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Abstract

This thesis is devoted to the study of the existence, the uniqueness and the as-
ymptotic behavior of some hyperbolic type problems, in the first problem, we study
the existence and the exponential stability of the solution of a porous-elastic system
with microtemperatures and a distributed internal delay term, the proof which we
have established the exponential stability is based on the construction an appropriate
Lyapunov function equivalent to the energy of the solution considered. This function

checks for a differential inequation leading to the result of the desired decay

The next problem is devoted to the study of the asymptotic behavior of the
solution of a damped one-dimensional porous-elastic system with a single weakly
nonlinear feedback and a distributed delay term, using a multiplier method and some
properties of convex functions, we prove that the energy decreases explicitly and

generally for equal propagation speeds. .

Then, in the last problem, we consider a one-dimensional thermoelastic system of
full von Kédrmén beam with a delayed linear frictional damping, where the heat fux is
given by Cattaneo’s law. Under suitable assumption on the weight of the delay and

iii



iv

that of frictional damping, we prove that the system is exponentially stable. The idea
here, is to generalize some previous results existing in [19, 20, 21], by considering the
delayed problem.

Keywords: Porous system, mecrotemperature, exponential stability, Wave equa-
tion, Varying delay term, Exponential stability, Semigroup theory, Lyapunov func-
tional, delay terms in the feedbacks, distributed delay, viscoelastic, thermoelastic,
decay rate.
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35B40, 35L70, 93D15.



Résumé

Cette thése est consacrée a 1’étude de l'existence, de 'unicité et du comportement
asymptotique de certains problemes du type hyperbolique, dans le premier prob-
leme, nous étudions 'existence et la stabilité exponentielle de la solution d’un sys-
téme poreux-élastique a microtempératures et a terme de retard interne distribué, la
preuve que nous avons établie pour démontrer la stabilité exponentielle repose sur
la construction d’une fonction de Lyapunov appropriée équivalente a 1’énergie de la
solution considérée. Cette fonction vérifie une inéquation différentielle conduisant au

résultat.

Le probleme suivant est consacré a I’étude du comportement asymptotique de la
solution d’un systéme poreux-élastique unidimensionnel amorti avec une seule rétro-
action faiblement non linéaire et un terme de retard distribué, en utilisant une méth-
ode du multiplicateur et certaines propriétés des fonctions convexes, nous prouvons
que ’énergie décroit explicitement et généralement pour des vitesses de propagation

égales. .

Ensuite, et dans le dernier probléme, nous considérons un systéme thermoélas-

tique unidimensionnel de poutre pleine de von Kérmén avec un amortissement de



vi

frottement linéaire retardé, ou le flux de chaleur est donné par la loi de Cattaneo.
Sous des hypothéses appropriées sur le poids du retard et celui de ’amortissement par
frottement, nous prouvons que le systéme est exponentiellement stable. L’idée ici, est
de généraliser certains résultats antérieurs existant dans [19, 20, 21], en considérant
le probléme retardé.

Mots-clés: Systéme poreux, Equation des ondes, Differentiales & retard, Sta-
bilité exponentielle, Théorie de semi-groupes, Fonction de Lyapunov, Viscoelasticité,
Thermoélastisité, Retard distribué, .

2000 Mathematics Subject Classification: 35B40, 35170, 93D15, 93D20.

35B40, 35L70, 93D15.
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0.1 Introduction

Porous media have become an important subject of study and increasing interest in
recent years due to their role in the modeling required by various industrial appli-
cations such as geological storage of CO2, storage of waste radioactive, engineering
of hydrocarbon reservoirs or geothermal energy. A scientific challenge facing geome-
chanics in this field is to model the flow in such materials as well as determine their
permeability effective. Significant work has recently been devoted by various organi-
zations to these questions, both theoretically and in terms of numerical modeling and
experimental. The interest of this question also affects other fields such as hydroge-
ology (management of water resources), the environment (transport of pollutants in

cracked soils) or civil engineering (waterproofing of concrete).

The theory of porous-elastic material has been established by Cowin and Nunzi-
ato [1] and Cowin [2] in 1985. In order to obtain a stability results, various types
of dissipative mechanisms have been considered by many authors, temperature and
microtemperature elements have been introduced in the theory by Lesan [3], and
Lesan and Quintanilla [4]. We can refer to some references in this topic [5, 6, 7, 8.
Quintanilla [9] has studied the temporal decay in one-dimensional porous-elastic ma-
terials, and has found that porous viscosity was not sufficient to have exponential
stability in the solutions. We note that only thermal damping or only porous damp-
ing leads to the slow decay of the solutions, but when both of them are considered,
Casas and Quintanilla [10] has proved that exponentially stability of the solutions

holds. In addition, in another paper [11], they have showed that mixing temperature



and microtemperature gives rise to exponential stability. In this way, Santos , A. D.
S. Campelo and D. A. J unior.[12] studied the porous elastic system when porous

viscosity is coupled with microtemperature.

The main results of this thesis

Our main results in this thesis can be summarized as follows:

Chapter II. In this chapter, we consider a porous-elastic system with microtem-

peratures and internal distributed delay acting on the first equation

PUst — flgy — bO, + pryu + [7% po(s)uy (v, — 5) ds = 0,
IOt = 0y + bUia + €& + dwy = 0,

awy — kwg, + do,, + kw = 0.

\

By using the semigroup approach, we prove the well-posedness of our problem. In
addition, we prove that the unique dissipation due to the microtemperature is strong
enough to exponentially stabilize the system when the speeds of wave propagation are
equal. To achieve the decay estimate, we have introduced an appropriate multiplier

method which leads to the desired result.

Chapter III. In this chapter, we consider a one-dimensional porous system

damped with a single weakly nonlinear feedback and distributed delay term,



PUtt — PUgq — bex + Hy Ut + f:f ”Z(S)Ut (l‘,t - 8) ds = 0> T e (07 1)7 t> 07

j¢tt_5¢a:a:+buw+£¢+a(t)g<¢t):07 QZE(O,l), t>0;
u(z,0) =wug (), u (x,0) =u (), z € (0,1),
¢($7O>:¢O<x)7 ¢t<x>0):¢1 ($), LS (071>7

Ux(ovt) :um(lvt)7 ¢(O7t) :¢(17t) =0

u (x, —t) = fo (x,1) in (0,1) x (0,72)

\

The aim of this chapter is to establish an explicit and general decay rate, using a
multiplier method and some properties of convex functions in case of the same speed
of propagation in the two equations of the system. The result is new and opens more
research areas into porous-elastic system.

Chapter IV. This chapter is devoted to the study of the delayed system with

Cattaneo’s law and thermoelasticity with second sound

;

Wyt — dl [(Um + % (wm)Q) wx]x + dwam:EI + W + /“L2wt(‘r7t - T) = 07
Ut — dl [(ux + % (wm)2)}x + 59:8 = 07
0, + Gz + Oy = 0,

g +vq+ 0, =0,

\

In this chapter, we consider a one-dimensional thermoelastic system of full von
Kérmén beam with a delayed linear frictional damping, where the heat fux is given
by Cattaneo’s law. Under suitable assumption on the weight of the delay and that of
frictional damping, we prove that the system is exponentially stable. The idea here,
is to generalize some previous results existing in [19], [20], [21] by considering the

delayed problem.



Chapter 1

Preliminary

In this chapter, we recall and state some necessary basic knowledge in fonctional
analysis and some basic results which concerning the Layponov functionals and other
theorems, most of which will be used in the subsequent chapter. The reader can easily

find the detailed in the related literature, see e.g. [13, 14, 15, 16]

1.1 Functional Spaces

We denote by R™ the Euclid space, Q2 C R is a bounded smooth domain, C*(Q) is
the k' differentiable continuous function space in ©, C*(€Q) is the 0o’ differentiable
continuous functions space in © , C%°(£2) is the oo’ differentiable continuous functions

space with compact support in 2

Definition 1.1.1 Let X be a vector space over the filed K (K = R or C). Then a
semi-norm on X is a function ||.|| : X — R, such that:

a) ||z|| > 0 forallz € X,



b) [|ax| = |af||z|| for allz € X and o € K,

c) [l +yll < llzll + llyll for all z,y € X.

A norm on X is a semi-norm wich also satisfies :

d) ||z]| =0 = x = 0. A vector space X toghether with a norm ||.|| is called a

normed vector space, or simply, a normed space.

Definition 1.1.2 (Convergent and Cauchy sequences ). Let X be a normed space,
and let (z,,),cy be a sequence of elements of X.
a) (xn),en converges to v € X if: lim, o ||z, — 2| =0,
i.e. if: Ve > 0;AN € N,Vn > N, ||z, — x| <€
b) (zn),en 95 a Cauchy sequence if: Ye > 0;3IN € N,Vm,n > N, ||z, — x| <€
Normed spaces in which every Cauchy sequence is convergent are called complet

normed spaces. In general a normed space is not complete.

Definition 1.1.3 (Banach Spaces). A normed spaces is called a Banach space if it
is complet i.e. if any Cauchy sequence inside the space converges to a point of the
space.

Its dual space X' is the vector space of all continuous linear functional f : X —

Proposition 1.1.1 X' equipped with the norm |||y defined by

Vi e X5 fllx = sup {If ()], llullx <1}

1s also a Banach space.



Remark 1.1.1 From X we construct the bidual or second dual X =
(X ’)/ .Furthermore,with each u € X

we can define o (u) € X by (o (W) (f) = f(u),f € X', this satisfies clearly
le (Wl xn < llullx,we X

Moreover, for each u € X there is an f € X with f (u) = Hu||§( and || flly =

lul , so it follows that [l ()] r = ull

Proposition 1.1.2 Since ¢ is linear we see that
p: X =X !

Proposition 1.1.3 is a linear isometry of X onto a closed subspace of X, we denote

this by X — X"

Definition 1.1.4 If ¢ (in the above definition) is onto X we say that X is reflexive.

1.1.1 The weak and weak star topologies:

Let X be a Banach space and f € X'. Denot by

pp: X =R

z— (¢ (x)) (f)

when f cover X', we obtain a family (cp f) , of applications to X in R.

fex

Definition 1.1.5 The weak topology on X, denoted by o (X, X') ,15 the weakest topol-

ogy on X for which every (Spf)feX/ 1S continuous.
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We will define the topology on X' the weak star topology, denoted by

o (X',X) For all x € X.Denote by

v, X =R

fr=v. ()= o)x x

Definition 1.1.6 The weak star topology on X' is the weakest topology on X' for wich

every (¢,),c x5 continuous.

Remark 1.1.2 Since X — X', it is clear that, the weak star topology o (X/, X) 18

weakest

then the topology o (X X ") ,and this later is weakest then the strong topology.

Definition 1.1.7 we call that a sequence (,,),,oy in X is weakly convergent to x € X

if and only if:

lim f () = [ (2)

n—-aoo

for evry f € X', and this is denoted by x,, — .

Remark 1.1.3 1) If the weak limit exist, it is unique.
2) If v, — x € X (strongly), then x, — x (weakly).

3) If dimX < oo, then the weak convergence implies the strong convergence.
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1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out
to be

the most important function space in modern physics and modern analyse, known
as

Hilbert spaces. Then, we most give some impotant result on these spaces here.

Definition 1.1.8 A Hilbert space H is a vector space supplied with inner product

{u, v)

such that ||u|; = \/(u,v) is the norm which let H complete.

Theorem 1.1.1 [13] Let (x,),cy be a bounded sequence in the Hilbrt space H, then
1t possess a

subsequence which converges in the weak topology of H.

Theorem 1.1.2 [13] In the Hilbrt space, all sequence which converges in the weak

topology 1s bounded.

Theorem 1.1.3 [13] Let (xy), .y be a sequence which converges to x in the weak

topology and (Yn),cn

18 an other sequence which converges weakly to y, then:

Hm (2., y,) = (x,y) .

n—~aoQ

Proposition 1.1.4 Let Hy and Hy be two Hilbert spaces, let (x,) C H, be a

neN

sequence which converges weakly to x € Hy, let A a bounded linear operator from H,

to Hy. Then, the sequence (A (xy,)),cny € Hz converges to A (x)
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i the weak topology of H,.

Theorem 1.1.4 [14] (The Lax-MilgramTheorem)

Let H be a Hilbert space and let a : H x H — R be a bilinear functional. Asume
that

there existe tow constants C' < oo, > 0 such that:

(i) la (u,v)] < C ull,

(it) a (u,v) > al|ul|y for all w € H (coerciveness) .

Then, for every f € H' (the continuous dual space of H), there exists a unique

u € H such that

a(u,v) = (f,v) forallve H

1.1.3 The L? () spaces

Definition 1.1.9 Let 1 < p < 00, and let 2 be an open domain in R™, n € N. Define
the

standard Lebesque space LP (€)) by

LP(Q)=< f:Q—R; f is measurable and /]f ()P dx < oo
Q

Notation 1.1.1 for p € [1,00[, denote by

S

91, = | [ 1f @ s
Q
Af p = o0, we have

LP(Q)={ f:Q — R; f is measurable and there exists C' such that; |f (z)] < C in Q}
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Notation 1.1.2 Let p € [1,00[, we denote by q the conjugate of p i.e.% + % = 1.

Theorem 1.1.5 L? (Q) supplied with the norm |.||, is a Banach space, for all 1 <

p < 00

Remark 1.1.4 In particularly, when p =2, L? () equipped with the inner product

(f:9) 120y = | [(2) g (2)de,
(@) Q/

18 a Hilbert space.

Theorem 1.1.6 For 1 <p < oo, L? () is a reflexive space.

1.1.4 The Sobolev space WP ()

Definition 1.1.10 i) Let m € N N and p € [1,00]. The W™P (Q) is the space of all
f e LP(Q), defined as
Wmr(Q)={ feLP(Q),such that 0°f € L* () for all o = (a1, an, a3, ..., ) € N* | |a] < m}
such that 0% = 07" 95 05°...05" and |af = Y 7_, a;.
i) If f € W™P(Q), we define its norm to be

(Suen 025 dz)" 5 (1 <p < o0)
”fHWmA,p(Q) =
Z|a|§m €55 sup |aaf| ) (p = OO)

Definition 1.1.11 We denote by W"" (Q) the closure of C§° (Q) in W™P (Q)

Remark 1.1.5 i) If p = 2 we usully write

WmE(Q) = H™(Q), W5 (Q) = Hy" (Q)
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Supplied with the norm

/]

a2
Hm(Q) = Z 10 f”LP(Q) dx

o] <m
The letter H is used, since - as we will see - H™ () is a Hilbert space with usual

scalar product

(Us V) () = Z /80‘u80‘vdx

la|<m g

Note that H° (Q) = L* ().

Theorem 1.1.7 [13] 1. H™ (Q) supplied with inner product (.,.)pymq s Hilbert
space.

2. Ifm>m', H" (Q) — H™ (Q)

Theorem 1.1.8 [13] Assume that Q is an open domain in R™ n > 1,with smooth
boundary I'. Then,
i) if 1 < p < n, we have WP (Q) C L (Q), for every q € [p,p*], where p = n"Tpp

ii) if p = n, we have W (Q) C L1 (), for every q € [p, o0) .

) if p > n, we have WHP () C L™ () N C%* () ,where o = e

1.1.5 The L? (0,7, X) space

Definition 1.1.12 Let X be a Banach space, denote by LP(0,T,X) the space of
measurable
functions

f:10,T[— X
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t— f (1)
such that

1
p

T
lior = | [I17 O] <000 1<p<ce
0
If p = o0,

1/l e o.7,30) = sup ess||f ()]l x
t€]0,T]

Theorem 1.1.9 [15] L?(0,T, X) equipped with the norm ||.|[;sr.x) @ a Banach

space.

Proposition 1.1.5 Let X be a reflexive Banach space, X' it’s dual, and 1 < p < oo,

1<qg< o0, =+ % = 1. Then the dual of L* (0,T,X) is identify algebraically and

1
p
topologically with L1 (0,T,X").

1.2 Some useful inequalities

In this section, we shall recall some inqualities which will be used in the subsequent

chapters.

1.2.1 Young inequalities

Theorem 1.2.1 [13] Let 1 < p,q < o0, %—I— % =1, then

1 1
Va,b e RY; ab < —a? + =V!
p q
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Theorem 1.2.2 [13] (Young inequality with €) Let 1 < p,q < oo, 119 + % =1, then

1
VYa,b e R® Ve > 0; ab< —a? + ——b"
p erq

The Young inequality has several variants in the following.

Corollary 1.2.1 Leta,b> 0,1 < p,q < o0, :711+ % = 1. Then

1 1
i) arbs < -a+ -b.
p q
1 ev
i7) arbi < -a+—b, Ve>0.
ng q
i) a®b™® < aa+(1—a)b, O0<a<l.

1.2.2 The Holder inequalities

Theorem 1.2.3 [13] Let 1 < p,q < 00, >+ =1, then if f € LP(Q), g € L(Q)
we have

19l i) < 1Al oy 191 Loy

Theorem 1.2.4 [13] (Generalized Holder inequality)Let 1 < p1,pa,..c;Pm < 00,
1,1 1 _
p_1+p_2+"'+ﬁ_17

then if fr, € LPx (Q) for k =1,2,...,m, we have

/|f1f2--~fm|d$ < N fill oy 1 foll o ) X - X | fonll pom
Q

Remark 1.2.1 We have the corresponding weighted Holder inequality of the integral

form. Let1<p,q<oo,I%—I—%:l,feLP(Q),geLq(Q),w(x)>OonQ. Then

Qe

Jrslo@as < ( [ 17 @Pee) i E [ls @' @) ds
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1.2.3 The Minkowski inequality

Theorem 1.2.5 [13] Assume 1 < p < oo, f,g € LP(Q), then
1f+ 9l oy < 1oy + 190 Laqy
if 0 <p<1, then
1l oy + 19l Loy < I+ 9llroe
In the applications, the integral form from the Minkowski inequality is used fre-

quentely.

1.2.4 The Poincaré inequality

In this subsection, we shall recall the Poincaré inequality in different forms.

Theorem 1.2.6 [15] Let Q be a bounded domain in R™ and f € Hy () .Then there

s a positive constant C' such that
£l 220y < CIV fllL20

Theorem 1.2.7 [13] Let Q be a bounded domain of C' in R™. There is a positive

constant C' such that for any f € H' ().

|- <CIVS )

L2(Q)

Where f = ﬁ [ f (x) dx is the integral average of f over Q and || is the volume
Q

of Q.
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Theorem 1.2.8 [13/ Under the assumption of the previous theorem, for any f €

H'(Q), we have

ey <€ {19y + | [ £(2) d

Q

1.3 Basic theory of semigroups

In this section, we recall some basic knowledge in semigroups,most of whiche will be
used in the subsequent chapters. A general reference to this topic is [15, 16, 17]
The goal of this section is to prove Lumer-Phillips’ theorem (see Theorems 1.4.3

and 1.4.6 of [15]) in a Hilbert space setting. For that purpose, we first recall the

notion of m-dissipative operators.
Definition 1.3.1 A linear operator A on a Banach space X is called dissipative if
(A = A)zllx = Mz«

for all X\ >0 and x € D(A).
The dissipative operator A is called m-dissipative if (A — A) is surjective for some

A> 0.

Note that it suffices to establish the validity of the inequality above only for unit
vectors x € X, ||z|| = 1.

For x = 0 the inequality is trivial, for z # 0 one can normalise.

Theorem 1.3.1 [15] Let X be a reflexive Banach space. If A: D(A) C X — X is a
mazximal dissipative operator, then D(A)

1s dense i X.



19

Proposition 1.3.1 For a dissipative operator A the following properties hold.

a) NI — A is injective for all A > 0 and
1 1
1A = A7 gl < Sl

for all y in the range ran (AN — A) = (M — A) (D(A))

b) M — A is surjective for some A > 0 if and only if it is surjective for each A > 0.
In that case, one has (0,00) C p(A).

c) A is closed if and only if the range ran (A — A) is closed for some
(hence all) A > 0.

d) If ran (A) C D(A), e.g., if A is densely defined, then A is closable. Its closure

A is again dissipative and satisfies
ran (A — A) = (M — A) for all X >0

Proposition 1.3.2 Let H be a Hilbert space. An operator A on H is dissipative if
and only if for every
z € D(A) we have

Re (Az,z) <0 (1.1)
Proof. Assume (7?) is satisfied for x € D(A),||z|| =1 .Then we have
AT = A)xllx = |(M = A) x| x [[z]lx = (A — A)z, )| = Re (M — A) ;) > A

for all A > 0.This proves one of the implications.
To show the converse, we take x € D(A), |z = 1, and assume that

|(AM — A) x|y > X for all X > 0.
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Consider the normalised elements

NI = Al

M —A)z
Then for all A\ > 0 we have
A< A = A)zfl = (AT = A)z,y5) = ARe (z,y5) — Re (Az, y»)

By estimating one of the terms on right-hand side trivially we can conclude the
following two

1mequalities:
A< A—Re(Az,y\) and A < ARe(z,y\) + ||Az| x
are valid for each \ > 0.These yield for A =n
1
Re (Az,yn) <0 and 1 — - |Az|| v < Re(z,yn)

Since the unit ball of a Hilbert space is weakly (sequentially) compact, we can take
a weakly

convergent subsequence (yn, ) with weak limit y € H.Then we obtain

lyllx < 1,Re(Az,y) <0, and Re(z,y) > 1

Combining these facts, it follows that y = x and that it satisfies (1.1) m

Let us now go on with the notion of a semigroup of bounded linear operators on

a Banach space.
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Definition 1.3.2 Let (X, |.||) be a (real or complex) Banach space. A semigroup of

bounded linear operators on X is a map
S :[0,400] — L(X)

with the following properties:
(a) 5(0) =1,

(b) S(t+s)=5(t)S(s), forallt,s>0.
We will use the equivalent notation (S (t)),-, and the abbreviated form S (¢).

Definition 1.3.3 The infinitesimal generator of a semigroup of bounded linear

operators S (t) is the map A: D(A) C X — X defined by

D(A) = {u € X:lim;_ o+ S(t)f_u exists}

Au = lim, g+ 202 Yu € D (A)

t

Definition 1.3.4 A semigroup S (t) of bounded linear operators on X is uniformly

continuous if

tiﬂohr 1S (¢) — [“c(X) =0

Proposition 1.3.3 Let S (t) be a uniformly continuous semigroup of bounded linear
operators.

Then there exists M > 1 and w € R such that
IS Bl gy < Me** ¥t >0
Corollary 1.3.1 A semigroup S (t) is uniformly continuous if and only if

lim S () = S (Dllgy =0 V£ >0
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Definition 1.3.5 A semigroup S (t) of bounded linear operators on X is called

Theorem 1.3.2 [15] strongly continuous (or of class Cy, or even a Cy — semigroup)
if

lim SHlu=u VYueX

t—0t

Theorem 1.3.3 [15] Let S (t) be a Cy — semigroup of bounded linear operators on

X.
Proposition 1.3.4 Then there exists w > 0 and M > 1 such that
IS 1)l ey < Mes" ¥t 20 (12)

Corollary 1.3.2 Let S(t) be a Cy — semigroup of bounded linear operators on X.

Then for every u € X, the map t — S (t) u is continuous from R, into X.

Definition 1.3.6 A Cy— semigroup of bounded linear operators on X is called uni-
formly bounded if
S(t) satisfies (1.2) with w = 0. If, in addition, M = 1, we say that S(t) is a

contraction semigroup.

Theorem 1.3.4 [17] Let A : D(A) C X — X be the infinitesimal generator of a

Co — semigroup of bounded linear operators on X,

Theorem 1.3.5 denoted by S(t) Then the following properties hold true.

(a) For allt >0

t+h
lim —/ S(s)uds =S (t)u Yue X
¢
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(b) For allt >0 andu € X

/OtS(s)udseD(A) and A(/;S(s)uds> —S()u—u

(¢) D(A) is dense in X
(d) For all uw € D(A) and t > 0 we have that S (t)u € D(A),t — S(t)u is

continuously differentiable, and

d
ES(t)u:AS(t)u:S(t)Au

(e) For allu € D(A) and allt > s > 0 we have that

S(t)u—S(s)u:/:S(T)AudT:/:AS(T)udT.

Proposition 1.3.5 The infinitesimal generator of a Cy— semigroup S (t) is a closed

operator.

Definition 1.3.7 (of the resolvent and spectrum of a closed operator) Let A : D(A) C
X — X be a closed operator on a complex Banach space X.

The resolvent set of A, p(A), is the set of all A € C,such that \I — A: D(A) — X
18 bijective.

The set o (A) = C\p (A) is called the spectrum of A.

For any X € p(A) the linear operator R(\,A) = (M — A)™" : X — X is called

the resolvent of A.

Proposition 1.3.6 (properties of R(\, A)) Let A : D(A) C X — X be a closed
operator on a complex Banach space X.Then the following holds true.

(a) R(A\,A) € L(X) for any X € p(A)
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(b) For any A € p(A)
AR(MA) =AR(MA) — I
(¢c) The resolvent identity holds:
R(MNA) = R(p,A) == RNA) R A) VA pep(A)
(d) For any A\, € p(A)
R\ AR (1, A) = R(u, A) R(\, A)

Theorem 1.3.6 [17] (analiticity of R(\,A)) Let A: D(A) C X — X be a closed

operator on a complex Banach space X.Then the resolvent set p (A) is open in C and

for any Ao € p(A) we have that

A — o] < = A€ p(4)

1
1 (Ao, Al

and the resolvent R (\, A) is given by the (Neumann) series

R(AA) =) (Mo—N"R(X, A"

n>0

Consequently, A — R (X, A) is analytic on p(A) and

d’n
Tl (AA) = (=1)"n!R (X, A" Vn € N.

Theorem 1.3.7 [17] (integral representation of R (X, A)) Let A : D(A) C X — X
be the infinitesimal generator of a Cy — semigroup of bounded linear operators on X,

S (t) and let M > 1 and w € R be such that

IS Ol < Me 20
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Then p (A) contains the half-plane

I, ={A € C,Re () > w}

and

R\ A)u= / eMS (Hudt  Yu € X,V eI,
0

Theorem 1.3.8 [16/ (The Hille-Yosida generation theorem) Let M > 1 and w €
R.For a linear operator A : D(A) C X — X
the following properties are equivalent:

(a) A is closed, D(A) is dense in X,and

II, = {AeC,Re(N\) >w} Cp(A)

M

< —— Vk>1,VAell,
(Re (\) —w)

o Y]
(b) A is the infinitesimal generator of a Cy — semigroup, S (t), such that

IS Ol o) < Met ¥t >0,

Theorem 1.3.9 (Lumer—Phillips).Let A : D(A) C X — X be a densely defined

linear operator. Then the following properties are equivalent:

(a) A is the infinitesimal generator of a Cy — semigroup of contractions,

(b) A is mazimal dissipative.

Proof. (a) = (b) : In view of Theorem 69, we have that |0, +oo[ C p(A).So,
(M — A) D(A) = X for all A > 0.Moreover, by the Hille-Yosida theorem for all A > 0

and v € X we have that A [|R (A, A)v|| < ||v|| or, setting u = R (A, A) v,

Aul| < (A= A) v Vue X
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So, A is maximal dissipative.
(b) = (a) : We have that:
(1) D(A) is dense by hypothesis,
(i1) A is closed by Proposition 46 — (c)
(#47) ]0, +00[ C p(A) and ||R (X, A)|| < 1 for all A > 0 by Proposition 1.3.1

The conclusion follows by the Hille-Yosida theorem. m

1.4 Lyapunov Stability Theory

The investigation of stability for hereditary systems is often related to the construction
of Lyapunov functionals. The general method of Lyapunov functionals construction
which was proposed by V. Kolmanovskii and L. Shaikhet [22] and successfully used
already for functional differential equations, for difference equations with discrete
time, for difference equations with continuous time, is used here to investigate the

stability of delay evolution equations, in particular, partial differential equations.

1.4.1 Notations and definitions

Let U and H be two real separable Hilbert spaces such that U ¢ H = H* C U*,
where the injections are continuous and dense. Let |||, || and ||||, be the norms in U, H
and H*respectively, ((-,-)) and (-,-) be the scalar products in U and H respectively,

and (.,.) the duality product between U and Ux. We assume that

lul < Bllull,uelU (1.3)



27

Let C(—h,0, H) be the Banach space of all continuous functions from [—h, 0] to
H, z; € C(—h,0,H) for each t € [0,00), be the function defined by z:(s) = z(t + s)
for all s € [—h,0]. The space C(—h,0,U) is similarly defined. Let A(t,:) : U —
U*, fi(t,) : C(=h,0,H) — Ux and f5(t,-) : C(—h,0,U) — Ux be three families of
nonlinear operators defined for ¢ > 0, A(¢,0) = 0, f1(¢,0) =0, f2(¢,0) = 0.

Consider the equation

du(t)
dt

= A(t,u(t)) + fi(t,u) + fi(t,ue),t >0 (1.4)

u(s) =(s),s € [=h,0]

Let us denote by u(-;1) the solution of Eq. (1.4) corresponding to the initial

condition 1.

Definition 1.4.1 The trivial solution of Eq. (1.4) is said to be stable if for any

e > 0 there exists 5 > 0 such that

lu(t;9)| <e forallt >0, if [Pl = sup [¢(s)] <.

SE[—h,0]

Definition 1.4.2 The trivial solution of Eq. (1.4) is said to be exponentially stable
if it is stable and there exists a positive constant A such that for any ¥ € C(—h,0,U)

there exists C (which may depend on 1) such that |u (t;¢)| < Ce™ fort > 0.

1.4.2 Lyapunov type stability theorem

Let us now prove a theorem which will be crucial in our stability investigation.
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Theorem 1.4.1 Assume that there exists a functional V (t,u;) such that the following

conditions hold for some positive numbers ci,cs and \:

u (t;ug)| < creu(t)*,t >0, (1.5)
Ju (03 u0)| < 2 [¥]Z,, (1.6)
d
=V (tu) 0,220, (1.7)

Then the trivial solution of Eq. (1.4) is exponentially stable.
Note that Theorem 1.4.1 implies that the stability investigation of Eq. (1.4) can be
reduced to the construction of appropriate Lyapunov functionals. A formal procedure

to construct Lyapunov functionals is described below.

1.4.3 Procedure of Lyapunov functionals construction

The procedure consists of four steps.

Step 1.

To transform Eq. (1.4) into the form

dz(t, uy)

S = Ay (u() + A () (1.8)

where z(t,-) and As(t,-) are families of nonlinear operators, z(¢,0) = 0, A2(t,0) =
0,operator A;(t,-) only depends on t and u(t), but does not depend on the previous

values u(t + s),s < 0.
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Step 2.

Assume that the trivial solution of the auxiliary equation without memory

WD _ A o) (1.9

is exponentially stable and therefore there exists a Lyapunov function v(t, y(¢)), which

satisfies the conditions of Theorem 1.4.1 .

Step 3.

A Lyapunov functional V (¢, ut) for Eq. (1.8) is constructed in the form V = V1+ V2,
where Vi (t,u;) = v(t, z(t, u;)). Here the argument y of the function v(¢,y) is replaced
on the

functional z(t,z;) from the left-hand part of Eq. (1.8).

Step 4.

Usually, the functional Vi (¢, u;) almost satisfies the conditions of Theorem 1.4.1. In
order to fully satisfy these conditions, it is necessary to calculate %Vl(t,ut) and
estimate it. Then, the additional functional V5(t,u;) can be chosen in a standard
way.

Note that the representation (1.8) is not unique. This fact allows, using different
representations type of (1.8) or different ways of estimating £V; (¢, u¢), to construct
different Lyapunov functionals and, as a result, to get different sufficient conditions

of exponential stability.



Chapter 2

Stability of a microtemperature
porous-elastic system with

distributed delay-time

In this chapter, we study the following porous-elastic system with microtemperatures

and internal distributed delay acting on the first equation

PUtt — PUge — b¢x + U + f:f MZ(‘S)ut (l’,t - 5) ds = 07

awy — kwy, + do,, + kw = 0.

\
In order to have a well-posed problem we impose the following Dirichlet-Newmann-

Dirichlet boundary conditions
w(0.) = u(L,t) = 6, (0,6) = ¢, (1,) = w(0,) =w(L,£) =0, t>0  (22)

and the initial conditions

31
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u(z,0) =wug (z),u (x,0) = uy (x),

¢(I,0) = ¢0 (ZE), ¢t (ZE,O) - 9251 (l’) y W (ZE,O) = Wo (l’) ) (23)

u (x, —t) = fo(z,t), x€(0,1).

\

Where the parameter p is the mass density and j is the product of the equilibrated
inertia by the mass density, the functions u,¢ and w are the displacement of the
solid elastic material, the volume fraction and microtempertaures respectively. The
coefficients u, 6, b, &, d, k are positives constants satisfying B _ g and pé > b%. 71 and
To are two real numbers with 0 < 71 < 79, u; is a positive constant, p, : [71,72] — R
is an L™ function, u, > 0 almost everywhere, such that

/ P (s)ds < (2.4)

T1

and the initial data (ug, u1, ¢y, ¢;, wo, fo) belong to a suitable space.

The basic evolution equations for one-dimensional theories of porous materials

with microtemperatures is given by

PUy = T:p + R7
jby = H, + G, (2.5)

pEt:Px+q_Q7

where T’ is the stress tensor, R is the distributed delay, H is the equilibrated stress
vector, (G is the equilibrated body force, ¢ is the heat flux vector, P is the first heat
flux moment, () is the mean heat flux, and FE is the first moment of energy. The

constitutive equations needed to construct (2.1) are:
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T = pu, +bp, R=—pu — f:f po(S)us (z,t —s)ds  H = ¢, — dw,

G = —bu, — &9, pE = —aw —d¢,, P =—kw,, q=kiw, Q= kw.
(2.6)

By substituting (2.6) into (2.5) we get system (2.1), with & = k; — ko > 0.

The introduction of the distributed delay term in porous-elastic system, was
discussed recently by KHOCHMENE et AL in [18], where they considered a one-
dimensional porous-elastic system with distributed delay term acting on the porous

equation.

Pty — Hllzy — b, = 0,

TG4 — 0@gy + iz +E& + 11y &y + f:lz pa(8)¢y (2, — s)ds =0,
they showed that the dissipation given by this complementary control stabilizes expo-
nentially the system for the case of equal speeds of wave propagation. Most phenom-
ena naturally depend on the present state and also on some past occurrences, that is
why time delay arise in many applications. Introducing distributed delay, constant
delay or varying delay have been a major research subject in EDPs, and has attracted
a great deal of attention in the last decades (see, e.g, [10, 12, 18, 21] ). We recall that
delay term became a source of instability, as it was showed that a small delay in a
boundary control could turn such well-behave hyperbolic system into a wild one and
therefore. The aim of this work is to show that microtemperatures effect is powerful
enough to uniformly stabilize the system (2.1) even in the presence of time delay.

The needed assumptions and the study of existence and uniqueness of solutions

for system (2.1)-(2.3) are described in section 2, the exponential stability result under
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some conditions, using the energy method is given in section 3.

2.1 Preliminaries and Well-posedness

In this section we first prove the existence and uniqueness of regular solutions to
problem (2.1)-(2.3) by using a semigroup theory as in [15].

As in [20], introducing the following new variable

2(z,0,t,8) =wu (x,t —0os), (x,0,t,s) € (0,1) x (0,1) x (71,72) x (0,00), (2.7)

which satisfies

szi(x,0,8,t) + zo(x,0,5,t) = 0.

So problem (2.1) is equivalent to

i

PUy — Mgy — by + pyuy + f:f po(s)z (z,1,8,t)ds =0,

(2.8)
awy — kwg, + do,, + kw =0,
sz + 2z, = 0.
\
With (2.2) and the initial conditions:
(
U,(Qf,O) = Uo (ﬂj) y Ut (IL‘,O) = Uy (1’) )
¢($,O) = ¢O (‘T) ’ ¢t (LU,O) = ¢1 (SL’) , W (.’L‘,O) = Wo (SL’) ) (2 9)

2(2,0,t,8) = uy (x,t) on (0,1) x (0,00) X (71,72),

2(z,0,0,s) = fo(z,0,5) on (0,1) x (0,1) x (71,72)
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Remark 2.1.1 from de second equation of (2.8) and the boundary conditions, it
follows

1 1
d? 13 B
ﬁo/gb(x,t)dqu;O/gb(x,t)dx—O.

So, by solving the above equation and using the initial data of (2.8), we obtain

0/1¢(I,t) dr = 0/1(/50 (x,t)dx cos( §t>+< ‘ét) O/lgbl (x,t) dx sin( %t) .

Consequently, if we set

¢ (x,t) = ¢ (w,t)— /%(:C,t)dx cos( §t>+< %t) /¢1(x,t)dx sz’n( %

0

we get
1
/&@JNszVﬁﬂl (2.10)
0

Therefore, the use of Poincaré’s inequality for ¢ is justified. In addition, simple

substitution shows that (u, o, w) satisfies system (2.8) with initial data for ¢ given as

1

Po () = g (2) — [ ¢o (x) dz,
0
i . (2.11)
¢1 () = ¢y (7) — f¢1 (z) dz.
0
Henceforth, we work with ¢ but we write ¢ for simplicity of notation.
In this section, we give an existence and uniqueness results for the system (2.8)-
(2.9) using the semigroup theory.

Introducing the vector function U = (u, v, ¢, ¢, w, z)T, where v = u; and ¢ = ¢,

system (2.8)-(2.9) can be written as

U't)— AU(t) =0 t>0
(2.12)

UO = U(O) = (u07U07 ¢07Q00aw07Z0)T7
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where the operator A is defined by

u v
v %(/vbumz"i_bgbx _Mlv_f:f :UJ2(S)Z (.T71,S,t) dS)
¢ e
A =
© %(&bm — bu, — £¢ — dw,,)
w é(kwm —dyp, — kw)
z Tk

We consider the following spaces
1
o= {verron: [ vw-o}.
0
H!(0,1) = H' (0,1) N L2(0,1),

Hg (0,1) = {y € H*(0,1) : ¥, (0) = v, (1) = 0},

and
H = Hj (0,1)xL*(0,1)xH, (0,1)x L2 (0,1)xL* (0, 1)x L2 ((0, L) x (0,1) x (1,72)),
with
1 1 T2
L2 ((0,1) x (0,1) x (71,72)) = {z measurable // / / Sps (8) 2% (z, 0, 8) dsdpdx < oo}.
0 0 T1

We will show that A generates a Cj semigroup on H.

Let U = (u,v, ¢, p,w, z)T, U = (ﬂ, v,0,0,W, E)T and under the assumption b% <
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ué we equipped the Hilbert space H with the following inner product

1
({U,U)n = / {pvT + j P + QW + 66,0, + puaTa + E¢P + b(¢TL, + Pu,) } da
0
(2.13)

11
T2

+/// sy (8)|2(x, 0,8, 8)Z(x, 0, s, t)dsdodzx.
oo T

‘H is a Hilbert space, in this case, the above inner product is equivalent to the natural

inner product defined on H.

The domain of A is given by

( )

UeH/uwe H*(0,1)NH (0,1); ¢ € H2(0,1)N HL(0,1),
D(A) = ve HE(0,1), ¢ € HL(0,1),

z€ L2((0,1) x (0,1) x (71,72)),v(z) = 2z (,0,s) in (0,1).

\

Theorem 2.1.1 Let (ug,u1, ¢y, ¢, wo, w1, fo) € H. Assume that the hypothesis
(2.4) holds. Then, for any initial datum U, € H there exists a unique solu-
tion U € C([0,00),H) for problem (2.12). Moreover, if Uy € D(A), then U €

C([0,00), D(A)) N C* ([0, 0), H).

Proof. To obtain the above result, we need to prove that A : D(A) — H is a
maximal monotone operator. For this purpose, we need the following two steps: A is

dissipative and Id — A is surjective.

Step 1: In this step, we prove that the operator A is dissipative. Let U =
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(u7v7 ¢7 ¢7w7 Z)T7

v Uu
%(,qux + b(b;c - U= f:f ,UQ(S)Z (iL‘, 17 S, t) dS) v
¢
(AU UY,, = < ’ ,
%<5¢1‘1‘ - bu:c - §¢ - dwac) 2
é(kwm —dp, — kw) w
_%ZU z

1 1
= u/ umvdx—i-b/ gbvda:—,ul/ vide
0

1
/ / Viy(8)z (z,1,t, s) dsdx + ¢ (bmgodx — b/ Uugyoda
0

1 1
—k:/ w?dr — k;/ wdx + ,LL/ UpVpdT + gb o, dr + b/ vy pdx

+b/ gouxdx—// € ]/ (x,0,8) 25 (x,0,s) dodsdz,
0

with integration by parts we obtain,

1 1 1
(AU, U)y = — iy / ufdx—k/ widx—k/ w?dx
0 0
/ / Vig(8)z (z,1,t, s) dsdx
—// |,u2(s)|/ z(x,p,8) 25 (x,0,8) dodsdzx, (2.14)
0 T1 0

and Integrating by parts in o, we have

1
/zg(aga,s)z(xas / *(z,0,s)do,
0

= [ (z,1,5) — (3303)]

N | =
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then
/01 /;2 112 () /01 2o (2,0,8) 2 (2,0, 5) dodsda
— %/01 /: 1y (s) [2% (2,1, 8) — 2% (2,0, 5)] . (2.15)

Therefore, from (2.14) and (2.15),

1 1 1
(AU, U) :—ul/ u? (a:)dx—k/ widw—k/ w?dx
0 0 0
1 T2
—/ v () (/ u2(s)z(x,1,s)ds) dx
0 T1
1 1 T2
5 [ ] m 1 s dsds
0 T1

vy ) [ o 0) o

Now, by using Cauchy-Schwarz’s inequality, we can estimate,

AZW@([T#%@Z@J&N%)M:S%[ﬁﬂ@ﬂ(ﬂfmﬂgodx (2.16)

1 1 T2
i1 / / g ()] 22 (2, 1, ) dsda
2 0 T1

Therefore, from the assumption (2.4) we have,

<AuUpg—Qh—[fﬂﬂg)A%ﬂ@mx—@AZ@m—kAZﬁmgo(ZN)

that is, the operator A is dissipative.
Step 2: To prove that the operator Id — A is surjective, that is, for any G =

(91792793794795a96) € H We seek U= <U7U7¢7@7w7z)T € D (A) Satisfying

(Id— A)U =G,
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which is equivalent to
(

u—v=g
v — Hum — égbx + M, + 1 f:g po(8)z (2,1, 8,t)ds = go
p ptp plm
¢—9=ys (2.18)
) b 1S d
Y — _¢mz+_u$+_¢+_wx =04
J J J J
k d k

1, _
| Z+ SZ0 = 6

Suppose that we have found u and ¢. Therefore, the first, and the third equation

in (2.18) give

v=u—gi
(2.19)
Y =0¢—gs
It is clear that v € H} (0,1), ¢ € H} (0,1).
Following the same approach as in [20], and using the fact that,
2(z,0,s) =v(x), for x € (0,1),s € (11,72), (2.20)
we obtain the solution of (2.18)4
z(z,0,8) =u(x)e " — g1(x)e 7 + se‘”/ g6 (z,v,5) e dv. (2.21)
0

By using (2.18), (2.19) and (2.21) the functions u, ¢ and w satisfying the following

system,

(
fh Iz b L o . fh
(1+ ?)U T e ;¢x + o po(s)u(z)e*ds = go + gi1(1 + —)
1 T —s 1 T —s Vs
+;wa@wﬂ@€ck—;LEW@@k Jo 96 (z,v,5) e”dvds

e , (2.22)
(1+ _)¢_ _¢xx+_u$+_ww :94+93
J J J J

w 1—1—E —Ew +C—i¢ = +g
\ (5 5 T 5 z — 35 593:{:
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Solving system (2.22) is equivalent to finding,

(u, ¢, w) € [Hy (0,1) x Hy (0,1) x Hy (0,1)],

such that
Jy <p+u1 — [y — by + [ pip(s)u(x)e SdS) edr = [ (pg2+ g1(p+ 1y
—i—f e *ds)edx — fo (fﬁ Spts (s fo ge (z,v,5) VSdVdS) cda

I3 (G +€)¢ — 8¢y + bu, + dw,) ndz = [ j (91 + g3) nda

fol (w (0 + k) = kwee + do,) Cdx = fo (695 + dga:) (dzx

\

(2.23)
for all (e,71,¢) € H (0,1)x H! (0,1) x H} (0,1) .Consequently, problem(2.23) is equiv-
alent to the problem

a((u,¢,w),(€,1,¢)) = L(e,n,(), (2.24)
where the bilinear form
a: [HE(0,1) x H'(0,1) x H} (0,1)]* — R,
and the linear form
L:[H;(0,1) x H)(0,1) x Hj (0,1)] — R,
are defined by
1
0 ((w.0:0) (0,0) = [ (oot m)ue-t e +boes + G+ Eom + 56,0, + by — dun,
+ (0 4+ k) w¢ + kw,(, + dp,¢ + eu /T2 uz(s)e_sds) dx

T1

and

L(e,n,C)Z/ Kpﬂh / Ho(s SdS)916+,0926+j77(93+g4)+5Cg5+d693x

—6/ Stis (s / g6 (z,v,8) ”deds} dx.
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It is easy to verify that a and L are continuous. In addition, we have

1
a((u, d,w), (u, ¢, w)) =/0 ((p + m)u? + pul + 2bdu, + (j + )7 + 62 + k)

+ (6 + k) w?)dx + /01 u2(/72 po(s)e*ds)dx,

T1

by considering

b o éu 2 —b—2u2 YT
{M(uﬂL;cﬁ) 0+ P+ (o= )+ ( >¢]

pu? + 2bgu, + E¢° =
§ %

1
2

and using the fact that ué — b* > 0, we get

) _ , 1 V., . V.
i+ 20+ G+ 6> 5 (0= o+ @i+ = )P

Then, for some [ > 0

a((u, ¢, w), (u,d,w)) > 1|(u, w)”Hg(o,nxH;(o,l)xH(}(o,l) :

Thus a is coercive So applying the Lax-Milgram theorem, we deduce that for all
(€,1,¢) € Hy (0,1) x H, (0,1) x H (0,1), problem
(2.24) admits a unique solution.

Now, if we take (¢,0,0) in (2.24), we get

1 To 1 T2
/ ((p + g + / fa(s)e”*ds)ue + uumex> de = / <(p +Hy + / fio(s)e ds)gie — b€ + pgae
0 0

T1 T1

T9 1
—6/ s,uQ(s)e_s/ g6 (z,1,8) e”sdl/ds> dx.

T1 0
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which gives

1 1
,u/ Ug€pdr = / Xedz. Ve € Hy (0,1)
0 0

with

T2 T2 1
X = (ot [ ms)e s ds) o= tpg—bo,— | suslo)e [ gl dvds € (0,1).
T1 0

T1
Thus, by the definition of weak derivatives, u, € H'(0,1), hence u € H%(0,1).

Similarly, if we take ¢ € H}([0,1]) and substitute with (0,0, ¢) in (2.24), we get

1 1
0 0
so w € H?*(0,1) and we have

This gives (2.22)3
Next, to show that ¢ € H?2(0,1), we define 7(z) = n(z) — foln(a:)d:v with n €
H}(0,1). it is clear that 7 € H} (0,1)

Replacing (e,7,¢) = (0,7,0) in (2.24), we obtain

1 1
/0 (66, — dw)il,di = /0 ( (g3 + 91) — bus — jo — C&)indr, Vi € HE (0, 1)

which gives
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1 1
/0 (66, ),dz = / ( (g3 + 91) — bus — jo — Co — duw,) nde, ¥ € HE (0,1)

thus ¢ € H?(0,1).with

5¢xx == (] (g3+g4) _bux _j¢_<¢_dwm)

This gives (2.22),. In addition when € C* (0,1), we get

1 1
/O (00, ) dr = /O (j (93 + g4) = bug — jo — C¢ — dw) ndz, ¥n € C* (0,1)

using integration by parts, we obtain

¢, (1), (1) = ¢,(0)n(0) =0,

since n € C* (0,1) is arbitrary, then ¢,(1) = ¢,(0) = 0. Hence ¢ € H2(0,1).

Finally from (2.18).1,(2.18).3, we conclude v € H} (0,1), ¢ € H}(0,1), and it
is also clear from (2.21) that z € L2 ((0,1) x (0,1) x (71,72)). Hence, there exists
a unique solution U € D(A) such that (2.18) is satisfied. Therefore, the operator
Id — A is surjective. Consequently, the existence result follows from the Hille-Yosida

theorem. m

2.2 Stability results

In this section, we show that, the solution of the system (2.8)-(2.9) decays exponen-

4]
tially if and only if xy = . - = 0. To achieve our goal we use the energy method to

J

produce a suitable Lyapunov functional which leads to an exponential decay result.
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We can prove that the energy is decreasing. More precisely, we have the following

result.

)
Theorem 2.2.1 Let (u,p,w,z) be the solution of (2.8)-(2.9).Assume that S
p J

Then there exist two positive constants o and v such that
E(t)<aE(0)e " t>0 (2.26)

In order to prove such result, we need several lemmas.

Lemma 2.2.1 Let (u, ¢, w, z) be the solution of (2.8)-(2.9). and under the assump-

tion (2.4). The energy functional, defined by

1
1
E(t) = 5 / {pui + jo} + aw® + 662 + pul + £¢° + 2bdu, } dx (2.27)

0
11
1 T2
+§/// s|py(8)12%(x, 0, 8, t)dsdodz.
T1
0 0

1 1 1

satisfies,

) < -k [wrde—k [wtde— (o - [Clolds) [ (229)

0 0 Tl 0
Proof. Multiplying (2.8);, (2.8) and (2.8)3 by uy, ¢, and wy, respectively, and

integrating over (0,1), using integration by parts and the boundary conditions and

summing them we obtain

1

1
1 1
5/{puf+jgbf+aw2+5¢§+pui+§¢2+2b¢um}dx+k/ w2dx+k:/w§,dx
0
0

0

1 1
—i—ul/ufdx—i—/ut/ to(8)z(x, 1, s,t)dsdx = 0. (2.29)
T1
0 0
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Multiplying (2.8)4 by |i5(s)]| 2, integrating over (0,1) x (0,1) x (74, 72), and using

(2.15) we get

11 1

1 i 1 2

5/// s|py(8)|2% (2, 0, 5, t)dsdodr = —5// |15 (8) [u? (2, t)dsdx
oo " o "

1
1 T2
+§// 1o(8)|2% (2, 1, 5, t)dsd.
T1
0

Which, together with (2.29), (2.4) and using young’s inequality, gives us (2.28).

Lemma 2.2.2 Let (u, ¢, w, z) be the solution of (2.8)-(2.9). Then the functional
1

1
L(t)= —p/utudx - %/ﬁdm, t>0 (2.30)
0 0

satisfies, the estimate

1 1 1 1
3 b 2
I(t) < —p/ufdw+§,u1/uida:+—/¢2daz+c// \po(8)] 22 (2, 1, 5, t)dsdx
251 T1
0 0 0 0

(2.31)

Proof. Taking the derivative of (2.30), using the first equation in (2.8) and

integrating by parts, we get

1 1

1 1
T2
I(t) = ,ul/uidx—p/ufdx+b/ux¢dx+// po(8)z(x, 1, s, t)u(z, t)dsdx.
0 0 0 o "

(2.32)

Hence, by using the Young inequality, Poincaré inequality, we conclude the fol-

lowing estimates
1 1

1
b
b / Uppdr < — / $de + 2 / uldz, (2.33)
Hy , 4 "

0
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and,

1

// po(8)z(x, 1, s, t)u xtdsdx<c// \119(8)] 22(2, 1, 5, t)dsdx + 4/uidm,
0

(2.34)

substituting (2.33), (2.34) into (2.32), we conclude (2.31). m

Lemma 2.2.3 Let (u, ¢, w, z) be the solution of (2.8)-(2.9). Then the functional

L) = —a /1 w /0 " 6,y )dyda (2.35)

satisfies, for any €1 > 0, the estimate

I(t) < ——/¢tdx+51/gbdx~|—51/1uda:+61/¢dx (2.36)

1

k.2
/ 2dx—|—g/w§dx
0

0

9|»~

Proof. Direct computation, using the first and the second equations in system

(2.8)-(2.9), yields

1 1 1

b
I(t) = /wqutdx — /qbtdx—l— /de:C—i— 2 wuda (2.37)
J
0 0

o fo([ w2 o [ [ s

Using Young’s and Poincare’s inequalities, we get

1

1 1
k? 2 d [ o
wyddr < = widr + 1 ¢rde, (2.38)
0 0

1 1 1
2
—a—é/wqﬁxdaz < ((,);5) /w2dx+51/¢idx, (2.39)
0 0 0
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1 1 1
2
b—_a wudr < (b204) /wzdx—l—el/u?da:,
J J°e
0 0 0
b2 1 1
< <2a> /w2da:+61/uid:c, (2.40)
J°& / /

and,

1

k/w (/O d)t(y,t)dy> dz < %ijdeJrg/l (/0 ¢t(y,t)dy)2da: (2.41)

0

%gjw </0$ ¢(y,t)dy> dx < (;—22/110%“61/1 (/Ow ¢(y,t)dy)2d£2-42)

0 0

By Cauchy-Schwartz inequality, it is clear that

Inserting (2.38) -(2.44) into (2.37) , we conclude (2.36). =

Lemma 2.2.4 Let (u, , w, z) be the solution of (2.8)-(2.9). Then the functional

1 1
b x
I3 () :j/gzﬁtgbderf/(;ﬁ/o u(y, t)dydz, (2.45)
0 0

satisfies, for any positive constant 2 and 61 > 0, the estimate

1

1 1
I(t) <e(l+ 6—12) / ¢rdx — %51 /¢2da: +c(eg + 1) /ufda: (2.46)

0

0 0
1 1 1
5 d2 b2 )
—§/¢id$+%/w2d$+ﬁ//ﬁ 1o (s)] 22(2, 1, 5, 1) dsdx
0 0 0
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Proof. By differentiating the functional I3 (¢) and using the first and second

equations in system (2.8)-(2.9), we get,
I (t —]/gbtdx— /gbdx 5/¢dw+d/w¢dm+—/¢dx (2.47)
1
L b by ( v )
bp (. t)dy ) do — 2 [y, tydy ) d
Mg/@(/uy)y) x Moaﬁ /OU(yt)y x
1
- _/ / / Ko S)Z(y>1737t)d5dydx
/’L 0 0 T1

Using Young’s and Cauchy Schwartz inequalities, we conclude, for all §; > 0

0 0 0
1
b x 5 x 2
- ¢(/ ut(y,t)dy) dr < —1/¢2d96+ (5(15) /(/ u(y, )dy> dx,
H 0 ; po1 0
1 1
01 2 (bﬂ1)2/ 2
< —= . .
= /¢ dx + 25, uzdx (2.48)
0 0
And

__/ / / INE y,l,stdsdydm<—/q§ dz+ 125 /(/ / to(8)z(y, 1, s, t)dsdy> dx
1

2 T2 T2
<u / Pz + / 1o(5)] ds / / () 22, 1, s, O)dsdr. (2.49)
4 ,u251
0 0

Similarly, we have for €5 > 0,
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1 1
b @ bp)> @ 2
gp/cﬁt (/0 ut(y,t)dy> dr < §M2)620/¢?dx+520/(/0 ut(y,t)dy) dz,

1
b 2
iﬂgi / $*dz + e / wldz. (2.50)
2
0 0

IN

b2
Substituting (2.48)-(2.50)into (2.47), and choosing §; = (5 - ;) then we can

obtain (2.46). m

Lemma 2.2.5 Let (u, ¢, w, z) be the solution of system (2.8)-(2.9). Then the func-

tional
,05
0
satisfies,
1 1 g 1 1
Iy(t) < c/qbidx—g/uidx—kb—f/widx—i-%/ufdx
0 0 0 0

L 1
) T2 .
+2—’;// 1o (s)] 2°(x, 1, 8, t)dsdx — %X/qﬁtumda:. (2.52)
0

Proof. By differentiating I, (¢), using the first and the second equation in system

(2.8)-(2.9) and integrating by parts, we obtain

1

I(t) = 6/¢d$— /idw—%u wzuxx——/gb AT —% utqudm
0

1
) T2
—ﬂx/@umdaz —3 /gbx/ po(s)z(x, 1, s, t)dsdx . (2.53)
0 0 TI
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Using Young’s and Poincare’s inequalities, we get,

1 1 1
dp T nof o
_T/wzumdaz < b—Q/wl,dx—l— Z/deQCa (2.54)
0 0 0

and

1

1 1
5 T2 5[, 6
_Z < il
s [ o[ met s dsdyis < o [ daves | (
0 0

T1
0

T2 2
/ M2(5>2(y71,57t)d5dy> dr

T1

1
0 2 o 2

< = . .

< / G+ o / / a(s)] 22,1, 5, t)dsda (2.55)

Substituting (2.54)-(2.55) in (2.53) we conclude (2.52). =

Lemma 2.2.6 Let (u, ¢, w, z) be the solution of (2.8)-(2.9). Then the functional

1 1 T2
I5 (t) := / / / s€ 5y () 2% (1, 0, 8, ) dsdodw (2.56)
0 0 T1

satisfies , for m > 0, the estimate

1 T2
I (t) < —m/ / |y (8)| 2% (2,1, 5, ) dsdx (2.57)
0 T1

1 1 pr 1
- m/ / / Sps (8) 2% (z, 0, 5,t) dsdodx + 1, / /ufdx
o Jo Jr 0
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Proof. Differentiating I5 (¢), and using (2.7), we obtain,

1,1 pro
£ =2 / / / 1y (5) 2 (2,0, 5.1) 20 (3,0, 5, 1) dsdoda
/// z2(x70-;57t>d5d0'd.7}.

Integration by parts gives,

//da/ 1y (s) (e7°72% (z,0,5,t)) dsdodz
/// Spl (8) €% 2% (1,0, 8,t) dsdodx

/ / s (s (2,0,s,t) — e %P2 (x,l,s,t)) dsdodx

/// Spy (8) e 2% (w,0,5,t) dsdo.

Therefore,

1 T2 T2 1
A A T <x,1,s,t>dsdx+(/ (61 ds) [ adda
T1 0
—e” /// Siy (8) 2° (x,0,5,t) dsdodz.

Where m = e~ 72, recalling (2.4) we obtain (2.57). =
Now, for some positive constants; N, Ny, No, N3 and N4 to be chosen appropriately

later. We define the Lyapunov functional by
£(t)=NE(t)+ I (t) + Nily (t) + Nods (t) + N3ly (t) + I5(t), Yt > 0. (2.58)

Next, by taking into account (2.28) , (2.31), (2.36), (2.46) , (2.52) , (2.57), we

obtain,
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)
Nyd !
[ ) [
0
5 1
— NQE — N1€1 — N30:| QSidiU
L 0
[N b? b !
s <§ - —) - ngl} PPdu (2.59)
L 2 It t 0
[ 1 Nod?] 1
— kN = N;(1+ =) - =2 / wda
81 2(5 0

— mN4—N3——c]// o (8)| 2%(2, 1, 5, t)dsdx

mN4/ // 5| (s)| 2% (x, 0, 5,t) dsdoda.

We must choose the coefficients very carefully in order to make them negative.

First, choosing N, large enough, such that

2bu

Ny > —“H
25 (Ep —02)

second, we choose N; large enough, such that

2Ny

NlZ d,

then, we choose N3 large enough, such that
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/~L 2

Next, we select €; and €5 smalls enough, so that

. ILLN3 — 3/1,1 NQ(S — 2CN3 NQ(fu — b2>/1/1 — 2b/L
€1 < min ,
2N, 2Ny 24119 Ny
Nid — 25N,
g9 < —

Moreover, we pick N, large enough, such that

OpuNs + 2bc
- :

Ny >
Finally, once all the above constants are fixed, we choose N large enough, such

that

2 1 N3
Nl = [l ds) +p = Nacll+ ) = o = Ny, 20,
1 Nod?
kN — Ni(1+ —) — >0
1( _'_81) 20 ,
k.2
kN — N1E>0

Consequently, there exists a positive constant g, such that (2.59) becomes

%f(t} < —Q{/lud$+/ utdx+/ gbdx+/ ¢tdx+/ qStdx—l—/l de}
_Q/ / / s |1a(s)] 22 (2, 0, 5, ) dsdoda. (2.60)

On the other hand, recalling (2.26), using Young’s inequality, we get
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E(t) <1/{PU?+j¢f+aw2+5¢2+(u+b)u2+(£+b)¢2}dl’

/// 8|1y (8)|22(z, 0, 5, t)dsdod.

<g/{ut+gz5t+w + 2 + u? +¢2}dx—|—g/// 8|y (8)|2%(z, 0, 8, t)dsdodz,

then

1

11
T2 -1
—/{u? + ¢ 4+ w? + ¢+ ul +¢2}d:p—/// 8|y (8)[2%(x, 0, 5, t)dsdodr < —E(t).
™1 S
00

0

(2.61)
From (2.60) and (2.61), we find
d —0
— £ (t) < —E(t). 2.62
G0 <=2 (2.62)
Moreover, we have the following Lemma
Lemma 2.2.7 For N large enough, we have
aB(t) < L(t) < e EB(t),¥t >0 (2.63)

for two positive constants c¢; and cs.

Proof. Let

H(t) = I (t) + N1y (t) + Nol3 (t) + N3ly (t) + Nyl (t) (2.64)
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dx

1 1 1
H()] = p / ] e+ 41 / Pde - N, / 'w / 6,9, 1)dy
0
0 0 0

1 1
. b N
+N2j/|¢t¢‘dl'+;pN2/‘¢/ w(y, t)dy| dx
0
0 0

1 1
5 .
+N3%/|ut¢x|dx+‘%Ng/|¢tuw|dag

0

0
1 1 pro
+N4/// se 5 |y (8)| 2% (v, 0, 5,t) dsdodw,
o Jo Jn

using Young’s, Poincare’s and Cauchy-schwartz inequalities, we obtain

1

1
|H(t)| < 3 / {\ipuide + Nopuide + Asaw?de + Aajoide + Asé@°da + Agdgdr
0
1 T2
+)\7/ / 8|y (8)|22 (2,0, 8,t) dsda} dx,
0 T1
where
b 0 pc J pc
A= 14+ =No+ N3y Ag=—+ N3+ —,
I b poob I
As = Ni, A= %]\G + No + %N&
Noj b
)\5 — —2] + —pNQ, >\6 — NgB, /\7 - 2N4
& &u b

Therefore, we get

[H(t)| < CE(t),

such that C' = max {/\1, /\2, /\3, /\4, /\5, /\67 )\7, 1} .
So, we can choose N large enough so that ¢ = N — C, and ¢; = N + C. which

complete the proof.



Finally, recalling (2.62), we get

Srw <

a simple integration of (2.65) over (0,t) yields

£(t) < £(0) e

Using again (2.63), we find that.

E(t) < 2E )™
C1

Thus we complete the proof of Theorem 2.2.1 m

57

(2.65)



Chapter 3

Stability Result for a Weakly
Nonlinearly Damped Porous

System with Distributed Delay

In this chapter, we consider a one-dimensional porous system damped with a single
weakly nonlinear feedback and distributed delay term. Without imposing any re-
strictive growth assumption near the origin on the damping term, we establish an
explicit and general decay rate, using a multiplier method and some properties of
convex functions in case of the same speed of propagation in the two equations of the
system. The result is new and opens more research areas into porous-elastic system.

29



PU — HUgy — DO, + p1qus + f:f po(s)us (z,t —s)ds =0, z € (0,1), t >0,

JOu = 00y + bus + 0+ a(t) g () =0, z€(0,1), t >0,
u(x,0) =ug (), ut(z,0) =uy (x), x € (0,1),

(3.1)
¢($,0):¢0 (CL’), o (CL’,O) = ¢ (I)v LS (071)’

ux(07t) :ua:(lﬂt)a ¢<Oat) :¢(1vt> =0

ug (x,—t) = fo(z,t) in (0,1) x (0,72)

Firstly, to deal with the delay term, we introduce the new variable [20]

Z(xupasat):ut(xvt_p8)7 ZL’E(O,l), p6<071)7 p6<7-177—2)7 t>0

Then we obtain

sz (x,p,8,t) +2,(x,p,5,t)=0,2€(0,1), pe(0,1), pe(11,72), t>0

Then problem (3.1) is equivalent to

(

PUy — [y — b, + g + [1% pip(s)2 (2, 1,8, 8) ds = 0, & € (0,1), t >0,
JOu — 04y +buy + &0+ a(t) g (¢,) =0, z € (0,1), >0,
sz (x,p,s,t) + 2, (z,p,8,t) =0,z € (0,1), pe (0,1), pe(11,72), t >0
u(x,0) =wug (), u (2,0) =uy (x), z € (0,1),

¢ (2,0) = ¢ (), ¢ (2,0) = ¢y (2), z € (0,1),

Um<07t) :ux(17t)7 ¢(07t> :¢<17t) =0

2 (z,p,8,0) = fo(z,ps), (z,p,s) € (0,1) x (0,1) x (71, 72)
(3.2)

In recent paper, Apalara in [23] considered the following on-dimensional porous
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system damped with a single weakly nonlinear feedback

.

Py — gy — bp, =0, z € (0,1), t >0,

jqbtt_6¢xz+bu$+§¢+a(t)g(¢t):07 ZL‘E(O,l), t>07
U(l‘,O) = Uo (.%'), Uy (IE,O) =1 ('I)a VS (071)7
(b(x,O) :¢0 (QZ), ¢t (xa()):(bl (:E), T € (071)7

ua:(oat) :ux(17t)a gb(ovt) :¢(17t) =0

\

Without in pasing an explicit and general decay rate, he used a multiplier method
and some proprieties of convex function in case of same speed of propagation in
the both equation of the system. The same author, in [24] considered a porous-
elastic system with memory term acting only on the porous equation, with the mixed
boundary Neumann-Direchlet conditions, he prove a general decay result, for which
exponential and polynomial decay results are special cases.

Back to system (3.1), it is to be noted that when p, = pu, = 0 and replacing the
term « (t) g (¢,) by the term fg g(t—8)uy, (2, 5) ds then (3.1) is equivalent to the well-
known Timoshenko system of memory type which is exponentially stable depending
of the relaxation function ¢ and provided that the wave speeds of the system are equal
(See [25, 26]).

Messaoudi and Fareh [27] investigated the following system:

(

PUy = Py + bd, — B0, in (0,1) x (0,00),
j¢tt :O‘(bmr _bu$+£¢+m0+7—¢ta in (071) X (0700)7

C¢t = —qx — But:v - m¢ta in (07 1) X (07 00)7

Toqt —q+ k0, =0, in (0,1) x (0,00),
\
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and established, using the energy method, an exponential decay result. For more
results on the subject, we refer the reader to [28, 29, 30, 31].

Concerning the weight of the delay, we assume that

[ mo)lds < m

T1

and establish the well-posedness as well as the exponential stability results of the

energy F (t), defined by

1
() = 1/0 [pu? + i + €6 + 662 + j? + 2bu,] da

/// s |pa(8)| 2% (z, p, 5, 1) dsdpdx (3.3)

3.1 Preliminaries

In this section, we present some materials needed in the proof of our result. We
assume « and ¢ satisfy the following hypotheses:

(H1) «:R" — R is a non-increasing differentiable function;

(H2) g :R — R is a non-decreasing C°-function such that there exist positive
constants ¢y, ¢z, 1 and G € C' ([0,00)), with G (0) = 0, and G is linear or strictly
convex C?—function on (0,7] such that

2+ g% (s) < G (sg(s)) forall |s|<n

cils| <lg(s)] < eals| forall |s| >

Remark 3.1.1 Hypothesis (H2) implies that sg (s) > 0 for all s # 0.
* According to our knowledge, hypothesis (H2) with n = 1 was first introduced by
Lasiecka and Tataru [32]. They established a decay result, which depends on the solu-

tion of an explicit nonlinear ordinary differential equation. Furthermore, they proved
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that the monotonicity and continuity of g guarantee the existence of the function G
defined in (H2).
For completeness purpose we state, without proof, the existence and regularity

result of system (3.1). First, we introduce the following spaces:

H=H!(0,1) x L?(0,1) x H' (0,1) x L*(0,1) x L*((0,1) x (0,1) x (71,72)), (3.4)
and

H = ¢, € [H2(0,1)NH}(0,1)] x H} (0,1) x [H*>(0,1) N H"(0,1)]

xH(0,1) x L*((0,1) x (0,1) x (71, 72)),

where

Lf((),l):{¢EL2(O,1):/01¢(x)dx:O},

H;(0,1) = H'(0,1) x L2 (0,1),

H?(0,1) = { € H*(0,1): ¢, (0) = ¢, (1) = 0}

For U = (u,us, ¢, ¢y, 2) , we have the following existence and reqularity result:

Proposition 3.1.1 Assume that (H1) and (H2) are satisfied. Then for all Uy € H,

the system (3.1) has a unique global (weak) solution
ueC(Ry; H(0,1))NC (Ry; L2(0,1)), ¢ € C (Ry; H(0,1))NC (Ry; L (0, 1)) .
Moreover, if Uy € 7—~(, then the solution satisfies

ue L® (Ry; HZ (0,1) N H,} (0,1)) nWh® (Ry; HY (0,1)) N W™ (Ry; L7 (0, 1)),

¢ € L* (Ry; H*(0,1) N Hy (0,1)) N W (Ry; Hy (0,1)) N W (Ry; L*(0,1))
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Remark 3.1.2 This result can be proved using the theory of maximal nonlinear

monotone operators (see [33]).

3.2 Technical Lemmas

In this section, we state and prove our stability results for the energy of system (3.1)

by using the multiplier technique. To achieve our goal, we need the following lemmas.
Lemma 3.2.1 Let (u, ¢, z) be the solution of (3.2), then we have
1 1
B0 <-m. [ s~ [ at)og@)de <0 (3.5)
0 0

Proof. Multiplying (3.2);, and (3.2)s by u;, ¢, respectively, and integrating over

(0,1), using integration by parts and the boundary conditions, we obtain

1d [*
s | (ol + €67 + 667 + 6} + 2buy) do = (3.6)
0

—/Oloz(t)cbtg(@)dﬂ?—ﬂl/ d;c—/ ut/ po(8)z (z,1,t, 5) dsdx

Multiplying (3.2)3 by |us(s)] z, integrating the product over (0,1) x (0,1) X (71, 72),

and recall that z (x,0, s,t) = u, yield

- - 1
2dt/ / / s |pg(s)| 27 (x, p, t, s) dsdpdx / / lpo(s)] 27 (x,1,t, s) dsdx
= / ” / y(s) dsdz. (3.7)
0 T1

A combination of (3.6) and (3.7) gives

1 1 1 T2
B (1) = - / o () dug (60) d — iy / ude — / " / o(3)z (2, 1,1, 8) dd

T1
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with

1 T2 1
_/ ut/ po(8)z (z,1,t,8) dsdx < 5/ |5 (8) / 2dr+= / / Iy (8)| 2% (7,1, ¢, s) dsdx
0 T1 T1

then

F<- [ awasoiar—(m- ") | dr

by (,ul — f:f |M2(s)|> = m, we obtain (3.5). =

Lemma 3.2.2 Assume that (H1) and (H2) hold. Then, for allUy € H, the functional

‘ 1 b 1 x
0= [ awdes™ ["6 [ty dyis (3.8)
0 Ko Jo 0
estimate
b 1 1 1 b 1
Fl(t) < (j—l—gl—p)/ d)?dx—jé/ d)idx—irbjel/ wlde + —2 /u?da:
2 0 0 0 derp Jo
, bj AN ia(0) !
+(ya<o>el+4—j—@) | dar+ 28 [ 2oy (3.9)
€1 0 461 0
Proof.

Fl(t) < j/ d)td:c—ﬂ/ ¢dx+b]51/ 2d:c+4€1/d)dx—§jcp/ P2dx
—j/ola@)cbg(ast)dw;/o ast/O e (y) dyda
2 Lot ([[wwar) i

By Caucy-Schwartz inequality, it is clear that

/01 (/Oxut(y)dy>2dx§/ol </01Utd$>2dx§/olut2dx
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then

1 1 1 c bj 1 1
Fl(t) < j/ qsfdx—ja/ ¢§dm+bjgl/ uida;+p—/ qsgdx—gjcp/ P2dx
0 0 0 de1 Jo 0
1
~i [ attyag(e) iz
0
51 p b 1 x 2
/ezstd t [ ([ wwar) @
b d @
e ¢ (/ t(y)dy>dx
1 dt

we get

Elbp 1 1 )
Fl ) < (j )/ o7 :U—](S/ d)dx+bj€1/uda:+ /utdac
0 de1p
b 1
+<joz(t)51+4——§])/ ¢dx+ 481 /Og

Lemma 3.2.3 Assume that (H1), (H2) and (3.12) hold. Then, for all Uy € 'H, the

functional
1 1
t) = b/ ¢ updr + b/ by dr (3.10)
0 0

satisfies, for any e > 0,

b b, bng\ [! b b !
F(t) < (—+€—1+—)/gb2dw—<—,——,——,at)/uidw
2 (1) p T T 2p Jo desj g Q 0
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Proof. Simple computaions give

, b2 1 b2 1
F(t) = ;/0 ¢§dm—7/ uldz
1
—I—b—u/ Uy P dx — b/h/ ¢ urdx
/ Oy UpdT ——/ oudx
b 1
——/ ¢r/ Lo (8)uy (x,l,t,s)dsda:——,/ a(t)ugg (¢,) dx
P Jo T J Jo

taking into account the fact that

(3.12)

SRS
.

and using Young’s inequality

L) < ( + 2—)/ ¢2d <@—b]—.2—l—ga(t))/oluidx

by 2 2 b 1 2
4L utdx + 527 ¢ dx + 5@ ®) | g (¢)da
0 0

deap Jo

1 T2
2o [ o)z es) dss
P 0 T1

b [T 1b
— | &, po(s)z (z,1,t,8)dsde < —— \MQ )| ds ¢d3:+
P 0 T1 2
// lo(8)] 22 (2,1, 5, 1) dsdx
b? b,  bng\ [* ¥ obE b !
F(t) < ( + g9+ + )/gbidx—(—,——,——,at)/uida:
2 P 0 T2y J ),
b
+4€‘:1p/ dm+52—/ $*dr + a / 2(¢,) dz

// lo(8)] 22 (z,1, 5, 1) dsdx

Wlthf lpo(s)| ds =ng m

Lemma 3.2.4 The functional

F5(t)=—p /01 wudz (3.13)
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satisfies, for any €3 > 0,

/ noCp ! 2
F;(t) < (u t—=+ cpbeg) uzdx

1
dr — | p— — 2d
453/ Oude ( 453)/0 Ue @
/ / 1o (s)| 2% (2,1, 1, 5) dsdzx (3.14)

Proof. A simple differentiation of F3 (), using the first equation in (3.2) , gives

1 1
Fy(t) = —,0/0 ufdm—i—,u/o uidx

1 1
b
—i—cpbeg/ uldr + — d)idx
0 4eg
1

1
+,u1630p/ uidr + fl ulde

/ / o ($)uuy (x,1,t, s) dsdz
1 T2 c T2 1 1 1 T2
/ u/ to(S)ug (x,1,t, s) dsdr < Ep/ |M2(8)|/ uidw+§/ / \po(8)] 22 (2,1, ¢, 8) dsdx
0 T1 T1 0 0 T1

then

Lemma 3.2.5 The functional

1 1 T2
= / / / se” |y ()] 2 (z, p, t, s) dsdpdx (3.15)
0 0 T1
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satisfies, for some positive constant mq, the following estimate

To 1
Fit) < / / o (8)| 2% (2,1, ¢, s)dsd:v—i—/ ]uz(s)]ds/o uldzx
T1

T1

—ml/ / / s |ps(s)| 27 (x, p, t, s) dsdpdx (3.16)

Proof. With

sz (x,p,t,8) +2,(z,p,t,s) = 0in (0,1) x (0,1) X (71,72) X (0,00) (3.17)
1
2z (z,p,t,s) = —=z,(x,p,t,s)
s

Differentiating F} (¢), and using the equation (3.17), we obtain

Fi(t) = / / / se P |uy(8)| 2z (z, p, t, s) dsdpdzx
= —— e | us(s x,p,t,s)dsdpdx
L et 2

1 1 T2
[ [ s o)1 it dsdpds
0 0 T

1

Using the fact that z (x,0,¢,s) = u; and e™* < e~ < 1, for all p € [0, 1], we obtain

1 T2 T9 1
- / / g(s)] €22 (2, 1,4, ) dsda + / a(s)] ds / dz
0 T1 0

T1
1 1 T2
[ [ s )12 it dsdpds
0 0 T1
Because —se™® is an increasing function, we have —se™* < —se~ "2, for all s € [11, T3]

Finally, setting m; = e~ "2, with f:lz |5 (s)| < 11, we obtain

To 1
Fit) < —ml/ / o (8)| 2% (, 1,1, s)dsdx—i—/ |u2(5)]d3/ urdz
0

T1

/// s ()| 2% (z, p, t, 5) dsdpdx
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Lemma 3.2.6 Suppose (H1), (H2), and Eq. (3.12) hold. Let Uy € H. Then, for

N, N1, Ny, N3 > 0 sufficiently large, the Lyapunov functional defined by
L(t):= NE(t) + N Fy (1) + NaFy (t) + Fy (t) + Ny Fy (1)
satisfies, for some positive constants dy,ds and k
i L(t) < E(t)<dyL(t), Vt>0 (3.18)

and

L (t) < —kE(t)+ c/l (67 + ¢° (¢,)) dx, ¥Vt >0 (3.19)

b b !
L:l (t) S |:48TNN1—Nme+N3/J1+4ﬂN2— <p—ﬂ)} / U?d,f
0

o)L

b2 b b !
+ bj€1N1 + ‘|— 70 + b€3) - N2 (— — —5 — =< (t))) / Uid.ﬁ
0

+

N2 2b + 252()#1 + bng) — j(SNl + —> / QZ5 dx

(
(o,

+ <527N2+N1 (ja( )51+——5]))/ #dz
(

NI by n) [ o) as
N <§ (b& . 1) m1N3)/ / 115(5)] 22 (2, 1, 5, 1) dsdr
I / / / s |ptg()| 22 (, p t, 5) dsdpdz — N / t) bug (6,) da

At this point, we have to choose our constants very carefully. First, choosing

+

g3 << 1, and &1, e9 small enough such that

bpN b, N
g1 < it , €2 < 2
4p (Nme — Napiy) 4p
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Moreover, we pick N; ¢ = 1,2, 3 large enough so that

bjElNl + (,U + % + b€3)
SOk b

J o dexy g
and b
(%)
No> NP
- 2m1

After that, we can choose N large enough such that

1 |bpN Nsb
N>_[p "+ Napy + M‘(ﬂ—ﬂ)}
me 451/1' €20

Consequently, there exists a positive constant 7, such that (3.19) becomes

d

1 1
L) < —c1/0 (u? + uy + 92 + ¢°) d:v+cQ/0 (61 +9° (¢1)) du

1 T2
—c3 / / 115 (8)| 2% (2,1, 5,t) dsd. (3.20)
0 T1

In this section, we state and prove our stability result.

3.3 Stability Result

Theorem 3.3.1 [29] Suppose (H1), (H2), and (3.12) hold. Let Uy € H. there exist

positive constants ay, as,az and 1, such that the solution of (3.2) satisfies

t
E(t) <aGi? (Clg/ a(s)ds + ag) , t>0, (3.21)
0

where

1
-1 _ 1 v
Gi' = /t e (S)ds and Gy (s) = tG" (nyt) .

Remark 3.3.1 G, strictly decreases and is convez on (0,1] and PnaGl (t) = +oo.
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Proof. We multiply (3.19) by « (t) to get

(LW ~haWEW+eal) [ @rf@)d G2

Now, we discuss two cases:

Case I: (G is linear on [0, 7]. In this case, using (H2) and Eq.(3.5), we deduce that

@ () £0) <~k (VB (@) +ca(t) [ (G4 P (0) do = —ha () B (1) — e (1),
which can be rewritten as
(@) L(t)+cE@) -/ () L(t) < —kia(t)E(t).
Using (H1), we obtain
(a(t)L(t)+cE @) < —ka(t)E(t).
By exploiting (3.18), it can easily be shown that
So(t) =a(t)L(t)+cE(t)~E(t). (3.23)
So, for some positive constant \;, we obtain
So(t) + Ma(t)S(t) <0, VE>0 (3.24)
The combination of Eq. (3.23) and (3.24), gives
E(t) < E(0)e™ Joals)ds — g 0)Gy* <)\1 /Ot a(s) ds) . (3.25)

Case II: G is nonlinear on [0,7n]. In this case, we first choose 0 < 1, < 1 such

that

sg (s) <min{n, G (n)}, Vls| <. (3.26)
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Using (H2) along with fact that ¢ is continuous and |g (s)| > 0, for s # 0, it follows

that

52+ g% (s) <G (sg(s), Y|s| <my
(3.27)

crls| < [sg(s)] < eals], V]s| =m

To estimate the last integral in Eq. (3.22), we consider the following partition of
(0,1):

Li={ze€(0,1):|¢f <m}, L={2z€(0,1):[¢]>mn}.
Now, with I () defined by

I (t) = ; ¢tg (¢t> dSIZ’,

we have, using Jensen inequality (note that G~ is concave and recall (3.26))

Gl ze [ G ag(6)dr (3.28)

Iy

The combination of Eq. (3.27) and (3.28) yields

o (1) / (6 + 2 (6)) dr = alt) / (62 + ¢ (8) dz + o (1) / (62 + & (&) da

I Iz

< at) / G (g (@) dr+ea(t) [ 900 do

I

< ca(t)GH(I(t)) —cE (). (3.29)
So, by substituting (3.29) into (3.22) and using (3.23) and (H1), we have
Sy(t) < —kia(t) E(t) +ca(t)GH(I(t)) (3.30)

Now, for n; < n and 0y > 0, using (3.30) and the fact that £ <0, G’ > 0, G” > 0 on

(0,m), we find that the functional S;, defined by

Si(t) = (n%) So(t) + 0B (1),
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satisfies, for some by, by > 0,

biS: (1) < B (1) < 1S (1) (3.31)
and
S0+ =m g G (mipg ) S0+ 6 (nogrg) ) S50+ 0080

satisfying the following general Young’s inequality

AB < G*(A)+ G (B), if Ae (0,G' ()], Be(0,7)].

With
A— (no%) and B = G (1 (1)),
using (3.26), we obtain
(g EON g ca (e (B ca
a6 (o)) 6 I0) el 6 (& (mpggy ) ) +ea T (0.

By exploiting (3.5) and the fact that

G (s) < s(G) 7' (s), we get

a6 (o)) 6 T0) < calmg 06 (mip ) B () (33)

By substituting (3.32) into Eq. (3.33), we obtain

S () < —ka (b) %G’ (nog—(%))) — ha(6) Go (E (t)) (3.34)
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where k£ > 0 and Gy (t) = tG’ (not) .
Note that
Go () = G (ngt) + notG" (not) -
So, using the strict convexity of G on (0,7], we find that Gy (t),Gj (f) > 0 on
(0,1] With S (¢) := 23 it is obvious that S (1) < £ < 1. Now, using (3.31) and

(3.34), we have

S(t) ~ E(t) (3.35)

and, for some as > 0

S'(t) < —asa (t) Go (S (1)) (3.36)

Inequality (3.36) implies that
—G1 (S (1) > aax (1),

where

Gy (1) = /1 Gol(s)ds.

Thus, by integrating over [0,¢], we obtain, for some az > 0,

S(t) < G- (a2 /0 o (s) ds + ag) | (3.37)

Here, we used, based on the properties of GGg, the fact that GG, is strictly decreasing

on (0, 1] .Finally, using (3.37) and (3.35), we obtain (3.21). m



Chapter 4

Well-posedness and exponential
decay of the thermoelastic Ful von
Karman beam with discret delay

term

In the present chapter, we will consider a delayed system with Cattaneo’s law and

thermoelasticity with second sound

p
Wit — dl [(ux + % (wx)Z) wx]x + d2wxa::r:$ + Hq Wy + [szt(l', t— 7_) - 07

g — dy [(uz + 3 (wa)?)], + 00, =0, (4.1)

9t+Q$ +6ut1’ = 07

@ +vq+0,=0,

7
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in Q x (0,00), where Q = [0,L] and d;, da, 9, [, and ~ are a positive constants
and, p,, tto are positive real numbers. We complement system (4.1) with boundary

conditions

u=0,w=0, 0, =0at x=0,L for any t > 0,

(4.2)
w, =0at z=0,L for any t > 0,
and the initial data
(
u (0,.) = up, us (0,.) = ug,w (0,.) = wo, wy (0,.) = w,
0(0,.) = 6,0, (0,.) = 04, (4.3)
wi(x,t —7) = fo(x,t —7) in (0,L) x (0,7).

\

The chapter is organized as follows. In section 2 we state several useful results and give
a well-posedness theorem (Theorem 4.1.1) by using a semi-group approach for linear
and nonlinear cases. In sections 3 we prove exponential stability result (Theorem
4.2.1), under appropriate conditions (4.4), (4.9). The stability results are established

by using an appropriate Lyapunov functions.

4.1 Preliminaries and Well-posedness
First assume the following hypotheses:

o] < {1l (4.4)

and we will prove that system (4.1)-(4.3) is well posed using semigroup theory by

introducing the following new variable [20]

Z(x7p7t) :wt<x7t_7—p)7xe (O7L)7p€ (07]‘)7t>07 (4'5)
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then we have,

Tz (z, p,t) + 2,(z, p,t) = 0in (0,L) x (0,1) x (0,00). (4.6)

Therefore, problem (4.1) takes the form

wy — di [(ug + & (w,)?) Wa] |+ dyWagea + pywy (2, 1) + pip2z (x,1,) = 0,

u — dy [(uz + £ (ws)?)], + 60, =0,

(4.7)
et + qr + 5utz = 07
g +vq+ 0, =0,
with the initial conditions:
(
u (0,.) = up, us (0,.) = ug,w (0,.) = wo, wy (0,.) = wy,
0(0,.) = 6y,0,(0,.) = 04, (4.8)
z(z,1,t) = f(x,t —7) in (0,L) x (0,7).
\
Now, let ¢ be positive constant such that:
Tlpal <& <7 (2ny — |pal), (4.9)

and let U = (w,wy, u, uy, 0, q, z)T, then U; = (wt,wtt,ut,utt,et,qt,zt)T. Introducing
the vector function ¢ = wy, and ¥ = u;, system (4.1)-(4.3) can be written as

U, = AU + F (U) )

U(O) = (woaw17u07ul;907q0af0)7
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and the linear operator A is defined by:

w 2
¥ —dyWezze — f1p — fioz (-, 1)
u (G
Al g | = ity — 00,
0 ~Q: — 0y,
q —7q — 0,
z _%Zp
and

0

0

0

with domain

w, p,u,1,0,q,2)" € [H*(0,L) N HZ (0, L)] x H: (0, L)
0

D(A) =
x [H2(0,L) N H2 (0, L)]

x Hg (0, L) x L*(0,L) x L*(0,L) x L*((0, L), H} (0,1)),

¢v=2(.,0) in (0,L)

Wo

Ug
Uy
to
qo

fo

(4.11)

(4.12)

(4.13)
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Denote by H the Hilbert space

H : ={[H'(0,L)nH(0,L)] x Hy (0,L) x [H*(0,L) N H (0, L)]

xHy (0,L) x L*(0,L) x L*(0,L) x L* ((0, L), Hy (0,1)) } .

We will show that A generates a Cy semigroup on H. Let us define on the Hilbert

- -~ T
space H the inner product, for U = (w, p, u, v, 6, q, z)T, U= (ﬁ, o, u,1,0,q, Z)

_ L L L _ L L
<U, U> _ / opda + / ibdz + / 00dz + / qGdz + dy / Wy Wp it
0 0 0 0 0

L L 1
+d1/ uxﬂxdz%—/ C/ zzdpdx
0 0 0

The next result is our first main goal in this pape

Theorem 4.1.1 Let (w, v, u,1,6,q, z)T € H. for any initial datum Uy € H there
exists a unique solution U € C([|0,00), H) for problem (4.10). Moreover, if Uy €

D(A), thenU € C([0,00),D (A))NC*([0,00), H).
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Proof. We show that the operator A generates a Cy-semigroup in H. In this

step, we prove that the operator A is dissipative. Let U = (w, ¢, u,v,0, q, z)T

) w
—dyWygz — 1P — Haz (1) @
¢ U

(AU, U) = < dytigy — 60, | v >
G — 1), 0
—vq — 0y q
~1z 2
L L L

= —u /O P dr — dy /O PWgadr + dy i PUged (4.14)

L L L L
—5/ Y0,dx —/ qz0dx — (5/ O, dr — ’y/ ¢*dx
0 0 0

L L
—/ q0, dx—i—dg/ wmgomdx—l—dl w Uzdx
0

—,u2/ wz (z,1) x——// (z,p) 2, (x, p) dpdz,
0

Using integration by parts, we obtain

L L L
(AU U) = —,ul/ odr — 6 ¢9wdx—/ q.0dx
0 0 0

L L L
—5/ wadx—y/ q2dx—/ q0.dx
0 0 0
L
—,u2/ @ledm——// (z,p) 2, (x, p) dpdz,
0
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thus,

L L L
(AU U) = —ul/ SOde_Mz/ sOZ(fv,l)dfc—v/ ¢ dx
0 0

_g /OL /01 2 (x, p) 2, (z, p) dpdz. (4.15)

Now, thanks to Young’s inequality, (4.6) and (4.9),we get

L L
(AU, U) = —(m—é—@)/{) 902dx—7/0 ¢ dx
L
— (i—w—;')/o 22 (x,1)dr < 0. (4.16)

2T —

Consequently, the operator A is dissipative. Now, we will prove that the operator

A — A is surjective for A > 0. For this purpose, let

(f1, fay fas fas f, for f) " € H,

we seek

U = (w,p,u,9,0,q,2)" € D(A)
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solution of the following system of equations

(

Aw —p = fi

)\SD + d2wx:rmc + ,UI(P + /’622 ('7 1) = f2

At Lz, =f;

Au—1p = fy (4.17)

)\¢ — dlum + 59w = f5

\ Ag+yq+0, = fr

Suppose that we have found w, u. Therefore, the first and the third equation in (4.17)

give
(
o =Aw—fi

: (4.18)

\ ¥ = Au— f
It is clear that ¢ € H} (0,L) and ¢ € H] (0, L). Furthermore, by (4.17) we can find

2 (,0) = ¢ (z) for x € (0, L) . Following the same approach as in [46], we obtain, by

using equations for z in (4.17),

o
z(z,p) = p(z)e P + Te’\Tp/ f3(z,8) e Pds. (4.19)
0
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From (4.18), we obtain
p
2 (2, p) = Mw (z) e — fre P + 7'6”’”/ fa(z,8) e Pds.
0

By using (4.17) and (4.18) the functions w and u satisfying the following system,

p
)\21(} + d2w:m:xm + 2% + Moz ('7 1) = )‘fl + f2

Nu — dytgy + 00, = Nfs + fa

\

Solving (4.17) system is equivalent to finding
(w,u) € [H*(0,L)N Hg (0,L)] x [H*(0,L) N Hg (0,L)]

such that,

;

fOL (>\2,w77 + ,u1<,077 + d2w1‘1‘77:1::v + IUZZ ('7 1) 77) dl’ - fOL ()‘fl + f2) ’I]d.%'

(4.21)

Joe (WPu¢ = dvueC, +66¢,) do = [y (\fa+ fu) ¢da

for all (n,¢) € Hy (0,L) x Hy (0, L). From (4.5), we have

1
z(2,1) = dw (2) e — fre™ + Te_AT/ f3 (z,5) e ds.
0
Consequently, problem (4.21) is equivalent to the problem

a((w,u),(n,¢) = L(n,{) (4.22)

where the bilinear form
a: [HZ(0,L) x H}(0,L)]° = R

and the linear form

L:HF0,L)x Hy(0,L) = R
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are defined by

a((w,u) . (1,0) = / (X (w4 o+ 127 (0 1) 1 + dywyeny) de

L
+/ (Nu¢ + (60 — dyu,) C,) de, (4.23a)
0

and
L

L(n,¢)= /OL (M1 + f2) ndx +/0 (Afs + fa) Cdz.
It is easy to verify that a is continuous and coercive, and L is continuous. So applying
the Lax-Milgram theorem, we deduce that for all (n,¢) € Hj (0, L) x H} (0, L) the
problem (4.22) admits a unique solution (w,u) € H? (0, L) x H} (0, L) . Applying the
classical elliptic regularity, it follows from (4.21) that (w,u) € H*(0,L) x H3 (0, L).
Therefore, the operator (A — A) is surjective for any A > 0. Consequently, the
existence result of theorem follows from the Hille-Yosida theorem. To prove existence
and uniqueness of local solutions for the nonlinear problem, it remains to show that

F(U) is locally Lipschitz continuous in H. In fact, if U = (w, ¢,u,,0,q, z)T, U=

(757 0,1, @,Fé, q, :ZV)T belong to H, we have
HﬂU) -7 ([7) Hi = di (|nI* +19]) (4.24)

where h = [(us + 3w2) wy — (Uy + 502) W) and g = % (w2 — @?2), . Adding and

subtracting the term (u, + 1w?) @, inside the norm |h|, we gets

~ 1 ~ -
Wl < lwe = Wall poo(o 1) e + 5’“%% F [ Wall oo o, 1 [te — o
1, - ~ ~
"‘5 ||waLoo(o,L) Wz + W [[w, — wx”Loo(o,L) : (4.25)

Using the embedding of H' (0, L) into L* (0, L) one has from (4.25) that

Bl <k (10

) e =71, (420
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Using once again the embedding of H (0, L) into L> (0, L), one also sees that

(1t 7], -1, aan

Combining (4.24), (4.26) and (4.27), it follows that F(U) is locally Lipschitz contin-

uous in H. m

4.2 Exponential decay

The associated energy of this system is defined by

1 [* 1 2
E(t) = _/ {w?+uf+62+q2+d2wiz+d1 <ux—|—§(wx)2) }d:z:

2 Jo
5 L 1

+ —/ /z2 (x,p,t) dpdzx. (4.28)
2.Jo Jo

Theorem 4.2.1 Let us suppose that the initial data are given in H. Then, the energy
E (t) decays exponentially, i.e., there exist two positive constants a and 3 independent

of the initial data such that
E(t) < aFE(0)e P forallt > 0.

In this section we state and prove our result on exponential decay for the nonlinear
system (4.7)-(4.8). We start by introducing some functionals and preparing some

lemmas.

Lemma 4.2.1 Let (w,u,0,q,z) be the solution of (4.7)-(4.8). Then the energy func-
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tional E (t), defined by (4.28) satisfies

d t £ ml\ [*
E(t) < 2 " 2 2q 4.2
al® = 7/oq‘% (1 or 2 /Owtm (4.29)

L
<% - @)/0 22 (z,1,t) dx.

Proof. We multiplying the first at four equations in (4.7) by w;, wy, 0, q respec-
tively, integrating over (0, L), and the equation (4.6) by £z over (0, L) x [0, 1], using

integration by parts with the boundary conditions (4.2), we obtain.

d L ) L 1 2 d L )
2 i wydr — d1/0 Uy + 3 (we)” | wy ) wpdx + dgﬁ (Wee)” dx

L L
+1iq / widx + /1/2/ z(z,1,t) wedx = 0,
0 0

d L ) L 1 ) L
5 i utdaz—dl/o [(u$~|—§(wx) )}wUtd$+6/o 0, udr = 0,

d

L L L
— | #%d Odx — 6 0,dx =
2dt |, x—l—/o q.0dx /o uldr =0,

d L L L
2 2
— qd:c—l—fy/ qu—/ Oq.dx =0

2dt/ / (x,p,t dpda:—l——/ 2(x,1,t) — 2*(x,0 t))d =0, (4.30)

3 &t 2
// *(x, p, t)dpdr = 27_/0 (z (x,1,1) z(:U,O,t))dm.

with
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Summing up, we get

L ) d L L d L )
— wtdl’+2—dt/(; d$+d2 (wm) dl’—l—g 0°dx

d
+2_dt +€2—dt/ / J} p, dpdl’

L 1 , L 1 )
+dy / <um + 3 (wy) ) Ugedr + dy / (uw + 3 (wy) > Wy Wa AT
0 0

L L L
+”y/ dv + 1y / w2dx + iy / 2 (x,1,t) wedz
0 0 0

s

( *(z,1,t) — 2%(2,0,t)) dz = 0.
QT

Now, by using the fact that

we arrive at

L

2dt J,

1 L L
+€/ ZQ(x,p,t)dp] +v/ qzdwﬂbl/ wyda
0 0 0

L
+u2/ z (z,1,t) wpdx + = / (z,1,t) — 2*(x, O,t)) dr = 0.
0

1 2
[w? + uf + do (wm)2 + 6% + q2 +d; (ugg + = (wx)z)
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Thus,

L L L
E'(t) = —’y/ ¢ dr — N1/ w?dr — ,uQ/ 2 (z,1,t) wydx
0 0 0

5 L

27, (2%(z,1,t) — 2*(2,0,t)) da.

Finally, by using Young’s inequality, the relation (4.9) and (4.7), we get

' § |12 /L2 3 | 4o /L 2 /L2
FH< - =-—-—= 1,t) — - - = dx — dx.

Lemma 4.2.2 Let

L
1
0

and let (u,w,0,q,z) be a solution of (4.7)-(4.8). Then we have, for any 1 > 0,

g Lo\ de [P,
I(t) < —dl/ (ux + 2 (wy) ) dx — 1 (Wee)” dx
0 0

L 52 L L
+51/ ugd:mr—/ 02dx—|—/ uldx
0 de1 Jo 0

22 (L 1 /L
—l——p/ 2 (r,1,t) d:c—l——/ widr. (4.32)
2 J, 2 /,

for allt > 0.
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Proof. Differentiating the functional I;(¢) and using the first and the second

equation of (4.7), we get

L 1 L L
I(t) = —dl/ (uw +3 (wm)2> uydr — 5/ Ou,dz —|—/ uidx
0 0 0

dy [* 1 dy [* 1 [*
_a (um + - (wm)2> w2dr — 52 / w2, dr — u2§/ z (z,1,t) wdz
0 0

2 Jo 2
1 L
+§/ w?dz. (4.33)
0

Using Young’s and Poincaré inequalities, we get
g g g

1t dy g 2 /‘36121 g 2
—u2—/ z(z,1,t) wdr < —/ wmdx—l——/ 2% (z,1,t) dx, (4.34)
and
L L 52 L
—5/ Quwdxgel/ uidm—i——/ 03dz. (4.35)
0 0 deq Jo

By inserting (4.34) and (4.35) into (4.33), then, we obtain (4.32).

L L 1 L
I(t) = / uldr — dy / (uw + 3 (wx)z) udr + 5/ Ou,dx
0 0 0

1 [t di [* 1
+§/0 wldr — ?1/0 <um +3 (wz)z) wdx

dy L 2 Ko L 2 o 2
-5 (Wee)” dx + 5 7 (x,1,t)dx + < | v dx. (4.36)
0 0 0

We conclude by using Young and Poincaré’s inequalities. m

Lemma 4.2.3 Let

Lt) = /0 ’ ( /0 0ty dy> wdr,  t>0, (4.37)
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and let (u,w,0,q,2) be a solution of (4.7)-(4.8). Then we have, for any 3 > 0,
5 [t L 1 ?
I(t) < ——/ dea:+62/ (um +5 (wz)Q) dx

1 L L
+55 / ¢*dx + C(e) / 0*dx + eu? (L), t>0, (4.38)
0 0

where, C(gq) = [% (1+ L)+ (5} :

Proof. A differentiation of (4.37) and with the boundary conditions gives

:—5/ da:—/o qutdx—i—(S/ 6 dx
—dl/o (uz+;( ) )9d:c+d1 (/0 eda:) ug (L) (4.39)

By recalling Young’s inequality for the last term of (4.39), we get for any €5 > 0,

L d2L L
d ( / 9dx> g (L) < equ? (L) + 1= / 0*dz,
0 462 0

and our conclusion follows. =

Lemma 4.2.4 Let
L T
I3(t) == / (/ q(t.y) dy> Odv,  t>0, (4.40)
0 0
and let (u,w,0,q,z) be a solution of (4.7)-(4.8). Then we have, for any ez > 0

1 (F L L
L) < —5/ 0%dx + 63/ u2dr + Cy (53)/ ¢*dx,t >0, (4.41)
0 0 0

where, C(e3) = (1 + E n 7;)
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Proof. By exploiting (4.40) and integrating by parts, we have

I3(t) = /OL ¢ dx — 5/OL </qu (., y) dy) Uy
—y /OL (/qu (t,v) dy) Odx — /OL 0*dz. (4.42)

Using Young’s and Poincaré inequalities, we obtain

L T 1 L ,72 L
_7/0 (/0 q(t,y) dy) Odx < 5/0 szx—l—E/O ¢*dz, (4.43)

L/ ra L 52 L
—5/ </ q(ty) dy) Utz dr < 83/ u?dr + —/ ¢ dz. (4.44)
0 0 0 des Jo

By substituting (4.43) and (4.44) in (4.42), we obtain immediately (4.41). m

In order to eliminate the boundary term in (4.38), we introduce the following

function

Lemma 4.2.5 Let

L L L
Iy(t) :== / UM, dr + / wymw,dr — / (0 + du,) mgdz, t > 0. (4.45)
0 0 0
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and let (u,w, 0, q, z) be a solution of (4.7)-(4.8). Then we have, the following estimate

L 262 L 9 L
) < fy/ 0*dx + (’y + > / ¢ dx + —/ uldx
0 4 0 L Jo

—dy [12 (L) + 2 (0)] + (1 i 2%1) /O "2

2 L L
L 0 0

(4.46)

L L
+1tq / 22 (2,1,t) dx + 1, / widx.
0 0

Proof. Direct differentiation, using the second equation of (4.7) and the integra-

tion by parts, lead to

q [t L 1 L L
il / mudr = dy / {(ux + - (wm)z)} mu,dr — 5/ 0, mu,dx + / UMy, d
dt Jo 0 2 . 0 0

L L L L
=d; / UpeMUzdr + dy / W W MUgdr — 0 0,mu,dx + / UpMUy AT
0 0 0 0

dl a=L dl L
= [mu LC 0 o myu, 2dx +d1/ Wy Wy MU, AT
0
—5/ 0, muydx — —/ mmutdx
2 2 2dy g
= —dy [u2 (L) +u3 (0)] + 7 | Vs 2dr+dy | woweemugde
0 0

L 2 L
— 5/ 0, muydr + 7 / urdx
0 0
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d rt L L
— usmuzdr = dp / UgeMULAT + dy / WaWapr MULAT
dt Jg 0 0
L L
-0 / 0,.muydr + / WU MU AT
0 0
d L d . d L L
— UM dr = -1 [mui] _L _a mzufcdx - 5/ 0.muydx
dt 0 2 =0 2 0 0

L 1 (L
+d1/ WyWerMUg,dr — —/ mxufdx
0 2 Jo
g 2 2 2d, g 2 2 g 2
— | wmuydr < —dy [u2 (L) +uZ(0)] + — [ widz+ = [ widx
dt J, L J, L J,

L L
+d1/ Wy Wy MU AT — (5/ 0, mu,dx (4.47)
0 0
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Similarly, using the first equation of (4.7), we have

d L L 1 )
— wymw,dr = +d; Uy + = (W) | we | mw,dx

L L
— [ty / wymw,dr — doy / Wapgps MWL AL
0 0

L L
+/ wymwy,dr — ,uz/ z (z,1,t) mw,dz
0 0

= —d; /OL (<u$ + % (wx)z) wx) (Mawy + Mig,) dx

L L
— 1y / wymwdx + dy / Wezz (MpWy + Mwy, ) dz
0

0
1 (L L
——/ mwwfda:—pz/ mw,z (x,1,t) dr
2 Jo 0

4d, [* 1, L)\ L
= 4+ (um + = (wy) ) wydr — dl/ Wy Wy MU, AT
L Jy 2 0
L L L
d 4d
—ul/ wymw,dr — —1/ wgwxmwmdw _ =2 Wy We AT
0 2 Jo L Jy

L o L L
+d2/ Wape MWy dT + —/ w?dr — u2/ mw,z (x,1,t) dz
0 0 0

L
4d, (* 1 -
— +_1 <u$ + = (wx)2) widm — dl/ wxwxxmuxdx
L J, 2 0
L dy v 2 2
— 1y Wymwdr — — w,q ((w:p) )m dx
0 4 Jo
ady [* 2dy [*
+TQ ) wl,de — dy [w?, (L) + w2, (0)] + 72/0 wy,dz
2 (L L
L 0 0

IN

L ad, [* 1 D\ L
— 1y / wymwydx + — / (ux + — (wy) ) widr — dy / Wy Wy MU AT
0 L Jy 2 0

di [* 6dy [* 2 [*
3L, wf;dxjtf/o wixd:c—l—z/o widx

L by [
+144 / 2 (x,1,t) dw + f (mw,)* dz,
0 0
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using Young’s inequality we find

d r 9 L, L,
— wymwgdr < | — 4 wydxr + f1q wydx
dt Jo L 0 0

8d, [* 1 2 L
4+ (ux + = (wx)2> dx — d; / Wy Wy MU AT
L Jy 2 0

6dy [ by pe [* 2
+— | widr+py | 2% (x,1,t)de+ == (mw,)” dx. (4.48)
L Jo 0 4 Jo
Finally,
d [t L L
- (0 4 duy,) mgdr = — / (0 + dug,) madz — / (0 + duy) medx
0 0 0

L L
= / gzmqdx — / (0 + duy) m (—vyq — 0,) dz
0 0
L L L
= / gzmqdx + ’y/ Omqgdzr + / Omo, dx
0 0 0

L L
+70 / gmugdxr + 0 / 0,.mu,dx
0 0

1 [E L 1 (F
= —/ myq>dz —i—”y/ Omqgdzr + —/ mgf*de
2 Jo 0 2 Jo

L L
+v4 / gmugdxr + 0 / 0,.mu,dx
0 0
9 (L ) L 2 (L,
= —= qdaH—v/ quda:——/ 0 dx
L/o 0 L J
L L
+v4 / gmugdx + 0 / 0,.mu,dx
0 0
L L L
< 'y/ 0qu:c+75/ qmumdx—l—CS/ 0,mu,dzx,
0 0 0

using, Young’s inequality we find

d [ g ot [*
- (0 + du,) mgdx < / uldw + (7 + 1 > / ¢*dx
0 0 0

L L
—l—’y/ 0*dx + 5/ 0. mu,dx. (4.49)
0 0
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By adding (4.47), (4.48) and (4.49), we conclude

L 257 L o L
I(t) < 7/ 0*dx + (7 + ) / ¢dr + —/ urdz
0 4 0 L Jo

dy [ (L) +42.(0)] + <1 + 2%1) /0 "2

9 L L
L 0 0

L 1 2 6dy [*
+8Td1 <uz + 5 (w$)2> dx + 72/0 w? dx

0

L L
+14y / 22 (2, 1,t) dx + 1, / wdx.
0 0

Lemma 4.2.6 The functional I5(t) satisfies the estimate

L 1
I5(t) = / / e 2P 2% (z, p,t) dpd,
o Jo

for some positive constant mq

L

mq L 1
() < —Is (t) — —/ A0 de+ 5 | 0)dr
0 T Jo

(4.50)

(4.51)
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Proof. Differentiating I5 (¢), and using the equation (4.6), we obtain

d L 1 1 L
— / /e_zmz2($,p,t)dpd:v :——/ /6_2szzp(:v,p,t)dpdx
dt \.Jo Jo T Jo Jo

L 1
= —/ /6_2”),2'2 (x,p,t) dpdx
o Jo

—i/L /1 4 (e722% (2, p, 1)) dpda
21 Jo Jo dp Y .

The above estimate implies that there exists a positive constant m; such that (4.51)

holds. m

Now we are in the position to prove the second main result in this chapter (The-

orem 4.2.1). First, we introduce the functional
L(t) = NE(t) + 691 + dily + Nily + 21y + L. (4.52)

Proof. (of Theorem 4.2.1)

taking into account (4.29), (4.32), (4.38), (4.41), (4.46), (4.51) and the relations

L
/uidm < 2
0

VAN
[\
O\NO\
VR
I
8
+
N | —
&
o
N—
QU
8
+
I
N
h
S
8o
QU
8
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we get

IA
|

[ dy 26° k
£/<t) N—%—Cl (63)N1—€2 (’74-74 >:| / q2dl’
L 0

-(Sd% 8€2d1 (581(11 2d1 L
B A A T G o /

16 L 16 A L
1 53d
-13 1_1651_0(52)611 752}/ 0*dx
od 2¢e L
- Tl—wl—ﬂ/o fda
—1I5 (t)
L)< —n [ ¢Pde —ny [i wide —ny [ 22 (2,1,1)d

2
—n, fOL (um + % (wz)g) dxr —n; fOL w2 dr — ng fOL 0% dx

L
17 fo ufdx - I5 (t)

__ _f_|N2| _5d1_ 2 _1 /L
_N<“1 or 2 g 2 \pth) e ) v

[ 13 ™ 5d1ﬂ3612) mq /L 2
N _ _ M 1
_ <2T 2 8d, M| ) 7 (@, 1,1) dx

)dx

'5d1d2 6€2d2 Cp5€1d1 LEQCP ( 2d1) :| /
- - - — 14+ — ) —eCp (g + 1 Wag )
2 1 2 0

(4.53)
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where

I 252

m = |[vN—% —C(e3) N1 — e (’Y‘i‘yf )]

N2 = _N(ul—é—'“—;')—%—@(%wl)—ﬂ
[ ddypde? m

my= [V (& - lal) - % — ey + 22

Ny = T gody — —Seidl —%d 9, (1 + %)}

_ -5d1d2 6eado Cpdeids LeaCp 2dq
s = |16 — "L — ~ 16 4 (1+T)_52CP(N1+N2)

16¢1

[ 3
Ul % — Cleg)dy — 752]
ddr 2e2

= [ — et — ]

First, let us choose 1and €5 small enough

€1 < min <d§1, 4%1?) ,
odqid, odiL ody odqid, odq 5d%

< mi i
c2 = T [16(1,, (L+2d;)” 384 16 64C, (11, + j1p) 1281 32 (L + 2d,)

and, we choose Ny

[% — iz—gi — C(Eg)dl — Ye2| > 0.

Next, we pick €3 so small that,

ody

€3 < 8N,

Finally, we choose N large enough so that,

’)/N—%—Cl (83)N1—€2 (’7+’y2462> > 0,

N(ul—i—“‘—;')—%—52(%+u1)—%>0,



102

and

£ |us od fi5c; my
N(E 5 8d2 M2€2+§>0.

Therefore, which implies by (4.53), that there exists also 7, > 0, such that

%c () < —mpE(t), V>0 (4.54)

for some positive n,. On the other hand it is easy to verify that
B,E(t) < L(t) < B,E(t), Yt >0, (4.55)

for some positive constants (5, and 3,. Combining (4.54) and the right hand side of

(4.55), we conclude that

4ty < —AL(t), Yt >0, (4.56)

dt =
for A > 0. A simple integration of (4.56) leads to
L(t)<L0)e ™  Vvt>0. (4.57)

Again, use of (4.54) and (4.56) yields the desired result. This completes the proof of

Theorem 4.2.1. =



Conclusion and perspectives

At the end of this research work, we believe that the results presented will contribute to the
development of the study of evolutionary problems including partial differential equations of the
hyperbolic type, by opening new horizons for scientific research on this emerging theme.

First, we have defined two new porous-elastic systems, one with micro-temperatures and internal
distributed delay acting on the first equation and the other is a one-dimensional damped system with a
single nonlinear weak feedback and a term of distributed delay

Subsequently, and after having demonstrated the existence and the uniqueness of the solution of the
two systems, we obtained, under the assumption that the speeds of propagation are equal, that the
energy of the first system is exponentially stable, while than that of the second system, decreases
explicitly and generally.

Considering the applications in physics, hydraulics, mechanics, etc. . . , the field of partial differential
equations of the hyperbolic type is booming and the improvement of new methods to study the
asymptotic behavior of such systems is just as important.

Finally, the avenues of research regarding these PDEs are numerous, and they can always be
diversified. Therefore, different perspectives can be cast as a result of this work.
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