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وتطبيقاتها الأطوار متعددة مسائل

ملخص
Ԙم اࣩ࣡ڛڮار، مԦս֒دة أՑڝو״ ԉڮִٰ׷Վ Շ״ ਾਕսءշاط Շ״ اܖհक़ڮ Ԛଟሗላڑհ״ واطԦ֒دՇ״ ԉՇٮհ״ ೭೜ا اޅޠ޲โ֑״ ၍ဿԉڃ೭೜ا ׵֑ه ԉպໂດول
Քٵ֜ مڎսو٤ة ԉદઔذج اၔဿراڃ״ وսԦՔو֒ ҟԉᇿᇇԉ౩౎հمԉञைد ᄳᄍ اޅޠ޲ڮ وञ௕ڝݡݽ ،ᄳᄜԉआࣱࣺا واطսڮاٰر اܖ٤क़ارة، ਾਕ՗ԌՔ ฼ࢉ࢕ ਼ਕ؏ਾਢاط
اط๏սؽհر أدوات ԉՎڃս๎֒ام واԉՇ֑ԡࣞࣚت، اطڎՄԉر، واطڞڮر Շ״، اܖॗ܁ܓ ԉ฽رج واࣚࣞٵִڮ֧״ Շ״، اܖհक़ڮ ၍၅౶౎اط ಮಒՎ اط฼ԉִսر

ҟ֒ديԦاط ௵ை٤ֳսاط ٕՄوڛ٤ا اଉଃ૿وڮԉ฼ت چշװ Շ״ وՑڝ٤ اطڮښՄԉܞܵ
Քٵ֜ ၍ဿدԉԦم ଜଗ฽ل مي ᄳზԉՇ ਼ਕ֧ڮऔ௏--اريೕಸ اਾਢ֦ان Ԉ໱دمԉج اࣩ࣡ڛڮار ᄳჩଜଗ՗ દઔڮذج ԘհڮڃՔ ᄳᄍ ᄭᄟاࣩ࣡و اࣚࣞڎႧႥԉ״ ր౉఺఑ر
واࣚࣞٵִڮ֧״ اܖॗ܁ܓي، اطڞڮر ฼ԉִՔر اޅޠ޲ڮذج وৡਂور ҟඑ๼Շࣩ࣡ا اط຿ڑԉط ԟي اط೺ූԉպ״ واܖ٤क़ارة اܖ٤क़ارة درโ״ ਾਕ՗ԌՔ
وԉՎڃս๎֒ام ҟᄳᄇԉمڎ Ըٰؽ ڃڞ־ ฼ࢉ࢕ اႹႪࣩ࣡ڮزي ٕ֧֒սواط اԉՇ֑ԡࣞࣚت اԉֳड௒ل Ԙم ،ᄳზԉࣞࣚا واطڞڮر Շ״، اܖॗ܁ܓ ԉ฽رج
֒क़واܖ اऔ௒࿂ྛհࣞࣚءհ״ اԉֳࣞࣚوم״ հրદગر ֦ٵ֒ اޅޠ޲ڮ، ֒հןوսط ฾֒اً डைٳوي ਢᘟ೵঎਼ل દઔڮذج ُٕսاچ ،ٕհ֦೭೜ا اطԡڑԉء ௵ை٤ֳՔ
وأښ׷٤ت ҟԘֳڞսم ᄳᄌԉڛ ड௏ֳ֒ۓۼ اڃ٤ֳսاره ودرُس اհᇿᇰպࣞࣚ״، ԉՎط٤ִوق ೵঎ڞژ اਾُਢ֦ح ࿽࿯࿏ ҟૻश֦اطڮا ਾਕื اطրսןي مي
واԉֳड௒ل اܖհक़ڮي اطԡڑԉء Քڞڮر ᄳᄍ اޅޠ޲ڮ ֒հႧฎ෿و اႹႪࣩ࣡ڮزي، ٕ֧֒սواط واطսڮرم، اܖ٤क़ارة، أۣۼ ԉً໪ڮر೶঎ ၍၅՗ԉوսࣞࣚا ا࿂ཫԉଅଃ૿ة

ҟتԉՇ֑ԡࣞࣚا
Շ״، اܖհक़ڮ ବ቟ላٳԉدات واࣦ࣡ڃՎԉ๓ս״ ،ᄳᄜԉआࣱࣺا اطսڮاٰر ฤཔ߀ߢ ฼ԉִՔر--اໂຖڑԉر દઔڮذج ԉञ௏ء ᄳᄍ սս֧وրر اطऔ௒ԉր״ اࣚࣞڎႧႥԉ״ ԉأم
اԉՇ֑ԡࣞࣚت Ԙم اطպսڝݡݽ وԦִՔेस״ اطպսڝݡݽ مպןִٳ״ ԉՇଜଗॗاܖ ฼ԉִՔر اޅޠ޲ڮذج وՇٵ֜ ҟ٤ارةक़اܖ درโ״ ودԉञைمԉ౩౎հت
وآطԉհت Շ״ اܖհक़ڮ ԉՎطԉ฼඀๬ت එ๼Շࣩ࣡ا اط຿ڑԉط ۓۼՎژ ೕಸاري اਾਢ֦ان ႹႵي اպࣞࣚڝو״، واطਾਜوԉպີນت ا࣡ࣥچԉرة وԉऑை೓಼ت
ԫُ๎֒مսاڃ ،ԉً໪֒د฼و ҟتԉ฼وڮଉଃ૿ا چշװ Շ״ Ցڝ٤ ԉՎڃս๎֒ام وو฾֒اսີຖװ اܖक़ر وדڮد ԫຼຜ ңأ و֦֒ ҟᄳᄜԉआࣱࣺا اطպսڝݡݽ
وՔֳ֒ۓۼات اսֳࣞࣚڞԦ״ واطڮ฾֒اऔ௒״ اطڮדڮد إԉछ௘ت Ԙم ا೫೜مي، ᄳᄍ اطԦءڎհ״ Շؽ٤ أو Շֳ״ وڛ٤ اطִٳԉء ᄳᄍ اհᇿᇰպࣞࣚ״ ඀๹ԉպԦاط
ᄳუԉم೫೜ا واطսڞڮر ᄳᄜԉआࣱࣺا اطսڮاٰر ᄳᄍ اܖ٤क़ارة درโ״ ਾਕ՗ԌՔ اطԦ֒دՇ״ اطԉ๓սرب أښ׷٤ت ࿽࿯࿏ ҟربԉֳՔ ฤඝԉड௒و ڛհ֦ԉ״

ҟڮيհक़اܖ ԡሑላڑԉء ᄳუ࿂ྛࣞࣚوا
โ֑દઔ״ ಮಒנڎսط ඀๷وري اޅޠ޲ڮ وञ௕ڝݡݽ اࣩ࣡ڛڮار مԦս֒دة واطհ຿շ״ Շ״ اܖ٤क़ار اطਾਕ՗Ԍսات إدمԉج أن ᄭᄟإ ၍ဿԉڃ೭೜ا ೵ූؽ٫
اطսڞԉֳհշت ᄳᄍ ԉᇿᇣ֧ ৓৅๏սሑላ وڃՄԉر وՔڞڮۓۼ اطսפհຼຌ٤״ ԉԦବ቟ላۓۼة اԉଉଃ૿ل սִՇ־ و ،ԉᇿᇇԉ౩౎հمԉञைد و֧׷ق Շ״ اܖհक़ڮ اԚࣩ࣡ڑհ״

ҟ״հխີշواط واطٵհԟԉպ״ اطڞհշ״
Շ״، اܖ٤क़ار اطਾਕ՗Ԍսات ،ᄳᄜԉआࣱࣺا اطսڮاٰر اޅޠ޲ڮ، ֒հႧฎ෿ اࣩ࣡ڛڮار، مԦս֒دة اޅޠ޲โ֑״ Շ״، اܖհक़ڮ اԚࣩ࣡ڑհ״ المفتاحية: الكلمات

ҟ״հᇿᇰպࣞࣚا ඀๹ԉպԦاط اհᇿᇰպࣞࣚ״، اط٤ִوق اط฼ԉִսر--اໂຖࣦ࣡ڑԉر، مԉԦدࣦ࣡ت
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Problèmes multiphasiques et applications

Résumé

Cette thèse développe des cadres mathématiques et numériques pour la modélisation des
films biologiques bactériens en tant que systèmes multiphasiques, avec un accent particulier
sur les effets thermiques et les mécanismes de communication dépendante du quorum. Après
avoir présenté le contexte biologique des films biologiques et leur organisation multiphasique,
ce travail établit les principaux outils analytiques et numériques nécessaires aux développe-
ments ultérieurs, notamment les notions fonctionnelles, les concepts de convergence faible,
les techniques fondées sur la théorie des semi-groupes et les approches classiques de discréti-
sation.

Une première contribution consiste à étendre une formulation triphasique d’un film bi-
ologique en y incorporant un couplage thermobiophysique à travers une équation de bilan
thermique, permettant aux coefficients cinétiques et de transport de dépendre explicitement
de la température. Une réduction de type film mince est introduite afin d’obtenir un système
traitable, et un schéma numérique par différences finies est proposé, accompagné d’une anal-
yse de stabilité. Des simulations réalisées dans un cadre axisymétrique illustrent l’impact
des variations de température sur la croissance, le gonflement et les processus de transport
des films biologiques.

Une deuxième contribution propose un cadre couplé de type réaction–diffusion intégrant
la communication dépendante du quorum, la réponse aux antibiotiques et la dynamique
de la température, y compris la génération de chaleur métabolique et ses rétroactions sur
l’évolution biologique. Le caractère bien posé du système résultant est établi à l’aide de la
théorie des semi-groupes, et une approximation numérique fondée sur les éléments finis en
espace ainsi que sur l’intégration temporelle par la méthode d’Euler implicite est construite
et analysée. Des expériences numériques mises en œuvre sous Matlab mettent en évidence
l’impact de la température sur l’activité de la communication dépendante du quorum et sur
l’évolution globale du film biologique. La thèse s’achève par une synthèse des principaux ré-
sultats obtenus et par la présentation de plusieurs perspectives de recherche, parmi lesquelles
l’étalonnage des paramètres, la validation expérimentale, l’extension des modèles, ainsi que
l’amélioration de l’efficacité des calculs et le développement d’applications orientées vers la
commande.

Mots-clés : films biologiques, modélisation multiphasique, communication dépendante du
quorum, effets thermiques, équations de réaction–diffusion, éléments finis.
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Multiphase Problems and Applications

Abstract

This thesis develops mathematical and numerical frameworks for the modeling of bacterial
biofilms as multiphase systems, with particular emphasis on thermal effects, quorum-sensing
mechanisms, and growth regulation. After presenting the biological background of biofilms
and their multiphase organization, the work establishes the main analytical and numerical
tools required for the subsequent developments, including functional-analytic notions, con-
cepts of weak convergence, semigroup-based techniques, and standard discretization meth-
ods.

A first contribution consists in extending a three-phase biofilm formulation by incorporat-
ing a thermobiophysical coupling through a heat-balance equation, allowing the main kinetic
and transport coefficients to depend explicitly on temperature. A thin-film reduction is in-
troduced in order to derive a tractable system, and a finite-difference numerical scheme is
proposed together with a stability analysis. In addition, a growth-damping term is included
in the reduced thickness equation to prevent unrealistically rapid thickening and to account,
at the macroscopic level, for the mechanical resistance induced by biomass accumulation.
Numerical simulations in an axisymmetric setting illustrate the influence of temperature
variations on biofilm growth, swelling behavior, transport processes, and thickness regula-
tion.

A second contribution proposes a coupled reaction–diffusion framework integrating quo-
rum sensing, antibiotic response, and temperature dynamics, including metabolic heat gen-
eration and its feedback on biological evolution. The well-posedness of the resulting system
is established through semigroup theory, and a numerical approximation based on finite ele-
ments in space and backward Euler time integration is constructed and analyzed. Numerical
experiments implemented in Matlab highlight the effect of temperature on quorum-sensing
activity and on the overall evolution of the biofilm.

The thesis concludes with a synthesis of the main results and outlines several perspec-
tives for future research, including parameter calibration, experimental validation, model
extensions, improvements in computational efficiency, and control-oriented applications.

Keywords: biofilms, multiphase modeling, growth damping, quorum sensing, thermal ef-
fects, reaction–diffusion equations, finite elements.
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Introduction

Multiphase problems arise naturally in a wide range of physical, biological, and engineering
systems in which several interacting phases coexist. Their analysis is particularly challenging
due to the presence of strong nonlinear couplings, complex interfacial interactions, and, in
many cases, evolving free boundaries. Within this broad class of problems, biological systems
provide especially rich and intricate examples, where transport, reaction, and mechanical
processes are tightly coupled across multiple spatial and temporal scales [32].

In this context, biofilms constitute a paradigmatic example of a multiphasic biological
structure. A biofilm typically consists of microbial cells embedded in a self-produced extra-
cellular polymeric substance (EPS) matrix, together with an aqueous phase occupying pores
and channels within the structure. This heterogeneous composition gives rise to pronounced
spatial variations in transport properties, growth rates, and mechanical behavior. Owing
to their importance in medical, industrial, and environmental applications, the modeling of
biofilms as multiphasic media has attracted increasing attention in recent years. In partic-
ular, three-phase biofilm models have emerged as a powerful framework for capturing the
coupled dynamics of cells, EPS, and fluid phases with greater fidelity than simpler single- or
two-phase descriptions.

From a broader fluid-mechanical perspective, multiphase flows refer to systems involving
the simultaneous motion or interaction of more than one phase, provided that the con-
stituents are not uniformly mixed at scales larger than the molecular level. Such flows
encompass a wide spectrum of configurations, including gas–solid, liquid–solid, bubbly, and
particle-laden regimes. A useful unifying classification distinguishes between disperse flows,
in which particles, droplets, or bubbles are distributed within a continuous carrier phase,
and separated flows, in which two or more continuous phases coexist and are separated by
moving interfaces. Biofilms naturally fall within this multiphase framework, as they com-
bine solid-like biological components with fluid transport through an interconnected pore
network.

The relevance of multiphase modeling is underscored by its many applications. In chemi-
cal and process engineering, it underlies the description of suspensions, emulsions, filtration,
deposition, and porous-media transport. In environmental science, it plays a central role
in contaminant migration across coupled water–soil–air systems and in biological treatment
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processes. In biomedicine, multiphase approaches are essential for understanding transport
limitations, reaction kinetics, and mechanical effects in complex biological media. Within
this general landscape, biofilms stand out as a particularly rich and challenging example due
to their biological activity and adaptive behavior.

Biofilms are communities of microorganisms—including bacteria, fungi, algae, and protozoa—
that adhere to surfaces and are embedded within a polymeric matrix produced by the cells
themselves [28]. They are ubiquitous in daily life and can be either beneficial or harmful.
On the beneficial side, biofilms contribute to water purification processes and may act as
biological barriers limiting soil contamination. On the harmful side, they are implicated in
industrial fouling, corrosion, and, most critically, hospital-acquired infections associated with
medical devices and implanted materials. Pathogens such as Pseudomonas aeruginosa and
Staphylococcus aureus are particularly notorious for forming persistent biofilms that exhibit
enhanced resistance to antibiotics and immune responses.

Figure 1: Microscopy images of a multiphase bacterial biofilm composed of cells, EPS, and
an aqueous phase.

From the modeling viewpoint, biofilms are naturally described as heterogeneous media
composed of interacting components whose local composition evolves in time and space.
This motivates volume-fraction formulations governed by coupled balance laws for mass and
momentum, together with transport equations for nutrients and signaling molecules. Such
models are able to capture essential features of biofilm development, including spatial het-
erogeneity, nutrient gradients, growth-driven expansion, deformation, and, in some settings,
detachment or erosion. Because both mechanical and transport properties depend on the
local mixture, these systems exhibit strong feedback between composition, transport, and
reaction kinetics.

A substantial body of work has been devoted to the mathematical modeling of multiphase
biofilms. Klapper and Dockery [31] introduced a two-phase model focusing on the coupled
dynamics of bacterial cells and EPS, with particular emphasis on detachment and structural
stability. Eberl et al. [35] investigated a one-dimensional formulation highlighting substrate
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diffusion and biomass growth. More recently, Trinschek et al. [67] developed a thin-film
model for passive suspensions aimed at describing osmotic biofilm spreading. Of particular
relevance to the present work is the three-phase framework proposed by Uttam Kumar and
co-authors [48], which explicitly accounts for bacterial cells, EPS, and an aqueous phase.
Their model describes the evolution of volume fractions and transport processes through
coupled nonlinear partial differential equations and incorporates key mechanical effects such
as Darcy-type flow and biomass compressibility. Three-phase models are especially attractive
because they reconcile biological realism with analytical and numerical tractability.

Beyond mechanical and transport processes, bacterial behavior within biofilms is strongly
influenced by biochemical communication mechanisms. In medical contexts, bacterial growth
and virulence depend not only on nutrient availability but also on the ability of bacteria to
communicate through chemical signaling molecules [40]. This process, known as quorum
sensing (QS), enables bacteria to activate specific genes once the concentration of signaling
molecules exceeds a threshold. In Pseudomonas aeruginosa, quorum sensing is mediated by
N-acylated homoserine lactones (AHLs), such as 3-oxo-C12-HSL, which bind to the regula-
tory protein LasR and trigger the expression of virulence genes. At low population densities,
bacterial activity remains relatively inconspicuous; however, once a critical density is reached,
quorum sensing leads to a rapid and coordinated activation of virulence factors, often over-
whelming host defenses. This mechanism contributes significantly to the high antibiotic
resistance observed in biofilm-associated infections [57], [58], [69].

Motivated by these observations, Williams [72] proposed targeting quorum sensing path-
ways as a therapeutic strategy, aiming to disrupt bacterial communication and thereby
inhibit the activation of virulence genes. Subsequent studies have developed mathematical
models to investigate the combined effects of quorum-sensing inhibition, enzymatic degrada-
tion of signaling molecules, and antibiotic treatment. In particular, Blouza [10] proposed a
system of partial differential equations in a two-dimensional setting to study quorum sensing
in Pseudomonas aeruginosa under antibiotic pressure, supported by numerical simulations.
This model serves as an important point of reference for the present work.

An additional factor that plays a crucial role in biofilm dynamics is temperature. Growth
and decay kinetics, EPS production, transport coefficients, and signaling pathways are all
sensitive to thermal conditions. Moreover, metabolic activity within biofilms can act as a
local heat source, generating feedback between biological processes and the thermal field.
Building on the three-phase framework of [48], this thesis incorporates a thermo-biophysical
coupling by introducing a heat balance equation and allowing selected kinetic and transport
coefficients to depend explicitly on temperature. This approach provides a systematic way to
account for thermal sensitivity while preserving analytical structure and numerical feasibility.

The work presented in this thesis develops mathematical and numerical frameworks for the

modeling of bacterial biofilms as multiphase systems, with particular emphasis on thermal
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effects, quorum-sensing mechanisms, and growth regulation. The thesis is organized as
follows:

• Chapter 1 introduces the biological background of biofilms and the fundamental
concepts underlying their multiphase organization. It also presents the mathematical
tools required throughout the thesis, including functional analysis, Banach and Hilbert
spaces, C0-semigroup theory, classical inequalities, and basic numerical methods.

• Chapter 2 develops a thermally coupled three-phase biofilm model on a porous solid
surface. The formulation incorporates a heat balance equation together with a growth-
damping term in the reduced thickness equation, in order to account for thermal feed-
back and to regulate biofilm expansion. A thin-film reduction is derived, followed
by a finite-difference discretization, a stability analysis, and numerical simulations il-
lustrating the influence of temperature on growth, swelling, transport processes, and
biofilm-thickness regulation.

• Chapter 3 develops a coupled reaction–diffusion framework for biofilm dynamics un-
der quorum sensing, antibiotic response, and temperature variations. Existence and
uniqueness results are established, and a finite-element spatial discretization combined
with backward Euler time integration is proposed and analyzed, together with numer-
ical experiments highlighting the impact of thermal effects on quorum-sensing activity
and biofilm evolution.

• Chapter 4 concludes the thesis by summarizing the main contributions and discussing
perspectives for future work, including model extensions, parameter calibration, exper-
imental validation, and numerical improvements.
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Chapter 1

Preliminary

1.1 General Concepts on Biofilms

1.1.1 What is the Biofilms?
Biofilms are defined as structured communities of microorganisms that adhere to solid or
semi-solid surfaces and are embedded within a self-produced extracellular polymeric ma-
trix. Unlike planktonic (free-living) cells, microorganisms within a biofilm exhibit collective
behavior and spatial organization, resulting in a heterogeneous and dynamic structure.

From a modeling perspective, biofilms can be viewed as evolving systems governed by
coupled biological, chemical, and physical processes, including microbial growth, substrate
consumption, and mass transport.

1.1.2 Biofilms as Multiphasic Systems
Biofilms are widely recognized as multiphasic systems, as they consist of several interacting
components occupying the same spatial domain, each with distinct physical and functional
properties. The principal phases include:

• Biomass phase: This phase corresponds to the microbial cells forming the biofilm.
It is responsible for biological activity such as growth, division, and substrate con-
sumption. In mathematical models, this phase is often represented by biomass density
variables governed by nonlinear growth laws.

• Extracellular polymeric substance (EPS) phase: The EPS phase constitutes the
polymeric matrix secreted by the microorganisms. It provides structural cohesion to the
biofilm and significantly influences its mechanical properties and transport processes.
In multiphase models, EPS is frequently treated as a distinct phase affecting diffusion
and permeability.
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• Liquid phase: This phase consists of water and dissolved nutrients, ensuring the
transport of substrates and chemical species throughout the biofilm. It is typically
described using diffusion equations.

In more advanced formulations, a gaseous phase may be included to account for oxygen
transport. The multiphasic nature of biofilms naturally motivates the use of continuum and
multiphase mathematical models.

1.1.3 Formation of Biofilms on Surfaces
Biofilm formation on surfaces occurs through successive stages that can be summarized as
follows:

1. Initial reversible attachment of planktonic cells to a surface,

2. Irreversible attachment through the production of adhesive substances,

3. Formation of microcolonies via cellular division,

4. Maturation into a three-dimensional structured biofilm,

5. Dispersion, during which cells detach and colonize new environments.

These stages correspond to spatial and temporal variations in biomass density and struc-
tural organization, which can be captured using time-dependent mathematical models.

1.1.4 Extracellular Polymeric Matrix (EPS)
The extracellular polymeric matrix is a fundamental component of biofilms, composed mainly
of polysaccharides, proteins, and extracellular DNA. The EPS matrix plays a crucial role in:

• maintaining biofilm cohesion and adhesion to surfaces,

• regulating mass transport within the biofilm,

• protecting microbial cells from external stresses.

In mathematical modeling, EPS is often incorporated as an additional phase influencing
transport coefficients and diffusion rates.
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1.1.5 Quorum Sensing
Quorum sensing is a cell-to-cell communication mechanism based on the production and
detection of signaling molecules. It enables microorganisms to coordinate collective behav-
ior depending on cell density. This mechanism regulates several biofilm-related processes,
including EPS production, biofilm maturation, and metabolic activity.

From a mathematical standpoint, quorum sensing can be modeled by introducing reaction–
diffusion equations for signaling molecules coupled with biomass growth dynamics.

1.1.6 Antibiotic Resistance of Biofilms
Microorganisms embedded within biofilms exhibit significantly enhanced resistance to an-
timicrobial agents compared to planktonic cells. This resistance arises from multiple factors,
including:

• limited penetration of antibiotics through the EPS matrix,

• reduced metabolic activity of certain cell populations,

• spatial heterogeneity within the biofilm structure.

Such resistance mechanisms highlight the importance of biofilms as complex systems and
justify the incorporation of transport limitations and spatial effects in mathematical models.

1.2 Preliminary Mathematical Concepts

1.2.1 Functional Spaces
Let Rn denote the n-dimensional Euclidean space, and let Ω ⊂ Rn be a bounded open set
with smooth boundary ∂Ω. For k ∈ N, we write Ck(Ω) for the class of functions on Ω that
are k times continuously differentiable, whereas C∞(Ω) stands for smooth functions on Ω.
We also set D(Ω) := C∞

c (Ω) for the space of smooth functions with compact support in Ω.

Definition 1.1 (Semi-norms and norms). Let X be a vector space over K with K ∈ {R,C}.
A function p : X → [0,∞) is called a semi-norm if:

(a) p(x) ≥ 0 for all x ∈ X,

(b) p(λx) = |λ| p(x) for every x ∈ X and λ ∈ K,

(c) p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X.
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If, in addition,
p(x) = 0 =⇒ x = 0,

then p is a norm. The pair (X, p) is then called a normed space.

Definition 1.2 (Convergence and Cauchy property). Let (X, ∥ · ∥X) be a normed space and
let (un)n∈N be a sequence in X.

(a) We say that un → u in X if
lim
n→∞

∥un − u∥X = 0.

(b) The sequence (un) is said to be Cauchy if for every ε > 0 there exists N ∈ N such that

∥um − un∥X < ε, ∀m,n ≥ N.

A normed space in which every Cauchy sequence converges is called complete.

Definition 1.3 (Banach space and dual). A complete normed space is called a Banach space.
It’s dual space X ′ is the set of all continuous linear functionals f : X → K.

Proposition 1.2.1. X ′ equipped with the operator norm

∥f∥X′ = sup
∥v∥X≤1

|f(v)|,

the dual space X ′ is a Banach space.

Remark 1.1. The bidual is X ′′ := (X ′)′. For u ∈ X, define J(u) ∈ X ′′ by

⟨J(u), f⟩ := f(u), ∀ f ∈ X ′.

Then ∥J(u)∥X′′ = ∥u∥X , and the mapping J : X → X ′′ is a linear isometry.

Definition 1.4 (Reflexivity). The space X is said to be reflexive if the canonical embedding
J : X → X ′′ is surjective.

1.2.2 The weak and weak-star topologies
Let X be a Banach space and f ∈ X ′. Denote by

φf : X → R

defined by
x 7−→ φf (x) = f(x).

When f cover X ′, we obtain a family (φf )f∈X′ of mappings from X into R.
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Definition 1.5. The weak topology on X, denoted by σ(X,X ′), is the weakest topology on
X for which every mapping (φf )f∈X′ is continuous.

We now define a topology on X ′, called the weak-star topology, denoted by σ(X ′, X).
For all x ∈ X, denote by

φx : X
′ → R

defined by
f 7−→ φx(f) = ⟨f, x⟩X′,X .

Definition 1.6. The weak-star topology on X ′ is the weakest topology on X ′ for which
every mapping (φx)x∈X is continuous.

Remark 1.2. Since X ↪→ X ′′, it is clear that the weak-star topology σ(X ′, X) is weaker
than the topology σ(X ′, X ′′), and the latter is weaker than the strong topology.

Definition 1.7. A sequence (xn)n∈N in X is said to converge weakly to x ∈ X if and only if

lim
n→∞

f(xn) = f(x)

for every f ∈ X ′.
This is denoted by

xn ⇀ x.

Remark 1.3. 1. If the weak limit exists, then it is unique.

2. If xn → x strongly in X, then xn ⇀ x weakly in X.

3. If dimX <∞, then weak convergence implies strong convergence.

1.2.3 Hilbert spaces
Definition 1.8. A Hilbert spaceH is a complete vector space endowed with an inner product
(·, ·)H such that the induced norm satisfies

∥u∥H =
√

(u, u)H.

Theorem 1.2.2. [1] Every bounded sequence in a Hilbert space admits a weakly convergent
subsequence.

Theorem 1.2.3. [1] Every weakly convergent sequence in a Hilbert space is bounded.

Theorem 1.2.4. [1] If un ⇀ u and vn ⇀ v in a Hilbert space, then

lim
n→∞

(un, vn)H = (u, v)H.
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1.2.4 The Lp(Ω) spaces
Definition 1.9. Let 1 ≤ p ≤ ∞. The Lebesgue space Lp(Ω) consists of (equivalence classes
of) measurable functions g : Ω → R for which∫

Ω

|g(x)|p dx <∞

(with the usual modification when p = ∞).

Theorem 1.2.5. For 1 ≤ p ≤ ∞, the space Lp(Ω) endowed with its standard norm is a
Banach space.

Remark 1.4. When p = 2, L2(Ω) is a Hilbert space with inner product

(g, h)L2(Ω) =

∫
Ω

g(x)h(x) dx.

1.2.5 Sobolev spaces
Definition 1.10. Let m ∈ N and 1 ≤ p ≤ ∞. The Sobolev space Wm,p(Ω) is defined by

Wm,p(Ω) =
{
g ∈ Lp(Ω) : Dαg ∈ Lp(Ω) for all multi-indices α with |α| ≤ m

}
,

where Dα denotes the distributional derivative of order α.

Remark 1.5. For p = 2 we write Hm(Ω) := Wm,2(Ω), which is a Hilbert space.

1.2.6 Inequalities
Young inequalities

Theorem 1.2.6. [1] Let 1 < p, q <∞ satisfy 1
p
+ 1

q
= 1. Then for all a, b ≥ 0,

ab ≤ ap

p
+
bq

q
.

Theorem 1.2.7. [1] Let 1 < p, q <∞ satisfy 1
p
+ 1

q
= 1. For every ε > 0 and all a, b ≥ 0,

ab ≤ ε

p
ap +

1

q εq/p
bq.

Cauchy–Schwarz Inequality

Theorem 1.2.8. Let V be an inner product space over the field of real (or complex) numbers,
with the inner product denoted by ⟨·, ·⟩V and the induced norm denoted by ∥u∥V =

√
⟨u, u⟩V .
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For any vectors u, v ∈ V , the following inequality holds:

|⟨u, v⟩V | ≤ ∥u∥V ∥v∥V (1.1)

Furthermore, the equality holds if and only if u and v are linearly dependent.

Discrete Gronwall inequality

Theorem 1.2.9. Let (En)n≥0 be a sequence of non-negative real numbers. Suppose that
there exist non-negative constants C1, C3, and ∆t > 0 such that for all integers n ≥ 0:

En+1 ≤ (1 + C1∆t)E
n + C3∆t (1.2)

Then, the sequence is bounded by:

En ≤ E0 (1 + C1∆t)
n + C3∆t

n−1∑
k=0

(1 + C1∆t)
k (1.3)

1.2.7 Basic theory of C0-semigroups
Let X be a Banach space and let L(X) denote the space of bounded linear operators on X,
equipped with the operator norm

∥B∥L(X) := sup
∥x∥X=1

∥Bx∥X .

Definition 1.11 (Semigroup). [53] A family (T (t))t≥0 ⊂ L(X) is called a (one-parameter)
semigroup if

T (0) = I, T (t+ s) = T (t)T (s) for all t, s ≥ 0.

Definition 1.12 (C0-semigroup). A semigroup (T (t))t≥0 on X is called strongly continuous
(or a C0-semigroup) if for every x ∈ X,

lim
t→0+

∥T (t)x− x∥X = 0.

Definition 1.13 (Infinitesimal generator). [53] Let (T (t))t≥0 be a C0-semigroup on X. Its
infinitesimal generator is the (generally unbounded) operator A : D(A) ⊂ X → X defined
by

D(A) =

{
x ∈ X : lim

t→0+

T (t)x− x

t
exists in X

}
, Ax = lim

t→0+

T (t)x− x

t
, x ∈ D(A).

A basic property of C0-semigroups is the existence of an exponential growth estimate:



12

there exist constants M ≥ 1 and ω ∈ R such that

∥T (t)∥L(X) ≤Meωt, ∀t ≥ 0.

This bound is fundamental for estimating integral expressions involving T (t).

Remark 1.6. The notions introduced above provide the functional-analytic framework for
evolution equations of the form u′(t) + Au(t) = · · · , where −A generates a C0-semigroup.
In the next section, these tools will be used to derive the integral (variation-of-constants)
formulation and to state existence and uniqueness results under Lipschitz assumptions.

1.2.8 Lipschitz Perturbations of Linear Evolution Equations
In this subsection we consider a semilinear Cauchy problem on a Banach space X:

du(t)

dt
+ Au(t) = f

(
t, u(t)

)
, t > t0,

u(t0) = u0.

(1.4)

Here −A is the infinitesimal generator of a strongly continuous (C0) semigroup {T (t)}t≥0

on X, and the mapping f : [t0, T ] × X → X is continuous in t and satisfies a Lipschitz
condition with respect to u.

Many statements below (and in subsequent parts where A is taken independent of t) re-
main valid for a time-dependent family {A(t)}t∈[0,T ], provided one can associate an evolution
system U(t, s), 0 ≤ s ≤ t ≤ T , to that family. We do not pursue these extensions here;
consequently, the later results in this part are understood independently of earlier chapters.

The initial value problem (1.4) need not possess a solution in a classical sense. Neverthe-
less, whenever a classical (or strong) solution exists, it also satisfies the variation-of-constants
formula

u(t) = T (t− t0)u0 +

∫ t

t0

T (t− s) f
(
s, u(s)

)
ds. (1.5)

Definition 1.14 (Mild solution). [53] A continuous function u that satisfies the integral
equation (1.5) is called a mild solution of the initial value problem (1.4).

We now state a standard existence–uniqueness statement for mild solutions under a
uniform Lipschitz assumption on f .

Theorem 1.2.10. [53] Let f : [t0, T ]×X → X be continuous in t on [t0, T ] and uniformly
Lipschitz continuous (with constant L) on X. If −A is the infinitesimal generator of a C0

semigroup T (t), t ≥ 0, on X then for every u0 ∈ X the initial value problem (1.4) has
a unique mild solution u ∈ C([t0, T ] : X). Moreover, the mapping u0 → u is Lipschitz
continuous from X into C([t0, T ] : X).
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1.2.9 Banach Fixed-Point Theorem
Definition 1.15 (Self-Mapping). Let S be a non-empty closed subset of a Banach space
(X, ∥ · ∥X). An operator (or mapping) G is said to map S into itself if:

G(S) ⊆ S (1.6)

Equivalently, this means that for every element u ∈ S, the image G(u) also belongs to S.

Definition 1.16 (Contraction Mapping). Let (X, ∥ · ∥X) be a normed vector space, and let
S ⊆ X. A mapping G : S → S is called a contraction (or a strictly contractive mapping) if
there exists a constant k ∈ [0, 1) such that for all u, v ∈ S, the following inequality holds:

∥G(u)−G(v)∥X ≤ k∥u− v∥X (1.7)

The constant k is referred to as the contraction constant.

Theorem 1.2.11 (Banach Fixed-Point Theorem). Let S be a non-empty closed subset of a
Banach space (X, ∥ · ∥X), and let G : S → S be a contraction mapping. Then, G admits a
unique fixed point in S. That is, there exists exactly one element x∗ ∈ S such that:

G(x∗) = x∗ (1.8)

Furthermore, for any arbitrary initial element x0 ∈ S, the sequence defined by the iteration
xn+1 = G(xn) converges to the unique fixed point x∗.

1.2.10 Basic numerical methods
This section briefly introduces the main numerical methods used for the approximation of
partial differential equations. The presentation is limited to the underlying ideas and discrete
formulations, without addressing convergence, stability, or error analysis.

Finite Difference Method

The finite difference method (FDM) is based on the approximation of derivatives by finite
differences on a discrete grid in space and time [2].

Spatial discretization. Let Ω = (a, b) ⊂ R be a one-dimensional spatial domain. We
introduce a uniform grid

xi = a+ i∆x, i = 0, 1, . . . , N,
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where ∆x = (b− a)/N .
For a sufficiently smooth function u(x, t), the second-order central finite difference ap-

proximation of the second spatial derivative is given by

∂2u

∂x2
(xi, t) ≈ ui+1(t)− 2ui(t) + ui−1(t)

(∆x)2
,

where ui(t) ≈ u(xi, t).

Temporal discretization. Let tn = t0 + n∆t denote a uniform partition of the time
interval, with time step ∆t > 0. The explicit finite difference approximation of the time
derivative is defined by

∂u

∂t
(x, tn) ≈ un+1(x)− un(x)

∆t
,

where un(x) ≈ u(x, tn).

Fully discrete scheme. Combining the explicit discretization in time with the second-
order central approximation in space leads to a fully discrete scheme. Letting uni ≈ u(xi, t

n),
the unknown solution at time tn+1 is computed directly from known values at time tn. For a
generic evolution equation ∂u

∂t
= Lu (where L is a spatial differential operator), the explicit

scheme takes the general form:
un+1
i − uni
∆t

= Lhuni ,

where Lh represents the corresponding discrete spatial operator. This approach is straight-
forward to implement and widely used in time-dependent problems.

Finite Element Method

The finite element method (FEM) is a variational technique based on the weak formulation
of differential equations. It is particularly well suited for problems defined on complex
geometries [2].

Weak formulation. Consider a model elliptic or parabolic problem posed on a domain
Ω ⊂ Rd. The finite element approach starts by rewriting the problem in weak (or variational)
form: find u in a suitable function space V such that

a(u, v) = ℓ(v) ∀v ∈ V,

where a(·, ·) is a bilinear form associated with the differential operator, and ℓ(·) is a linear
functional representing the source terms.
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Spatial discretization. The domain Ω is partitioned into a finite number of simple ele-
ments (such as intervals in 1D, triangles in 2D, or tetrahedra in 3D). A finite-dimensional
subspace Vh ⊂ V is constructed using locally supported basis functions {φj}Nh

j=1 associated
with the mesh nodes.

The approximate discrete solution is sought in the form

uh(x) =

Nh∑
j=1

uj φj(x),

where the coefficients uj are the unknown nodal values.

Discrete problem. Substituting the finite-dimensional approximation uh into the weak
formulation and choosing the test functions v = φi (Galerkin approach) leads to a linear
system of algebraic equations:

Au = F,

where Aij = a(φj, φi) is the stiffness matrix, Fi = ℓ(φi) is the load vector, and u =

(u1, . . . , uNh
)T is the vector of unknowns.

Time-dependent problems. For evolution equations, the nodal values become functions
of time, i.e., uh(x, t) =

∑Nh

j=1 uj(t)φj(x). The spatial discretization then yields a semi-
discrete system of ordinary differential equations:

Mdu(t)
dt

+ Au(t) = F(t),

where Mij =
∫
Ω
φjφi dx is the mass matrix. This system is subsequently solved using

standard time-stepping schemes.

Remark 1.7. The finite difference and finite element methods differ fundamentally in their
construction: the former relies on local derivative approximations on structured grids, while
the latter is based on variational principles and piecewise-defined basis functions. Both ap-
proaches provide flexible frameworks for the numerical approximation of evolution equations.



16

Chapter 2

Numerical Modeling of Multiphase
Biofilm Formation on a Porous Solid
Surface with Heat Equation Coupling
and Growth Damping Term

2.1 Introduction
In this chapter, we develop a multiphase mathematical model for biofilm formation on a
porous solid substrate. The biofilm is represented as a three-phase immiscible mixture of cel-
lular, extracellular matrix (ECM), and aqueous phases. The model builds on the framework
of Uttam Kumar et al. [48], which accounts for nutrient transport, biomass compressibility,
and Darcy-type flow.

Our main contribution is the coupling of biofilm evolution with a dynamic heat equation,
where metabolic activity acts as an internal heat source and temperature influences cell
growth, ECM production, and cell death. We also introduce a growth damping term in the
biofilm thickness equation to represent the mechanical resistance caused by cell crowding
and ECM accumulation, thereby preventing unrealistic thickening.

The governing equations are reduced using a thin-film approximation in an axisymmetric
framework and discretized by a finite-difference scheme. Stability is established through
discrete energy estimates, while numerical simulations illustrate the effects of temperature,
osmotic influx, and growth damping on biofilm evolution.

This chapter is organized as follows. Section 1 presents the multiphase model, Section
2 derives the reduced formulation with growth damping, Section 3 develops the numerical
scheme and stability analysis, and Section 4 presents and discusses the numerical results.
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2.2 Proposed model

2.2.1 Model Description
We investigate bacterial biofilm growth on a porous agar substrate and model the biofilm as
a three-phase, immiscible, incompressible Newtonian mixture. The mixture comprises a cel-
lular phase, an extracellular matrix (ECM) phase containing polymers and other compounds
secreted by microbes, and a free aqueous phase that carries dissolved nutrients.

Figure 2.1: Schematic representation of a bacterial biofilm on a substrate, illustrating the
three primary phases. Adapted from [48].

The primary unknowns (φ, ψ,A) represent the volume fractions of the cell, ECM, and
aqueous phases, respectively. Water uptake from the underlying substrate is incorporated
through an osmotic influx mechanism, driven by differences in osmotic pressure between the
biofilm and the substrate. Nutrients are supplied from the substrate to the biofilm through
a combination of osmotic transport and diffusion. Consequently, the phase volume fractions
(φ, ψ,A) and the nutrient concentrations in the biofilm (C) and in the substrate (S) vary in
both space and time (Figure. 2.1). The governing equations are given by:

Mass balance of the individual phases in the biofilm:

φ+ ψ + A = 1, (2.1)

∂(ρcφ)

∂t
+∇· (ρcφuc) = kc(T ) ρcφ

C

k0 + C
− kd(T ) ρcφ, (2.2)

∂(ρeψ)

∂t
+∇· (ρeψ ue) = ke(T ) ρcφ

C

k0 + C
+ kd(T ) ρcφ, (2.3)

∂(ρaA)

∂t
+∇ · (ρaAua) = 0. (2.4)

Nutrient balance in the biofilm:

∂C

∂t
+∇ · (Cub) = Db∇2C − kbρcφ

C

k0 + C
. (2.5)
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Nutrient balance in the substrate:

∂S

∂t
+∇ · (Su′b) = Ds∇2S. (2.6)

Heat equation:
ρcp

∂T

∂t
= ∇·(kT ∇T ) + Qφ

C

k0 + C
. (2.7)

Bacterial growth and ECM production are assumed to follow Monod kinetics, with k0
being the half-saturation constant and kb the maximum specific rate of nutrient consumption.
Cell death is considered proportional to the cell concentration, and the resulting dead cells are
incorporated into the ECM phase. The constants ρc, ρe, and ρa denote the intrinsic densities
of the cell, ECM, and aqueous phases, respectively. The rate functions kc(T ), ke(T ), and
kd(T ) represent the temperature-dependent rates of cell growth, ECM production, and cell
death. Nutrient diffusion in the biofilm and in the substrate is characterized by Db and
Ds, respectively. For the thermal dynamics described by the heat equation, T denotes the
temperature, ρ and cp are the effective density and specific heat capacity of the mixture, kT
is the effective thermal conductivity, and Q is the metabolic heat generation rate.

Let uα denote the velocity of phase α ∈ {c, e, a}. The mean biofilm advection velocity is
defined as

ub := φuc + ψ ue + Aua,

so that nutrients within the biofilm are transported with ub. The aqueous-phase velocity in
the agar substrate is denoted by u′b.

Momentum balance for each phase:

∂(φαραuα)

∂t
+∇ · (φαραuα ⊗ uα) = ∇ · (φ̃σα) + Fα, (2.8)

with α = c, e, a and φ̃ = φ, ψ,A, respectively. The corresponding stress tensor is

σα = −pαI + µα

(
∇uα +∇u⊤α − 2

3
(∇ · uα)I

)
,

and the interphase force densities are

Fc = pc∇φ− kce(uc − ue)− kac(uc − ua),

Fe = pe∇ψ − kea(ue − ua)− kce(ue − uc),

Fa = pa∇A− kac(ua − uc)− kea(ua − ue).

Here, pc, pe, and pa denote the hydrodynamic pressures of the cell, ECM, and aqueous
phases, respectively. For the ECM phase, pe accounts for both hydrodynamic and osmotic
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contributions. The gradient terms represent interfacial force densities, while kce, kac, and kea
are the viscous drag coefficients for the cell–ECM, aqueous–cell, and ECM–aqueous phase
interactions, respectively.

2.2.2 Osmotic Influx Formulation
Water uptake by the ECM hydrogel drives the expansion of the biofilm. Newly synthesized
ECM at the colony periphery is initially out of equilibrium and relaxes toward a swollen
state as polymer chains reorganize and fluid is absorbed [48]. The swelling pressure per unit
ECM is defined as

Ψ(ψ) =
δ(ψ)

ψ
, δ(ψ) = δ0 ψ

3,

where δ0 = KT̄/b3 according to a simplified Flory–Huggins model, with K the Boltzmann
constant, T̄ the absolute temperature, and b the monomer size.

The osmotic water influx across the biofilm–agar interface is given by

v(r) = Q0

(
ψ3 − ψ3

q

)
,

where Q0 sets the influx scale, and

ψq =

(
δeq
δ0

)1/3

is the equilibrium ECM fraction corresponding to the substrate osmotic pressure δeq [71].

2.2.3 Boundary Conditions
To close the system (2.1)− (2.6) and (2.7), the following boundary conditions are imposed.

Free-surface traction balance at z = h. The tangential traction at the free surface is
zero, while the normal traction is balanced by capillarity:

t̂ · (φ̃σαn̂) = 0, n̂ · (φ̃σαn̂) = −γαk, on z = h, (2.9)

where n̂ is the outward unit normal to the free surface z − h(r, t) = 0, and k denotes the
mean curvature. Under axisymmetry:

n̂ =
(−∂h/∂r, 0, 1)√
1 + (∂h/∂r)2

, on z = h, k =
−1
r
∂r(r∂rh)− 1

r
(∂rh)

3

[1 + (∂rh)2]
3/2

, on z = h. (2.10)
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Kinematic condition at z = h. The free surface is transported with the local phase
velocity: (

∂

∂t
+ uα · ∇

)
(z − h(r, t)) = 0, on z = h. (2.11)

Nutrient flux at the biofilm-air interface. No nutrient crosses the free surface:

(Cub −Db∇C) · n̂ = 0, on z = h. (2.12)

Biofilm-substrate mechanical coupling at z = 0. No slip is enforced along the sub-
strate:

uα · t̂ = 0, on z = 0, (2.13)

with normal velocities

ua · n̂ = v(r), uc · n̂ = 0, ue · n̂ = 0, on z = 0, (2.14)

where v(r) = Q0(ψ
3 − ψ3

q ).

Nutrient exchange at z = 0. Convective-diffusive fluxes across the biofilm-substrate
interface are proportional to the concentration jump:

(Su′b −Ds∇S) · n̂ = km(S − C), (2.15)
(Cub −Db∇C) · n̂ = km(C − S), on z = 0, (2.16)

where ub and u′b denote the average velocities in the biofilm and substrate, respectively.

Substrate base at z = −H. The bottom of the substrate is rigid and impermeable:

(Su′b −Ds∇S) · n̂ = 0, u′b · n̂ = 0, on z = −H. (2.17)

Thermal boundary conditions. At the biofilm-air interface z = h, we assume an adia-
batic boundary:

− kT ∇T · n̂ = 0. (2.18)

At the biofilm-substrate interface z = 0: temperature continuity and flux balance,

Tbiofilm = Tsubstrate, kT ∇T · n̂ = ksub
T ∇T sub · n̂. (2.19)

At the bottom of the substrate z = −H: insulated base,

∇T · n̂ = 0. (2.20)
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2.2.4 Model Reduction with Growth Damping
We focus on an axisymmetric biofilm and assume the phases are incompressible with identical
densities. We employ a thin-film approximation with aspect ratio ϵ = h∗/R∗ ≪ 1, where h∗
and R∗ denote the characteristic height and radius. The dependent variables are expanded in
ϵ, and higher-order contributions are neglected. To eliminate the z-dependence, the volume
fractions (φ, ψ,A) are assumed uniform in z and the governing equations are integrated over
the film thickness. We further assume strong drag between cells and ECM, so that they are
transported by a common velocity, with equal viscosities that differ from the aqueous-phase
viscosity. Full details are provided in the Supplementary Material.

To improve the robustness of the reduced formulation and to prevent unrealistically fast
thickening, we introduce a growth damping term acting directly on the biofilm thickness.
Specifically, a linear sink term −λhh is added to the thickness equation. Physically, this
term represents an effective mechanical resistance that increases as the biofilm thickens,
capturing the macroscopic effect of cell crowding and ECM accumulation in limiting further
expansion. This modification regularizes the net growth of the layer without altering the
internal phase volume fractions. The resulting reduced axisymmetric model is

∂h

∂t
+

1

r

∂

∂r
(r ωb) = φ

C

k + C
h+ Av(r)− λhh,

∂(hφ)

∂t
+

1

r

∂

∂r
(r φωm) = ηc(T )φ

C

k + C
h− ηd(T )φh,

∂(hψ)

∂t
+

1

r

∂

∂r
(r ψ ωm) = ηe(T )φ

C

k + C
h+ ηd(T )φh,

∂(hA)

∂t
+

1

r

∂

∂r
(r Aωa) = Av(r),

Peh ∂C
∂t

= −Pe1
r

∂

∂r
(rCωb) +

1

r

∂

∂r

(
rh
∂C

∂r

)
− kmb(C − S)− ηbφh

C

k + C
,

∂S

∂t
= D

1

r

∂

∂r

(
r
∂S

∂r

)
−Dkms(S − C),

ρcph
∂T

∂t
=

1

r

∂

∂r

(
rhkT

∂T

∂r

)
+Qφh

C

k + C
− kmT (T − Tsub).

(2.21)
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The depth-averaged fluxes are defined as

ωm =
h3

3φm

(
γ∗h3r − δ∗

∂ψ3

∂r

)
,

ωa =
h3

3φm

(
γ∗h3r − δ∗

∂ψ3

∂r

)
+

Aγ∗

β∗φm
hh3r,

ωb = φm ωm + Aωa,

h3r =
∂

∂r

{
1

r

∂

∂r

(
r
∂h

∂r

)}
, v(r) = Q0(ψ

3 − ψ3
q ).

Here ηc(T ), ηe(T ), ηd(T ), and ηb are the dimensionless rate functions for cell production,
ECM production, cell death, and nutrient consumption, respectively. The Peclet number
Pe quantifies the relative importance of advection to diffusion in the biofilm, and D is the
dimensionless nutrient diffusivity in the substrate. The parameters γ∗ and β∗ are the dimen-
sionless surface-tension and interphase-friction coefficients, while φm denotes the maximal
packing fraction. In the depth-averaged thermal equation, kmT represents the effective ther-
mal transfer coefficient between the biofilm and the substrate Tsub.

2.2.5 Reduction to Two-Phase Models
The three-phase framework reduces to standard two-phase biofilm models under specific
limits. Grouping cells and ECM into a single biomass phase and neglecting interfacial mass-
transfer resistance yields the two-phase model of Srinivasan et al. [59]. Further neglect of
the aqueous phase and osmotic influx v(r) collapses the system to the yeast-biofilm model of
Tam et al. [65]. Details and parameter mappings are given in the Supplementary Material.

2.2.6 Precursor Film Regularization
Imposing no slip at the biofilm–substrate interface leads to a moving contact-line singularity.
We regularize this behavior by introducing a thin precursor film (h∗ ≪ 1) of passive aqueous
fluid, for which φ = ψ = 0 and nutrient consumption is absent.

To remove the singularity at z = 0 and to construct smooth initial conditions compatible
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with the precursor layer, we prescribe

h(r, 0) = h∗ +
h0 − h∗

2
[1− tanh {5(r − rin)}] , (2.22)

φ(r, 0) =
φ0

2
[1− tanh {5(r − rin)}] ,

ψ(r, 0) =
ψ0

2
[1− tanh {5(r − rin)}] ,

A(r, 0) = 1− φ(r, 0)− ψ(r, 0),

T (r, 0) = T0 + δT exp(−r2),
C(r, 0) = 0, S(r, 0) = 1.

To suppress growth and osmotic influx inside the precursor film, we multiply the corre-
sponding source terms by the Heaviside factor

Θ(h) = Heaviside(h− h∗).

The precursor-film-regularized model then becomes

∂h

∂t
+

1

r

∂

∂r
(r ωb) = Θ(h)

[
φ

C

k + C
h+ Av(r)− λhh

]
,

∂(hφ)

∂t
+

1

r

∂

∂r
(rφωm) = ηc(T )φ

C

k + C
h− ηd(T )φh,

∂(hψ)

∂t
+

1

r

∂

∂r
(rψωm) = ηe(T )φ

C

k + C
h+ ηd(T )φh,

∂(hA)

∂t
+

1

r

∂

∂r
(rAωa) = Θ(h)Av(r),

Peh∂C
∂t

= Θ(h)
[
− Pe1

r

∂

∂r
(rCωb) +

1

r

∂

∂r

(
rh
∂C

∂r

)
− kmb(C − S)− ηbφh

C

k + C

]
,

∂S

∂t
= D

1

r

∂

∂r

(
r
∂S

∂r

)
−Θ(h)Dkms(S − C),

ρcp h
∂T

∂t
=

1

r

∂

∂r

(
r kT h

∂T

∂r

)
+Θ(h)Qφh

C

k + C
− kmT (T − Tsub).

(2.23)

2.3 Numerical Approximation
In this part, we discretize (2.23) and establish a stability condition for the proposed numerical
method.
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2.3.1 Finite Difference Approximation
The governing partial differential equations were discretized using a standard finite-difference
scheme. Spatial derivatives were approximated with second-order central differences, while
time advancement employed a first-order forward (explicit) method. One-dimensional radial
profiles were computed under no-flux boundary conditions at both ends of the radial domain
for the biofilm and substrate, enforced numerically using the ghost-node technique. The
temporal and spatial derivatives are defined as follows:

∂h

∂t

∣∣∣n
i
≈ hn+1

i − hni
∆t

, i = 0, 1, . . . , N. (2.24)

∂h

∂r

∣∣∣n
i
≈
hni+1 − hni−1

2∆r
, (2.25)

∂(ψ3)

∂r

∣∣∣n
i
≈

(ψni+1)
3 − (ψni−1)

3

2∆r
. (2.26)

For the axisymmetric third-order radial operator (h3r), the inner operator is first dis-
cretized at node i:

Lni ≈ 1

ri

1

∆r

[
ri+1/2

hni+1 − hni
∆r

− ri−1/2

hni − hni−1

∆r

]
, ri±1/2 = ri ±

∆r

2
. (2.27)

Then, the full operator is approximated using a second-order central difference:

(h3r)
n
i ≈

Lni+1 − Lni−1

2∆r
. (2.28)

Subsequently, the radial fluxes at integer nodes are computed using the discretized deriva-
tives:

ω n
m,i ≈

(hni )
3

3φm

[
γ∗(h3r)

n
i − δ∗

(ψni+1)
3 − (ψni−1)

3

2∆r

]
, (2.29)

ω n
a,i ≈

(hni )
3

3φm

[
γ∗(h3r)

n
i − δ∗

(ψni+1)
3 − (ψni−1)

3

2∆r

]
+
Ani γ

∗

β∗φm
hni (h3r)

n
i , (2.30)

ω n
b,i ≈ φm ω

n
m,i + Ani ω

n
a,i. (2.31)

To evaluate the fluxes at the half-integer cell faces (e.g., i± 1/2) required for the conser-
vative divergence terms, arithmetic averaging is employed (e.g., ωi+1/2 = (ωi+ωi+1)/2). For
purely advective terms, an upwind scheme can alternatively be used to enhance numerical
stability.
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The osmotic influx is evaluated pointwise as:

v ni = Q0 max
(
0, (ψni )

3 − (ψq)
3
)
. (2.32)

Thus, the fully discretized system takes the following form:

hn+1
i − hni

∆t
+

1

ri

ri+ 1
2
ω n
b,i+ 1

2

− ri− 1
2
ω n
b,i− 1

2

∆r
= Θn

i

[
φn
i

C n
i

k + C n
i

hni + An
i v

n
i − λh h

n
i

]
,

(2.33)

hni
φn+1
i − φn

i

∆t
+ φn

i

hn+1
i − hni

∆t
+

1

ri

ri+ 1
2
(φωm)

n
i+ 1

2

− ri− 1
2
(φωm)

n
i− 1

2

∆r

= ηc(T
n
i )φ

n
i

C n
i

k + C n
i

hni − ηd(T
n
i )φ

n
i h

n
i ,

(2.34)

hni
ψ n+1
i − ψ n

i

∆t
+ ψ n

i

hn+1
i − hni

∆t
+

1

ri

ri+ 1
2
(ψωm)

n
i+ 1

2

− ri− 1
2
(ψωm)

n
i− 1

2

∆r

= ηe(T
n
i )φ

n
i

C n
i

k + C n
i

hni + ηd(T
n
i )φ

n
i h

n
i ,

(2.35)

hni
An+1
i − An

i

∆t
+ An

i

hn+1
i − hni

∆t
+

1

ri

ri+ 1
2
(Aωa)

n
i+ 1

2

− ri− 1
2
(Aωa)

n
i− 1

2

∆r
= Θn

i A
n
i v

n
i , (2.36)

Pehni
C n+1
i − C n

i

∆t
= Θn

i

[
− Pe 1

ri

ri+ 1
2
(Cωb)

n
i+ 1

2

− ri− 1
2
(Cωb)

n
i− 1

2

∆r

+
1

ri

ri+ 1
2
hn
i+ 1

2

C n
i+1 − C n

i

∆r
− ri− 1

2
hn
i− 1

2

C n
i − C n

i−1

∆r
∆r

− kmb (C
n
i − S n

i )− ηb φ
n
i h

n
i

C n
i

k + C n
i

]
,

(2.37)

S n+1
i − S n

i

∆t
= D

1

ri

ri+ 1
2

S n
i+1 − S n

i

∆r
− ri− 1

2

S n
i − S n

i−1

∆r
∆r

− Θn
i Dkms

(
S n
i − C n

i

)
, (2.38)
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ρcp h
n
i

T n+1
i − T n

i

∆t
=

1

ri

ri+ 1
2
kT h

n
i+ 1

2

T n
i+1 − T n

i

∆r
− ri− 1

2
kT h

n
i− 1

2

T n
i − T n

i−1

∆r
∆r

+ Θn
i Qφ

n
i h

n
i

C n
i

k + C n
i

− kmT (T
n
i − Tsub).

(2.39)

Then, we obtain sequentially hn+1
i , φn+1

i , ψ n+1
i , An+1

i , C n+1
i , S n+1

i , and T n+1
i as follows:

hn+1
i = hni +∆t

[
− 1

ri

ri+ 1
2
ω n
b,i+ 1

2

− ri− 1
2
ω n
b,i− 1

2

∆r
+Θn

i

(
φn
i

C n
i

k + C n
i

hni +A
n
i v

n
i −λhhni

)]
. (2.40)

φn+1
i = φn

i +
∆t

hni

[
−φn

i

hn+1
i − hni

∆t
− 1

ri

ri+ 1
2
(φωm)

n
i+ 1

2

− ri− 1
2
(φωm)

n
i− 1

2

∆r
+ηc(T

n
i )φ

n
i

C n
i

k + C n
i

hni −ηd(T n
i )φ

n
i h

n
i

]
.

(2.41)

ψ n+1
i = ψ n

i +
∆t

hni

[
−ψ n

i

hn+1
i − hni

∆t
− 1

ri

ri+ 1
2
(ψωm)

n
i+ 1

2

− ri− 1
2
(ψωm)

n
i− 1

2

∆r
+ηe(T

n
i )φ

n
i

C n
i

k + C n
i

hni +ηd(T
n
i )φ

n
i h

n
i

]
.

(2.42)

An+1
i = An

i +
∆t

hni

[
−An

i

hn+1
i − hni

∆t
− 1

ri

ri+ 1
2
(Aωa)

n
i+ 1

2

− ri− 1
2
(Aωa)

n
i− 1

2

∆r
+Θn

i A
n
i v

n
i

]
. (2.43)

C n+1
i = C n

i +
∆t

Pehni

{
Θn
i

[
− Pe 1

ri

ri+ 1
2
(Cωb)

n
i+ 1

2

− ri− 1
2
(Cωb)

n
i− 1

2

∆r

+
1

ri

ri+ 1
2
hn
i+ 1

2

C n
i+1 − C n

i

∆r
− ri− 1

2
hn
i− 1

2

C n
i − C n

i−1

∆r
∆r

− kmb(C
n
i − S n

i )− ηb φ
n
i h

n
i

C n
i

k + C n
i

]}
.

(2.44)

S n+1
i = S n

i +∆t

[
D

1

ri

ri+ 1
2

S n
i+1−S n

i

∆r
− ri− 1

2

S n
i −S n

i−1

∆r

∆r
−Θn

i Dkms(S
n
i − C n

i )

]
. (2.45)
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T n+1
i = T n

i +
∆t

ρcp hni

[
1

ri

ri+ 1
2
kT h

n
i+ 1

2

T n
i+1 − T n

i

∆r
− ri− 1

2
kT h

n
i− 1

2

T n
i − T n

i−1

∆r
∆r

+Θn
i Qφ

n
i h

n
i

C n
i

k + C n
i

− kmT (T
n
i − Tsub)

]
.

(2.46)

2.3.2 Stability Analysis and Discrete Energy Estimation
In the framework of the discrete L2-stability analysis, our aim is to derive an L2-bound for
the numerical solution. For each time level n ∈ N, the discrete solution is identified with
a piecewise constant function over the spatial mesh. More precisely, for any grid function
un = (uni ), the corresponding discrete L2-norm, adapted to the axisymmetric geometry of
the problem, is defined by

∥un∥r =

(
N−1∑
i=1

ri |uni |2∆r

)1/2

.

We also introduce the associated discrete inner product for any two grid functions u and v:

(u, v)r =
N−1∑
i=1

ri uivi∆r.

The stability analysis is based on a discrete energy argument. More precisely, we show that
the proposed numerical scheme satisfies a discrete energy estimate, which provides uniform
control over the numerical solution and yields the conditional stability of the fully discrete
scheme.

Definition 2.1. The total discrete energy of the system at time level n is defined by

En = ∥hn∥2r + ∥φn∥2r + ∥ψn∥2r + ∥An∥2r + ∥Cn∥2r + ∥Sn∥2r + ∥T n∥2r. (2.47)

Thanks to the precursor film regularization introduced previously, the discrete film thick-
ness remains strictly positive, avoiding any contact-line singularity or division by zero. Thus,
we can legitimately assume the existence of a strictly positive lower bound h∗ and an upper
bound H∗ such that:

0 < h∗ ≤ hni ≤ H∗, ∀i, n.

Furthermore, we denote the maximum absolute interfacial fluxes by:

Wb = max
i,n

|ωn
b,i+ 1

2
|, Wm = max

i,n
|ωn
m,i+ 1

2
|, Wa = max

i,n
|ωn
a,i+ 1

2
|.
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Proposition 2.3.1. Under the following CFL condition:

∆t ≤ c0 min
{

∆r

Wb +Wm +Wa

,
∆r2

H∗ + 1

}
, (2.48)

where c0 > 0 is a sufficiently small constant independent of ∆r and ∆t, the discrete energy
(2.47) satisfies the recursive inequality:

E n+1 ≤ (1 + C1∆t)E
n + C3∆t, (2.49)

Consequently, by the discrete Gronwall lemma, the energy is uniformly bounded up to final
time T = n∆t:

En ≤ E0 eC1T +
C3

C1

(
eC1T − 1

)
, (2.50)

where C1 > 0 and C3 > 0 are constants independent of ∆t.

Proof. For simplicity, we define the discrete flux-divergence and spatial operators:

(Dn
b )i =

1

ri

ri+ 1
2
ω n
b,i+ 1

2

− ri− 1
2
ω n
b,i− 1

2

∆r
,

(Dn
φ)i =

1

ri

ri+ 1
2
(φωm)

n
i+ 1

2

− ri− 1
2
(φωm)

n
i− 1

2

∆r
,

(Dn
ψ)i =

1

ri

ri+ 1
2
(ψωm)

n
i+ 1

2

− ri− 1
2
(ψωm)

n
i− 1

2

∆r
,

(Dn
A)i =

1

ri

ri+ 1
2
(Aωa)

n
i+ 1

2

− ri− 1
2
(Aωa)

n
i− 1

2

∆r
,

(Dn
C,b)i =

1

ri

ri+ 1
2
(Cωb)

n
i+ 1

2

− ri− 1
2
(Cωb)

n
i− 1

2

∆r
,

(LnC)i =
1

ri

ri+ 1
2
hn
i+ 1

2

C n
i+1 − C n

i

∆r
− ri− 1

2
hn
i− 1

2

C n
i − C n

i−1

∆r
∆r

,

(LnS)i =
1

ri

ri+ 1
2

S n
i+1 − S n

i

∆r
− ri− 1

2

S n
i − S n

i−1

∆r
∆r

,

(LnT )i =
1

ri

ri+ 1
2
hn
i+ 1

2

T n
i+1 − T n

i

∆r
− ri− 1

2
hn
i− 1

2

T n
i − T n

i−1

∆r
∆r

.
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From (2.40), we have:

|hn+1
i |2 =

∣∣∣∣hni +∆t
[
− (Dn

b )i +Θn
i

(
φn
i

C n
i

k + C n
i

hni + An
i v

n
i − λhh

n
i

)]∣∣∣∣2 .
Applying Young’s inequality in the form |a+b|2 ≤ (1+∆t)|a|2+

(
1 + 1

∆t

)
|b|2, and noting

that (1 + 1
∆t
)∆t2 = ∆t(1 + ∆t) ≤ C∆t for small ∆t, we find:

|hn+1
i |2 ≤ (1 + ∆t)|hni |2 + C∆t

∣∣∣∣−(Dn
b )i +Θn

i

(
φn
i

C n
i

k + C n
i

hni + An
i v

n
i − λhh

n
i

)∣∣∣∣2 .
Since 0 ≤ C n

i

k+C n
i
≤ 1, 0 ≤ Θn

i ≤ 1, |hni | ≤ H∗, and |v ni | is bounded, we get:

|hn+1
i |2 ≤ (1 + ∆t)|hni |2 + C1∆t

(
|(Dn

b )i|2 + |φn
i |2 + |An

i |2 + |hni |2
)
.

Multiplying by ri∆r and summing over i, we obtain:

∥hn+1∥2r ≤ (1 + ∆t)∥hn∥2r + C1∆t
(
∥Dn

b ∥2r + ∥φn∥2r + ∥An∥2r + ∥hn∥2r
)
. (2.51)

From (2.41), we have

|φn+1
i |2 =

∣∣∣∣φn
i +

∆t

hni

[
− φn

i

hn+1
i − hni

∆t
− (Dn

φ)i + ηc(T
n
i )φ

n
i

C n
i

k + C n
i

hni − ηd(T
n
i )φ

n
i h

n
i

]∣∣∣∣2 ,
since hni ≥ h∗ > 0, and |ηc(T ni )|, |ηd(T ni )| are bounded, we get

|φn+1
i |2 ≤ (1 + ∆t)|φn

i |2 + C2∆t
( ∣∣∣∣φn

i

hn+1
i − hni

∆t

∣∣∣∣2 + |(Dn
φ)i|2 + |φn

i |2
)
,

where C2 > 0.
Multiplying by ri∆r and summing over i yields

∥φn+1∥2r ≤ (1 + ∆t)∥φn∥2r + C2∆t
(
∥φn∥2r

∥∥∥∥hn+1 − hn

∆t

∥∥∥∥2
r

+ ∥Dn
φ∥2r + ∥φn∥2r

)
. (2.52)

From (2.42), we have

|ψ n+1
i |2 ≤ (1 + ∆t)|ψ n

i |2 + C3∆t
(
|ψ n
i |2
∣∣∣∣hn+1

i − hni
∆t

∣∣∣∣2 + |(Dn
ψ)i|2 + |φn

i |2
)
,

hence
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∥ψ n+1∥2r ≤ (1 + ∆t)∥ψn∥2r + C3∆t
(
∥ψn∥2r

∥∥∥∥hn+1 − hn

∆t

∥∥∥∥2
r

+ ∥Dn
ψ∥2r + ∥φn∥2r

)
. (2.53)

From (2.43), we have

|An+1
i |2 ≤ (1 + ∆t)|An

i |2 + C4∆t
(
|An

i |2
∣∣∣∣hn+1

i − hni
∆t

∣∣∣∣2 + |(Dn
A)i|2 + |Ani |2

)
,

hence

∥An+1∥2r ≤ (1 + ∆t)∥An∥2r + C4∆t
(
∥An∥2r

∥∥∥∥hn+1 − hn

∆t

∥∥∥∥2
r

+ ∥Dn
A∥2r + ∥An∥2r

)
. (2.54)

From (2.44), and using hni ≥ h∗, we have

|C n+1
i |2 ≤ (1 + ∆t)|C n

i |2 + C5∆t
(
|(Dn

C,b)i|2 + |(LnC)i|2 + |C n
i − S n

i |2 + |φn
i |2
)
,

and summation gives

∥C n+1∥2r ≤ (1 + C∆t)∥Cn∥2r + C5∆t
(
∥Dn

C,b∥2r + ∥LnC∥2r + ∥Cn∥2r + ∥Sn∥2r + ∥φn∥2r
)
. (2.55)

From (2.45), we have

|S n+1
i |2 =

∣∣∣S n
i +∆t

[
D(LnS)i −Θn

iDkms(S
n
i − Cn

i )
]∣∣∣2 ≤ (1+∆t)|S n

i |2+C6∆t
(
|(LnS)i|2+|Sni −Cn

i |2
)
,

and after summation,

∥S n+1∥2r ≤ (1 + ∆t)∥Sn∥2r + C6∆t
(
∥LnS∥2r + ∥Sn∥2r + ∥Cn∥2r

)
. (2.56)

From (2.46), we have

|T n+1
i |2 ≤ (1 + ∆t)|T n

i |2 + C7∆t
(
|(LnT )i|2 + |φn

i |2
)
,

hence
∥T n+1∥2r ≤ (1 + ∆t)∥T n∥2r + C7∆t

(
∥LnT∥2r + ∥φn∥2r

)
. (2.57)
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Adding equations (2.51) through (2.57), the total energy satisfies:

E n+1 ≤ (1 + C∆t)En

+ C8∆t
(
∥Dn

b ∥2r + ∥Dn
φ∥2r + ∥Dn

ψ∥2r + ∥Dn
A∥2r + ∥Dn

C,b∥2r

+ ∥LnC∥2r + ∥LnS∥2r + ∥LnT∥2r +
∥∥∥∥hn+1 − hn

∆t

∥∥∥∥2
r

)
.

(2.58)

By virtue of the precursor film regularization introduced earlier, the discrete solution remains
within a regular regime where contact-line singularities are successfully avoided. Conse-
quently, the discrete spatial gradients, advective flux-divergences, and second-order diffusive
operators remain uniformly bounded in the discrete L2-norm. Crucially, by invoking the
standard CFL condition (2.48), the time step ∆t is explicitly constrained by the maximum
interfacial fluxes Wb,Wm,Wa and the upper film bound H∗. This condition mathematically
neutralizes the mesh-dependent denominators (∆r−1 and ∆r−2) arising from the spatial dis-
cretization. Furthermore, under this CFL tracking, the discrete time derivative of the film
thickness is also well-controlled, such that:∥∥∥∥hn+1 − hn

∆t

∥∥∥∥2
r

≤ C∗,

∥Dn
b ∥2r + ∥Dn

φ∥2r + ∥Dn
ψ∥2r + ∥Dn

A∥2r + ∥Dn
C,b∥2r ≤ C∗∗,

∥LnC∥2r + ∥LnS∥2r + ∥LnT∥2r ≤ C∗∗∗.

By inserting these uniform bounds into (2.58), all the non-homogeneous operator contri-
butions are absorbed into a single global positive constant C3 = C8(C∗ + C∗∗ + C∗∗∗). As a
result, the total energy inequality directly reduces to the desired one-step recursive estimate:

E n+1 ≤ (1 + C1∆t)E
n + C3∆t. (2.59)

Applying the discrete Gronwall inequality, we obtain:

En ≤ E0 (1 + C1∆t)
n + C3∆t

n−1∑
k=0

(1 + C1∆t)
k.

Using the inequality (1 + x)n ≤ enx for x ≥ 0, and summing the geometric series, we
finally get:

En ≤ E0 eC1T1 +
C3

C1

(
eC1T1 − 1

)
,

where T1 = n∆t. This yields the conditional stability of the explicit finite-difference scheme.
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2.3.3 Numerical Results
Numerical simulations are performed on an axisymmetric radial domain Ω = (0, 10) over the
time interval t ∈ [0, 1]. The governing system is discretized in space using a finite-difference
scheme on a uniform grid composed of N +1 nodes. Time integration is carried out with an
explicit forward Euler method, and the time step is adaptively selected in order to satisfy
CFL-type stability constraints associated with transport and diffusion processes.

Numerical parameters
In order to account for thermal effects on biological activity, the kinetic coefficients are

updated pointwise at each time step according to the local temperature field T . The dimen-
sional rates for cell growth, extracellular matrix (ECM) production, and cell death follow
Arrhenius-type laws:

kc(T ) = kc0 exp
(
− Ea
RT

)
,

ke(T ) = ke0 exp
(
− Ee
RT

)
,

kd(T ) = kd0 exp
(
− Ed
RT

)
.

(2.60)

These dimensional rates are then scaled by the characteristic time to yield the dimension-
less temperature-dependent functions ηc(T ), ηe(T ), and ηd(T ) used in the reduced model.
This formulation allows the kinetics to be computed dynamically during the simulation and
analyzed a posteriori.

No-flux and symmetry boundary conditions are enforced through the use of ghost nodes,
ensuring mass and energy conservation at the domain boundaries. Unless otherwise stated,
the dimensional and nondimensional parameter values used in the simulations are listed
in Tables 2.1 and 2.2, respectively. Most values are consistent with those reported in the
literature (see, e.g., [59, 15]).
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Table 2.1: Dimensional parameters used in the model.

Symbol Description Value (SI)

kc0 Pre-exponential factor for cell growth 2.5× 105 min−1

ke0 Pre-exponential factor for ECM prod. 2.0× 105 min−1

kd0 Pre-exponential factor for cell death 1.0× 1011 min−1

Ea Activation energy for cell growth 4.0× 104 Jmol−1

Ee Activation energy for ECM prod. 4.0× 104 Jmol−1

Ed Activation energy for cell death 8.0× 104 Jmol−1

R Ideal gas constant 8.314 Jmol−1 K−1

kb Nutrient consumption rate 1/25 min−1

Ds Nutrient diffusivity in agar 5× 10−10 m2 s−1

Db Nutrient diffusivity in biofilm 1.25× 10−10 m2 s−1

km Mass-transfer coefficient (biofilm) 2× 10−8 ms−1

kmT Thermal transfer coefficient 100 Wm−2 K−1

ψ0 Osmotic pressure scale 2100 Pa
Q0 Swelling velocity 0.4 µms−1

δeq Equilibrium volume fraction of ECM 4× 10−4

µm Biofilm viscosity 105 Pa s
µa Aqueous viscosity 10−3 Pa s
β Interphase friction 2× 1014 Pa sm−2

Hb Biofilm vertical length scale 400 µm
Rb Biofilm horizontal length scale 1100 µm
ρcp Volumetric heat capacity (biofilm) 4.18× 106 Jm−3 K−1

kT Thermal conductivity (biofilm) 0.6 Wm−1 K−1

ksub
T Thermal conductivity (substrate) 0.6 Wm−1 K−1

Q Metabolic heat source −104 Wm−3

T0 Initial ambient temperature 298.15 K
δT Initial temperature perturbation 1.0 K
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Table 2.2: Dimensionless parameters used after nondimensionalization.

Symbol Description Value

km Mass-transfer coefficient (nondim.) 0.30

kmb Interfacial exchange (biofilm) 1.21

Qos Swelling scale in influx law 0.24

δ∗ Scaled osmotic coefficient 6.66

ϵ Initial aspect ratio 0.36

Pe Péclet number (biofilm) 4.03

D Substrate diffusivity (nondim.) 0.99

k Monod half–saturation (nondim.) 0.5

ηb Biomass consumption factor 6

γ∗ Surface-tension ratio 1

β∗ Biomass–water friction ratio 320

h∗ Precursor-film thickness 0.01

λh Biomass growth damping coefficient 0.05

Figure 2.2: Initial thickness profile h(r). Figure 2.3: Thickness profile h(r) at t = 1.
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Figure 2.4: Initial cell volume fraction φ(r). Figure 2.5: Cell volume fraction φ(r) at t =
1.

Figure 2.6: Initial ECM volume fraction
ψ(r).

Figure 2.7: ECM volume fraction ψ(r) at
t = 1.
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Figure 2.8: Initial aqueous-phase fraction
A(r).

Figure 2.9: Aqueous-phase fraction A(r) at
t = 1.

Figure 2.10: Initial nutrient concentration
C(r).

Figure 2.11: Nutrient concentration C(r) at
t = 1.
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Figure 2.12: Initial substrate concentration
S(r).

Figure 2.13: Substrate concentration S(r) at
t = 1.

Figure 2.14: Initial temperature profile T (r). Figure 2.15: Temperature profile T (r) at t =
1.

Discussion of the numerical results. The initial profiles shown in Figures 2.2–2.14
describe a localized biofilm with smooth interfaces, consistent with the imposed initial con-
ditions. At t = 1 (Figures 2.3–2.15), the thickness h(r) exhibits a moderate increase near
the colony center, indicating early-stage biofilm expansion. The biomass and ECM volume
fractions (φ, ψ) remain spatially localized with a slight increase in their peak values, while
the aqueous-phase fraction A(r) decreases within the biofilm region. The nutrient concentra-
tion C(r) displays a sharp transition near the biofilm edge due to consumption, whereas the
substrate S(r) shows a noticeable depletion gradient towards the center. The temperature
profile T (r) maintains a mild elevation near the center, reflecting metabolic heat production.
Overall, the numerical solutions remain smooth and physically consistent, supporting the
stability of the proposed numerical scheme.
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2.4 Conclusion
In this chapter, we have developed a thermally coupled multiphase model for biofilm forma-
tion on a porous solid surface. The model accounts for the interactions between the cellular
phase, the extracellular matrix, and the aqueous phase, as well as nutrient transport and
osmotic water influx.

The coupling with the heat equation allows us to capture the influence of temperature on
biological processes, while incorporating metabolic heat generation as a feedback mechanism.
This thermally coupled framework provides a more realistic representation of biofilm behavior
under varying environmental conditions.

The introduction of a growth damping term in the thickness equation plays a crucial role
in regulating biofilm expansion. It prevents unbounded growth and reflects the mechanical
limitations arising from biomass accumulation and structural constraints within the biofilm.

A finite-difference numerical scheme has been proposed and analyzed. Under suitable
CFL-type conditions, the scheme satisfies a discrete energy estimate ensuring conditional
stability. Numerical simulations confirm the robustness of the method and illustrate the
complex interplay between multiphase transport, thermal effects, and growth regulation.

Overall, this work highlights the importance of combining multiphase modeling, thermal
coupling, and growth damping mechanisms to better understand biofilm formation. The
proposed framework opens perspectives for further investigations, including experimental
validation, parameter identification, and the study of control strategies for biofilm growth.
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Chapter 3

Theoretical and Numerical Analysis of
Thermally Coupled Quorum-Sensing
Biofilm Model

3.1 Introduction
In this chapter, we develop a system of nonlinear coupled reaction–diffusion equations to
describe biofilm dynamics under the combined effects of quorum sensing, antibiotic response,
and temperature variations. The model includes bacterial populations, nutrients, signaling
molecules, and temperature governed by a heat equation. Temperature affects bacterial
growth and quorum-sensing mechanisms, while bacterial metabolism acts as a heat source,
creating a bidirectional thermo-biological coupling.

This work extends the two-dimensional PDE model proposed by Blouza [10] for quorum
sensing in Pseudomonas aeruginosa under antibiotic treatment.

Our main contributions of this chapter are as follows. We introduce a novel quorum-
sensing–heat model for bacterial biofilms with temperature-dependent reaction kinetics and
metabolic heat generation. We establish the existence and uniqueness of solutions for the
coupled system using semigroup theory. A numerical scheme based on finite elements in space
and a backward Euler discretization in time is then proposed, and its stability properties
are rigorously analyzed. Finally, the numerical method is implemented in Matlab, and
simulations are presented to illustrate the influence of thermal fluctuations on quorum sensing
activity and biofilm dynamics.

The chapter is organized as follows. Section 2 introduces the mathematical model and
states the underlying assumptions. Section 3 addresses the well-posedness of the coupled
system by means of semigroup theory. In Section 4, a numerical approximation based on
finite elements and backward Euler time integration is presented, and Section 5 presents the
numerical simulations and discussion.
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3.2 Proposed model
We consider a mathematical model describing the dynamics of a bacterial biofilm regulated
by quorum sensing, antibiotic action, and temperature effects. The model consists of a
coupled system of nonlinear reaction–diffusion equations defined on the space–time domain
Ω × (0, T ), where T > 0 and Ω ⊂ R2 is a bounded domain with boundary ∂Ω decomposed
as ∂Ω = ΓD ∪ΓN , with ΓD ∩ΓN = ∅. The nutrient substrate is supplied through the portion
ΓD of the boundary.
Nutrient dynamics

The nutrient concentration C diffuses within the biofilm and is consumed by the total
biomass composed of down-regulated cells ψ and up-regulated cells φ. The consumption
process follows a Monod-type kinetics. Accordingly, the nutrient evolution is governed by

∂C

∂t
= dC∆C − k1

C

k2 + C
(ψ + φ), (3.1)

where dC denotes the nutrient diffusion coefficient, k1 the maximum consumption rate, and
k2 the half-saturation constant.
Biomass evolution

Let M = ψ + φ denote the total biomass concentration. Based on mass conservation
principles, its evolution is described by

∂M

∂t
= ∇·

(
D∇M

)
+G(u,M), (3.2)

where G(u,M) represents the biomass growth term and D is an effective diffusion coefficient.
For simplicity, and since the biofilm shape is not the focus of this study, D is assumed to be
constant.
Cell population dynamics

The biofilm consists of two bacterial phenotypes: down-regulated cells ψ and up-regulated
cells φ. Transitions between these two states are controlled by quorum sensing mechanisms.
Their dynamics are described by

∂ψ

∂t
= d∆ψ + k3

C

k3 + C
ψ − k5A

mψ + k5φ− k4ψ,

∂φ

∂t
= d∆φ+ k3

C

k3 + C
φ+ k5A

mψ − k5ψ − k4φ,

(3.3)

where k3 is the maximum growth rate, k4 the lysis rate, k5 the quorum-sensing regulation
rate, A the signaling molecule concentration, and m a Hill coefficient.
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The biofilm domain is defined as

{x ∈ Ω : ψ(x, t) + φ(x, t) > 0}. (3.4)

Quorum sensing signaling molecules
The signaling molecules (AHL) diffuse throughout the domain and undergo abiotic degra-

dation at rate γ. Down-regulated cells produce AHL at a basal rate α, while up-regulated
cells produce it at an enhanced rate α+β, with α+β > γ. The AHL dynamics are given by

∂A

∂t
= dA∆A− γA+ α

RA

KL +RA
ψ + (α + β)

RA

KL +RA
φ. (3.5)

LasR protein and chemical agents
The LasR protein concentration R diffuses, degrades naturally, and interacts with both

the signaling molecules and quorum-sensing blockers. Its evolution reads

∂R

∂t
= dR∆R− kRR + k3

RA

kR +RA
− k3

ψ + φ

k2 + ψ + φ
R. (3.6)

Thermal dynamics
Temperature evolution within the biofilm is governed by a heat equation accounting for

thermal diffusion and metabolic heat generation:

∂T

∂t
= k∆T + q, (3.7)

where k is the thermal diffusivity and q denotes the heat source term. We assume that
bacterial metabolic activity acts as a heat source proportional to the biomass concentration:

q = q0(ψ + φ). (3.8)

Temperature-dependent parameters
Reaction and regulation rates are assumed to depend on temperature according to an

Arrhenius-type law
k̃(T ) = k0 exp

(
− Ea
RgT

)
, (3.9)

where k0 is a pre-exponential factor, Ea the activation energy, and Rg the gas constant.
Coupled thermo-biophysical system
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The complete coupled system reads

∂C

∂t
= dC∆C − k1(T )

C

k2 + C
(ψ + φ),

∂A

∂t
= dA∆A− γ(T )A+ α(T )

RA

KL +RA
ψ +

(
α(T ) + β(T )

) RA

KL +RA
φ,

∂ψ

∂t
= d∆ψ + k3(T )

C

k3 + C
ψ − k5(T )A

mψ + k5(T )φ− k4(T )ψ,

∂φ

∂t
= d∆φ+ k3(T )

C

k3 + C
φ+ k5(T )A

mψ − k5(T )ψ − k4(T )φ,

∂R

∂t
= dR∆R− kR(T )R + k3(T )

RA

kR +RA
− k3(T )

ψ + φ

k2 + ψ + φ
R,

∂T

∂t
= k∆T + q0(ψ + φ).

(3.10)

Initial and boundary conditions
The system is supplemented with the following boundary conditions

∇ψ · n = ∇φ · n = ∇A · n = ∇R · n = ∇T · n = 0, (x, t) ∈ ∂Ω× (0, T ), (3.11)

∇C · n = 0, (x, t) ∈ ΓN × (0, T ), (3.12)

C(x, t) = CD, (x, t) ∈ ΓD × (0, T ). (3.13)

And initial conditions

C(x, 0) = C0, ψ(x, 0) = ψ0, φ(x, 0) = φ0,

A(x, 0) = A0, R(x, 0) = R0, T (x, 0) = T0, x ∈ Ω.
(3.14)

3.3 The well-posedness of the problem
Assumptions

In what follows, we adopt the assumptions below.

(H1) The functions C(x, t), A(x, t), ψ(x, t), φ(x, t), R(x, t), and T (x, t) are bounded. More
precisely, there exists a constant M > 0 such that

|C(x, t)|, |A(x, t)|, |ψ(x, t)|, |φ(x, t)|, |R(x, t)|, |T (x, t)| < M.

(H2) The functions k1(T ), k2(T ), k3(T ), k4(T ), k5(T ), α(T ), β(T ), and γ(T ) are continuously
differentiable; in particular, they are Lipschitz continuous on bounded intervals.

In this section, we establish existence and uniqueness for problem (3.10). Define the vector-
valued unknown Φ = (C,A, ψ, φ,R, T )⊤. Then the system (3.10) can be recast in the abstract
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form {
Φt = AΦ + F (Φ) ; t > 0

Φ(0) = Φ0 = (C0, A0, ψ0, φ0, R0, T0)
⊤ , (3.15)

where

AΦ =



dC∆C

d2∆A

d∆ψ

d∆φ

dR∆R

k∆T


,

and

F (Φ) =



F1(Φ)

F2(Φ)

F3(Φ)

F4(Φ)

F5 (Φ)

F6 (Φ)


=



−k1 (T ) C
k2+C

(ψ + φ)

−γ (T )A+ α (T ) RA
KL+RA

ψ + (α (T ) + β (T )) RA
KL+RA

φ

k3 (T )
C

k3+S
ψ − k5 (T )A

mψ + k5 (T )φ− k4 (T )ψ

k3 (T )
C

k3+C
φ+ k5 (T )A

mψ − k5 (T )ψ − k4 (T )φ

−kR (T )R + k3 (T )
RA

kR+RA
− k3 (T )

ψ+φ
k2+ψ+φ

R

q0(ψ + φ)


.

Accordingly, the linear operator A : D(A) ⊂ H → H is given by

A =



dC∆ 0 0 0 0 0

0 d2∆ 0 0 0 0

0 0 d∆ 0 0 0

0 0 0 d∆ 0 0

0 0 0 0 dR∆ 0

0 0 0 0 0 k∆


,

where the Hilbert space H is defined by

H = H1
∗ (Ω)×H1

∗ (Ω)×H1
∗ (Ω)×H1

∗ (Ω)×H1
∗ (Ω)×H1

∗ (Ω).

Moreover,

H1
∗ (Ω) =

{
w ∈ H1(Ω) : ∇w · n|∂Ω = 0

}
L2(Ω) =

{
w ∈ L2(Ω)

}
X = L2(Ω)× L2(Ω)× L2(Ω)× L2(Ω)× L2(Ω)× L2(Ω)

H2
∗ (Ω) =

{
w ∈ H2(Ω) : ∇w · n|∂Ω = 0

}
We endow H with the inner product: for any Φ = (C,A, ψ, φ,R, T )⊤ ∈ H and Φ̃ =
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(C̃, Ã, ψ̃, φ̃, R̃, T̃ )⊤ ∈ H,⟨
Φ, Φ̃

⟩
=

∫
Ω

CC̃ dx+

∫
Ω

AÃ dx+

∫
Ω

ψψ̃ dx+

∫
Ω

φφ̃ dx+

∫
Ω

RR̃ dx+

∫
Ω

T T̃ dx.

and the induced norm ∥·∥H is equivalent to the standard one.
Finally, the domain of A is

D(A) =

{
Φ ∈ H; C ∈ H1

∗ (Ω) ∩H2
∗ (Ω), A ∈ H1

∗ (Ω) ∩H2
∗ (Ω), ψ ∈ H1

∗ (Ω) ∩H2
∗ (Ω),

φ ∈ H1
∗ (Ω) ∩H2

∗ (Ω), R ∈ H1
∗ (Ω) ∩H2

∗ (Ω), T ∈ H1
∗ (Ω) ∩H2

∗ (Ω)

}
.

3.3.1 Existence of Solutions
Clearly, D(A) is dense in H.

Moreover, we compute

⟨AΦ,Φ⟩ = −dC
∫
Ω

|∇C|2 dx− d2

∫
Ω

|∇A|2 dx− d

∫
Ω

|∇ψ|2 dx− d

∫
Ω

|∇φ|2 dx

− dR

∫
Ω

|∇R|2 dx− k

∫
Ω

|∇T |2 dx ≤ 0. (3.16)

Hence, the operator A is dissipative.
Next, we show that (I − A) is surjective. Let f = (f1, f2, f3, f4, f5, f6)

⊤ ∈ H. We prove
that there exists a unique Φ ∈ D(A) satisfying

(I − A)Φ = f,

that is, 

C − dC∆C = f1
A− dA∆A = f2
ψ − d∆ψ = f3
φ− d∆φ = f4
R− dR∆R = f5
T − k∆T = f6

(3.17)

We now work on V × V , where

V = H1
∗ (Ω)×H1

∗ (Ω)×H1
∗ (Ω)×H1

∗ (Ω)×H1
∗ (Ω)×H1

∗ (Ω).



45

Define the bilinear form

b
(
(C,A, ψ, φ,R, T ); (C1, A1, ψ1, φ1, R1, T 1)

)
=

∫
Ω

CC1dx+ dC

∫
Ω

∇C · ∇C1dx

+

∫
Ω

AA1dx+ d2

∫
Ω

∇A · ∇A1dx

+

∫
Ω

ψψ1dx+ d

∫
Ω

∇ψ · ∇ψ1dx

+

∫
Ω

φφ1dx+ d

∫
Ω

∇φ · ∇φ1dx

+

∫
Ω

RR1dx+ dR

∫
Ω

∇R · ∇R1dx

+

∫
Ω

TT 1dx+ k

∫
Ω

∇T · ∇T 1dx,

and the linear functional

l
(
C1, A1, ψ1, φ1, R1, T 1

)
=

∫
Ω

f1C
1dx+

∫
Ω

f2A
1dx+

∫
Ω

f3ψ
1dx

+

∫
Ω

f4φ
1dx+

∫
Ω

f5R
1dx+

∫
Ω

f6T
1dx. (3.18)

We equip V with the norm

∥(C,A, ψ, φ,R, T )∥2V = ∥C∥22 + ∥∇C∥22 + ∥A∥22 + ∥∇A∥22
+ ∥ψ∥22 + ∥∇ψ∥22 + ∥φ∥22 + ∥∇φ∥22
+ ∥R∥22 + ∥∇R∥22 + ∥T∥22 + ∥∇T∥22 .

By the Cauchy–Schwarz inequality, there exists M2 > 0 such that∣∣b ((C,A, ψ, φ,R, T ); (C1, A1, ψ1, φ1, R1, T 1)
)∣∣ ≤M2 ∥(C,A, ψ, φ,R, T )∥V

∥∥(C1, A1, ψ1, φ1, R1, T 1)
∥∥
V
.

Similarly, by Cauchy–Schwarz there exists M3 > 0 such that∣∣l(C1, A1, ψ1, φ1, R1, T 1)
∣∣ ≤M3

∥∥(C1, A1, ψ1, φ1, R1, T 1)
∥∥
V
. (3.19)

Therefore, b and l are continuous.
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Moreover, for any (C,A, ψ, φ,R, T ) ∈ V ,

b ((C,A, ψ, φ,R, T ); (C,A, ψ, φ,R, T )) =

∫
Ω

C2dx+ dC

∫
Ω

|∇C|2 dx

+

∫
Ω

A2dx+ d2

∫
Ω

|∇A|2 dx

+

∫
Ω

ψ2dx+ d

∫
Ω

|∇ψ|2 dx

+

∫
Ω

φ2dx+ d

∫
Ω

|∇φ|2 dx

+

∫
Ω

R2dx+ dR

∫
Ω

|∇R|2 dx

+

∫
Ω

T 2dx+ k

∫
Ω

|∇T |2 dx.

In particular, there exists M4 > 0 such that

b ((C,A, ψ, φ,R, T ); (C,A, ψ, φ,R, T )) ≥ M4 ∥(C,A, ψ, φ,R, T )∥2V , M4 > 0.

Hence, b is coercive.
Therefore, by the Lax–Milgram theorem, there exists a unique solution Φ ∈ V such that

b
(
(C,A, ψ, φ,R, T ); (C1, A1, ψ1, φ1, R1, T 1)

)
= l

(
C1, A1, ψ1, φ1, R1, T 1

)
,

∀(C1, A1, ψ1, φ1, R1, T 1) ∈ V.

Regularity. Once the weak solution Φ ∈ V is obtained, we invoke elliptic regularity for
systems. The operator I −A is elliptic, and we have f ∈ X. Hence, by standard elliptic reg-
ularity results, Φ ∈ [H2

∗ (Ω)]
6, provided that Ω is of class C(Ω)2 and the boundary conditions

are sufficiently smooth. In particular, there exists a constant c1 > 0 such that

∥Φ∥[H2
∗(Ω)]6 ≤ c1 ∥f∥X ,

where c1 depends on Ω and the coefficients dC , d2, d, dR, and k.
Consequently, (I −A) is surjective. By the Lumer–Phillips theorem, it follows that A is

the infinitesimal generator of a linear C0-semigroup on H.
We next show that F is Lipschitz continuous. Specifically, we prove the existence of

a constant L > 0 such that for any ζ, χ ∈ X, where ζ = (C,A, ψ, φ,R, T ) and χ =
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(C̃, Ã, ψ̃, φ̃, R̃, T̃ ),
∥F (ζ)− F (χ)∥X ≤ L ∥ζ − χ∥X .

We write F (ζ)− F (χ) componentwise as follows:

F1(ζ)− F1 (χ) = −

[
k1 (T )

C

k2 + C
(ψ + φ)− k1

(
T̃
) C̃

k2 + C̃

(
ψ̃ + φ̃

)]
,

F2(ζ)− F2 (χ) = −
[
γ (T )A− γ

(
T̃
)
Ã
]
+

[
α (T )

RA

KL +RA
ψ − α

(
T̃
) R̃Ã

KL + R̃Ã
ψ̃

]

+

[
(α (T ) + β (T ))

RA

KL +RA
φ−

(
α
(
T̃
)
+ β

(
T̃
)) R̃Ã

KL + R̃Ã
φ̃

]
,

F3(ζ)− F3 (χ) = k3 (T )
C

k3 + C
ψ − k3

(
T̃
) C̃

k3 + C̃
ψ̃ +

[
k5 (T )A

mψ − k5

(
T̃
)
Ãmψ̃

]
+
[
k5 (T )φ− k5

(
T̃
)
φ̃
]
−
[
k4 (T )ψ − k4

(
T̃
)
ψ̃
]
,

F4(ζ)− F4 (χ) = k3 (T )
C

k3 + C
φ− k3

(
T̃
) C̃

k3 + C̃
φ̃+

[
k5 (T )A

mψ − k5

(
T̃
)
Ãmψ̃

]
−
[
k5 (T )ψ − k5

(
T̃
)
ψ̃
]
+
[
k4 (T )φ− k4

(
T̃
)
φ̃
]
,

F5(ζ)− F5 (χ) = −
[
kR (T )R− kR

(
T̃
)
R̃
]
+

[
k3 (T )

RA

kR +RA
− k3

(
T̃
) R̃Ã

kR + R̃Ã

]

−

[
k3 (T )

ψ + φ

k2 + ψ + φ
R− k3

(
T̃
) ψ̃ + φ̃

k2 + ψ̃ + φ̃
R̃

]
,

F6(ζ)− F6 (χ) = Q0

[
ψ + φ− ψ̃ − φ̃

]
.

For F1(ζ)− F1(χ), we estimate

|F1(ζ)− F1(χ)| ≤
∣∣∣k1 (T )− k1

(
T̃
)∣∣∣ ∣∣∣∣ C

k2 + C
(ψ + φ)

∣∣∣∣
+
∣∣∣k1 (T̃)∣∣∣

∣∣∣∣∣ C

k2 + C
(ψ + φ)− C̃

k2 + C̃

(
ψ̃ + φ̃

)∣∣∣∣∣ .
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Since k1 is Lipschitz on bounded sets, there exists Lk1 > 0 such that∣∣∣k1 (T )− k1

(
T̃
)∣∣∣ ≤ Lk1

∣∣∣T − T̃
∣∣∣ .

Moreover, on bounded sets, the mapping g(C) = C
k2+C

is of class C1. Hence, it is Lipschitz
continuous and bounded. Therefore, there exists L1 > 0 such that∣∣∣∣∣ C

k2 + C
(ψ + φ)− C̃

k2 + C̃
(ψ̃ + φ̃)

∣∣∣∣∣ ≤ L1

( ∣∣∣C − C̃
∣∣∣+ ∣∣∣ψ − ψ̃

∣∣∣+ |φ− φ̃|
)
.

Since C
k2+C

(ψ+φ) is bounded by a constant C1 on the bounded set under consideration, we
obtain

|F1(ζ)− F1(χ)| ≤ Lk1C1

∣∣∣T − T̃
∣∣∣+ L1

∣∣∣k1 (T̃)∣∣∣ ( ∣∣∣C − C̃
∣∣∣+ ∣∣∣ψ − ψ̃

∣∣∣+ |φ− φ̃|
)

≤ Lf1

( ∣∣∣T − T̃
∣∣∣+ ∣∣∣C − C̃

∣∣∣+ ∣∣∣ψ − ψ̃
∣∣∣+ |φ− φ̃|

)
, (3.20)

for some Lf1 > 0.
Proceeding analogously, we obtain the estimates

|F2(ζ)− F2 (χ)| ≤ Lf2

(∣∣∣T − T̃
∣∣∣+ ∥∥∥A− Ã

∥∥∥
L∞

+
∥∥∥ψ − ψ̃

∥∥∥
L∞

+ ∥φ− φ̃∥L∞

)
, (3.21)

where Lf2 > 0 depends on the Lipschitz constants of α(T ), β(T ), and γ(T ), as well as on
the term RA

KL+RA
on bounded sets. Similarly,

|F3(ζ)− F3 (χ)| ≤ Lf3

(∣∣∣T − T̃
∣∣∣+ ∥∥∥A− Ã

∥∥∥
L∞

+
∥∥∥ψ − ψ̃

∥∥∥
L∞

+ ∥φ− φ̃∥L∞

)
, (3.22)

|F4(ζ)− F4 (χ)| ≤ Lf4

(∣∣∣T − T̃
∣∣∣+ ∥∥∥A− Ã

∥∥∥
L∞

+
∥∥∥ψ − ψ̃

∥∥∥
L∞

+ ∥φ− φ̃∥L∞

)
, (3.23)

|F5(ζ)− F5 (χ)| ≤ Lf5

(∣∣∣T − T̃
∣∣∣+ ∥∥∥A− Ã

∥∥∥
L∞

+
∥∥∥ψ − ψ̃

∥∥∥
L∞

+ ∥φ− φ̃∥L∞

)
, (3.24)

and finally,
|F6(ζ)− F6 (χ)| ≤ Lf6

(∥∥∥ψ − ψ̃
∥∥∥
L∞

+ ∥φ− φ̃∥L∞

)
, (3.25)

for some Lf6 > 0.
Combining (3.20)–(3.25), we deduce that there exists L > 0 such that

∥F (ζ)− F (χ)∥X ≤ L ∥ζ − χ∥X , (3.26)
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where L depends on the Lipschitz constants of α(T ), β(T ), γ(T ), k3(T ), k4(T ), k5(T ), kR(T ),
and on the bounded terms Am, C

k2+C
, and RA

KL+RA
. Hence, F is Lipschitz on X. and Since

we have already proved that F is Lipschitz on X hence continuous, there exists L > 0 such
that, for any sequence tn → t0, and for any function v ∈ C

(
[0, T̄ ];X

)
∥F (v(tn))− F (v(t0))∥X ≤ L ∥v(tn)− v(t0)∥X −→ 0.

Therefore,
F (v(tn)) → F (v(t0)) in X,

which proves that the mapping t 7→ F (v(t)) is continuous on t. Hence,

F (v) ∈ C
(
[0, T̄ ];X

)
.

As a consequence, problem (3.10)–(3.11) admits a unique mild solution Φ of the form

Φ(t) = U(t)Φ0 +

t∫
0

U(t− y)F (Φ(y))dy,

where U(t) is the C0-semigroup generated by A.
We now address the well-posedness of the integral term by a fixed-point argument. Define

the operator G by

G(δ(t)) = U(t)Φ0 +

T̄∫
0

U(t− y)F (δ(y))dy.

We will show that G maps a suitable function space into itself.
Consider the space C

([
0, T̄

]
;X
)
defined by

C
([
0, T̄

]
, X
)
=
{
v : [0, T̄ ] → X such that v(t) is continuous in t

}
.

We prove that if v ∈ C
([
0, T̄

]
, X
)
, then G(v) ∈ C

([
0, T̄

]
, X
)
.

Boundedness of U(t). The C0-semigroup U(t) satisfies

∥U(t)∥L2
∗(Ω)→L2

∗(Ω) ≤Mewt, M > 0.

Hence, U(t) is bounded for t > 0. Since F is Lipschitz on X, we also have the growth
estimate below.



50

Boundedness of G(v). For v ∈ C
([
0, T̄

]
, X
)
, we have

∥U(t)Φ0∥X ≤Mewt ∥Φ0∥X .

Moreover, ∥∥∥∥∥∥
t∫

0

U(t− y)F (δ(y))dy

∥∥∥∥∥∥
X

≤
t∫

0

∥U(t− y)∥X ∥F (δ(y))∥X dy,

and, since
∥F (δ(y))∥X ≤ C (1 + ∥δ(y)∥X) ,

we obtain
∥U(t− y)F (δ(y))∥X ≤Mew(t−y) (1 + ∥δ(y)∥X) .

Consequently, ∥∥∥∥∥∥
T̄∫

0

U(t− y)F (δ(y))dy

∥∥∥∥∥∥
X

≤MC

T̄∫
0

ew(t−y) (1 + ∥δ(y)∥X) dy.

Thus, G(δ) is bounded in X. Since U(t)Φ0 is continuous in t (by strong continuity of
U(t)) and the integral term is continuous (by continuity of δ and F ), we conclude that
G(δ) ∈ C

([
0, T̄

]
, X
)
.

Next, we show that G is a contraction. Let δ1, δ2 ∈ C
([
0, T̄

]
, X
)
. We aim to prove that

∥G(δ1)(t)−G(δ2)(t)∥X ≤ML ∥δ1 − δ2∥C([0,T̄ ],X) . (3.27)

Indeed,

∥G(δ1)(t)−G(δ2)(t)∥X ≤
T̄∫

0

∥U(t− y)∥ ∥F (δ1(y))− F (δ2(y))∥X dy

≤ M

T̄∫
0

ew(t−y) ∥F (δ1(y))− F (δ2(y))∥X dy.
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However, since F is Lipschitz, we find:

∥G(δ1)(t)−G(δ2)(t)∥X ≤ ML

T̄∫
0

ew(t−y) ∥δ1 (y)− δ2 (y)∥X du

≤ ML ∥δ1 − δ2∥C([0,T ],X)

T̄∫
0

ew(t−y)dy,

where
T̄∫

0

ew(t−y)du =


T̄∫
0

1du = T, if w = 0

1−ewt

w
, if w ̸= 0

,

Thus,
∥G(δ1)(t)−G(δ2)(t)∥X ≤ML ∥δ1 − δ2∥C([0,T̄ ],X) .

For a sufficiently small T̄ > 0 such that MLT̄ < 1, G is a contraction, ensuring a unique
fixed point by the Banach Fixed-Point Theorem.

Remark 3.1. Let T̄ > 0 be the small time for which the contraction ML · T̄ < 1 holds.
Denote the unique solution on [0, T̄ ] as Φ(t). Since Φ(T̄ ) lies in the same Banach space, we
can restart the contraction argument on [T̄ , 2T̄ ] with initial data Φ(T̄ ). By iterating this
stepwise continuation, the solution extends uniquely to any finite time interval [0, Tfinal].

3.3.2 Regularity of the solution:
If the initial condition Φ0 ∈ D(A), the solution satisfies:

dΦ

dt
∈ X; Φ(t) ∈ D(A).

This makes Φ(t) a strong solution.
If Φ0 ∈ Hk(Ω) and F is smooth, the solution Φ(t) inherits higher regularity:

Φ(t) ∈ Hk(Ω), for t > 0.

3.3.3 Uniqueness
Uniqueness of the solution follows directly from the contraction mapping argument.

If there were two solutions Φ1(t) and Φ2(t) that satisfy:

d

dt
(Φ1 − Φ2) = A (Φ1 − Φ2) + F (Φ1)− F (Φ2) ,
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Using the Lipschitz property of F , we get:

∥Φ1 (t)− Φ2 (t)∥X ≤ LT̄ ∥Φ1 − Φ2∥C([0,T̄ ],X) ,

where T̄L < 1, hence Φ1(t) = Φ2(t).
This completes the proof of existence, uniqueness, and regularity of the solution to (3.10)-

(3.11).

3.4 Numerical Approximation
In this section, we present a numerical approximation of the nonlinear system of partial
differential equations introduced in the previous section. The spatial discretization is carried
out using finite elements, while the temporal discretization is performed by means of an
implicit Euler scheme.

We begin with the weak formulation. To this end, we multiply equations (3.10)1, (3.10)2,
(3.10)3, (3.10)4, (3.10)5, and (3.10)6 by vC , vA, vψ, vφ, vR, and vT , respectively. Then, inte-
grating over Ω and applying integration by parts, we obtain the following weak formulation:

Find (C,A, ψ, φ,R, T ) ∈ (H1
∗ (Ω))

6
, such that ∀

(
vC , vA, vψ, vφ, vR, vT

)
∈ (H1

∗ (Ω))
6
,

∫
Ω

∂C
∂t
vCdx+ dC

∫
Ω

∇C · ∇vCdx =
∫
Ω

k1 (T ) g(C,ψ + φ)vCdx∫
Ω

∂A
∂t
vAdx+ dA

∫
Ω

∇A · ∇vAdx+
∫
Ω

γ (T )AvAdx =
∫
Ω

α (T ) RA
KL+RA

ψvAdx

+
∫
Ω

(α (T ) + β (T )) RA
KL+RA

φvAdx∫
Ω

∂ψ
∂t
vψdx+ d

∫
Ω

∇ψ · ∇vψdx+
∫
Ω

k5 (T ) |A|m ψvψdx =
∫
Ω

(k3 (T ) g (C,ψ) + k5 (T )φ)v
ψdx∫

Ω

∂φ
∂t
vφdx+ d

∫
Ω

∇φ · ∇vφdx+
∫
Ω

(k4 (T ) + k5 (T ))φv
φdx =

∫
Ω

(k3 (T ) g(C,φ) + k5 (T ) |A|m ψ) vφdx∫
Ω

∂R
∂t
vRdx+ dR

∫
Ω

∇R · ∇vRdx+
∫
Ω

kR (T )RvRdx+
∫
Ω

k3 (T ) g(ψ + φ,R)vRdx

=
∫
Ω

k3 (T )
RA

kR+RA
vRdx∫

Ω

∂T
∂t
vTdx+ k

∫
Ω

∇T · ∇vTdx =
∫
Ω

q0(ψ + φ)vTdx

.

(3.28)
Next, let 0 = t0 < t1 < · · · < tN−1 < tN = T̄ be a partition of

[
0, T̄

]
into variable time steps

τn = tn−tn−1, for n = 1, . . . , N .We set τ = max1≤n≤N τn. We introduce Th as a shape-regular
family of triangulations of Ω. For a triangle K ∈ Th, let hK denote its diameter, and set
h = maxK∈Th hK .

We define P 1 (Th) as the space of continuous, piecewise linear finite elements:

P 1 (Th) =
{
vh ∈ C0

(
Ω̄
)
: ∀K ∈ Th, vh|K ∈ P 1(K)

}
,
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P1,CD
(Th) =

{
vh ∈ P 1 (Th) : vh|ΓD

= CD
}
,

and the non-negative subsets:

wh =
{
vh ∈ P 1 (Th) : vh ≥ 0

}
, wCD

h = wh ∩ P1,CD
(Th).

We consider the problem as follows: For (Cn
h , A

n
h, ψ

n
h , φ

n
h, R

n
h, T

n
h ) ∈ P 1 (λh)× P 1

CD
(λh)×

P 1 (λh)× P 1 (λh)× P 1 (λh)× P 1 (λh) , we seek(
Cn+1
h , An+1

h , ψn+1
h , φn+1

h , Rn+1
h , T n+1

h

)
∈ P 1

CD
(Th)× P 1 (Th)

×P 1 (Th)× P 1 (Th)× P 1 (Th)× P 1 (Th)

such that, for all
(
vCh , v

A
h , v

ψ
h , v

φ
h , v

R
h , v

T
h

)
∈ P 1

0 (Th)×P 1 (Th)×P 1 (Th)×P 1 (Th)×P 1 (Th)×
P 1 (Th),



∫
Ω

(Cn+1
h −Cn

h )

τn
vCh dx+

∫
Ω

[
dC∇Cn+1

h · ∇vCh + k1 (T
n
h ) g(C

n+1
h , ψnh + φnh)v

C
h

]
dx = 0∫

Ω

An+1
h −An

h

τn
vAh dx+

∫
Ω

[
dA∇An+1

h · ∇vAh + γ (T nh )A
n+1
h vAh

]
dx =

∫
Ω

α (T nh )
Rn

hA
n+1
h

KL+R
n
hA

n+1
h

ψnhv
A
h dx

+
∫
Ω

(α (T nh ) + β (T nh ))
Rn

hA
n+1
h

KL+R
n
hA

n+1
h

φnhv
A
h dx∫

Ω

ψn+1
h −ψn

h

τn
vψh dx+

∫
Ω

[
d∇ψn+1

h · ∇vψh + k5 (T
n
h )
∣∣An+1

h

∣∣m ψn+1
h vψh

]
dx

=
∫
Ω

(
k3 (T

n
h ) g

(
Cn+1
h , ψnh

)
+ k5 (T

n
h )φ

n
h

)
vψh dx∫

Ω

φn+1
h −φn

h

τn
vφhdx+

∫
Ω

[
d∇φn+1

h · ∇vφh + (k4 (T
n
h ) + k5 (T

n
h ))φ

n+1
h vφh

]
dx

=
∫
Ω

(
k3 (T

n
h ) g(C

n+1
h , φn+1

h ) + k5 (T
n
h )
∣∣An+1

h

∣∣m ψn+1
h

)
vφhdx∫

Ω

Rn+1
h −Rn

h

τn
vRh dx+

∫
Ω

[
dR∇Rn+1

h · ∇vRh + kR (T nh )R
n+1
h vRh + k3 (T

n
h ) g(ψ

n+1
h + φn+1

h , Rn+1
h )vRh

]
dx

=
∫
Ω

k3 (T
n
h )

Rn+1
h An+1

h

kR+Rn+1
h An+1

h

vRh dx∫
Ω

Tn+1
h −Tn

h

τn
vTh dx+

∫
Ω

[
k∇T n+1

h · ∇vTh
]
dx =

∫
Ω

q0(ψ
n+1
h + φn+1

h )vTh dx

,

(3.29)

3.4.1 Existence and Uniqueness
Theorem 3.4.1. Let

(Cn
h , A

n
h, ψ

n
h , φ

n
h, R

n
h, T

n
h ) ∈ wCD

h × wh × wh × wh × wh × wh.
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Then, for every h > 0 and every τn > 0, there exists a unique solution(
Cn+1
h , An+1

h , ψn+1
h , φn+1

h , Rn+1
h , T n+1

h

)
∈ wCD

h × wh × wh × wh × wh × wh.

of 3.29.

Proof. Let {γi}1≤i≤N be the standard basis of P 1
0 (Th). For any

w =
N∑
j=1

wjγj ∈ P 1
0 (Th),

we associate the vector
w̃ = (w1, . . . , wN)

T ∈ RN .

In the spirit of [6], the proof relies on rewriting each discrete equation in terms of an
operator of the form

F (w̃) = Aw̃ + ϕ(w̃),

where A is an M -matrix and ϕ is a continuous isotone diagonal mapping. It then follows
from the classical theory of monotone mappings that such an operator is an inverse isotone
homeomorphism from RN into itself.

For the nutrient concentration C, we introduce the mapping

F n
C : RN × RN → RN

defined componentwise by

[F n
C(w̃, z̃)]j = (w, γj) + τndC(∇w,∇γj) + τn

(
k1(T

n
h )g(w, z), γj

)
, j = 1, . . . , N.

For given ψnh and φnh, the first discrete equation of (Ph) may be written as

F n
C

(
C̃ n+1, ψ̃ n + φ̃n

)
= G̃n

C ,

where [
G̃n
C

]
j
= (Cn, γj).

For every fixed z ∈ RN , the mapping F n
C(·, z) can be decomposed as

F n
C(w̃, z) = ACw̃ + ϕC(w̃),

with AC an M -matrix and ϕC a continuous isotone diagonal mapping. Hence F n
C(·, z) is

an inverse isotone homeomorphism. Therefore, the first equation admits a unique solution
Cn+1
h .
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We proceed analogously for the AHL concentration A. For fixed Rn
h, ψnh , and φnh, the

corresponding discrete equation may be recast in the form

F n
A(Ã) = G̃n

A,

where F n
A can be expressed as

F n
A(Ã) = AAÃ+ ϕA(Ã),

with AA an M -matrix and ϕA a continuous isotone diagonal mapping. Consequently, F n
A is

an inverse isotone homeomorphism, and the existence and uniqueness of An+1
h follow.

The same argument applies to the equation satisfied by ψn+1
h . For fixed values of Cn+1

h ,
φnh, and An+1

h , one defines an operator

F n
ψ (ψ̃) = Aψψ̃ + ϕψ(ψ̃),

where the matrix part Aψ is of type M and the nonlinear contribution ϕψ is diagonal, con-
tinuous, and isotone. It follows that F n

ψ is an inverse isotone homeomorphism, which yields
the existence and uniqueness of ψn+1

h .
Similarly, for φn+1

h , with Cn+1
h , ψn+1

h , and An+1
h regarded as known quantities, the corre-

sponding operator may be written as

F n
φ (φ̃) = Aφφ̃+ ϕφ(φ̃),

where Aφ is an M -matrix and ϕφ is a continuous isotone diagonal mapping. Thus, F n
φ is

again an inverse isotone homeomorphism, and the discrete problem admits a unique solution
φn+1
h .
For the LasR concentration R, once ψn+1

h , φn+1
h , and An+1

h are fixed, the fifth equation
can be rewritten as

F n
R(R̃) = ARR̃ + ϕR(R̃) = G̃n

R,

with AR an M -matrix and ϕR a continuous isotone diagonal mapping. Therefore, the opera-
tor F n

R is an inverse isotone homeomorphism, and this ensures the existence and uniqueness
of Rn+1

h .
Finally, for the temperature T , the discrete equation takes the form

F n
T (T̃ ) = AT T̃ + ϕT (T̃ ) = G̃n

T ,

where AT is an M -matrix and ϕT is a continuous isotone diagonal mapping. Hence F n
T is

also an inverse isotone homeomorphism, which implies the existence and uniqueness of T n+1
h .
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By solving successively the six discrete equations, we obtain a unique vector(
Cn+1
h , An+1

h , ψn+1
h , φn+1

h , Rn+1
h , T n+1

h

)
∈ wCD

h × wh × wh × wh × wh × wh.

This completes the proof.

3.4.2 Energy Estimate
For any discrete sequence wh, we define the discrete energy functional

F
(
wn+1
h

)
=

N−1∑
n=0

τn

∥∥∥∥wn+1
h − wnh
τn

∥∥∥∥2
0

+ max
0≤n≤N−1

∣∣wn+1
h

∣∣2
1
+

N−1∑
n=0

∣∣wn+1
h − wnh

∣∣2
1
,

where ∥ · ∥0 denotes the L2(Ω) norm, and | · |1 denotes the H1(Ω) semi-norm.

Lemma 3.4.2. For all h > 0 and for every time partition {τn}Nn=1, the solution

(Cn
h , A

n
h, ψ

n
h , φ

n
h, R

n
h, T

n
h )

of the discrete problem (Ph) satisfies

F
(
Cn+1
h

)
+ F

(
An+1
h

)
+ F

(
ψn+1
h

)
+ F

(
φn+1
h

)
+ F

(
Rn+1
h

)
+ F

(
T n+1
h

)
≤ K1

(∣∣C0
h

∣∣2
1
+
∣∣A0

h

∣∣2
1
+
∣∣ψ0

h

∣∣2
1
+
∣∣φ0

h

∣∣2
1
+
∣∣R0

h

∣∣2
1
+
∣∣T 0
h

∣∣2
1
+K2

)
.

Proof. The estimate is derived by testing each equation of the discrete scheme with the
corresponding time increment.

We begin with the first equation of (Ph) and choose the test function

vCh = Cn+1
h − Cn

h .

This yields ∫
Ω

Cn+1
h − Cn

h

τn
(Cn+1

h − Cn
h ) dx

+dC

∫
Ω

∇Cn+1
h · ∇(Cn+1

h − Cn
h ) dx

+

∫
Ω

k1(T
n
h )g(C

n+1
h , ψnh + φnh)(C

n+1
h − Cn

h ) dx = 0.

Using the algebraic identity

2a(a− b) = a2 − b2 + (a− b)2,
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we obtain

τn

∥∥∥∥Cn+1
h − Cn

h

τn

∥∥∥∥2
0

+
dC
2

(
|Cn+1

h |21 − |Cn
h |21 + |Cn+1

h − Cn
h |21
)

≤
∣∣∣∣∫

Ω

k1(T
n
h )g(C

n+1
h , ψnh + φnh)(C

n+1
h − Cn

h ) dx

∣∣∣∣ .
By the boundedness of the coefficients and the nonlinear term, and by using Young’s inequal-
ity (ab ≤ ϵ

2
a2 + 1

2ϵ
b2) to absorb terms into the left-hand side, there exists a constant K > 0

such that

τn

∥∥∥∥Cn+1
h − Cn

h

τn

∥∥∥∥2
0

+ |Cn+1
h |21 − |Cn

h |21 + |Cn+1
h − Cn

h |21 ≤ Kτn. (3.30)

Next, in the second equation, we take

vAh = An+1
h − Anh.

Proceeding in the same manner, we find

τn

∥∥∥∥An+1
h − Anh
τn

∥∥∥∥2
0

+ |An+1
h |21 − |Anh|21 + |An+1

h − Anh|21

≤ Kτn +Kτn

(
∥An+1

h ∥20 + ∥ψnh∥20 + ∥φnh∥20 + ∥Rn
h∥20
)
.

Using again the boundedness assumptions and Young’s inequality, this leads to

τn

∥∥∥∥An+1
h − Anh
τn

∥∥∥∥2
0

+ |An+1
h |21 − |Anh|21 + |An+1

h − Anh|21 ≤ Kτn. (3.31)

For the third equation, we choose

vψh = ψn+1
h − ψnh .

Then

τn

∥∥∥∥ψn+1
h − ψnh
τn

∥∥∥∥2
0

+ |ψn+1
h |21 − |ψnh |21 + |ψn+1

h − ψnh |21

≤ Kτn +Kτn

(
∥An+1

h ∥2m0 + ∥Cn+1
h ∥20 + ∥φnh∥20

)
,

and, by the boundedness of the discrete unknowns and Young’s inequality,

τn

∥∥∥∥ψn+1
h − ψnh
τn

∥∥∥∥2
0

+ |ψn+1
h |21 − |ψnh |21 + |ψn+1

h − ψnh |21 ≤ Kτn. (3.32)
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For the fourth equation, taking

vφh = φn+1
h − φnh,

we similarly obtain

τn

∥∥∥∥φn+1
h − φnh
τn

∥∥∥∥2
0

+ |φn+1
h |21 − |φnh|21 + |φn+1

h − φnh|21

≤ Kτn +Kτn

(
∥Cn+1

h ∥20 + ∥An+1
h ∥2m0 + ∥ψn+1

h ∥20
)
,

whence

τn

∥∥∥∥φn+1
h − φnh
τn

∥∥∥∥2
0

+ |φn+1
h |21 − |φnh|21 + |φn+1

h − φnh|21 ≤ Kτn. (3.33)

For the fifth equation, we take

vRh = Rn+1
h −Rn

h.

Arguing as before yields

τn

∥∥∥∥Rn+1
h −Rn

h

τn

∥∥∥∥2
0

+ |Rn+1
h |21 − |Rn

h|21 + |Rn+1
h −Rn

h|21

≤ Kτn +Kτn

(
∥ψn+1

h ∥20 + ∥φn+1
h ∥20 + ∥An+1

h ∥20 + ∥Rn+1
h ∥20

)
,

and therefore

τn

∥∥∥∥Rn+1
h −Rn

h

τn

∥∥∥∥2
0

+ |Rn+1
h |21 − |Rn

h|21 + |Rn+1
h −Rn

h|21 ≤ Kτn. (3.34)

Finally, for the temperature equation, we choose

vTh = T n+1
h − T nh .

This gives

τn

∥∥∥∥T n+1
h − T nh
τn

∥∥∥∥2
0

+ |T n+1
h |21 − |T nh |21 + |T n+1

h − T nh |21

≤ Kτn +Kτn

(
∥ψn+1

h ∥20 + ∥φn+1
h ∥20

)
,

and hence

τn

∥∥∥∥T n+1
h − T nh
τn

∥∥∥∥2
0

+ |T n+1
h |21 − |T nh |21 + |T n+1

h − T nh |21 ≤ Kτn. (3.35)
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Summing the inequalities (3.30)-(3.35) over n = 0, . . . , N − 1, we obtain

F
(
Cn+1
h

)
+ F

(
An+1
h

)
+ F

(
ψn+1
h

)
+ F

(
φn+1
h

)
+ F

(
Rn+1
h

)
+ F

(
T n+1
h

)
≤ K1

(
|C0

h|21 + |A0
h|21 + |ψ0

h|21 + |φ0
h|21 + |R0

h|21 + |T 0
h |21 +K2

)
,

which concludes the proof.

3.4.3 Convergence
Let us now state that the solution of the numerical scheme converges to a weak solution of
(Ph). We set ΩT = Ω × (0, T ) and introduce the following piecewise interpolations in time.
For any discrete sequence {znh}Nn=0, we define the continuous piecewise linear interpolant:

zh(t) =
t− tn

τn
zn+1
h +

tn+1 − t

τn
znh , t ∈ (tn, tn+1], n = 0, . . . , N − 1,

and the forward and backward piecewise constant interpolants:

z+h (t) = zn+1
h , z−h (t) = znh , t ∈ (tn, tn+1], n = 0, . . . , N − 1.

Using this notation, the discrete problem (Ph) can be rewritten in a global continuous-in-
time integral form over ΩT . For any test functions vh ∈ L2(0, T ;Wh), we seek the continuous
interpolants

(Ch, Ah, ψh, φh, Rh, Th) ∈
[
C0 ([0, T ];Wh)

]6
,
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such that

∫
ΩT

∂Ch

∂t
vCh dxdt+ dC

∫
ΩT

∇C+
h · ∇vCh dxdt =

∫
ΩT

k1
(
T+
h

)
g(C+

h , ψ
+
h + φ+

h )v
C
h dxdt,∫

ΩT

∂Ah

∂t
vAh dxdt+ d2

∫
ΩT

∇A+
h · ∇vAh dxdt+

∫
ΩT

γ
(
T+
h

)
A+
h v

A
h dxdt

=
∫
ΩT

α
(
T+
h

) R+
hA

+
h

KL+R
+
hA

+
h

ψ+
h v

A
h dxdt+

∫
ΩT

(
α
(
T+
h

)
+ β

(
T+
h

)) R+
hA

+
h

KL+R
+
hA

+
h

φ+
h v

A
h dxdt,∫

ΩT

∂ψh

∂t
vψh dxdt+ d

∫
ΩT

∇ψ+
h · ∇vψh dxdt+

∫
ΩT

k5
(
T+
h

) ∣∣A+
h

∣∣m ψ+
h v

ψ
h dxdt

=
∫
ΩT

(
k3
(
T+
h

)
g
(
C+
h , ψ

+
h

)
+ k5

(
T+
h

)
φ+
h

)
vψh dxdt,∫

ΩT

∂φh

∂t
vφh dxdt+ d

∫
ΩT

∇φ+
h · ∇vφh dxdt+

∫
ΩT

(k4
(
T+
h

)
+ k5

(
T+
h

)
)φ+

h v
φ
h dxdt

=
∫
ΩT

(
k3
(
T+
h

)
g(C+

h , φ
+
h ) + k5

(
T+
h

) ∣∣A+
h

∣∣m ψ+
h

)
vφh dxdt,∫

ΩT

∂Rh

∂t
vRh dxdt+ dR

∫
ΩT

∇R+
h · ∇vRh dxdt+

∫
ΩT

kR
(
T+
h

)
R+
h v

R
h dxdt+

∫
ΩT

k3
(
T+
h

)
g(ψ+

h + φ+
h , R

+
h )v

R
h dxdt

=
∫
ΩT

k3
(
T+
h

) R+
hA

+
h

kR+R+
hA

+
h

vRh dxdt,∫
ΩT

∂Th
∂t
vTh dxdt+ k

∫
ΩT

∇T+
h · ∇vTh dxdt =

∫
ΩT

Q0(ψ
+
h + φ+

h )v
T
h dxdt.

Introducing the functional

χ(zh) =
∥∥z±h ∥∥2L∞(ΩT )

+
∥∥z±h ∥∥2L∞(0,T ;H1(Ω))

+

∥∥∥∥∂zh∂t
∥∥∥∥2
L2(ΩT )

+ τ−1
∥∥z+h − z−h

∥∥2
L2(0,T ;H1(Ω))

,

the energy estimate from the previous lemma yields that for zh ∈ {Ch, Ah, ψh, φh, Rh, Th},
we have

χ (Ch) + χ (Ah) + χ (ψh) + χ (φh) + χ (Rh) + χ (Th) ≤ K,

where K is a positive constant independent of h and τ .
From the above uniform bound, we infer the compactness results stated in the following

lemma, which rely on the Aubin-Lions lemma.

Lemma 3.4.3. As h→ 0 and τ → 0, there exists a subsequence, still denoted by {zh}, and
a limit function z ∈ L∞ (ΩT ) ∩H1 (0, T ;L2 (Ω)) such that:

zh, z
±
h → z weak-* in L∞ (0, T ;L∞(Ω)) ,

∂zh
∂t

→ ∂z

∂t
weakly in L2 (ΩT ) ,

zh, z
±
h → z weak-* in L∞ (0, T ;H1 (Ω)

)
,

zh, z
±
h → z strongly in L2 (ΩT ) and a.e. in ΩT .

Theorem 3.4.4. Under the assumptions of the previous lemma, and assuming appropriate
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regularity for the initial data, the solution of the discrete scheme (3.29) converges to the
solution of the weak form (3.28) of the system (3.10)–(3.11) as h, τ → 0.

3.4.4 Numerical Results
We consider the two-dimensional computational spatial domain Ω = [0, 1]× [0, 0.5] and the
time interval [0, 20]. The spatio-temporal domain is therefore denoted by ΩT = Ω × (0, 20].
The boundary portion ΓD corresponds to the top part on which the nutrient substrate and
the chemical agents are applied.

At t = 0, the initial biofilm domain is defined by

Ωb(0) =
{
(x1, x2) ∈ Ω : x2 ≥ 0, x21 + x22 ≤ 0.01

}
,

and contains only down-regulated biomass.
The dimensionless model parameters used in the system, adapted from [6], are listed in

Table 3.1.

Table 3.1: Dimensionless model parameters used in the simulations.

Parameter Value
m 2.5

d 10−7

dC 1.67

dR 0.1

d2 12.9

Q0 0.1

k 0.1

Figure 3.1 illustrates the spatial distribution of down-regulated and up-regulated cells at
times t = 10 and t = 15. The top row corresponds to the case without antibiotic or QSB
agent, the middle row to the case where only the antibiotic is applied, and the bottom row
to the case where both the antibiotic and the QSB agent are applied. These results show
that the antibiotic and the QSB agent reduce the bacterial population and alter its spatial
expansion in the presence of thermal effects.

The numerical results presented below describe the temporal evolution of the main vari-
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ables. To this end, we define the spatial averages by

ψTotal(t) =
1

|Ω|

∫
Ω

ψ(x, t) dx, φTotal(t) =
1

|Ω|

∫
Ω

φ(x, t) dx,

ATotal(t) =
1

|Ω|

∫
Ω

A(x, t) dx, RTotal(t) =
1

|Ω|

∫
Ω

R(x, t) dx,

TTotal(t) =
1

|Ω|

∫
Ω

T (x, t) dx.

The quantity of antibiotic applied on the boundary ΓD is taken as VD = 10, while the
quantity of QSB agent imposed on ΓD is set to QD = 10.

Figure 3.2 shows the temporal evolution of the down-regulated (ψ) and up-regulated (φ)
biomass. Figure 3.3 presents the total amounts of the AHL molecule (A) and LasR protein
(R) over time in four different cases: without antibiotic and QSB, with antibiotic only, with
QSB only, and with both antibiotic and QSB. Finally, Figure 3.4 displays the temperature
distribution at t = 15 under the combined action of the antibiotic and the QSB agent.

Figure 3.1: Representation of down-regulated and up-regulated cells at time t = 10 and
t = 15.
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Figure 3.2: Total amounts of down-regulated and up-regulated cells with respect to time.

Figure 3.3: Evolution of total AHL molecule and LasR protein.
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Figure 3.4: Temperature distribution at t = 15 under antibiotic and QSB treatment.
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3.5 Conclusion
In this chapter, we proposed and analyzed a thermally coupled quorum-sensing biofilm model
formulated as a system of nonlinear reaction–diffusion equations complemented by a heat
equation. The model incorporates the main biological and physical mechanisms governing
biofilm development, namely nutrient consumption, the interaction between down-regulated
and up-regulated bacterial populations, quorum-sensing signaling, and temperature-dependent
reaction kinetics. In addition, metabolic heat production was introduced as a source term in
the thermal balance, allowing the model to capture the mutual interaction between biological
activity and temperature variations.

From the theoretical point of view, the chapter established the well-posedness of the
continuous problem and provided a mathematical basis for the study of the coupled system.
A fully discrete approximation was then constructed by combining a finite-element spatial
discretization with a backward Euler scheme in time. The corresponding discrete formulation
was analyzed, and the main qualitative properties of the approximation were derived through
existence, uniqueness, energy estimates, and convergence arguments. These results ensure
the consistency and robustness of the numerical procedure adopted for the simulations.

From the numerical point of view, the simulations illustrated the influence of temperature
on the evolution of the biofilm and on the regulation of quorum-sensing activity. Furthermore,
the numerical results highlighted the combined effects of antibiotic treatment and Quorum
Sensing Blockers (QSB) on reducing the bacterial population. The obtained results show
that thermal effects modify the temporal evolution and spatial distribution of the interacting
variables, and therefore play a significant role in the overall biofilm dynamics. In particular,
the coupling between metabolic activity and temperature provides an additional mechanism
capable of affecting bacterial growth, signaling intensity, and the structure of the biofilm.

Overall, this chapter highlights the relevance of incorporating thermal effects into quorum-
sensing biofilm models, both from a mathematical and from a biological perspective. The
proposed framework may serve as a basis for more refined studies involving heterogeneous
environments, more realistic thermal boundary conditions, or experimentally calibrated pa-
rameter values. It also opens the way to further investigations on control strategies combining
antibiotic treatment, quorum-sensing inhibition, and thermal regulation in order to better
understand and limit biofilm persistence.
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General conclusion

This thesis has been devoted to the mathematical and numerical modeling of bacterial
biofilms viewed as complex multiphasic systems, with particular emphasis on the role of
temperature, quorum sensing, and growth regulation in shaping biofilm formation, expan-
sion, and persistence. The work combines biological motivation, rigorous mathematical
analysis, and reliable numerical approximation in order to construct models that are both
mechanistically meaningful and computationally tractable. Throughout the thesis, biofilms
have been treated not as homogeneous structures, but as organized and evolving systems in
which several interacting phases, transport mechanisms, and regulatory effects coexist and
must be described in a coupled manner.

In Chapter 1, we established the biological and conceptual background required for the
study of biofilms, emphasizing their structured organization, heterogeneous composition,
and multiphasic nature. This description naturally motivated continuum formulations in
which biomass, extracellular polymeric substance (EPS), and liquid phases coexist and in-
teract through coupled transport, reaction, and mechanical effects. Particular attention was
also given to the need for growth regulation mechanisms in reduced biofilm models, since
unrestricted growth may lead to unrealistic thickening and loss of physical relevance. In
this perspective, the idea of introducing a growth-damping contribution was part of the
conceptual motivation underlying the subsequent modeling developments. Chapter 1 also
gathered the core mathematical material used throughout the thesis, including functional
spaces, weak convergence, compactness tools, and fundamental inequalities, together with
essential notions from C0-semigroup theory and basic numerical methodologies. It therefore
served not only as a biological introduction, but also as the analytical foundation on which
the rest of the thesis was built.

In Chapter 2, we extended a three-phase biofilm model by incorporating a thermo-
biophysical coupling through a heat balance equation. This first contribution was developed
in the framework of a multiphase description in which the biofilm is represented by a cellular
phase, an extracellular matrix phase, and an aqueous phase. Such a formulation makes it
possible to distinguish between the principal structural and functional components of the
biofilm and to account for their respective interactions. The introduction of thermal effects
allowed kinetic and transport coefficients to depend explicitly on temperature, while also
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taking into account metabolic heat production and conductive heat transfer scaled by the
local film thickness. This coupling produced a feedback loop between biological activity and
thermal evolution, thereby enriching the physical content of the model.

A second important feature of Chapter 2 was the introduction of a growth-damping
term in the reduced thickness equation. This contribution was motivated by the need to
prevent unrealistically rapid thickening in the thin-film approximation and to represent, at
a macroscopic level, the progressive limitation of biofilm expansion caused by cell crowd-
ing, matrix accumulation, and mechanical resistance within the colony. In this sense, the
growth-damping term plays a dual role: it regularizes the reduced dynamics and improves
the physical realism of the model. A thin-film reduction was then derived in order to preserve
the main thermo-biophysical couplings while maintaining analytical coherence and computa-
tional efficiency. A finite-difference discretization was proposed and analyzed, and a discrete
stability framework was established for the resulting numerical method. The numerical exper-
iments highlighted how temperature variations may significantly modulate growth, swelling
behavior, nutrient transport, and overall expansion, while the damping mechanism provides
an effective control on the evolution of the film thickness. Chapter 2 therefore showed that
thermal coupling and growth regulation are both essential ingredients for obtaining realistic
reduced multiphase biofilm models.

In Chapter 3, we adopted a different but complementary perspective by developing a cou-
pled reaction–diffusion framework integrating quorum sensing, antibiotic response, quorum-
sensing inhibitors (QSB), and temperature dynamics governed by a heat equation. In this
setting, the focus shifted from the mechanical multiphase structure of the biofilm to its
biochemical and regulatory organization. The model distinguishes nutrient concentration,
signaling molecules, a regulatory protein, and two interacting bacterial populations, namely
down-regulated and up-regulated cells. The proposed system captures a feedback mecha-
nism in which temperature influences biological reaction rates and quorum-sensing activity,
while bacterial metabolism acts as a source term in the thermal equation. This provided
a thermally coupled quorum-sensing model capable of describing the interaction between
environmental conditions and internal biofilm regulation.

From the theoretical point of view, Chapter 3 established existence and uniqueness within
a semigroup framework, thereby ensuring the well-posedness of the continuous problem un-
der suitable assumptions. On the numerical side, a finite-element approximation in space
combined with backward Euler time integration provided a robust discretization strategy.
Existence and uniqueness at the discrete level, energy estimates, and convergence results were
investigated in order to support the consistency of the numerical approximation. Simulations
implemented in Matlab illustrated the influence of thermal conditions on quorum-sensing
regulation, signaling activity, and biofilm evolution. In this way, Chapter 3 complemented
Chapter 2: while the latter emphasized multiphase transport, swelling, and growth control,
the former highlighted biochemical regulation, antibiotic effects, and thermal feedback in a
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reaction–diffusion setting.
Taken together, the results obtained in this thesis demonstrate that temperature-dependent

mechanisms should not be regarded as secondary refinements, but rather as central compo-
nents of realistic biofilm modeling. Temperature affects growth kinetics, transport coef-
ficients, swelling processes, signaling activity, and the balance between proliferation and
stabilization. Likewise, the multiphasic viewpoint proves essential whenever one seeks to
distinguish the roles of biomass, matrix, and liquid phases and to capture the interaction be-
tween transport, mechanics, and chemical regulation. In the same spirit, the growth-damping
mechanism introduced in the reduced multiphase model shows that additional regulatory
terms may be necessary to prevent oversimplified or physically unrealistic behavior and to
improve the predictive quality of reduced formulations.

From a mathematical perspective, this thesis confirms the usefulness of combining several
analytical approaches depending on the structure of the model under consideration. Semi-
group theory provides a natural framework for nonlinear reaction–diffusion systems with
temperature-dependent coefficients, while discrete energy methods remain essential for the
study of stability and convergence of numerical schemes associated with multiphase trans-
port models. From a numerical viewpoint, the work demonstrates that both finite-difference
and finite-element methods can be successfully adapted to biofilm systems, provided that
the coupling structure of the equations is carefully respected and that appropriate stability
conditions are enforced.

Several perspectives naturally arise from this work. First, the proposed models could
be refined by introducing more elaborate constitutive laws, more detailed temperature de-
pendencies, or additional biochemical species involved in regulation and inhibition. Second,
the numerical values of the parameters should ultimately be calibrated against experimen-
tal data in order to strengthen the predictive power of the models. Third, the framework
could be extended to more complex geometries, heterogeneous substrates, or fully three-
dimensional settings. Finally, the combined consideration of temperature, quorum sensing,
multiphase transport, and growth regulation opens promising directions for the analysis of
biofilm control strategies in biomedical, industrial, and environmental applications.

In conclusion, this thesis provides a coherent mathematical and numerical contribution
to the modeling of bacterial biofilms by emphasizing three major ideas: the intrinsic multi-
phase nature of biofilm organization, the significant influence of thermal effects on biological
and transport processes, and the importance of regulation mechanisms such as growth damp-
ing for realistic evolution laws. The proposed models and approximation tools constitute
a consistent basis for further theoretical developments and for future confrontation with
experimental observations.
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