to A (x)
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in the weak topology of H2:

Theorem 1.1.4 [14] (The Lax-MilgramTheorem)

Let H be a Hilbert space and let a : H �H �! R be a bilinear functional. Asume

that

there existe tow constants C <1; � > 0 such that:

(i) ja (u; v)j � C kukH

(ii) a (u; v) � � kukH for all u 2 H (coerciveness) :

Then, for every f 2 H
0
(the continuous dual space of H), there exists a unique

u 2 H such that

a (u; v) = hf; vi for all v 2 H

1.1.3 The Lp (
) spaces

De�nition 1.1.9 Let 1 � p � 1; and let 
 be an open domain in Rn; n 2 N: De�ne

the

standard Lebesgue space Lp (
) by

Lp (
) =

8<: f : 
 �! R; f is measurable and
Z



jf (x)jp dx <1

9=;
Notation 1.1.1 for p 2 [1;1[ ; denote by

kfkp =

0@Z



jf (x)jp dx

1A 1
p

.If p =1, we have

Lp (
) = f f : 
 �! R; f is measurable and there exists C such that; jf (x)j � C in 
g
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Notation 1.1.2 Let p 2 [1;1[ ; we denote by q the conjugate of p i.e.1
p
+ 1

q
= 1:

Theorem 1.1.5 Lp (
) supplied with the norm k:kp is a Banach space, for all 1 �

p � 1

Remark 1.1.4 In particularly, when p = 2; L2 (
) equipped with the inner product

hf; giL2(
) =
Z



f (x) g (x) dx;

is a Hilbert space.

Theorem 1.1.6 For 1 < p <1; Lp (
) is a re�exive space.

1.1.4 The Sobolev space Wm;p (
)

De�nition 1.1.10 i) Let m 2 N N and p 2 [1;1] : The Wm;p (
) is the space of all

f 2 Lp (
) ; de�ned as

Wm;p (
) = f f 2 Lp (
) ; such that @�f 2 Lp (
) for all � = (�1; �2; �3; :::; �n) 2 Nn; j�j � mg

such that @� = @�11 @
�2
2 @

�3
3 :::@

�n
n and j�j =

Pn
j=1 �j:

ii) If f 2 Wm;p (
) ; we de�ne its norm to be

kfkWm;p(
) =

8>><>>:
�P

j�j�m k@�fk
p
p dx

� 1
p
; (1 � p <1)P

j�j�m ess sup j@�f j ; (p =1)

De�nition 1.1.11 We denote by Wm;p
0 (
) the closure of C10 (
) in W

m;p (
)

Remark 1.1.5 i) If p = 2 we usully write

Wm;2 (
) = Hm (
) ; Wm;2
0 (
) = Hm

0 (
)
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Supplied with the norm

kfkHm(
) =

0@X
j�j�m

k@�fk2Lp(
) dx

1A 1
2

The letter H is used, since - as we will see - Hm (
) is a Hilbert space with usual

scalar product

hu; viHm(
) =
X
j�j�m

Z



@�u@�vdx

Note that H0 (
) = L2 (
) :

Theorem 1.1.7 [13] 1. Hm (
) supplied with inner product h:; :iHm(
) is Hilbert

space.

2. If m � m0 , Hm (
) ,! Hm0
(
)

Theorem 1.1.8 [13] Assume that 
 is an open domain in Rn; n � 1;with smooth

boundary �:Then,

i) if 1 � p < n; we have W 1;p (
) � Lq (
) ; for every q 2 [p; p�] ; where p = np
n�p

ii) if p = n; we have W 1;p (
) � Lq (
) ; for every q 2 [p;1) :

iii) if p > n; we have W 1;p (
) � L1 (
) \ C0;� (
) ;where � = p�n
p

1.1.5 The Lp (0; T;X) space

De�nition 1.1.12 Let X be a Banach space, denote by Lp (0; T;X) the space of

measurable

functions

f : ]0; T [! X
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t 7�! f (t)

such that

kfkLp(0;T;X) =

0@ TZ
0

kf (t)kpX dt

1A
1
p

<1; 1 � p <1:

If p =1;

kfkL1(0;T;X) = sup
t2]0;T [

ess kf (t)kX

Theorem 1.1.9 [13] Lp (0; T;X) equipped with the norm k:kLp(0;T;X) is a Banach

space.

Proposition 1.1.5 Let X be a re�exive Banach space, X 0 it�s dual, and 1 � p <1;

1 � q < 1; 1
p
+ 1

q
= 1: Then the dual of Lp (0; T;X) is identify algebraically and

topologically with Lq (0; T;X 0) :

1.2 Some useful inequalities

In this section, we shall recall some inqualities which will be used in the subsequent

chapters.

1.2.1 Young inequalities

Theorem 1.2.1 [13] Let 1 < p; q <1; 1
p
+ 1

q
= 1; then

8a; b 2 R�+; ab � 1

p
ap +

1

q
bq
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Theorem 1.2.2 [13] (Y oung inequality with ") Let 1 < p; q <1; 1
p
+ 1

q
= 1; then

8a; b 2 R�+;8" > 0; ab � "

p
ap +

1

"
q
p q
bq

The Young inequality has several variants in the following.

Corollary 1.2.1 Let a; b > 0; 1 < p; q <1; 1
p
+ 1

q
= 1: Then

i) a
1
p b

1
q � 1

p
a+

1

q
b:

ii) a
1
p b

1
q � 1

p"
1
q

a+
"
1
p

q
b; 8" > 0:

i) a�b1�� � �a+ (1� �) b; 0 < � < 1:

1.2.2 The Holder inequalities

Theorem 1.2.3 [13] Let 1 < p; q < 1; 1
p
+ 1

q
= 1; then if f 2 Lp (
) ; g 2 Lq (
)

we have

kfgkL1(
) � kfkLp(
) kgkLq(
)

Theorem 1.2.4 [13] (Generalized Holder inequality)Let 1 � p1; p2; :::; pm � 1;

1
p1
+ 1

p2
+ :::+ 1

pm
= 1;

then if fk 2 Lpk (
) for k = 1; 2; :::;m; we haveZ



jf1f2:::fmj dx � kf1kLp1 (
) kf2kLq2 (
) � :::� kfmkLpm (
)

Remark 1.2.1 We have the corresponding weighted Holder inequality of the integral

form. Let 1 < p; q <1; 1
p
+ 1

q
= 1; f 2 Lp (
) ; g 2 Lq (
) ; ! (x) > 0 on 
: Then

Z



jfgj! (x) dx �

0@Z



jf (x)jp ! (x) dx

1A 1
p
0@Z



jg (x)jq ! (x) dx

1A 1
q

:
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1.2.3 The Minkowski inequality

Theorem 1.2.5 [13] Assume 1 � p � 1; f; g 2 Lp (
) ; then

kf + gkLp(
) � kfkLp(
) + kgkLq(
)

if 0 < p < 1; then

kfkLp(
) + kgkLq(
) � kf + gkLp(
)

In the applications, the integral form from the Minkowski inequality is used fre-

quentely.

1.2.4 The Poincaré inequality

In this subsection, we shall recall the Poincaré inequality in di¤erent forms.

Theorem 1.2.6 [13] Let 
 be a bounded domain in Rn and f 2 H1
0 (
) :Then there

is a positive constant C such that

kfkL2(
) � C krfkL2(
)

Theorem 1.2.7 [13] Let 
 be a bounded domain of C1 in Rn: There is a positive

constant C such that for any f 2 H1 (
) :




f � ~f




L2(
)

� C krfkL2(
)

Where ~f = 1
j
j
R



f (x) dx is the integral average of f over 
 and j
j is the volume

of 
:



18

Theorem 1.2.8 [13] Under the assumption of the previous theorem, for any f 2

H1 (
) ; we have

kfkL2(
) � C

0@krfkL2(
) +
������
Z



f (x) dx

������
1A :

1.3 Basic theory of semigroups

In this section, we recall some basic knowledge in semigroups,most of whiche will be

used in the subsequent chapters. A general reference to this topic is [15, 16, 17]

The goal of this section is to prove Lumer-Phillips�theorem (see Theorems 1.4.3

and 1.4.6 of [15]) in a Hilbert space setting. For that purpose, we �rst recall the

notion of m-dissipative operators.

De�nition 1.3.1 A linear operator A on a Banach space X is called dissipative if

k(�I � A)xkX � � kxkX

for all � > 0 and x 2 D(A).

The dissipative operator A is called m-dissipative if (�I � A) is surjective for some

� > 0.

Note that it su¢ ces to establish the validity of the inequality above only for unit

vectors x 2 X, kxkX = 1:

For x = 0 the inequality is trivial, for x 6= 0 one can normalise.

Theorem 1.3.1 [15] Let X be a re�exive Banach space. If A : D(A) � X ! X is a

maximal dissipative operator, then D(A)

is dense in X.
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Proposition 1.3.1 For a dissipative operator A the following properties hold.

a) �I � A is injective for all � > 0 and



(�I � A)�1 y


 � 1

�
kyk

for all y in the range ran (�I � A) = (�I � A) (D(A))

b) �I�A is surjective for some � > 0 if and only if it is surjective for each � > 0:

In that case, one has (0;1) � � (A) :

c) A is closed if and only if the range ran (�I � A) is closed for some

(hence all)� > 0.

d) If ran (A) � D(A); e.g., if A is densely de�ned, then A is closable. Its closure

A is again dissipative and satis�es

ran
�
�I � A

�
= (�I � A) for all � > 0

Proposition 1.3.2 Let H be a Hilbert space. An operator A on H is dissipative if

and only if for every

x 2 D(A) we have

Re hAx; xi � 0 (1.1)

Proof. Assume (??) is satis�ed for x 2 D(A); kxk = 1 .Then we have

k(�I � A)xkX = k(�I � A)xkX kxkX � jh(�I � A)x; xij � Re h(�I � A)x; xi � �

for all � > 0:This proves one of the implications.

To show the converse, we take x 2 D(A); kxk = 1; and assume that

k(�I � A)xkX � � for all � > 0:
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Consider the normalised elements

y� =
1

k(�I � A)xkX
(�I � A)x

Then for all � > 0 we have

� � k(�I � A)xkX = h(�I � A)x; y�i = �Re hx; y�i � Re hAx; y�i

By estimating one of the terms on right-hand side trivially we can conclude the

following two

inequalities:

� � �� Re hAx; y�i and � � �Re hx; y�i+ kAxkX

are valid for each � > 0:These yield for � = n

Re hAx; yni � 0 and 1�
1

n
kAxkX � Re hx; yni

Since the unit ball of a Hilbert space is weakly (sequentially) compact, we can take

a weakly

convergent subsequence (ynk) with weak limit y 2 H:Then we obtain

kykX � 1;Re hAx; yi � 0; and Re hx; yi � 1

Combining these facts, it follows that y = x and that it satis�es (1:1)

Let us now go on with the notion of a semigroup of bounded linear operators on

a Banach space.
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De�nition 1.3.2 Let (X; k:k) be a (real or complex) Banach space. A semigroup of

bounded linear operators on X is a map

S : [0;+1[! L (X)

with the following properties:

(a) S (0) = I;

(b) S (t+ s) = S (t)S (s) ; for all t; s � 0:

We will use the equivalent notation (S (t))t�0 and the abbreviated form S (t) :

De�nition 1.3.3 The in�nitesimal generator of a semigroup of bounded linear

operators S (t) is the map A : D(A) � X ! X de�ned by8>><>>:
D (A) =

n
u 2 X; limt�!0+

S(t)u�u
t

exists
o

Au = limt�!0+
S(t)u�u

t
; 8u 2 D (A)

De�nition 1.3.4 A semigroup S (t) of bounded linear operators on X is uniformly

continuous if

lim
t�!0+

kS (t)� IkL(X) = 0

Proposition 1.3.3 Let S (t) be a uniformly continuous semigroup of bounded linear

operators.

Then there exists M � 1 and ! 2 R such that

kS (t)kL(X) �Me!t 8t � 0

Corollary 1.3.1 A semigroup S (t) is uniformly continuous if and only if

lim
s�!t

kS (s)� S (t)kL(X) = 0 8t � 0
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De�nition 1.3.5 A semigroup S (t) of bounded linear operators on X is called

Theorem 1.3.2 [15] strongly continuous (or of class C0; or even a C0 � semigroup)

if

lim
t�!0+

S (t)u = u 8u 2 X

Theorem 1.3.3 [15] Let S (t) be a C0 � semigroup of bounded linear operators on

X.

Proposition 1.3.4 Then there exists ! � 0 and M � 1 such that

kS (t)kL(X) �Me!t 8t � 0 (1.2)

Corollary 1.3.2 Let S(t) be a C0 � semigroup of bounded linear operators on X:

Then for every u 2 X; the map t 7�! S (t)u is continuous from R+ into X:

De�nition 1.3.6 A C0� semigroup of bounded linear operators on X is called uni-

formly bounded if

S(t) satis�es (1.2) with ! = 0: If, in addition, M = 1; we say that S(t) is a

contraction semigroup.

Theorem 1.3.4 [17] Let A : D(A) � X ! X be the in�nitesimal generator of a

C0 � semigroup of bounded linear operators on X;

Theorem 1.3.5 denoted by S(t) Then the following properties hold true.

(a) For all t � 0

lim
h�!0+

1

h

Z t+h

t

S (s)uds = S (t)u 8u 2 X
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(b) For all t � 0 and u 2 X

Z t

0

S (s)uds 2 D(A) and A

�Z t

0

S (s)uds

�
= S (t)u� u

(c) D(A) is dense in X

(d) For all u 2 D(A) and t � 0 we have that S (t)u 2 D(A); t 7�! S (t)u is

continuously di¤erentiable, and

d

dt
S (t)u = AS (t)u = S (t)Au

(e) For all u 2 D(A) and all t > s � 0 we have that

S (t)u� S (s)u =

Z t

s

S (�)Aud� =

Z t

s

AS (�)ud�:

Proposition 1.3.5 The in�nitesimal generator of a C0�semigroup S (t) is a closed

operator.

De�nition 1.3.7 (of the resolvent and spectrum of a closed operator) Let A : D(A) �

X ! X be a closed operator on a complex Banach space X:

The resolvent set of A; � (A), is the set of all � 2 C;such that �I �A : D(A)! X

is bijective.

The set � (A) = C�� (A) is called the spectrum of A:

For any � 2 � (A) the linear operator R (�;A) = (�I � A)�1 : X ! X is called

the resolvent of A:

Proposition 1.3.6 (properties of R (�;A)) Let A : D(A) � X ! X be a closed

operator on a complex Banach space X:Then the following holds true.

(a) R (�;A) 2 L (X) for any � 2 � (A)
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(b) For any � 2 � (A)

AR (�;A) = �R (�;A)� I

(c) The resolvent identity holds:

R (�;A)�R (�;A) = (�� �)R (�;A)R (�;A) 8�; � 2 � (A)

(d) For any �; � 2 � (A)

R (�;A)R (�;A) = R (�;A)R (�;A)

Theorem 1.3.6 [17] (analiticity of R (�;A)) Let A : D(A) � X ! X be a closed

operator on a complex Banach space X:Then the resolvent set � (A) is open in C and

for any �0 2 � (A) we have that

j�� �0j <
1

kR (�0; A)k
=) � 2 � (A)

and the resolvent R (�;A) is given by the (Neumann) series

R (�;A) =
X
n�0

(�0 � �)nR (�0; A)
n+1 :

Consequently, � 7! R (�;A) is analytic on � (A) and

dn

d�n
R (�;A) = (�1)n n!R (�;A)n+1 8n 2 N:

Theorem 1.3.7 [17] (integral representation of R (�;A)) Let A : D(A) � X ! X

be the in�nitesimal generator of a C0� semigroup of bounded linear operators on X;

S (t) and let M � 1 and ! 2 R be such that

kS (t)kL(X) �Me!t 8t � 0
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Then � (A) contains the half-plane

�! = f� 2 C;Re (�) > !g

and

R (�;A)u =

Z 1

0

e��tS (t)udt 8u 2 X;8� 2 �!:

Theorem 1.3.8 [16] (The Hille-Yosida generation theorem) Let M � 1 and ! 2

R.For a linear operator A : D(A) � X ! X

the following properties are equivalent:

(a) A is closed, D(A) is dense in X;and

�! = f� 2 C;Re (�) > !g � � (A)


R (�;A)k


 � M

(Re (�)� !)k
8k � 1; 8� 2 �!

(b) A is the in�nitesimal generator of a C0 � semigroup; S (t) ; such that

kS (t)kL(X) �Me!t 8t � 0:

Theorem 1.3.9 (Lumer�Phillips).Let A : D(A) � X ! X be a densely de�ned

linear operator. Then the following properties are equivalent:

(a) A is the in�nitesimal generator of a C0 � semigroup of contractions,

(b) A is maximal dissipative.

Proof. (a) ) (b) : In view of Theorem 69, we have that ]0;+1[ � � (A) :So,

(�I � A)D(A) = X for all � > 0:Moreover, by the Hille-Yosida theorem for all � > 0

and v 2 X we have that � kR (�;A) vk � kvk or, setting u = R (�;A) v;

� kuk � k(�I � A) vk 8u 2 X
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So, A is maximal dissipative.

(b)) (a) : We have that:

(i) D(A) is dense by hypothesis,

(ii) A is closed by Proposition 46� (c)

(iii) ]0;+1[ � � (A) and kR (�;A)k � 1
�
for all � > 0 by Proposition 1:3:1

The conclusion follows by the Hille-Yosida theorem.

1.4 Lyapunov Stability Theory

The investigation of stability for hereditary systems is often related to the construction

of Lyapunov functionals. The general method of Lyapunov functionals construction

which was proposed by V. Kolmanovskii and L. Shaikhet [22] and successfully used

already for functional di¤erential equations, for di¤erence equations with discrete

time, for di¤erence equations with continuous time, is used here to investigate the

stability of delay evolution equations, in particular, partial di¤erential equations.

1.4.1 Notations and de�nitions

Let U and H be two real separable Hilbert spaces such that U � H � H� � U�;

where the injections are continuous and dense. Let kk ; jj and kk� be the norms in U;H

and H�respectively, ((�;�)) and (�;�) be the scalar products in U and H respectively,

and h:; :i the duality product between U and U�. We assume that

juj � � kuk ; u 2 U (1.3)



27

Let C(�h; 0; H) be the Banach space of all continuous functions from [�h; 0] to

H; xt 2 C(�h; 0; H) for each t 2 [0;1), be the function de�ned by xt(s) = x(t + s)

for all s 2 [�h; 0]. The space C(�h; 0; U) is similarly de�ned. Let A(t;�) : U !

U�; f1(t;�) : C(�h; 0; H) ! U� and f2(t;�) : C(�h; 0; U) ! U� be three families of

nonlinear operators de�ned for t > 0; A(t; 0) = 0; f1(t; 0) = 0; f2(t; 0) = 0:

Consider the equation

du(t)

dt
= A (t; u(t)) + f1(t; ut) + f1(t; ut); t > 0 (1.4)

u(s) =  (s); s 2 [�h; 0]

Let us denote by u(�; ) the solution of Eq. (1.4) corresponding to the initial

condition  .

De�nition 1.4.1 The trivial solution of Eq. (1.4) is said to be stable if for any

" > 0 there exists � > 0 such that

ju (t; )j < " for all t � 0, if j jCH = sup
s2[�h;0]

j (s)j < �:

De�nition 1.4.2 The trivial solution of Eq. (1.4) is said to be exponentially stable

if it is stable and there exists a positive constant � such that for any  2 C(�h; 0; U)

there exists C(which may depend on  ) such that ju (t; )j � Ce��t for t > 0:

1.4.2 Lyapunov type stability theorem

Let us now prove a theorem which will be crucial in our stability investigation.
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Theorem 1.4.1 Assume that there exists a functional V (t; ut) such that the following

conditions hold for some positive numbers c1; c2 and �:

ju (t;ut)j � c1e
�t ju(t)j2 ; t � 0; (1.5)

ju (0;u0)j � c2 j j2CH ; (1.6)

d

dt
V (t; ut) � 0; t � 0: (1.7)

Then the trivial solution of Eq. (1.4) is exponentially stable.

Note that Theorem 1.4.1 implies that the stability investigation of Eq. (1.4) can be

reduced to the construction of appropriate Lyapunov functionals. A formal procedure

to construct Lyapunov functionals is described below.

1.4.3 Procedure of Lyapunov functionals construction

The procedure consists of four steps.

Step 1.

To transform Eq. (1.4) into the form

dz(t; ut)

dt
= A1 (t; u(t)) + A2 (t; ut) (1.8)

where z(t;�) and A2(t;�) are families of nonlinear operators, z(t; 0) = 0; A2(t; 0) =

0;operator A1(t;�) only depends on t and u(t), but does not depend on the previous

values u(t+ s); s < 0.
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Step 2.

Assume that the trivial solution of the auxiliary equation without memory

dy(t)

dt
= A1 (t; y(t)) (1.9)

is exponentially stable and therefore there exists a Lyapunov function v(t; y(t)), which

satis�es the conditions of Theorem 1.4.1 .

Step 3.

A Lyapunov functional V (t; ut) for Eq. (1.8) is constructed in the form V = V 1+V 2,

where V1(t; ut) = v(t; z(t; ut)). Here the argument y of the function v(t; y) is replaced

on the

functional z(t; xt) from the left-hand part of Eq. (1.8).

Step 4.

Usually, the functional V1(t; ut) almost satis�es the conditions of Theorem 1.4.1. In

order to fully satisfy these conditions, it is necessary to calculate d
dt
V1(t; ut) and

estimate it. Then, the additional functional V2(t; ut) can be chosen in a standard

way.

Note that the representation (1.8) is not unique. This fact allows, using di¤erent

representations type of (1.8) or di¤erent ways of estimating d
dt
V1(t; ut), to construct

di¤erent Lyapunov functionals and, as a result, to get di¤erent su¢ cient conditions

of exponential stability.



Chapter 2

Stability of a microtemperature

porous-elastic system with

distributed delay-time

In this chapter, we study the following porous-elastic system with microtemperatures

and internal distributed delay acting on the �rst equation

8>>>>>><>>>>>>:
�utt � �uxx � b�x + �1ut +

R �2
�1
�2(s)ut (x; t� s) ds = 0;

j�tt � ��xx + bux + ��+ dwx = 0;

�wt � kwxx + d�tx + kw = 0:

(2.1)

In order to have a well-posed problem we impose the following Dirichlet-Newmann-

Dirichlet boundary conditions

u (0; t) = u (1; t) = �x (0; t) = �x (1; t) = w (0; t) = w (1; t) = 0; t > 0 (2.2)

and the initial conditions

31
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8>>>>>><>>>>>>:
u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

� (x; 0) = �0 (x) ; �t (x; 0) = �1 (x) ; w (x; 0) = w0 (x) ;

ut (x;�t) = f0 (x; t) ; x 2 (0; 1):

(2.3)

Where the parameter � is the mass density and j is the product of the equilibrated

inertia by the mass density, the functions u; � and w are the displacement of the

solid elastic material, the volume fraction and microtempertaures respectively. The

coe¢ cients �; �; b; �; d; k are positives constants satisfying
�

�
=
�

j
and �� > b2: � 1 and

� 2 are two real numbers with 0 � � 1 < � 2; �1 is a positive constant, �2 : [� 1; � 2] �! R

is an L1 function, �2 � 0 almost everywhere, such that

Z �2

�1

�2 (s) ds < �1 (2.4)

and the initial data (u0; u1; �0; �1; w0; f0) belong to a suitable space.

The basic evolution equations for one-dimensional theories of porous materials

with microtemperatures is given by

�utt = Tx +R;

j�tt = Hx +G;

�Et = Px + q �Q;

(2.5)

where T is the stress tensor, R is the distributed delay, H is the equilibrated stress

vector, G is the equilibrated body force, q is the heat �ux vector, P is the �rst heat

�ux moment, Q is the mean heat �ux, and E is the �rst moment of energy. The

constitutive equations needed to construct (2.1) are:



33

T = �ux + b�; R = ��1ut �
R �2
�1
�2(s)ut (x; t� s) ds H = ��x � dw;

G = �bux � ��; �E = ��w � d�x; P = �kwx; q = k1w; Q = k2w:

(2.6)

By substituting (2.6) into (2.5) we get system (2.1), with k = k1 � k2 > 0:

The introduction of the distributed delay term in porous-elastic system, was

discussed recently by KHOCHMENE et AL in [18], where they considered a one-

dimensional porous-elastic system with distributed delay term acting on the porous

equation.8>><>>:
�utt � �uxx � b�x = 0;

j�tt � ��xx + bux + ��+ �1�t +
R �2
�1
�2(s)�t (x; t� s) ds = 0;

they showed that the dissipation given by this complementary control stabilizes expo-

nentially the system for the case of equal speeds of wave propagation. Most phenom-

ena naturally depend on the present state and also on some past occurrences, that is

why time delay arise in many applications. Introducing distributed delay, constant

delay or varying delay have been a major research subject in EDPs, and has attracted

a great deal of attention in the last decades (see, e.g, [10, 12, 18, 21] ). We recall that

delay term became a source of instability, as it was showed that a small delay in a

boundary control could turn such well-behave hyperbolic system into a wild one and

therefore. The aim of this work is to show that microtemperatures e¤ect is powerful

enough to uniformly stabilize the system (2.1) even in the presence of time delay.

The needed assumptions and the study of existence and uniqueness of solutions

for system (2.1)-(2.3) are described in section 2, the exponential stability result under
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some conditions, using the energy method is given in section 3.

2.1 Preliminaries and Well-posedness

In this section we �rst prove the existence and uniqueness of regular solutions to

problem (2.1)-(2.3) by using a semigroup theory as in [15].

As in [20], introducing the following new variable

z(x; �; t; s) = ut (x; t� �s) ; (x; �; t; s) 2 (0; 1)� (0; 1)� (� 1; � 2)� (0;1); (2.7)

which satis�es

szt(x; �; s; t) + z�(x; �; s; t) = 0:

So problem (2.1) is equivalent to8>>>>>>>>>><>>>>>>>>>>:

�utt � �uxx � b�x + �1ut +
R �2
�1
�2(s)z (x; 1; s; t) ds = 0;

j�tt � ��xx + bux + ��+ dwx = 0;

�wt � kwxx + d�tx + kw = 0;

szt + z� = 0:

(2.8)

With (2.2) and the initial conditions:

8>>>>>>>>>><>>>>>>>>>>:

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

� (x; 0) = �0 (x) ; �t (x; 0) = �1 (x) ; w (x; 0) = w0 (x) ;

z (x; 0; t; s) = ut (x; t) on (0; 1)� (0;1)� (� 1; � 2) ;

z (x; �; 0; s) = f0 (x; �; s) on (0; 1)� (0; 1)� (� 1; � 2)

(2.9)
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Remark 2.1.1 from de second equation of (2.8) and the boundary conditions, it

follows

d2

dt2

1Z
0

� (x; t) dx+
�

j

1Z
0

� (x; t) dx = 0:

So, by solving the above equation and using the initial data of (2.8), we obtain

1Z
0

� (x; t) dx =

0@ 1Z
0

�0 (x; t) dx

1A cos

 s
�

j
t

!
+

 s
j

�
t

!0@ 1Z
0

�1 (x; t) dx

1A sin

 s
�

j
t

!
:

Consequently, if we set

�� (x; t) = � (x; t)�

0@ 1Z
0

�0 (x; t) dx

1A cos

 s
�

j
t

!
+

 s
j

�
t

!0@ 1Z
0

�1 (x; t) dx

1A sin

 s
�

j
t

!
;

we get
1Z
0

�� (x; t) dx = 0 8t � 0: (2.10)

Therefore, the use of Poincaré�s inequality for �� is justi�ed. In addition, simple

substitution shows that
�
u; ��;w

�
satis�es system (2.8) with initial data for �� given as

��0 (x) = �0 (x)�
1R
0

�0 (x) dx;

��1 (x) = �1 (x)�
1R
0

�1 (x) dx:

(2.11)

Henceforth, we work with �� but we write � for simplicity of notation.

In this section, we give an existence and uniqueness results for the system (2.8)-

(2.9) using the semigroup theory.

Introducing the vector function U = (u; v; �; '; w; z)T ; where v = ut and ' = �t;

system (2.8)-(2.9) can be written as

8>><>>:
U

0
(t)�AU(t) = 0 t > 0

U0 = U(0) = (u0; v0; �0; '0; w0; z0)
T ;

(2.12)
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where the operator A is de�ned by

A

0BBBBBBBBBBBBBBBBBBBB@

u

v

�

'

w

z

1CCCCCCCCCCCCCCCCCCCCA

=

0BBBBBBBBBBBBBBBBBB@

v

1
�
(�uxx + b�x � �1v �

R �2
�1
�2(s)z (x; 1; s; t) ds)

'

1
j
(��xx � bux � ��� dwx)

1
�
(kwxx � d'x � kw)

�1
s
z�

1CCCCCCCCCCCCCCCCCCA

:

We consider the following spaces

L2a (0; 1) =

�
 2 L2 (0; 1) :

Z 1

0

 (x) = 0

�
;

H1
a (0; 1) = H1 (0; 1) \ L2a (0; 1) ;

H2
a (0; 1) =

�
 2 H2 (0; 1) :  x (0) =  x (1) = 0

	
;

and

H = H1
0 (0; 1)�L2 (0; 1)�H1

a (0; 1)�L2a (0; 1)�L2 (0; 1)�L2! ((0; L)� (0; 1)� (� 1; � 2)) ;

with

L2! ((0; 1)� (0; 1)� (� 1; � 2)) =
�
z measurable /

Z 1

0

Z 1

0

Z �2

�1

s�2 (s) z
2 (x; �; s) dsd�dx <1

�
:

We will show that A generates a C0 semigroup on H.

Let U = (u; v; �; '; w; z)T ; U =
�
u; �v; �; �';w; z

�T
and under the assumption b2 <
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�� we equipped the Hilbert space H with the following inner product

hU;UiH =
1Z
0

�
�vv + j''+ �ww + ��x�x + �uxux + ���+ b(�ux + �ux)

	
dx

(2.13)

+

1Z
0

1Z
0

Z �2

�1

sj�2(s)jz(x; �; s; t)z(x; �; s; t)dsd�dx:

H is a Hilbert space, in this case, the above inner product is equivalent to the natural

inner product de�ned on H.

The domain of A is given by

D (A) =

8>>>>>><>>>>>>:
U 2 H=u; w 2 H2 (0; 1) \H1

0 (0; 1) ; � 2 H2
a (0; 1) \H1

a (0; 1) ;

v 2 H1
0 (0; 1) ; ' 2 H1

a (0; 1) ;

z 2 L2! ((0; 1)� (0; 1)� (� 1; � 2)) ; v (x) = z (x; 0; s) in (0; 1) :

9>>>>>>=>>>>>>;
:

Theorem 2.1.1 Let (u0; u1; �0; �1; w0; w1; f0) 2 H: Assume that the hypothesis

(2.4) holds. Then, for any initial datum U0 2 H there exists a unique solu-

tion U 2 C ([0;1);H) for problem (2.12). Moreover, if U0 2 D(A); then U 2

C([0;1); D(A)) \ C1([0;1);H):

Proof. To obtain the above result, we need to prove that A : D(A) ! H is a

maximal monotone operator. For this purpose, we need the following two steps: A is

dissipative and Id � A is surjective.

Step 1: In this step, we prove that the operator A is dissipative. Let U =
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(u; v; �; '; w; z)T ;

hAU;UiH =

*

0BBBBBBBBBBBBBBBBBB@

v

1
�
(�uxx + b�x � �1v �

R �2
�1
�2(s)z (x; 1; s; t) ds)

'

1
j
(��xx � bux � ��� dwx)

1
�
(kwxx � d'x � kw)

�1
s
z�

1CCCCCCCCCCCCCCCCCCA

;

0BBBBBBBBBBBBBBBBBBBB@

u

v

�

'

w

z

1CCCCCCCCCCCCCCCCCCCCA

+

= �

Z 1

0

uxxvdx+ b

Z 1

0

�xvdx� �1

Z 1

0

v2dx

�
Z 1

0

Z �2

�1

v�2(s)z (x; 1; t; s) dsdx+ �

Z 1

0

�xx'dx� b

Z 1

0

ux'dx

�k
Z 1

0

w2xdx� k

Z 1

0

w2dx+ �

Z 1

0

uxvxdx+ �

Z 1

0

�x'xdx+ b

Z 1

0

vx�dx

+b

Z 1

0

'uxdx�
Z 1

0

Z �2

�1

j�2 (s)j
Z 1

0

z (x; �; s) z� (x; �; s) d�dsdx;

with integration by parts we obtain,

hAU;UiH = ��1
Z 1

0

u2tdx� k

Z 1

0

w2xdx� k

Z 1

0

w2dx

�
Z 1

0

Z �2

�1

v�2(s)z (x; 1; t; s) dsdx

�
Z 1

0

Z �2

�1

j�2 (s)j
Z 1

0

z (x; �; s) z� (x; �; s) d�dsdx; (2.14)

and Integrating by parts in �, we have

Z 1

0

z� (x; �; s) z (x; �; s) d� =
1

2

Z 1

0

@

@�
z2 (x; �; s) d�;

=
1

2

�
z2 (x; 1; s)� z2 (x; 0; s)

�
;
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then

Z 1

0

Z �2

�1

�2 (s)

Z 1

0

z� (x; �; s) z (x; �; s) d�dsdx

=
1

2

Z 1

0

Z �2

�1

�2 (s)
�
z2 (x; 1; s)� z2 (x; 0; s)

�
: (2.15)

Therefore, from (2.14) and (2.15),

hAU;Ui = ��1
Z 1

0

u2t (x) dx� k

Z 1

0

w2xdx� k

Z 1

0

w2dx

�
Z 1

0

v (x)

�Z �2

�1

�2 (s) z (x; 1; s) ds

�
dx

� 1
2

Z 1

0

Z �2

�1

j�2 (s)j z2 (x; 1; s) dsdx

+
1

2

Z �2

�1

j�2 (s)j
Z 1

0

u2 (x) dx

Now, by using Cauchy-Schwarz�s inequality, we can estimate,

����Z 1

0

v (x)

�Z �2

�1

�2 (s) z (x; 1; s) ds

�
dx

���� � 1

2

Z 1

0

v2 (x)

�Z �2

�1

j�2 (s)j
�
dx (2.16)

+
1

2

Z 1

0

Z �2

�1

j�2 (s)j z2 (x; 1; s) dsdx

Therefore, from the assumption (2.4) we have,

hAU;Ui � �
�
�1 �

Z �2

�1

�2 (s)

�Z 1

0

v2 (x) dx� k

Z 1

0

w2xdx� k

Z 1

0

w2dx � 0 (2.17)

that is, the operator A is dissipative.

Step 2: To prove that the operator Id � A is surjective, that is, for any G =

(g1; g2; g3; g4; g5; g6) 2 H: We seek U = (u; v; �; '; w; z)T 2 D (A) satisfying

(Id� A)U = G;
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which is equivalent to8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:

u� v = g1

v � �

�
uxx �

b

�
�x +

�1
�
v +

1

�

R �2
�1
�2(s)z (x; 1; s; t) ds = g2

�� ' = g3

'� �

j
�xx +

b

j
ux +

�

j
�+

d

j
wx = g4

w � k

�
wxx +

d

�
�tx +

k

�
w = g5

z + 1
s
z� = g6

(2.18)

Suppose that we have found u and �. Therefore, the �rst, and the third equation

in (2.18) give 8>><>>:
v = u� g1

' = �� g3:

(2.19)

It is clear that v 2 H1
0 (0; 1) ; ' 2 H1

a (0; 1) :

Following the same approach as in [20], and using the fact that,

z(x; 0; s) = v(x); for x 2 (0; 1) ; s 2 (� 1; � 2) ; (2.20)

we obtain the solution of (2.18)6

z (x; �; s) = u(x)e��s � g1(x)e
��s + se��s

Z �

0

g6 (x; �; s) e
�sd�: (2.21)

By using (2.18), (2.19) and (2.21) the functions u; � and w satisfying the following

system,8>>>>>>>>>>><>>>>>>>>>>>:

(1 +
�1
�
)u� �

�
uxx �

b

�
�x +

1

�

R �2
�1
�2(s)u(x)e

�sds = g2 + g1(1 +
�1
�
)

+
1

�

R �2
�1
�2(s)g1(x)e

�sds� 1
�

R �2
�1
s�2(s)e

�s R 1
0
g6 (x; �; s) e

�sd�ds

(1 +
�

j
)�� �

j
�xx +

b

j
ux +

d

j
wx = g4 + g3

w

�
1 +

k

�

�
� k

�
wxx +

d

�
�x = g5 +

d

�
g3x

(2.22)
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Solving system (2.22) is equivalent to �nding,

(u; �; w) 2
�
H1
0 (0; 1)�H1

a (0; 1)�H1
0 (0; 1)

�
;

such that8>>>>>>>>>><>>>>>>>>>>:

R 1
0

�
(�+ �1)u� �uxx � b�x +

R �2
�1
�2(s)u(x)e

�sds
�
�dx =

R 1
0
(�g2 + g1(�+ �1)

+
R �2
�1
�2(s)g1(x)e

�sds)�dx�
R 1
0

�R �2
�1
s�2(s)e

�s R 1
0
g6 (x; �; s) e

�sd�ds
�
�dxR 1

0
((j + �)�� ��xx + bux + dwx) �dx =

R 1
0
j (g4 + g3) �dxR 1

0
(w (� + k)� kwxx + d�x) �dx =

R 1
0
(�g5 + dg3x) �dx

(2.23)

for all (�; �; �) 2 H1
0 (0; 1)�H1

a (0; 1)�H1
0 (0; 1) :Consequently, problem(2.23) is equiv-

alent to the problem

a ((u; �; w) ; (�; �; �)) = L (�; �; �) ; (2.24)

where the bilinear form

a :
�
H1
0 (0; 1)�H1

a (0; 1)�H1
0 (0; 1)

�2 �! R;

and the linear form

L :
�
H1
0 (0; 1)�H1

a (0; 1)�H1
0 (0; 1)

�
�! R;

are de�ned by

a ((u; �; w) ; (�; �; �)) =

Z 1

0

((�+ �1)u�+ �ux�x + b��x + (j + �)�� + ��x�x + bux� � dw�x

+(� + k)w� + kwx�x + d�x� + �u

Z �2

�1

�2(s)e
�sds

�
dx

and

L (�; �; �) =

Z 1

0

��
�+ �1 +

Z �2

�1

�2(s)e
�sds

�
g1�+ �g2�+ j� (g3 + g4) + ��g5 + d�g3x

��
Z �2

�1

s�2(s)e
�s
Z 1

0

g6 (x; �; s) e
�sd�ds

�
dx:
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It is easy to verify that a and L are continuous. In addition, we have

a ((u; �; w) ; (u; �; w)) =

Z 1

0

�
(�+ �1)u

2 + �u2x + 2b�ux + (j + �)�2 + ��2x + kw2x

+(� + k)w2)dx+

Z 1

0

u2(

Z �2

�1

�2(s)e
�sds)dx;

by considering

�u2x + 2b�ux + ��2 =
1

2

�
�(ux +

b

�
�)2 + �(�+

b

�
ux)

2 + (�� b2

�
)u2x + (� �

b2

�
)�2
�

and using the fact that �� � b2 > 0; we get

�u2x + 2b�ux + (j + �)�2 >
1

2

�
(�� b2

�
)u2x + (2j + � � b2

�
)�2
�
:

Then, for some l > 0

a ((u; �; w) ; (u; �; w)) � l k(u; �; w)kH1
0 (0;1)�H1

a(0;1)�H1
0 (0;1)

:

Thus a is coercive So applying the Lax-Milgram theorem, we deduce that for all

(�; �; �) 2 H1
0 (0; 1)�H1

a (0; 1)�H1
0 (0; 1), problem

(2.24) admits a unique solution.

Now, if we take (�; 0; 0) in (2.24), we get

Z 1

0

�
(�+ �1 +

Z �2

�1

�2(s)e
�sds)u�+ �ux�x

�
dx =

Z 1

0

�
(�+ �1 +

Z �2

�1

�2(s)e
�sds)g1�� b�x�+ �g2�

��
Z �2

�1

s�2(s)e
�s
Z 1

0

g6 (x; �; s) e
�sd�ds

�
dx:
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which gives

�

Z 1

0

ux�xdx =

Z 1

0

X�dx: 8� 2 H1
0 (0; 1)

with

X = (�+�1+

Z �2

�1

�2(s)e
�sds)(g1�u)+�g2�b�x�

Z �2

�1

s�2(s)e
�s
Z 1

0

g6 (x; �; s) e
�sd�ds 2 L2(0; 1):

Thus, by the de�nition of weak derivatives, ux 2 H1(0; 1), hence u 2 H2(0; 1).

Similarly, if we take � 2 H1
0 ([0; 1]) and substitute with (0; 0; �) in (2.24), we get

k

Z 1

0

wx�xdx =

Z 1

0

(�g5 + dg3x � (� + k)w � d�x)�dx; 8� 2 H1
0 ([0; 1]) (2.25)

so w 2 H2(0; 1) and we have

kwxx = �(�g5 + dg3x � (� + k)w � d�x)

This gives (2.22)3

Next, to show that � 2 H2
a(0; 1), we de�ne ~�(x) = �(x) �

R 1
0
�(x)dx with � 2

H1
0 (0; 1): it is clear that ~� 2 H1

a (0; 1)

Replacing ("; ~�; �) = (0; ~�; 0) in (2.24), we obtain

Z 1

0

(��x � dw)~�xdx =

Z 1

0

(j (g3 + g4)� bux � j�� ��) ~�dx; 8~� 2 H1
a (0; 1)

which gives
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Z 1

0

(��x)�xdx =

Z 1

0

(j (g3 + g4)� bux � j�� ��� dwx) �dx; 8� 2 H1
0 (0; 1)

thus � 2 H2(0; 1):with

��xx = � (j (g3 + g4)� bux � j�� ��� dwx)

This gives (2.22)2: In addition when � 2 C1 (0; 1) ; we get

Z 1

0

(��x)�xdx =

Z 1

0

(j (g3 + g4)� bux � j�� ��� dw) �dx; 8� 2 C1 (0; 1)

using integration by parts, we obtain

�x(1)�x(1)� �x(0)�(0) = 0;

since � 2 C1 (0; 1) is arbitrary, then �x(1) = �x(0) = 0: Hence � 2 H2
a(0; 1):

Finally from (2.18).1,(2.18).3, we conclude v 2 H1
0 (0; 1) ; ' 2 H1

0 (0; 1) ; and it

is also clear from (2.21) that z 2 L2! ((0; 1)� (0; 1)� (� 1; � 2)) : Hence, there exists

a unique solution U 2 D(A) such that (2.18) is satis�ed. Therefore, the operator

Id�A is surjective. Consequently, the existence result follows from the Hille-Yosida

theorem.

2.2 Stability results

In this section, we show that, the solution of the system (2.8)-(2.9) decays exponen-

tially if and only if � =
�

�
� �

j
= 0. To achieve our goal we use the energy method to

produce a suitable Lyapunov functional which leads to an exponential decay result.
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We can prove that the energy is decreasing. More precisely, we have the following

result.

Theorem 2.2.1 Let (u; �; w; z) be the solution of (2.8)-(2.9).Assume that
�

�
=

�

j
:

Then there exist two positive constants � and 
 such that

E (t) � �E (0) e�
t; t � 0 (2.26)

In order to prove such result, we need several lemmas.

Lemma 2.2.1 Let (u; �; w; z) be the solution of (2.8)-(2.9). and under the assump-

tion (2.4). The energy functional, de�ned by

E(t) =
1

2

1Z
0

�
�u2t + j�2t + �w2 + ��2x + �u2x + ��2 + 2b�ux

	
dx (2.27)

+
1

2

1Z
0

1Z
0

Z �2

�1

sj�2(s)jz2(x; �; s; t)dsd�dx:

satis�es,

d

dt
(E(t)) � �k

1Z
0

w2dx� k

1Z
0

w2xdx� (�1 �
Z �2

�1

j�2(s)j ds)
1Z
0

u2tdx: (2.28)

Proof. Multiplying (2.8)1, (2.8)2 and (2.8)3 by ut; �t and wt, respectively, and

integrating over (0; 1), using integration by parts and the boundary conditions and

summing them we obtain

1

2

1Z
0

�
�u2t + j�2t + �w2 + ��2x + �u2x + ��2 + 2b�ux

	
dx+ k

Z 1

0

w2dx+ k

1Z
0

w2xdx

+�1

1Z
0

u2tdx+

1Z
0

ut

Z �2

�1

�2(s)z(x; 1; s; t)dsdx = 0: (2.29)



46

Multiplying (2.8)4 by j�2(s)j z, integrating over (0; 1)� (0; 1)� (� 1; � 2); and using

(2.15) we get

1

2

1Z
0

1Z
0

Z �2

�1

sj�2(s)jz2(x; �; s; t)dsd�dx = �1
2

1Z
0

Z �2

�1

j�2(s)ju2(x; t)dsdx

+
1

2

1Z
0

Z �2

�1

j�2(s)jz2(x; 1; s; t)dsdx:

Which, together with (2.29), (2.4) and using young�s inequality, gives us (2.28).

Lemma 2.2.2 Let (u; �; w; z) be the solution of (2.8)-(2.9). Then the functional

I1 (t) = ��
1Z
0

utudx�
�1
2

1Z
0

u2dx; t � 0 (2.30)

satis�es; the estimate

I 01(t) � ��
1Z
0

u2tdx+
3

2
�1

1Z
0

u2xdx+
b

�1

1Z
0

�2dx+ c

1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx

(2.31)

Proof. Taking the derivative of (2.30), using the �rst equation in (2.8) and

integrating by parts, we get

I 01(t) = �1

1Z
0

u2xdx� �

1Z
0

u2tdx+ b

1Z
0

ux�dx+

1Z
0

Z �2

�1

�2(s)z(x; 1; s; t)u(x; t)dsdx:

(2.32)

Hence, by using the Young inequality, Poincaré inequality, we conclude the fol-

lowing estimates

b

1Z
0

ux�dx �
b

�1

1Z
0

�2dx+
�1
4

1Z
0

u2xdx; (2.33)
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and,

1Z
0

Z �2

�1

�2(s)z(x; 1; s; t)u(x; t)dsdx � c

1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx+
�1
4

1Z
0

u2xdx;

(2.34)

substituting (2.33), (2.34) into (2.32), we conclude (2.31).

Lemma 2.2.3 Let (u; �; w; z) be the solution of (2.8)-(2.9). Then the functional

I2 (t) = ��
1Z
0

w

Z x

0

�t(y; t)dydx ; (2.35)

satis�es, for any "1 > 0; the estimate

I 02 (t) � �d
2

1Z
0

�2tdx+ "1

1Z
0

�2xdx+ "1

1Z
0

u2xdx+ "1

1Z
0

�2dx (2.36)

+c(1 +
1

"1
)

1Z
0

w2dx+
k2

d

1Z
0

w2xdx

Proof. Direct computation, using the �rst and the second equations in system

(2.8)-(2.9), yields

I 02 (t) = k

1Z
0

wx�tdx� d

1Z
0

�2tdx+
d�

j

1Z
0

w2dx+
b�

j

1Z
0

wudx (2.37)

+ k

1Z
0

w

�Z x

0

�t(y; t)dy

�
dx � ��

j

1Z
0

w�xdx+
��

j

1Z
0

w

�Z x

0

�(y; t)dy

�
dx:

Using Young�s and Poincare�s inequalities, we get

k

1Z
0

wx�tdx �
k2

d

1Z
0

w2xdx+
d

4

1Z
0

�2tdx; (2.38)

���
j

1Z
0

w�xdx �
(��)2

j2"1

1Z
0

w2dx+ "1

1Z
0

�2xdx; (2.39)
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b�

j

1Z
0

wudx � (b�)2

j2"1

1Z
0

w2dx+ "1

1Z
0

u2dx;

� (b�)2

j2"1

1Z
0

w2dx+ "1

1Z
0

u2xdx; (2.40)

and,

k

1Z
0

w

�Z x

0

�t(y; t)dy

�
dx � k2

d

1Z
0

w2dx+
d

4

1Z
0

�Z x

0

�t(y; t)dy

�2
dx (2.41)

��

j

1Z
0

w

�Z x

0

�(y; t)dy

�
dx � (��)2

j2"1

1Z
0

w2dx+ "1

1Z
0

�Z x

0

�(y; t)dy

�2
dx:(2.42)

By Cauchy-Schwartz inequality, it is clear that

�Z x

0

�t(y; t)dy

�2
�

0@ 1Z
0

�t(x; t)dx

1A2

�
1Z
0

�2t (x; t)dx (2.43)

�Z x

0

�(y; t)dy

�2
�

0@ 1Z
0

�(x; t)dx

1A2

�
1Z
0

�2(x; t)dx (2.44)

Inserting (2.38) -(2.44) into (2.37) , we conclude (2.36).

Lemma 2.2.4 Let (u; �; w; z) be the solution of (2.8)-(2.9). Then the functional

I3 (t) = j

1Z
0

�t�dx+
b�

�

1Z
0

�

Z x

0

ut(y; t)dydx; (2.45)

satis�es, for any positive constant "2 and �1 > 0, the estimate

I 03 (t) � c(1 +
1

"2
)

1Z
0

�2tdx�
1

2
�1

1Z
0

�2dx+ c("2 + 1)

1Z
0

u2tdx (2.46)

� �

2

1Z
0

�2xdx+
d2

2�

1Z
0

w2dx+
b2

��1

1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx
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Proof. By di¤erentiating the functional I3 (t) and using the �rst and second

equations in system (2.8)-(2.9), we get,

I 03 (t) = j

1Z
0

�2tdx� �

1Z
0

�2xdx� �

1Z
0

�2dx+ d

1Z
0

w�xdx+
b2

�

1Z
0

�2dx (2.47)

+
b�

�

1Z
0

�t

�Z x

0

ut(y; t)dy

�
dx� b�1

�

1Z
0

�

�Z x

0

ut(y; t)dy

�
dx

� b

�

1Z
0

�

Z x

0

Z �2

�1

�2(s)z(y; 1; s; t)dsdydx

Using Young�s and Cauchy Schwartz inequalities, we conclude, for all �1 > 0,

d

1Z
0

w�xdx �
d2

2�

1Z
0

w2dx+
�

2

1Z
0

�2xdx;

�b�1
�

1Z
0

�

�Z x

0

ut(y; t)dy

�
dx � �1

4

1Z
0

�2dx+
(b�1)

2

�2�1

1Z
0

�Z x

0

ut(y; t)dy

�2
dx;

� �1
4

1Z
0

�2dx+
(b�1)

2

�2�1

1Z
0

u2tdx: (2.48)

And

� b
�

1Z
0

�

Z x

0

Z �2

�1

�2(s)z(y; 1; s; t)dsdydx �
�1
4

1Z
0

�2dx+
b2

�2�1

1Z
0

�Z x

0

Z �2

�1

�2(s)z(y; 1; s; t)dsdy

�2
dx;

� �1
4

1Z
0

�2dx+
b2

�2�1

1Z
0

�Z �2

�1

�2(s)z(x; 1; s; t)ds

�2
dx;

� �1
4

1Z
0

�2dx+
b2

�2�1

Z �2

�1

j�2(s)j ds
1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx: (2.49)

Similarly, we have for "2 > 0,
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b�

�

1Z
0

�t

�Z x

0

ut(y; t)dy

�
dx � (b�)2

4�2"2

1Z
0

�2tdx+ "2

1Z
0

�Z x

0

ut(y; t)dy

�2
dx;

� (b�)2

4�2"2

1Z
0

�2tdx+ "2

1Z
0

u2tdx: (2.50)

Substituting (2.48)-(2.50)into (2.47), and choosing �1 =
�
� � b2

�

�
then we can

obtain (2.46).

Lemma 2.2.5 Let (u; �; w; z) be the solution of system (2.8)-(2.9). Then the func-

tional

I4 (t) =
��

b

1Z
0

ut�xdx+
j�

b

1Z
0

�tuxdx; (2.51)

satis�es,

I 04 (t) � c

1Z
0

�2xdx�
�

2

1Z
0

u2xdx+
d2�

b2

1Z
0

w2xdx+
�1
b

1Z
0

u2tdx

+
��

2b

1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx �
�j

b
�

1Z
0

�tutxdx: (2.52)

Proof. By di¤erentiating I4 (t), using the �rst and the second equation in system

(2.8)-(2.9) and integrating by parts, we obtain

I 04 (t) = �

1Z
0

�2xdx� �

1Z
0

u2xdx�
d�

b

1Z
0

wxuxdx�
��

b

1Z
0

�uxdx�
��1
b

1Z
0

ut�xdx

��j
b
�

1Z
0

�tutxdx � �

b

1Z
0

�x

Z �2

�1

�2(s)z(x; 1; s; t)dsdx : (2.53)
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Using Young�s and Poincare�s inequalities, we get,

�d�
b

1Z
0

wxuxdx �
d2�

b2

1Z
0

w2xdx+
�

4

1Z
0

u2xdx; (2.54)

���
b

1Z
0

�uxdx � c

1Z
0

�2xdx+
�

4

1Z
0

u2xdx;

���1
b

1Z
0

ut�xdx �
�1
b

1Z
0

u2tdx+
�2�1
4b

1Z
0

�2xdx:

and

��
b

1Z
0

�x

Z �2

�1

�2(s)z(y; 1; s; t)dsdydx �
�

2b

1Z
0

�2xdx+
�

2b

1Z
0

�Z �2

�1

�2(s)z(y; 1; s; t)dsdy

�2
dx

� �

2b

1Z
0

�2xdx+
��

2b

1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx: (2.55)

Substituting (2.54)-(2.55) in (2.53) we conclude (2.52).

Lemma 2.2.6 Let (u; �; w; z) be the solution of (2.8)-(2.9). Then the functional

I5 (t) :=

Z 1

0

Z 1

0

Z �2

�1

se�s��2 (s) z
2 (x; �; s; t) dsd�dx (2.56)

satis�es , for m > 0; the estimate

I
0

5 (t) � �m
Z 1

0

Z �2

�1

j�2 (s)j z2 (x; 1; s; t) dsdx (2.57)

�m

Z 1

0

Z 1

0

Z �2

�1

s�2 (s) z
2 (x; �; s; t) dsd�dx+ �1

Z 1

0

Z
u2tdx:



52

Proof. Di¤erentiating I5 (t), and using (2.7), we obtain,

I
0

5 (t) = �2
Z 1

0

Z 1

0

Z �2

�1

e�s��2 (s) z (x; �; s; t) z� (x; �; s; t) dsd�dx

= �
Z 1

0

Z 1

0

Z �2

�1

e�s��2 (s)
d

d�
z2 (x; �; s; t) dsd�dx:

Integration by parts gives,

I
0

5 (t) = �
Z 1

0

Z 1

0

d

d�

Z �2

�1

�2 (s)
�
e�s�z2 (x; �; s; t)

�
dsd�dx

�
Z 1

0

Z 1

0

Z �2

�1

s�2 (s) e
�s�z2 (x; v; s; t) dsd�dx

=

Z 1

0

Z �2

�1

�2 (s)
�
z2 (x; 0; s; t)� e�s�z2 (x; 1; s; t)

�
dsd�dx

�
Z 1

0

Z 1

0

Z �2

�1

s�2 (s) e
�s�z2 (x; �; s; t) dsd�:

Therefore,

I
0

5 (t) � �e��2
Z 1

0

Z �2

�1

�2 (s) z
2 (x; 1; s; t) dsdx+

�Z �2

�1

�2 (s) ds

�Z 1

0

u2tdx

� e��2
Z 1

0

Z 1

0

Z �2

�1

s�2 (s) z
2 (x; �; s; t) dsd�dx:

Where m = e��2 ; recalling (2.4) we obtain (2.57).

Now, for some positive constants; N ,N1,N2,N3 andN4 to be chosen appropriately

later. We de�ne the Lyapunov functional by

$ (t) = NE(t) + I1 (t) +N1I2 (t) +N2I3 (t) +N3I4 (t) + I5(t); 8t > 0: (2.58)

Next, by taking into account (2.28) , (2.31), (2.36), (2.46) , (2.52) , (2.57), we

obtain,
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$
0
(t) � �

�
+
�

2
N3 �

3

2
�1 �N1"1

� Z 1

0

u2xdx

�
�
N(�1 �

Z �2

�1

j�2(s)j ds) + ��N2c(1 +
1

"2
)� N3�1

b
�N4�1

� Z 1

0

u2tdx

�
�
N1d

2
�N2j

� Z 1

0

�2tdx

�
�
N2

�

2
�N1"1 �N3c

� Z 1

0

�2xdx

�
�
N2
2

�
� � b2

�

�
� b

�1
�N1"1

� Z 1

0

�2dx (2.59)

�
�
kN �N1(1 +

1

"1
)� N2d

2

2�

� Z 1

0

w2dx

�
�
kN �N1

k2

d

� 1Z
0

w2xdx

�
�
mN4 �N3

��

2b
� c

� 1Z
0

Z �2

�1

j�2(s)j z2(x; 1; s; t)dsdx

� [mN4]
Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; s; t) dsd�dx:

We must choose the coe¢ cients very carefully in order to make them negative.

First, choosing N2 large enough, such that

N2 �
2b�

�1(��� b2)
;

second, we choose N1 large enough, such that

N1 �
2jN2

d
;

then, we choose N3 large enough, such that
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3�1
�
� N3 �

�N2

2c
:

Next, we select "1 and "2 smalls enough, so that

"1 � min

�
�N3 � 3�1
2N1

;
N2� � 2cN3

2N1
;
N2(��� b2)�1 � 2b�

2��1N1

�
"2 � N1d� 2jN2

2
:

Moreover, we pick N4 large enough, such that

N4 �
��N3 + 2bc

m
:

Finally, once all the above constants are �xed, we choose N large enough, such

that

N(�1 �
Z �2

�1

j�2(s)j ds) + ��N2c(1 +
1

"2
)� N3�1

b
�N4�1 � 0;

kN �N1(1 +
1

"1
)� N2d

2

2�
� 0;

kN �N1
k2

d
� 0:

Consequently, there exists a positive constant %, such that (2.59) becomes

d

dt
$ (t) � �%

�Z 1

0

u2xdx+

Z 1

0

u2tdx+

Z 1

0

�2xdx+

Z 1

0

�2tdx+

Z 1

0

�2tdx+

Z 1

0

w2dx

�
�%
Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; s; t) dsd�dx: (2.60)

On the other hand, recalling (2.26), using Young�s inequality, we get
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E(t) � 1

2

1Z
0

�
�u2t + j�2t + �w2 + ��2x + (�+ b)u2x + (� + b)�2

	
dx

+
1

2

1Z
0

1Z
0

Z �2

�1

sj�2(s)jz2(x; �; s; t)dsd�dx:

� &

1Z
0

�
u2t + �2t + w2 + �2x + u2x + �2

	
dx+ &

1Z
0

1Z
0

Z �2

�1

sj�2(s)jz2(x; �; s; t)dsd�dx;

then

�
1Z
0

�
u2t + �2t + w2 + �2x + u2x + �2

	
dx�

1Z
0

1Z
0

Z �2

�1

sj�2(s)jz2(x; �; s; t)dsd�dx �
�1
&
E(t):

(2.61)

From (2.60) and (2.61), we �nd

d

dt
$ (t) � �%

&
E(t): (2.62)

Moreover, we have the following Lemma

Lemma 2.2.7 For N large enough, we have

c1E(t) � L(t) � c2E(t);8t � 0 (2.63)

for two positive constants c1 and c2:

Proof. Let

H(t) = I1 (t) +N1I2 (t) +N2I3 (t) +N3I4 (t) +N4I5 (t) ; (2.64)
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jH(t)j = �

1Z
0

jutuj dx+
�1
2

1Z
0

u2dx+ �N1

1Z
0

����w Z x

0

�t(y; t)dy

���� dx
+N2j

1Z
0

j�t�j dx+
b�

�
N2

1Z
0

�����Z x

0

ut(y; t)dy

���� dx
+N3

��

b

1Z
0

jut�xj dx+
j�

b
N3

1Z
0

j�tuxj dx

+N4

Z 1

0

Z 1

0

Z �2

�1

se�s� j�2 (s)j z2 (x; �; s; t) dsd�dx;

using Young�s, Poincare�s and Cauchy-schwartz inequalities, we obtain

jH(t)j � 1

2

1Z
0

�
�1�u

2
tdx+ �2�u

2
xdx+ �3�w

2dx+ �4j�
2
tdx+ �5��

2dx+ �6��
2
xdx

+�7

Z 1

0

Z �2

�1

sj�2(s)jz2 (x; �; s; t) dsd�
�
dx;

where

�1 = 1 +
b

�
N2 +N3

�

b
; �2 =

�c

�
+
j

b
N3 +

�1c

�
;

�3 = N1; �4 =
�

j
N1 +N2 +

�

b
N3;

�5 =
N2j

�
+
b�

��
N2; �6 = N3

�

b
; �7 = 2N4:

Therefore, we get

jH(t)j � CE(t);

such that C = max f�1; �2; �3; �4; �5; �6; �7; 1g :

So, we can choose N large enough so that c1 = N � C; and c2 = N + C: which

complete the proof.
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Finally, recalling (2.62), we get

d

dt
$ (t) � �#$ (t) (2.65)

a simple integration of (2.65) over (0; t) yields

$ (t) � $ (0) e�#t

Using again (2.63), we �nd that.

E (t) � c2
c1
E (0) e�#t:

Thus we complete the proof of Theorem 2.2.1



Chapter 3

Stability Result for a Weakly

Nonlinearly Damped Porous

System with Distributed Delay

In this chapter, we consider a one-dimensional porous system damped with a single

weakly nonlinear feedback and distributed delay term. Without imposing any re-

strictive growth assumption near the origin on the damping term, we establish an

explicit and general decay rate, using a multiplier method and some properties of

convex functions in case of the same speed of propagation in the two equations of the

system. The result is new and opens more research areas into porous-elastic system.

59
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8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

�utt � �uxx � b�x + �1ut +
R �2
�1
�2(s)ut (x; t� s) ds = 0; x 2 (0; 1); t > 0;

j�tt � ��xx + bux + ��+ � (t) g (�t) = 0; x 2 (0; 1); t > 0;

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ; x 2 (0; 1);

� (x; 0) = �0 (x) ; �t (x; 0) = �1 (x) ; x 2 (0; 1);

ux (0; t) = ux (1; t) ; � (0; t) = � (1; t) = 0

ut (x;�t) = f0 (x; t) in (0; 1)� (0; � 2)

(3.1)

Firstly, to deal with the delay term, we introduce the new variable [20]

z (x; �; s; t) = ut (x; t� �s) ; x 2 (0; 1) ; � 2 (0; 1) ; � 2 (� 1; � 2) ; t > 0

Then we obtain

szt (x; �; s; t) + z� (x; �; s; t) = 0, x 2 (0; 1) ; � 2 (0; 1) ; � 2 (� 1; � 2) ; t > 0

Then problem (3.1) is equivalent to8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:

�utt � �uxx � b�x + �1ut +
R �2
�1
�2(s)z (x; 1; t; s) ds = 0; x 2 (0; 1); t > 0;

j�tt � ��xx + bux + ��+ � (t) g (�t) = 0; x 2 (0; 1); t > 0;

szt (x; �; s; t) + z� (x; �; s; t) = 0, x 2 (0; 1) ; � 2 (0; 1) ; � 2 (� 1; � 2) ; t > 0

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ; x 2 (0; 1);

� (x; 0) = �0 (x) ; �t (x; 0) = �1 (x) ; x 2 (0; 1);

ux (0; t) = ux (1; t) ; � (0; t) = � (1; t) = 0

z (x; �; s; 0) = f0 (x; �s) , (x; �; s) 2 (0; 1)� (0; 1)� (� 1; � 2)
(3.2)

In recent paper, Apalara in [23] considered the following on-dimensional porous
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system damped with a single weakly nonlinear feedback8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�utt � �uxx � b�x = 0; x 2 (0; 1); t > 0;

j�tt � ��xx + bux + ��+ � (t) g (�t) = 0; x 2 (0; 1); t > 0;

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ; x 2 (0; 1);

� (x; 0) = �0 (x) ; �t (x; 0) = �1 (x) ; x 2 (0; 1);

ux (0; t) = ux (1; t) ; � (0; t) = � (1; t) = 0

Without in pasing an explicit and general decay rate, he used a multiplier method

and some proprieties of convex function in case of same speed of propagation in

the both equation of the system. The same author, in [24] considered a porous-

elastic system with memory term acting only on the porous equation, with the mixed

boundary Neumann-Direchlet conditions, he prove a general decay result, for which

exponential and polynomial decay results are special cases.

Back to system (3.1), it is to be noted that when �1 = �2 = 0 and replacing the

term � (t) g (�t) by the term
R t
0
g(t�s)uxx (x; s) ds then (3.1) is equivalent to the well-

known Timoshenko system of memory type which is exponentially stable depending

of the relaxation function g and provided that the wave speeds of the system are equal

(See [25, 26]):

Messaoudi and Fareh [27] investigated the following system:8>>>>>>>>>><>>>>>>>>>>:

�utt = �uxx + b�x � ��x; in (0; 1)� (0;1);

j�tt = ��xx � bux + ��+m� + ��t; in (0; 1)� (0;1);

c�t = �qx � �utx �m�t; in (0; 1)� (0;1);

� 0qt � q + k�x = 0; in (0; 1)� (0;1);
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and established, using the energy method, an exponential decay result. For more

results on the subject, we refer the reader to [28, 29, 30, 31].

Concerning the weight of the delay, we assume thatZ �2

�1

j�2(s)j ds < �1

and establish the well-posedness as well as the exponential stability results of the

energy E (t), de�ned by

E (t) =
1

2

Z 1

0

�
�u2t + �u2x + ��2 + ��2x + j�2t + 2b�ux

�
dx

+
1

2

Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; s; t) dsd�dx (3.3)

3.1 Preliminaries

In this section, we present some materials needed in the proof of our result. We

assume � and g satisfy the following hypotheses:

(H1) � : R+ ! R+� is a non-increasing di¤erentiable function;

(H2) g : R ! R is a non-decreasing C0-function such that there exist positive

constants c1; c2; � and G 2 C1 ([0;1)) ; with G (0) = 0; and G is linear or strictly

convex C2�function on (0; �] such that8>><>>:
s2 + g2 (s) � G�1 (sg (s)) for all jsj � �

c1 jsj � jg (s)j � c2 jsj for all jsj � �

Remark 3.1.1 Hypothesis (H2) implies that sg (s) > 0 for all s 6= 0:

* According to our knowledge, hypothesis (H2) with � = 1 was �rst introduced by

Lasiecka and Tataru [32]. They established a decay result, which depends on the solu-

tion of an explicit nonlinear ordinary di¤erential equation. Furthermore, they proved
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that the monotonicity and continuity of g guarantee the existence of the function G

de�ned in (H2).

For completeness purpose we state, without proof, the existence and regularity

result of system (3.1). First, we introduce the following spaces:

H = H1
� (0; 1)�L2� (0; 1)�H1 (0; 1)�L2 (0; 1)�L2 ((0; 1)� (0; 1)� (� 1; � 2)) ; (3.4)

and

eH = �0 2
�
H2
� (0; 1) \H1

� (0; 1)
�
�H1

� (0; 1)�
�
H2 (0; 1) \H1 (0; 1)

�
�H1 (0; 1)� L2 ((0; 1)� (0; 1)� (� 1; � 2)) ;

where

L2� (0; 1) =

�
 2 L2 (0; 1) :

Z 1

0

 (x) dx = 0

�
;

H1
� (0; 1) = H1 (0; 1)� L2� (0; 1) ;

H2
� (0; 1) =

�
 2 H2 (0; 1) :  x (0) =  x (1) = 0

	
:

For U = (u; ut; �; �t; z) ; we have the following existence and regularity result:

Proposition 3.1.1 Assume that (H1) and (H2) are satis�ed. Then for all U0 2 H;

the system (3.1) has a unique global (weak) solution

u 2 C
�
R+;H1

� (0; 1)
�
\C1

�
R+;L2� (0; 1)

�
; � 2 C

�
R+;H1 (0; 1)

�
\C1

�
R+;L2 (0; 1)

�
:

Moreover, if U0 2 eH, then the solution satis�es
u 2 L1

�
R+;H2

� (0; 1) \H1
� (0; 1)

�
\W 1;1 �R+;H1

� (0; 1)
�
\W 2;1 �R+;L2� (0; 1)� ;

� 2 L1
�
R+;H2 (0; 1) \H1

0 (0; 1)
�
\W 1;1 �R+;H1

0 (0; 1)
�
\W 2;1 �R+;L2 (0; 1)�
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Remark 3.1.2 This result can be proved using the theory of maximal nonlinear

monotone operators (see [33]).

3.2 Technical Lemmas

In this section, we state and prove our stability results for the energy of system (3.1)

by using the multiplier technique. To achieve our goal, we need the following lemmas.

Lemma 3.2.1 Let (u; �; z) be the solution of (3.2), then we have

E 0 (t) � �me

Z 1

0

u2tdx�
Z 1

0

� (t)�tg (�t) dx � 0 (3.5)

Proof. Multiplying (3.2)1, and (3.2)2 by ut; �t respectively, and integrating over

(0; 1), using integration by parts and the boundary conditions, we obtain

1

2

d

dt

Z 1

0

�
�u2t + �u2x + ��2 + ��2x + j�2t + 2b�ux

�
dx = (3.6)

�
Z 1

0

� (t)�tg (�t) dx� �1

Z 1

0

u2tdx�
Z 1

0

ut

Z �2

�1

�2(s)z (x; 1; t; s) dsdx

Multiplying (3.2)3 by j�2(s)j z; integrating the product over (0; 1)� (0; 1)� (� 1; � 2) ;

and recall that z (x; 0; s; t) = ut; yield

1

2

d

dt

Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; t; s) dsd�dx = �1
2

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx

+
1

2

Z 1

0

ut

Z �2

�1

j�2(s)j dsdx: (3.7)

A combination of (3.6) and (3.7) gives

E 0 (t) = �
Z 1

0

� (t)�tg (�t) dx� �1

Z 1

0

u2tdx�
Z 1

0

ut

Z �2

�1

�2(s)z (x; 1; t; s) dsdx
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with

�
Z 1

0

ut

Z �2

�1

�2(s)z (x; 1; t; s) dsdx �
1

2

Z �2

�1

j�2(s)j
Z 1

0

u2tdx+
1

2

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx

then

E 0 (t) � �
Z 1

0

� (t)�tg (�t) dx�
�
�1 �

Z �2

�1

j�2(s)j
�Z 1

0

u2tdx

by
�
�1 �

R �2
�1
j�2(s)j

�
= me we obtain (3.5).

Lemma 3.2.2 Assume that (H1) and (H2) hold. Then, for all U0 2 H, the functional

F1 (t) = j

Z 1

0

�t�dx+
b�

�

Z 1

0

�

Z x

0

ut (y) dydx (3.8)

estimate

F 01 (t) �
�
j +

"1b�

�

�Z 1

0

�2tdx� j�

Z 1

0

�2xdx+ bj"1

Z 1

0

u2xdx+
b�

4"1�

Z 1

0

u2tdx

+

�
j� (0) "1 +

bj

4"1
� �j

�Z 1

0

�2dx+
j� (0)

4"1

Z 1

0

g2 (�t) dx (3.9)

Proof.

F 01 (t) � j

Z 1

0

�2tdx� j�

Z 1

0

�2xdx+ bj"1

Z 1

0

u2xdx+
cpbj

4"1

Z 1

0

�2xdx� �jcp

Z 1

0

�2xdx

�j
Z 1

0

� (t)�g (�t) dx+
b�

�

Z 1

0

�t

Z x

0

ut (y) dydx

+
b�

�

Z 1

0

�
d

dt

�Z x

0

ut (y) dy

�
dx

By Caucy-Schwartz inequality, it is clear that

Z 1

0

�Z x

0

ut (y) dy

�2
dx �

Z 1

0

�Z 1

0

utdx

�2
dx �

Z 1

0

u2tdx
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then

F 01 (t) � j

Z 1

0

�2tdx� j�

Z 1

0

�2xdx+ bj"1

Z 1

0

u2xdx+
cpbj

4"1

Z 1

0

�2xdx� �jcp

Z 1

0

�2xdx

�j
Z 1

0

� (t)�g (�t) dx

+
"1b�

�

Z 1

0

�2tdx+
b�

4"1�

Z 1

0

�Z x

0

ut (y) dy

�2
dx

+
b�

�

Z 1

0

�
d

dt

�Z x

0

ut (y) dy

�
dx

we get

F 01 (t) �
�
j +

"1b�

�

�Z 1

0

�2tdx� j�

Z 1

0

�2xdx+ bj"1

Z 1

0

u2xdx+
b�

4"1�

Z 1

0

u2tdx

+

�
j� (t) "1 +

bj

4"1
� �j

�Z 1

0

�2dx+
j� (t)

4"1

Z 1

0

g2 (�t) dx

Lemma 3.2.3 Assume that (H1), (H2) and (3.12) hold. Then, for all U0 2 H, the

functional

F2 (t) = b

Z 1

0

�xutdx+ b

Z 1

0

�tuxdx (3.10)

satis�es, for any "2 > 0,

F 02 (t) �
�
b2

�
+ "2

b�1
�
+
bn0
2�

�Z 1

0

�2xdx�
�
b2

j
� b�

4"2j
� b

j
� (t)

�Z 1

0

u2xdx

+
b�1
4"2�

Z 1

0

u2tdx+ "2
b�

j

Z 1

0

�2dx+
b

j
� (t)

Z 1

0

g2 (�t) dx

+
1

2

b

�

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; s; t) dsdx (3.11)
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Proof. Simple computaions give

F
0

2 (t) =
b2

�

Z 1

0

�2xdx�
b2

j

Z 1

0

u2xdx

+
b�

�

Z 1

0

uxx�xdx�
b�1
�

Z 1

0

�xutdx

+
b�

j

Z 1

0

�xxuxdx�
b�

j

Z 1

0

�uxdx

� b
�

Z 1

0

�x

Z �2

�1

�2(s)ut (x; 1; t; s) dsdx�
b

j

Z 1

0

� (t)uxg (�t) dx

taking into account the fact that

�

�
=
�

j
(3.12)

and using Young�s inequality

F 02 (t) �
�
b2

�
+ "2

b�1
�

�Z 1

0

�2xdx+

�
b�

4"2j
� b2

j
+
b

j
� (t)

�Z 1

0

u2xdx

+
b�1
4"2�

Z 1

0

u2tdx+ "2
b�

j

Z 1

0

�2dx+
b

j
� (t)

Z 1

0

g2 (�t) dx

� b
�

Z 1

0

�x

Z �2

�1

�2(s)z (x; 1; t; s) dsdx

� b
�

Z 1

0

�x

Z �2

�1

�2(s)z (x; 1; t; s) dsdx � 1

2

b

�

Z �2

�1

j�2(s)j ds
Z 1

0

�2xdx+

1

2

b

�

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; s; t) dsdx

F 02 (t) �
�
b2

�
+ "2

b�1
�
+
bn0
2�

�Z 1

0

�2xdx�
�
b2

j
� b�

4"2j
� b

j
� (t)

�Z 1

0

u2xdx

+
b�1
4"2�

Z 1

0

u2tdx+ "2
b�

j

Z 1

0

�2dx+
b

j
� (t)

Z 1

0

g2 (�t) dx

+
1

2

b

�

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; s; t) dsdx

with
R �2
�1
j�2(s)j ds = n0

Lemma 3.2.4 The functional

F3 (t) = ��
Z 1

0

utudx (3.13)
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satis�es, for any "3 > 0,

F 03 (t) �
�
�+

n0cp
2
+ cpb"3

�Z 1

0

u2xdx

+
b

4"3

Z 1

0

�2xdx�
�
�� �1

4"3

�Z 1

0

u2tdx

+
1

2

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx (3.14)

Proof. A simple di¤erentiation of F3 (t) ; using the �rst equation in (3.2) , gives

F 03 (t) = ��
Z 1

0

u2tdx+ �

Z 1

0

u2xdx

+cpb"3

Z 1

0

u2xdx+
b

4"3

Z 1

0

�2xdx

+�1"3cp

Z 1

0

u2xdx+
�1
4"3

Z 1

0

u2tdx

+

Z 1

0

Z �2

�1

�2(s)uut (x; 1; t; s) dsdx

Z 1

0

u

Z �2

�1

�2(s)ut (x; 1; t; s) dsdx �
cp
2

Z �2

�1

j�2(s)j
Z 1

0

u2xdx+
1

2

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx

then

F 03 (t) �
�
�+ �1"3cp +

n0cp
2
+ cpb"3

�Z 1

0

u2xdx

+
b

4"3

Z 1

0

�2xdx�
�
�� �1

4"3

�Z 1

0

u2tdx

+
1

2

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx

Lemma 3.2.5 The functional

F4 (t) =

Z 1

0

Z 1

0

Z �2

�1

se�s� j�2(s)j z2 (x; �; t; s) dsd�dx (3.15)
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satis�es, for some positive constant m1, the following estimate

F 04 (t) � �m1

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx+
Z �2

�1

j�2(s)j ds
Z 1

0

u2tdx

�m1

Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; t; s) dsd�dx (3.16)

Proof. With

szt (x; �; t; s) + z� (x; �; t; s) = 0 in (0; 1)� (0; 1)� (� 1; � 2)� (0;1) (3.17)

zt (x; �; t; s) = �1
s
z� (x; �; t; s)

Di¤erentiating F4 (t), and using the equation (3.17), we obtain

F 04 (t) = 2

Z 1

0

Z 1

0

Z �2

�1

se�s� j�2(s)j zzt (x; �; t; s) dsd�dx

= � @

@�

Z 1

0

Z 1

0

Z �2

�1

e�s� j�2(s)j z2 (x; �; t; s) dsd�dx

�
Z 1

0

Z 1

0

Z �2

�1

se�s� j�2(s)j z2 (x; �; t; s) dsd�dx

F 04 (t) = �
Z 1

0

Z �2

�1

j�2(s)j
�
e�s�z2 (x; 1; t; s)� z2 (x; 0; t; s)

�
dsdx

�
Z 1

0

Z 1

0

Z �2

�1

se�s� j�2(s)j z2 (x; �; t; s) dsd�dx

Using the fact that z (x; 0; t; s) = ut and e�s � e�s� � 1; for all � 2 [0; 1] ; we obtain

F 04 (t) � �
Z 1

0

Z �2

�1

j�2(s)j e�s�z2 (x; 1; t; s) dsdx+
Z �2

�1

j�2(s)j ds
Z 1

0

u2tdx

�
Z 1

0

Z 1

0

Z �2

�1

se�s� j�2(s)j z2 (x; �; t; s) dsd�dx

Because �se�s is an increasing function, we have �se�s � �se��2, for all s 2 [� 1; � 2]

Finally, setting m1 = e��2, with
R �2
�1
j�2(s)j < �1; we obtain

F 04 (t) � �m1

Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; t; s) dsdx+
Z �2

�1

j�2(s)j ds
Z 1

0

u2tdx

�m1

Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; t; s) dsd�dx
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Lemma 3.2.6 Suppose (H1), (H2), and Eq. (3.12) hold. Let U0 2 H. Then, for

N;N1; N2; N3 > 0 su¢ ciently large, the Lyapunov functional de�ned by

L (t) := NE (t) +N1F1 (t) +N2F2 (t) + F3 (t) +N3F4 (t)

satis�es, for some positive constants d1; d2 and k1

d1L (t) � E (t) � d2L (t) ; 8t � 0 (3.18)

and

L0 (t) � �k1E (t) + c

Z 1

0

�
�2t + g2 (�t)

�
dx; 8t � 0 (3.19)

with

L0 (t) �
�
b�

4"1�
N1 �Nme +N3�1 +

b�1
4"2�

N2 �
�
�� �1

4"3

��Z 1

0

u2tdx

+

�
N1

�
j +

"1b�

�

��Z 1

0

�2tdx

+

�
bj"1N1 +

�
�+

n0
2
+ b"3

�
�N2

�
b2

j
� b�

4"2j
� b

j
� (t)

��Z 1

0

u2xdx

+

�
N2

1

2�

�
2b2 + 2"2b�1 + bn0

�
� j�N1 +

b

4"3

�Z 1

0

�2xdx

+

�
"2
b�

j
N2 +N1

�
j� (t) "1 +

bj

4"1
� �j

��Z 1

0

�2dx

+

�
N1

j� (t)

4"1
+
b

j
� (t)N2

�Z 1

0

g2 (�t) dx

+

�
1

2

�
bN2

�
+ 1

�
�m1N3

�Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; s; t) dsdx

�m1N3

Z 1

0

Z 1

0

Z �2

�1

s j�2(s)j z2 (x; �; t; s) dsd�dx�N

Z 1

0

� (t)�tg (�t) dx

At this point, we have to choose our constants very carefully. First, choosing

"3 << 1; and "1; "2 small enough such that

"1 �
b�N1

4� (Nme �N3�1)
; "2 �

b�1N2
4�
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Moreover, we pick Ni i = 1; 2; 3 large enough so that

N2 �
bj"1N1 +

�
�+ n0

2
+ b"3

�
b2

j
� b�

4"2j
� b

j
� (t)

and

N3 �

�
bN2

�
+ 1

�
2m1

:

After that, we can choose N large enough such that

N >
1

me

�
b�N1

4"1�
+N3�1 +

N2b�1
4"2�

�
�
�� �1

4"3

��
:

Consequently, there exists a positive constant �1 such that (3.19) becomes

d

dt
L (t) � �c1

Z 1

0

�
u2t + ux + '2x + �2

�
dx+ c2

Z 1

0

�
�2t + g2 (�t)

�
dx

�c3
Z 1

0

Z �2

�1

j�2(s)j z2 (x; 1; s; t) dsdx: (3.20)

In this section, we state and prove our stability result.

3.3 Stability Result

Theorem 3.3.1 [29] Suppose (H1), (H2), and (3.12) hold. Let U0 2 H: there exist

positive constants a1; a2; a3 and �0 such that the solution of (3.2) satis�es

E (t) � a1G
�1
1

�
a2

Z t

0

� (s) ds+ a3

�
; t � 0; (3.21)

where

G�11 =

Z 1

t

1

G0 (s)
ds and G0 (s) = tG0 (�0t) :

Remark 3.3.1 G1 strictly decreases and is convex on (0; 1] and lim
t!0

G1 (t) = +1:
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Proof. We multiply (3.19) by � (t) to get

� (t)L0 (t) � �k1� (t)E (t) + c� (t)

Z 1

0

�
�2t + g2 (�t)

�
dx: (3.22)

Now, we discuss two cases:

Case I: G is linear on [0; �]. In this case, using (H2) and Eq.(3.5), we deduce that

� (t)L0 (t) � �k1� (t)E (t) + c� (t)

Z 1

0

�
�2t + g2 (�t)

�
dx = �k1� (t)E (t)� cE 0 (t) ;

which can be rewritten as

(� (t)L (t) + cE (t))0 � �0 (t)L (t) � �k1� (t)E (t) :

Using (H1), we obtain

(� (t)L (t) + cE (t))0 � �k1� (t)E (t) :

By exploiting (3.18), it can easily be shown that

S0 (t) := � (t)L (t) + cE (t) � E (t) : (3.23)

So, for some positive constant �1, we obtain

S 00 (t) + �1� (t)S0 (t) � 0; 8t � 0 (3.24)

The combination of Eq. (3.23) and (3.24), gives

E (t) � E (0) e��1
R t
0 �(s)ds = E (0)G�11

�
�1

Z t

0

� (s) ds

�
: (3.25)

Case II: G is nonlinear on [0; �]. In this case, we �rst choose 0 < �1 < � such

that

sg (s) � min f�;G (�)g ; 8 jsj � �1: (3.26)
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Using (H2) along with fact that g is continuous and jg (s)j > 0; for s 6= 0; it follows

that 8>><>>:
s2 + g2 (s) � G�1 (sg (s)) ; 8 jsj � �1

c1 jsj � jsg (s)j � c2 jsj ; 8 jsj � �1

(3.27)

To estimate the last integral in Eq. (3.22), we consider the following partition of

(0; 1):

I1 = fx 2 (0; 1) : j�tj � �1g ; I2 = fx 2 (0; 1) : j�tj > �1g :

Now, with I (t) de�ned by

I (t) =

Z
I1

�tg (�t) dx;

we have, using Jensen inequality (note that G�1 is concave and recall (3.26))

G�1 (I (t)) � c

Z
I1

G�1 (�tg (�t)) dx: (3.28)

The combination of Eq. (3.27) and (3.28) yields

� (t)

Z 1

0

�
�2t + g2 (�t)

�
dx = � (t)

Z
I1

�
�2t + g2 (�t)

�
dx+ � (t)

Z
I2

�
�2t + g2 (�t)

�
dx

� � (t)

Z
I1

G�1 (�tg (�t)) dx+ c� (t)

Z
I2

�tg (�t) dx

� c� (t)G�1 (I (t))� cE 0 (t) : (3.29)

So, by substituting (3.29) into (3.22) and using (3.23) and (H1), we have

S 00 (t) � �k1� (t)E (t) + c� (t)G�1 (I (t)) (3.30)

Now, for �1 < � and �0 > 0; using (3.30) and the fact that E 0 � 0; G0 > 0; G00 > 0 on

(0; �) ; we �nd that the functional S1; de�ned by

S1 (t) := G0
�
�0
E (t)

E (0)

�
S0 (t) + �0E (t) ;
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satis�es, for some b1, b2 > 0,

b1S1 (t) � E (t) � b2S1 (t) (3.31)

and

S 00 (t) : = �0
E 0 (t)

E (0)
G00
�
�0
E (t)

E (0)

�
S0 (t) +G0

�
�0
E (t)

E (0)

�
S 00 (t) + �0E

0 (t)

� �k1� (t)E (t)G0
�
�0
E (t)

E (0)

�
+ c� (t)G0

�
�0
E (t)

E (0)

�
G�1 (I (t)) + �0E

0 (t)(3.32)

Let G� be the convex conjugate of G de�ned by

G� (s) = s
�
G

0
��1

(s)�G

��
G

0
��1

(s)

�
; if s 2 (0; G0 (�)] ;

satisfying the following general Young�s inequality

AB � G� (A) +G (B) ; if A 2 (0; G0 (�)] ; B 2 (0; �] :

With

A = G0
�
�0
E (t)

E (0)

�
and B = G�1 (I (t)) ;

using (3.26), we obtain

c� (t)G0
�
�0
E (t)

E (0)

�
G�1 (I (t)) � c� (t)G�

�
G0
�
�0
E (t)

E (0)

��
+ c� (t) I (t) :

By exploiting (3.5) and the fact that

G� (s) � s (G0)
�1
(s) ; we get

c� (t)G0
�
�0
E (t)

E (0)

�
G�1 (I (t)) � c� (t) �0

E (t)

E (0)
G0
�
�0
E (t)

E (0)

�
� cE 0 (t) (3.33)

By substituting (3.32) into Eq. (3.33), we obtain

S 01 (t) � �k� (t)
E (t)

E (0)
G0
�
�0
E (t)

E (0)

�
= �k1� (t)G0

�
E (t)

E (0)

�
(3.34)
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where k > 0 and G0 (t) = tG0 (�0t) :

Note that

G00 (t) = G0 (�0t) + �0tG
00 (�0t) :

So, using the strict convexity of G on (0; �] ; we �nd that G0 (t) ; G00 (t) > 0 on

(0; 1] :With S (t) := b1S1(t)
E(0)

it is obvious that S (t) � E(t)
E(0)

� 1: Now, using (3.31) and

(3.34), we have

S (t) � E (t) (3.35)

and, for some a2 > 0

S 0 (t) � �a2� (t)G0 (S (t)) : (3.36)

Inequality (3.36) implies that

d

dt
G1 (S (t)) � a2� (t) ;

where

G1 (t) =

Z t

1

1

G0 (s)
ds:

Thus, by integrating over [0; t] ; we obtain, for some a3 > 0;

S (t) � G�11

�
a2

Z t

0

� (s) ds+ a3

�
: (3.37)

Here, we used, based on the properties of G0, the fact that G1 is strictly decreasing

on (0; 1] :Finally, using (3.37) and (3.35), we obtain (3.21).



Chapter 4

Well-posedness and exponential

decay of the thermoelastic Ful von

Kármán beam with discret delay

term

In the present chapter, we will consider a delayed system with Cattaneo�s law and

thermoelasticity with second sound

8>>>>>>>>>><>>>>>>>>>>:

wtt � d1
��
ux +

1
2
(wx)

2�wx�x + d2wxxxx + �1wt + �2wt(x; t� �) = 0;

utt � d1
��
ux +

1
2
(wx)

2��
x
+ ��x = 0;

�t + qx + �utx = 0;

qt + 
q + �x = 0;

(4.1)

77
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in 
 � (0;1), where 
 = [0; L] and d1; d2; �; l; and 
 are a positive constants

and, �1; �2 are positive real numbers. We complement system (4.1) with boundary

conditions 8>><>>:
u = 0; w = 0; �x = 0 at x = 0; L for any t > 0;

wx = 0 at x = 0; L for any t > 0;

(4.2)

and the initial data8>>>>>><>>>>>>:
u (0; :) = u0; ut (0; :) = u1; w (0; :) = w0; wt (0; :) = w1;

� (0; :) = �0; �t (0; :) = �1;

wt(x; t� �) = f0 (x; t� �) in (0; L)� (0; �) :

(4.3)

The chapter is organized as follows. In section 2 we state several useful results and give

a well-posedness theorem (Theorem 4.1.1) by using a semi-group approach for linear

and nonlinear cases. In sections 3 we prove exponential stability result (Theorem

4.2.1), under appropriate conditions (4.4), (4.9). The stability results are established

by using an appropriate Lyapunov functions.

4.1 Preliminaries and Well-posedness

First assume the following hypotheses:

j�2j < j�1j ; (4.4)

and we will prove that system (4.1)-(4.3) is well posed using semigroup theory by

introducing the following new variable [20]

z(x; �; t) = wt (x; t� ��) ; x 2 (0; L) ; � 2 (0; 1) ; t > 0; (4.5)
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then we have,

�zt(x; �; t) + z�(x; �; t) = 0 in (0; L)� (0; 1)� (0;1) : (4.6)

Therefore, problem (4.1) takes the form

8>>>>>>>>>><>>>>>>>>>>:

wtt � d1
��
ux +

1
2
(wx)

2�wx�x + d2wxxxx + �1wt (x; t) + �2z (x; 1; t) = 0;

utt � d1
��
ux +

1
2
(wx)

2��
x
+ ��x = 0;

�t + qx + �utx = 0;

qt + 
q + �x = 0;

(4.7)

with the initial conditions:

8>>>>>><>>>>>>:
u (0; :) = u0; ut (0; :) = u1; w (0; :) = w0; wt (0; :) = w1;

� (0; :) = �0; �t (0; :) = �1;

z (x; 1; t) = f (x; t� �) in (0; L)� (0; �) :

(4.8)

Now, let � be positive constant such that:

� j�2j < � < � (2�1 � j�2j) ; (4.9)

and let U = (w;wt; u; ut; �; q; z)
T , then Ut = (wt; wtt; ut; utt; �t; qt; zt)

T : Introducing

the vector function ' = wt; and  = ut, system (4.1)-(4.3) can be written as

8>><>>:
Ut = AU + F (U)

U (0) = (w0; w1; u0; u1; �0; q0; f0) ;

(4.10)
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and the linear operator A is de�ned by:

A

0BBBBBBBBBBBBBBBBBBBBBB@

w

'

u

 

�

q

z

1CCCCCCCCCCCCCCCCCCCCCCA

=

0BBBBBBBBBBBBBBBBBBBBBB@

'

�d2wxxxx � �1'� �2z (:; 1)

 

d1uxx � ��x

�qx � � x

�
q � �x

� 1
�
z�

1CCCCCCCCCCCCCCCCCCCCCCA

; (4.11)

and

F (U) =

0BBBBBBBBBBBBBBBBBBBBBB@

0

0

0

d1
��
ux +

1
2
(wx)

2�wx�x
0

d1
2
(wx)

2
x

0

1CCCCCCCCCCCCCCCCCCCCCCA

; U0 =

0BBBBBBBBBBBBBBBBBBBBBB@

w0

w1

u0

u1

�0

q0

f0

1CCCCCCCCCCCCCCCCCCCCCCA

; (4.12)

with domain

D (A) =

8>><>>:
(w;'; u;  ; �; q; z)T 2 [H4 (0; L) \H2

0 (0; L)]�H1
0 (0; L)

� [H2 (0; L) \H2
0 (0; L)]

(4.13)

�H1
0 (0; L)� L2 (0; L)� L2 (0; L)� L2 ((0; L) ; H1

0 (0; 1)) ;

' = z (:; 0) in (0; L)

9>>=>>; :
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Denote by H the Hilbert space

H : =
��
H4 (0; L) \H2

0 (0; L)
�
�H1

0 (0; L)�
�
H2 (0; L) \H2

0 (0; L)
�

�H1
0 (0; L)� L2 (0; L)� L2 (0; L)� L2

�
(0; L) ; H1

0 (0; 1)
�	
:

We will show that A generates a C0 semigroup on H. Let us de�ne on the Hilbert

space H the inner product, for U = (w;'; u;  ; �; q; z)T ; eU = �ew; e'; eu; e ;e�; eq; ez�T

D
U; eUE =

Z L

0

'e'dx+ Z L

0

 e dx+ Z L

0

�e�dx+ Z L

0

qeqdx+ d2

Z L

0

wxx ewxxdx
+d1

Z L

0

uxeuxdx+ Z L

0

�

Z 1

0

zezd�dx

The next result is our �rst main goal in this pape

Theorem 4.1.1 Let (w;'; u;  ; �; q; z)T 2 H. for any initial datum U0 2 H there

exists a unique solution U 2 C ([0;1) ; H) for problem (4.10). Moreover, if U0 2

D (A) ; then U 2 C ([0;1) ; D (A)) \ C1 ([0;1) ; H) :
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Proof. We show that the operator A generates a C0-semigroup in H. In this

step, we prove that the operator A is dissipative. Let U = (w;'; u;  ; �; q; z)T

hAU;Ui =

*

0BBBBBBBBBBBBBBBBBBBBBB@

'

�d2wxxxx � �1'� �2z (:; 1)

 

d1uxx � ��x

�qx � � x

�
q � �x

� 1
�
z�

1CCCCCCCCCCCCCCCCCCCCCCA

;

0BBBBBBBBBBBBBBBBBBBBBB@

w

'

u

 

�

q

z

1CCCCCCCCCCCCCCCCCCCCCCA

+

= ��1
Z L

0

'2dx� d2

Z L

0

'wxxxxdx+ d1

Z L

0

 uxxdx (4.14)

��
Z L

0

 �xdx�
Z L

0

qx�dx� �

Z L

0

� xdx� 


Z L

0

q2dx

�
Z L

0

q�xdx+ d2

Z L

0

wxx'xxdx+ d1

Z L

0

 xuxdx

��2
Z L

0

'z (x; 1) dx� �

�

Z L

0

Z 1

0

z (x; �) z� (x; �) d�dx;

Using integration by parts, we obtain

hAU;Ui = ��1
Z L

0

'2dx� �

Z L

0

 �xdx�
Z L

0

qx�dx

��
Z L

0

� xdx� 


Z L

0

q2dx�
Z L

0

q�xdx

��2
Z L

0

'z (x; 1) dx� �

�

Z L

0

Z 1

0

z (x; �) z� (x; �) d�dx;
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thus,

hAU;Ui = ��1
Z L

0

'2dx� �2

Z L

0

'z (x; 1) dx� 


Z L

0

q2dx

��
�

Z L

0

Z 1

0

z (x; �) z� (x; �) d�dx: (4.15)

Now, thanks to Young�s inequality, (4.6) and (4.9);we get

hAU;Ui = �
�
�1 �

�

2�
� j�2j

2

�Z L

0

'2dx� 


Z L

0

q2dx

�
�
�

2�
� j�2j

2

�Z L

0

z2 (x; 1) dx � 0: (4.16)

Consequently, the operator A is dissipative. Now, we will prove that the operator

�I �A is surjective for � > 0: For this purpose, let

(f1; f2; f3; f4; f5; f6; f7)
T 2 H;

we seek

U = (w;'; u;  ; �; q; z)T 2 D (A)
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solution of the following system of equations8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�w � ' = f1

�'+ d2wxxxx + �1'+ �2z (:; 1) = f2

�z + 1
�
z� = f3

�u�  = f4

� � d1uxx + ��x = f5

�� + qx + � x = f6

�q + 
q + �x = f7

(4.17)

Suppose that we have found w, u. Therefore, the �rst and the third equation in (4.17)

give 8>>>>>><>>>>>>:
' = �w � f1

 = �u� f3

; (4.18)

It is clear that ' 2 H1
0 (0; L) and  2 H1

0 (0; L). Furthermore, by (4.17) we can �nd

z (x; 0) = ' (x) for x 2 (0; L) : Following the same approach as in [46], we obtain, by

using equations for z in (4.17),

z (x; �) = ' (x) e���� + �e����
Z �

0

f3 (x; s) e
���ds: (4.19)
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From (4.18), we obtain

z (x; �) = �w (x) e���� � f1e
���� + �e����

Z �

0

f3 (x; s) e
���ds:

By using (4.17) and (4.18) the functions w and u satisfying the following system,8>>>>>><>>>>>>:
�2w + d2wxxxx + �1'+ �2z (:; 1) = �f1 + f2

�2u� d1uxx + ��x = �f3 + f4

Solving (4.17) system is equivalent to �nding

(w; u) 2
�
H4 (0; L) \H2

0 (0; L)
�
�
�
H2 (0; L) \H2

0 (0; L)
�

such that,8>>>>>><>>>>>>:

R L
0

�
�2w� + �1'� + d2wxx�xx + �2z (:; 1) �

�
dx =

R L
0
(�f1 + f2) �dx

R L
0

�
�2u� � d1ux�x + ���x

�
dx =

R L
0
(�f3 + f4) �dx

(4.21)

for all (�; �) 2 H1
0 (0; L)�H1

0 (0; L) : From (4.5), we have

z (x; 1) = �w (x) e��� � f1e
��� + �e���

Z 1

0

f3 (x; s) e
��ds:

Consequently, problem (4.21) is equivalent to the problem

a ((w; u) ; (�; �)) = L (�; �) (4.22)

where the bilinear form

a :
�
H2
0 (0; L)�H1

0 (0; L)
�2 ! R

and the linear form

L : H2
0 (0; L)�H1

0 (0; L)! R
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are de�ned by

a ((w; u) ; (�; �)) =

Z L

0

�
�2 (w + �1'+ �2z (:; 1)) � + d2wxx�xx

�
dx

+

Z L

0

�
�2u� + (�� � d1ux) �x

�
dx; (4.23a)

and

L (�; �) =

Z L

0

(�f1 + f2) �dx+

Z L

0

(�f3 + f4) �dx:

It is easy to verify that a is continuous and coercive, and L is continuous. So applying

the Lax-Milgram theorem, we deduce that for all (�; �) 2 H1
0 (0; L) � H1

0 (0; L) the

problem (4.22) admits a unique solution (w; u) 2 H2 (0; L)�H1
0 (0; L) : Applying the

classical elliptic regularity, it follows from (4.21) that (w; u) 2 H4 (0; L)�H2
0 (0; L) :

Therefore, the operator (�I �A) is surjective for any � > 0. Consequently, the

existence result of theorem follows from the Hille-Yosida theorem. To prove existence

and uniqueness of local solutions for the nonlinear problem, it remains to show that

F(U) is locally Lipschitz continuous in H. In fact, if U = (w;'; u;  ; �; q; z)T ; eU =�ew; e'; eu; e ;e�; eq; ez�T belong to H, we have


F (U)�F �eU�


2
H
= d1

�
jhj2 + jgj2

�
(4.24)

where h =
��
ux +

1
2
w2x
�
wx �

�eux + 1
2
ew2x� ewx�xand g = 1

2
(w2x � ew2x)x : Adding and

subtracting the term
�
ux +

1
2
w2x
� ewx inside the norm jhj ; we gets

jhj � kwx � ewxkL1(0;L) ����ux + 12w2x
����+ k ewxkL1(0;L) jux � euxj

+
1

2
k ewxkL1(0;L) jwx + ewxj kwx � ewxkL1(0;L) : (4.25)

Using the embedding of H1 (0; L) into L1 (0; L) one has from (4.25) that

jhj � k
�
kUkH ;




eU



H

�


U � eU



H

(4.26)
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Using once again the embedding of H 1(0; L) into L1 (0; L), one also sees that

jgj � k
�
kUkH ;




eU



H

�


U � eU



H
: (4.27)

Combining (4.24), (4.26) and (4.27), it follows that F(U) is locally Lipschitz contin-

uous in H:

4.2 Exponential decay

The associated energy of this system is de�ned by

E (t) =
1

2

Z L

0

(
w2t + u2t + �2 + q2 + d2w

2
xx + d1

�
ux +

1

2
(wx)

2

�2)
dx

+
�

2

Z L

0

Z 1

0

z2 (x; �; t) d�dx: (4.28)

Theorem 4.2.1 Let us suppose that the initial data are given in H. Then, the energy

E (t) decays exponentially, i.e., there exist two positive constants � and � independent

of the initial data such that

E (t) � �E (0) e��t; for all t � 0:

In this section we state and prove our result on exponential decay for the nonlinear

system (4.7)-(4.8). We start by introducing some functionals and preparing some

lemmas.

Lemma 4.2.1 Let (w; u; �; q; z) be the solution of (4.7)-(4.8). Then the energy func-
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tional E (t), de�ned by (4.28) satis�es

d

dt
E(t) � �


Z L

0

q2dx�
�
�1 �

�

2�
� j�2j

2

�Z L

0

w2t dx (4.29)

�
�
�

2�
� j�2j

2

�Z L

0

z2 (x; 1; t) dx:

Proof. We multiplying the �rst at four equations in (4.7) by ut, wt, �; q respec-

tively, integrating over (0; L); and the equation (4.6) by �
�
z over (0; L)� [0; 1], using

integration by parts with the boundary conditions (4.2), we obtain.

d

2dt

Z L

0

w2t dx� d1

Z L

0

��
ux +

1

2
(wx)

2

�
wx

�
x

wtdx+ d2
d

2dt

Z L

0

(wxx)
2 dx

+�1

Z L

0

w2t dx+ �2

Z L

0

z (x; 1; t)wtdx = 0;

d

2dt

Z L

0

u2tdx� d1

Z L

0

��
ux +

1

2
(wx)

2

��
x

utdx+ �

Z L

0

�xutdx = 0;

d

2dt

Z L

0

�2dx+

Z L

0

qx�dx� �

Z L

0

ut�xdx = 0;

d

2dt

Z L

0

q2dx+ 


Z L

0

q2dx�
Z L

0

�qxdx = 0;

�
d

2dt

Z L

0

Z 1

0

z2(x; �; t)d�dx+
�

2�

Z L

0

�
z2(x; 1; t)� z2(x; 0; t)

�
dx = 0; (4.30)

with

�

�

Z L

0

Z 1

0

d

2d�
z2(x; �; t)d�dx =

�

2�

Z L

0

�
z2(x; 1; t)� z2(x; 0; t)

�
dx:
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Summing up, we get

d

2dt

Z L

0

w2t dx+
d

2dt

Z L

0

u2tdx+ d2
d

2dt

Z L

0

(wxx)
2 dx+

d

2dt

Z L

0

�2dx

+
d

2dt

Z L

0

q2dx+ �
d

2dt

Z L

0

Z 1

0

z2(x; �; t)d�dx

+d1

Z L

0

�
ux +

1

2
(wx)

2

�
uxtdx+ d1

Z L

0

�
ux +

1

2
(wx)

2

�
wxwxtdx

+


Z L

0

q2dx+ �1

Z L

0

w2t dx+ �2

Z L

0

z (x; 1; t)wtdx

+
�

2�

Z L

0

�
z2(x; 1; t)� z2(x; 0; t)

�
dx = 0:

Now, by using the fact that

d

2dt
d1

Z L

0

�
ux +

1

2
(wx)

2

�2
dx = d1

Z L

0

�
ux +

1

2
(wx)

2

�
uxtdx

+d1

Z L

0

�
ux +

1

2
(wx)

2

�
wxwxtdx;

we arrive at

d

2dt

Z L

0

h
w2t + u2t + d2 (wxx)

2 + �2 + q2 + d1

�
ux +

1

2
(wx)

2

�2

+�

Z 1

0

z2(x; �; t)d�
i
+ 


Z L

0

q2dx+ �1

Z L

0

w2t dx

+�2

Z L

0

z (x; 1; t)wtdx+
�

2�

Z L

0

�
z2(x; 1; t)� z2(x; 0; t)

�
dx = 0:
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Thus,

E 0(t) = �

Z L

0

q2dx� �1

Z L

0

w2t dx� �2

Z L

0

z (x; 1; t)wtdx

� �

2�

Z L

0

�
z2(x; 1; t)� z2(x; 0; t)

�
dx:

Finally, by using Young�s inequality, the relation (4.9) and (4.7); we get

E 0 (t) � �
�
�

2�
� j�2j

2

�Z L

0

z2(x; 1; t)�
�
�1 �

�

2�
� j�2j

2

�Z L

0

w2t dx� 


Z L

0

q2dx:

Lemma 4.2.2 Let

I1(t) =

Z L

0

�
utu+

1

2
wtw +

�1
4
w2
�
dx; t � 0: (4.31)

and let (u;w; �; q; z) be a solution of (4.7)-(4.8). Then we have, for any "1 > 0,

I 01(t) � �d1
Z L

0

�
ux +

1

2
(wx)

2

�2
dx� d2

4

Z L

0

(wxx)
2 dx

+"1

Z L

0

u2xdx+
�2

4"1

Z L

0

�2dx+

Z L

0

u2tdx

+
�22c

2
p

2d2

Z L

0

z2 (x; 1; t) dx+
1

2

Z L

0

w2t dx: (4.32)

for all t � 0:
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Proof. Di¤erentiating the functional I1(t) and using the �rst and the second

equation of (4.7), we get

I 01(t) = �d1
Z L

0

�
ux +

1

2
(wx)

2

�
uxdx� �

Z L

0

�uxdx+

Z L

0

u2tdx

�d1
2

Z L

0

�
ux +

1

2
(wx)

2

�
w2xdx�

d2
2

Z L

0

w2xxdx� �2
1

2

Z L

0

z (x; 1; t)wdx

+
1

2

Z L

0

w2t dx: (4.33)

Using Young�s and Poincaré inequalities, we get

��2
1

2

Z L

0

z (x; 1; t)wdx � d2
4

Z L

0

w2xxdx+
�22c

2
p

2d2

Z L

0

z2 (x; 1; t) dx; (4.34)

and

��
Z L

0

�uxdx � "1

Z L

0

u2xdx+
�2

4"1

Z L

0

�2dx: (4.35)

By inserting (4.34) and (4.35) into (4.33), then, we obtain (4.32).

I 01(t) =

Z L

0

u2tdx� d1

Z L

0

�
ux +

1

2
(wx)

2

�
uxdx+ �

Z L

0

�uxdx

+
1

2

Z L

0

w2t dx�
d1
2

Z L

0

�
ux +

1

2
(wx)

2

�
w2xdx

�d2
2

Z L

0

(wxx)
2 dx+

�2
2

Z L

0

z2 (x; 1; t) dx+
�2
8

Z L

0

w2dx: (4.36)

We conclude by using Young and Poincaré�s inequalities.

Lemma 4.2.3 Let

I2(t) :=

Z L

0

�Z x

0

� (t; y) dy

�
utdx; t � 0; (4.37)
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and let (u;w; �; q; z) be a solution of (4.7)-(4.8). Then we have, for any "2 > 0;

I 02(t) � �
�

2

Z L

0

u2tdx+ "2

Z L

0

�
ux +

1

2
(wx)

2

�2
dx

+
1

2�

Z L

0

q2dx+ C("2)

Z L

0

�2dx+ "2u
2
x (L) ; t � 0; (4.38)

where, C("2) =
h
d21
4"2
(1 + L) + �

i
:

Proof. A di¤erentiation of (4.37) and with the boundary conditions gives

I 02(t) = ��
Z L

0

u2tdx�
Z L

0

qutdx+ �

Z L

0

�2dx

� d1

Z L

0

�
ux +

1

2
(wx)

2

�
�dx+ d1

�Z L

0

�dx

�
ux (L) : (4.39)

By recalling Young�s inequality for the last term of (4.39), we get for any "2 > 0;

d1

�Z L

0

�dx

�
ux (L) � "2u

2
x (L) +

d21L

4"2

Z L

0

�2dx;

and our conclusion follows.

Lemma 4.2.4 Let

I3 (t) :=

Z L

0

�Z x

0

q (t; y) dy

�
�dx; t � 0; (4.40)

and let (u;w; �; q; z) be a solution of (4.7)-(4.8). Then we have, for any "3 > 0

I 03(t) � �
1

2

Z L

0

�2dx+ "3

Z L

0

ut
2dx+ C1 ("3)

Z L

0

q2dx; t � 0; (4.41)

where, C1("3) =
�
1 + �2

4"3
+ 
2

2

�
:
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Proof. By exploiting (4.40) and integrating by parts, we have

I 03(t) =

Z L

0

q2dx� �

Z L

0

�Z x

0

q (t; y) dy

�
utxdx

�

Z L

0

�Z x

0

q (t; y) dy

�
�dx�

Z L

0

�2dx: (4.42)

Using Young�s and Poincaré inequalities, we obtain

�

Z L

0

�Z x

0

q (t; y) dy

�
�dx � 1

2

Z L

0

�2dx+

2

2

Z L

0

q2dx; (4.43)

��
Z L

0

�Z x

0

q (t; y) dy

�
utxdx � "3

Z L

0

ut
2dx+

�2

4"3

Z L

0

q2dx: (4.44)

By substituting (4.43) and (4.44) in (4.42), we obtain immediately (4.41).

In order to eliminate the boundary term in (4.38), we introduce the following

function

m(x) = 2� 4
L
x; x 2 [0; L] ;

Lemma 4.2.5 Let

I4(t) :=

Z L

0

utmuxdx+

Z L

0

wtmwxdx�
Z L

0

(� + �ux)mqdx; t � 0: (4.45)
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and let (u;w; �; q; z) be a solution of (4.7)-(4.8). Then we have, the following estimate

I 04(t) � 


Z L

0

�2dx+

�

 +


2�2

4

�Z L

0

q2dx+
2

L

Z L

0

u2tdx

�d1
�
u2x (L) + u2x (0)

�
+

�
1 +

2d1
L

�Z L

0

u2xdx

+

�
2

L
+ �1

�Z L

0

w2t dx+ �1

Z L

0

w2xdx

(4.46)

+
8d1
L

Z L

0

�
ux +

1

2
(wx)

2

�2
dx+

6d2
L

Z L

0

w2xxdx

+�2

Z L

0

z2 (x; 1; t) dx+ �2

Z L

0

w2xdx:

Proof. Direct di¤erentiation, using the second equation of (4.7) and the integra-

tion by parts, lead to

d

dt

Z L

0

mutuxdx = d1

Z L

0

��
ux +

1

2
(wx)

2

��
x

muxdx� �

Z L

0

�xmuxdx+

Z L

0

utmutxdx

= d1

Z L

0

uxxmuxdx+ d1

Z L

0

wxwxxmuxdx� �

Z L

0

�xmuxdx+

Z L

0

utmutxdx

=
d1
2

�
mu2x

�x=L
x=0

� d1
2

Z L

0

mxu
2
xdx+ d1

Z L

0

wxwxxmuxdx

� �

Z L

0

�xmuxdx�
1

2

Z L

0

mxu
2
tdx

= �d1
�
u2x (L) + u2x (0)

�
+
2d1
L

Z L

0

u2xdx+ d1

Z L

0

wxwxxmuxdx

� �

Z L

0

�xmuxdx+
2

L

Z L

0

u2tdx
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then

d

dt

Z L

0

utmuxdx = d1

Z L

0

uxxmuxdx+ d1

Z L

0

wxwxxmuxdx

��
Z L

0

�xmuxdx+

Z L

0

utmutxdx

d

dt

Z L

0

utmuxdx =
d1
2

�
mu2x

�x=L
x=0

� d1
2

Z L

0

mxu
2
xdx� �

Z L

0

�xmuxdx

+d1

Z L

0

wxwxxmuxdx�
1

2

Z L

0

mxu
2
tdx

d

dt

Z L

0

utmuxdx � �d1
�
u2x (L) + u2x (0)

�
+
2d1
L

Z L

0

u2xdx+
2

L

Z L

0

u2tdx

+d1

Z L

0

wxwxxmuxdx� �

Z L

0

�xmuxdx (4.47)
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Similarly, using the �rst equation of (4.7), we have

d

dt

Z L

0

wtmwxdx = +d1

Z L

0

��
ux +

1

2
(wx)

2

�
wx

�
x

mwxdx

��1
Z L

0

wtmwxdx� d2

Z L

0

wxxxxmwxdx

+

Z L

0

wtmwtxdx� �2

Z L

0

z (x; 1; t)mwxdx

= �d1
Z L

0

��
ux +

1

2
(wx)

2

�
wx

�
(mxwx +mwxx) dx

��1
Z L

0

wtmwxdx+ d2

Z L

0

wxxx (mxwx +mwxx) dx

�1
2

Z L

0

mxw
2
t dx� �2

Z L

0

mwxz (x; 1; t) dx

= +
4d1
L

Z L

0

�
ux +

1

2
(wx)

2

�
w2xdx� d1

Z L

0

wxwxxmuxdx

��1
Z L

0

wtmwxdx�
d1
2

Z L

0

w2xwxmwxxdx�
4d2
L

Z L

0

wxxxwxdx

+d2

Z L

0

wxxxmwxxdx+
2

L

Z L

0

w2t dx� �2

Z L

0

mwxz (x; 1; t) dx

= +
4d1
L

Z L

0

�
ux +

1

2
(wx)

2

�
w2xdx� d1

Z L

0

wxwxxmuxdx

��1
Z L

0

wtmwxdx�
d1
4

Z L

0

w2xq
�
(wx)

2�
x
dx

+
4d2
L

Z L

0

w2xxdx� d2
�
w2xx(L) + w2xx(0)

�
+
2d2
L

Z L

0

w2xxdx

+
2

L

Z L

0

w2t dx� �2

Z L

0

mwxz (x; 1; t) dx

� ��1
Z L

0

wtmwxdx+
4d1
L

Z L

0

�
ux +

1

2
(wx)

2

�
w2xdx� d1

Z L

0

wxwxxmuxdx

� d1
2L

Z L

0

w4xdx+
6d2
L

Z L

0

w2xxdx+
2

L

Z L

0

w2t dx

+�2

Z L

0

z2 (x; 1; t) dx+
�2
4

Z L

0

(mwx)
2 dx;
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using Young�s inequality we �nd

d

dt

Z L

0

wtmwxdx �
�
2

L
+ �1

�Z L

0

w2t dx+ �1

Z L

0

w2xdx

+
8d1
L

Z L

0

�
ux +

1

2
(wx)

2

�2
dx� d1

Z L

0

wxwxxmuxdx

+
6d2
L

Z L

0

w2xxdx+ �2

Z L

0

z2 (x; 1; t) dx+
�2
4

Z L

0

(mwx)
2 dx: (4.48)

Finally,

� d

dt

Z L

0

(� + �ux)mqdx = �
Z L

0

(�t + �utx)mqdx�
Z L

0

(� + �ux)mqtdx

=

Z L

0

qxmqdx�
Z L

0

(� + �ux)m (�
q � �x) dx

=

Z L

0

qxmqdx+ 


Z L

0

�mqdx+

Z L

0

�m�xdx

+
�

Z L

0

qmuxdx+ �

Z L

0

�xmuxdx

=
1

2

Z L

0

mxq
2dx+ 


Z L

0

�mqdx+
1

2

Z L

0

mx�
2dx

+
�

Z L

0

qmuxdx+ �

Z L

0

�xmuxdx

= � 2
L

Z L

0

q2dx+ 


Z L

0

�mqdx� 2

L

Z L

0

�2dx

+
�

Z L

0

qmuxdx+ �

Z L

0

�xmuxdx

� 


Z L

0

�mqdx+ 
�

Z L

0

qmuxdx+ �

Z L

0

�xmuxdx;

using, Young�s inequality we �nd

� d

dt

Z L

0

(� + �ux)mqdx �
Z L

0

u2xdx+

�

 +


2�2

4

�Z L

0

q2dx

+


Z L

0

�2dx+ �

Z L

0

�xmuxdx: (4.49)
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By adding (4.47), (4.48) and (4.49), we conclude

I 04(t) � 


Z L

0

�2dx+

�

 +


2�2

4

�Z L

0

q2dx+
2

L

Z L

0

u2tdx

�d1
�
u2x (L) + u2x (0)

�
+

�
1 +

2d1
L

�Z L

0

u2xdx

+

�
2

L
+ �1

�Z L

0

w2t dx+ �1

Z L

0

w2xdx

+
8d1
L

Z L

0

�
ux +

1

2
(wx)

2

�2
dx+

6d2
L

Z L

0

w2xxdx

+�2

Z L

0

z2 (x; 1; t) dx+ �2

Z L

0

w2xdx:

Lemma 4.2.6 The functional I5(t) satis�es the estimate

I5 (t) =

Z L

0

Z 1

0

e�2��z2 (x; �; t) d�dx; (4.50)

for some positive constant m1

I 05 (t) � �I5 (t)�
m1

2�

Z L

0

z2 (x; 1; t) dx+
1

2�

Z L

0

w2t (x; t) dx: (4.51)
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Proof. Di¤erentiating I5 (t), and using the equation (4.6), we obtain

d

dt

�Z L

0

Z 1

0

e�2��z2 (x; �; t) d�dx

�
= �1

�

Z L

0

Z 1

0

e�2��zz� (x; �; t) d�dx

= �
Z L

0

Z 1

0

e�2��z2 (x; �; t) d�dx

� 1

2�

Z L

0

Z 1

0

d

d�

�
e�2��z2 (x; �; t)

�
d�dx:

The above estimate implies that there exists a positive constant m1 such that (4.51)

holds.

Now we are in the position to prove the second main result in this chapter (The-

orem 4.2.1). First, we introduce the functional

L(t) = NE(t) + � d1
4
I1 + d1I2 +N1I3 + "2I4 + I5: (4.52)

Proof. (of Theorem 4.2.1)

taking into account (4.29), (4.32), (4.38), (4.41), (4.46), (4.51) and the relations

Z L

0

u2xdx � 2

Z L
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�
ux +

1
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�
w2x
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dx+
1

2

Z L

0

w2xdx

� 2
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0

�
ux +

1

2

�
w2x
��

dx+
L

4

Z L

0

w2xdx;
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we get

L0 (t) � �
�

N � d1

2�
� C1 ("3)N1 � "2
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 +


2�2

4

��Z L
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�
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�
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�
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� �d1
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p
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�
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2d1
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2
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�
�
�d1d2
16

� 6"2d2
L

� Cp�"1d1
16

� L"2Cp
4

�
1 +

2d1
L

�
� "2Cp (�1 + �2)

� Z L

0

(wxx)
2 dx

�
�
1

2
N1 �

�3d1
16"1

� C("2)d1 � 
"2

� Z L

0

�2dx

�
�
�d1
4
� "3N1 �

2"2
L

� Z L

0

u2tdx

�I5 (t)

L0 (t) � ��1
R L
0
q2dx� �2

R L
0
w2t dx� �3

R L
0
z2 (x; 1; t) dx (4.53)

��4
R L
0

�
ux +

1
2
(wx)

2�2 dx� �5
R L
0
w2xxdx� �6

R L
0
�2dx

��7
R L
0
u2tdx� I5 (t)
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where

�1 =
h

N � d1

2�
� C1 ("3)N1 � "2

�

 + 
2�2

4

�i
�2 =

h
N
�
�1 � �

2�
� j�2j

2

�
� �d1

8
� "2

�
2
L
+ �1

�
� 1

2�

i
�3 =

h
N
�
�
2�
� j�2j

2

�
� �d1�22c

2
p

8d2
� �2"2 +

m1

2�

i
�4 =

h
�d21
4
� "2d1 � 8"2d1

L
� �"1d1

2
� 2"2

�
1 + 2d1

L

�i
�5 =

h
�d1d2
16

� 6"2d2
L
� Cp�"1d1

16
� L"2Cp

4

�
1 + 2d1

L

�
� "2Cp (�1 + �2)

i
�6 =

h
N1
2
� �3d1

16"1
� C("2)d1 � 
"2

i
�7 =

�
�d1
4
� "3N1 � 2"2

L

�
First, let us choose "1and "2 small enough

"1 < min
�
d1
8
; d2
4Cp

�
;

"2 < min

�
�d1d2

16Cp (L+ 2d1)
;
�d1L

384
;
�d1
16

;
�d1d2

64Cp (�1 + �2)
;
�d1
128L

;
�d21

32 (L+ 2d1)

�
and, we choose N1 h

N1
2
� �3d1

16"1
� C("2)d1 � 
"2

i
> 0:

Next, we pick "3 so small that,

"3 <
�d1
8N1

Finally, we choose N large enough so that,


N � d1
2�
� C1 ("3)N1 � "2

�

 + 
2�2

4

�
> 0;

N
�
�1 � �

2�
� j�2j

2

�
� �d1

8
� "2

�
2
L
+ �1

�
� 1

2�
> 0;
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and

N

�
�

2�
� j�2j

2

�
�
�d1�

2
2c
2
p

8d2
� �2"2 +

m1

2�
> 0:

Therefore, which implies by (4.53), that there exists also �2 > 0, such that

d

dt
L (t) � ��2E (t) ; 8t > 0: (4.54)

for some positive �2: On the other hand it is easy to verify that

�2E(t) � L(t) � �1E(t); 8t � 0; (4.55)

for some positive constants �1 and �2. Combining (4.54) and the right hand side of

(4.55), we conclude that

d
dt
L (t) � ��L (t) ; 8t � 0; (4.56)

for � > 0. A simple integration of (4.56) leads to

L (t) � L (0) e��t; 8t > 0: (4.57)

Again, use of (4.54) and (4.56) yields the desired result. This completes the proof of

Theorem 4.2.1.



Conclusion and perspectives 

At the end of this research work, we believe that the results presented will contribute to the 

development of the study of evolutionary problems including partial differential equations of the 

hyperbolic type, by opening new horizons for scientific research on this emerging theme. 

First, we have defined two new porous-elastic systems, one with micro-temperatures and internal 

distributed delay acting on the first equation and the other is a one-dimensional damped system with a 

single nonlinear weak feedback and a term of distributed delay 

Subsequently, and after having demonstrated the existence and the uniqueness of the solution of the 

two systems, we obtained, under the assumption that the speeds of propagation are equal, that the 

energy of the first system is exponentially stable, while than that of the second system, decreases 

explicitly and generally. 

Considering the applications in physics, hydraulics, mechanics, etc. . . , the field of partial differential 

equations of the hyperbolic type is booming and the improvement of new methods to study the 

asymptotic behavior of such systems is just as important. 

Finally, the avenues of research regarding these PDEs are numerous, and they can always be 

diversified. Therefore, different perspectives can be cast as a result of this work. 
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