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Abstract

In this thesis, we study the d —orthogonal polynomials and the d— orthogonality in the
Sobolev sens. We present an algebraic theory of classical d—orthogonal polynomials and
we want to fill in some gaps. We broaden and close some inclusions that exist and are
known perhaps as consequences. Several characterizations of classical d-OPS are given in
terms of d + 2 term recurrence relation as well as in terms of functional and differential
equations. An additional tool in determining the integral representation for such class is
presented.

Furthermore, we study the inner products which generate the sequence of orthogonal
polynomials in the sense of Sobolev.

Using the theory of Riordan group and d— orthogonal polynomials, we shall show that
sequences of d— orthogonal polynomials, can be also generated by Riordan group. We

interpret some families of d— orthogonal polynomials in the frame of Riordan group.

keyword:
Orthogonal polynomials , d—Orthogonal polynomials , classical polynomials , Riordan
Matrix
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Résumé

Le theme principal de ce travail porte sur les polynomes d— orthogonaux au sens de
Sobolev. Apres avoir cité quelques propriétés de l'orthogonalité de Sobolev, nous avons
construit des produits Scalaires qui génerent des suites d— orthogonaux au sens de Sobolev
et nous avons montré que les suites 2—classiques par rapport au vecteur 7 de dimension 2—
des formes linéaires ne sont pas definie une suite 2— classique au sens de la généralisation

de Sobolev

Nous avons ensuite étudié de nombreuses caractérisations de la d—SPO classique.
Tout d’abord, nous donnons une nouvelle démonstration de I’équation de Pearson en util-
isant l'orthogonalité faible ainsi que sur une nouvelle caractérisation du d—SPO classique
en termes de la d— quasi-orthogonalité. D’autres caractérisations ont également été ex-
primées en termes de la d—quasi orthogonalité ainsi que de l'orthogonalité faible. En
outre, nous présentons un outil pour déterminer la représentation intégrale de telle classe

de polynomes.

Le second theme dans cette these est consacré au polynomes d—orthogonaux et les
groupes de Riordan. Nous avons pu montrer que les suites de polynomes d—orthogonaux
peuvent étre également générées par ce type de groupe. De plus, nous avons exhibé
quelques familles d—orthogonaux a partir des coefficients de ces matrices. Le résultat
principal obtenu dans cette étude est que l'inverse d’'une matrice de Riordan exponen-
tielle L est un tableau des coefficients d’une famille de polynomes d—orthogonaux si et

seulement si la matrice Stieltjes est égale a la matrice Production.
Mots clé: polynomes orthogonaux , d—Orthogonalité , polynomes classique , Matrices

de Riordan
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Chapter

Introduction

1.1 Orthogonality

The notion of orthogonal system of functions appeared through the study of certain
problems of functional analysis (integral equations, strum-Liouville problem and more
generally, boundary problems in partial differential equations). Orthogonal polynomi-
als in general, and classical orthogonal polynomials in specific, have been the subject of
extensive work. They are related to many problems of applied mathematics, theoretical
physics, chemistry, theory of approximation, and several other mathematical branches. In
particular, their applications are widely used in theories such as Padé approximants, con-
tinuous fractions, spectral study of Schrodinger, discrete operators, polynomial solutions

of second-order differential equations, and others.

The first family of orthogonal polynomials known as ” Legendre polynomials” appeared
with the first work of A.M.Legendre on the planetary movements in 1784 . Actually, he
established some common properties and he derived a second order differential equation

which has as solutions this families. He also studied its zeros.

Subsequently, other families were introduced. For instance, Hermite (1864), con-
structed a new family, called Hermite polynomials, which was used in the interpolation

theory.

N. H. Abel and V. L. Lagrange P .L.. Chebyshev began with T.J Stieltjes the creation
and development of general theory of orthogonal polynomials by the use of continuous
fractions.

E. N .Laguerre introduced in 1897 a family of polynomials (called Laguerre polynomi-

als) and showed the link between it and the continuous fractions.
In the middle of the nineteenth century, Jacobi introduced a new family which general-

ized the polynomials of Legendre and Chebyshev. These three families (Jacobi, Laguerre
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and Hermite), are known as the ”classical polynomials”.

Other authors such as T. J. Stieltjes, L. M. Humbureger, T. Carleman, F. Hausdorff,
and M .H. Stone have shown that orthogonal polynomials solve also the problem of mo-
ments via continuous fractions.

Bochner in 1929, demonstrated that the sturm -Liouville differential equation,
defined by

a(x)y” + B(x)y +y(x)y(x) = My(z) (1.1)

has a polynomial solution if and only if deg a(z) < 2, deg B(x) < 1 and y(z) = 0.
Furthermore, by using a linear change of variable, Bochner has also shown that there
are only 4 families of classical polynomials orthogonal solutions of (1.1]) which are Jacobi,

Bessel, Laguerre and Hermite.

The second characterization of classical orthogonal polynomials is the Rodrigues
formula which gives us the explicit expression of the classical orthogonal polynomials in
terms of a and [ coefficients in equation (|1.1J).

In 1938, Krall demonstrated that the classical polynomials satisfied in fact an even

order differential equation of the type

2r

Z o (2)y D = \y. (1.2)

i=1

The results of Bochner and Krall have been generalized by Louriero and Maroni in
2008 and 2010 by giving the link between the coefficients of ([1.1]) and ([1.2]).

Other criteria for the classification of the classical orthogonal polynomials have been
recently given by Kil. H. Kwon and L. L. Littlejohn (1996) on a Sobolev class, i.e., a

classification based on a symmetric bilinear form defined by

o(p,q) = (o,p q) +(1.0'¢), p,qeP,

In 2006, Jamei and Koepf gave a class of a differential equation which generalizes the
Bochner equation and the Sturm-Liouville problem. More precisely, they considered the
case when the degree of the coefficients o and 8 are > 2 and also when they are rational
functions. They showed that the solutions of this class are symmetric and orthogonal and
they gave explicit expressions of their weight function.

The notion of orthogonality has undergone a great deal of generalization. It began
with the notion of (1/p), (p > 1) orthogonality (A.Boukhmis 1988), the d-orthogonality
(P.Maroni 1989), the biotogonality (Brezinski 1992), and finally the multiple orthogonal-
ity (Aptekarev, van Assche ...). These generalizations intended to make the phenomena

modeled by differential equations more comprehensible, to improve the approximation

1.1. Orthogonality
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methods, and to increase the order of the differential equations having these polynomials
as solution.

The notion of d—orthogonality appeared in the thesis of J.Van Isegham [82]. This
notion was used in the study of the Padé approximation of simultaneous formal d—series.
Subsequently, it was observed that d—orthogonal polynomials satisfied an recurrence re-
lation of order (d + 1).

After two years, the first properties of a sequence of d— orthogonal polynomials have
been given in [54]. The author gave a new algebraic approach showing many interesting
characterization for the d—orthogonality, based on the orthogonality’s vectorial form. In

addition, he introduced the notion of d—quasi orthogonality in the same article.
Many authors have attempted to improve this theory. Although the classical char-

acter has been approached by Douak and Maroni in numerous articles, other researchers
(Y. Ben Cheikh, N. Ben Romdhane, K. Douak, I. Lamiri, A. Bokhemis, E. Zerouki, A.
Saib, etc.) studied certain problems which lead to the construction of many d-analogues

of the classical families and to the discovery of new ones.

In 2006, A. Boukhemis and E. Zerouki found an interesting result where they deter-
mined a linear differential equation which admits the 2-orthogonal classical polynomials

as solution given by
Roa(@) P2y () + Rua(2) P 0(x) + Run(@) Piy () + R (2) Paga() = 0,
with R, ;(x) for i =1,...,4 are polynomials of degree less than or equal to i and
Ry a(x) = Foa(2)S5(x),

where S3(x) is a polynomial which does not depend on n and whose degree is less than 3.
The classical character, 7.e. the sequence of orthogonal polynomials in which the

derived sequence is orthogonal (OPS). This is known as the property of Hahn.

1.2 Riordan array

The concept of Riordan arrays has been introduced in 1991 by Shapiro et al [73] with
the aim of generalizing the concept of Renewal Array defined by Rogers [67], and have
pointed out its connection to the Umbral calculus [68]. Their basic idea was to define a
class of infinite lower triangular arrays with properties analogous to those of the Pascal’s
triangle whose elements are the binomial coefficients.

The Riordan groups are particularly important in studying combinatorial identities and
sums. This concept has been investigated by Sprugnoli [75] who pointed out the relevance

of these matrices from the theoretical and practical point of view. In addition, his work

1.2. Riordan array
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verified that many combinatorial sums can be solved by transforming the generating
functions. So, we can see that the Riordan array concept is particularly important. For
example, identities involving Stirling numbers can not be treated by methods related
to hypergeometric functions. In [76], Sprugnoli paid attention to the identities of Abel
and Gould. Further applications in reciprocal functions are discussed in [22] R3], on
subgroups of the Riordan group in Peart and Woan [66], on some characterizations of
Riordan matrices in Rogers [67] and Merlini et al [60], and in many interesting related
results in Cheon et al. [21], He et al [38], Nkwanta [42], Shapiro [74], Barry [7] and so
forth.

Successively, some other aspects of the theory have been studied [60]. Further gener-
alizations of these last characterizations are given in [39] [36].

The Sheffer sequence is a very general concept that includes many polynomial sequences
as special cases. The concept of Sheffer Riordan group of Sheffer-type polynomials is
defined by He et al. [38]. They prove the isomorphism between the Sheffer group and
the Riordan group and present an equivalence between the Riordan array pair and the
generalized Stirling number pair.

The lower triangular matrices and matrix factorization problems have catalyzed many
investigations in recent years. Peart and Woodson [64] did some researches on this prob-
lem. They showed that some classical Riordan arrays have triple factorizations of the
form L = PCF, where P, C, F are also Riordan arrays. We notice also that the inverse
of the Stieltjes matrix represents a coefficient of the sequence polynomials [4], [3, 51, [81].
In [79], the authors present new factorizations, and provide extensive examples of families

of classical polynomials.

The main results of this thesis

This thesis contains six chapters.
Chapter 3

In Chapter 3, we are interested in the study of orthogonal polynomials of Sobolev. To
this aim, we first investigate properties of symmetric bilinear forms and in particular the

one which is defined by

o(p,q) = {o,p q) +(1,p'¢), p,qeP.

We give necessary and sufficient conditions for orthogonal polynomials with respect to
the symmetric bilinear form ¢ given above, which satisfy the Bochner’s second - order
differential equation. A classification of the orthogonal polynomial sequences of Sobolev

solutions of the Bochner differential equation will be investigated also.

1.2. Riordan array



Chapter 1. Introduction 7

Finally, we study the regularity of symmetric d—dimensional vector forms ¢ =
(¢o, D1, -, Pa_1)" defined by

or(p, q) := (ad(x —c),p q) + (1, ')

More precisely, we show in the case when, a = 0 and 7 is 2-classical functional
moment, the sequence of classical 2-orthogonal polynomials satisfies a non-homogeneous

third-differential equation of Boukhemis type.
Chapter 4.

Many of the properties of the classical orthogonal polynomials have nice extensions
in this d-orthogonality setting: there will be a higher order linear recurrence relation
[16], [54], there are nice functional equation (Pearson equation) [29, 30], linear combination
(finite-type relation) between the sequence and its derivatives [568] and differential equation
[19]. In addition, if the same ideas are to be found, each aspect of the theory is more

complicated and the links between the different aspects are not so clear.
This chapter deals with algebraic aspects of classical d-orthogonal polynomials. In

the first section, we recall some definitions and characterizations of the d—orthogonality
which we need in the sequel. In addition, it is well known that there is exactly 2% sets
of d—symmetric d—orthogonal polynomials. We discuss here again this result from the
combinatorics point of view. The main results are listed in the third section. Many
characterizations of the classical d-OPS are presented. First, we give a new proof of the
Pearson equation in the algebraic aspects with the aid of the weak orthogonality as well
as on a new characterization of the classical d-OPS in terms of d—quasi-orthogonality.
Further characterizations also expressed in terms of d-quasi-orthogonality as well as on
the weak orthogonality. Further, we present a set of tools help to determinate the integral

representation for a such class of polynomials.
Chapter 5

In this chapter, we shall show that the sequence of d-orthogonal polynomials, i.e., a
sequence of polynomial satisfying a linear recurrence relation of d + 2- terms, can be
also generated by a Riordan array. General references for orthogonal and d—orthogonal
polynomials can be found in [24] [54]. Links between Riordan arrays and orthogonal poly-
nomials have been explored in [3, /4, [7]. Note that there are some examples in the literature
of Riordan arrays that generate some families of polynomials sequence satisfying a recur-
rence relation in four terms and more as well as a recurrence with variable coefficients
(7,16, 23]. In this chapter, two examples of d-orthogonal polynomials are presented, for
which an ordinary Riordan array exists. The first one is the d-Chebyshev polynomials
of second kind. The second one presents in fact the co-recursive d-Chebyshev of second

kind. The next sections deal with Stieltjes matrix. We generalize the result of Peart and

1.2. Riordan array
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Barry where we show that the corresponding Stieltjes matrix characterizes the sequence
of d-orthogonal polynomials and we obtain the explicit form of that Riordan array. For
the exponential Riordan array, we show again that Stieltjes matrix characterizes the se-
quence of d-orthogonal polynomials. Some examples are discussed. Finally, we improve

the Sheffer Riordan array by giving an example.

1.2. Riordan array



Chapter 2

Preliminaries and notations

The present chapter reminds some concepts about orthogonal polynomials of a real vari-

able and their fundamental properties.

2.1 Orthogonality in general

Let P be the linear space of complex polynomials of one variable and P’ its topological
dual space. We denote by (u, P) the action of u and P € P .

2.1.1 Free and monic polynomials

Let {P.},, be a sequence of polynomials with coefficients in C.
Definition 2.1 The sequence {P,}, - is said free if and only if deg(F,) =n,Vn >0

Definition 2.2 We say that a free sequence {F,}, ., is monic if each polynomial P, is

written in the form :
n—1
P,(x) =2a" + Zan_kx"_k_l, formn >0
k=0

Proposition 2.1 If {P.},., is monic, then there exist a unique sequence {B,} and a
unique array Xnw, 0 < v <n, such that

Po(z) =1, Pi(z) =z — B

Pota(x) = (2 = B)Pos1 — 2yg XnpPo(@) , m 20
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be a sequence of free polynomials, the function G(z;t) which

Definition 2.3 Let {P,}, -,
can be developed into a power series of ¢ is called the generating function of the sequence

{Pn} >0, if it is put in the form :

G(z,t) = chPn(x)t”, where ¢, #0,Vn > 0.

n>0

2.1.2 Regular and definite positive forms

Definition 2.4 We call the dual sequence of the free sequence {Pn}nZO the sequence of

linear forms {u,} defined by
un(Pm) = <un7 Pm> - 5nm7 n,m Z 07

where (.,.) is the duality hook. The linear form wug is called the canonical form of the

sequence {Py,}, <.
Proposition 2.2 i) [2]|]/For each monic sequence, the dual sequence exists and is unique.
ii) In this case, we have

Bn = (up,xP, (z)), n>0,

(2.1)
Xnoy = <uv7$Pn+1 ($)> s 0<v<n.

Definition 2.5 The form £ is called regular (or admissible, or quasi-definite) if there

exists a free sequence {P,}, -, such that

£L(P,P,,) =0,n#m,

(2.2)
L(P3)#£0, n>0.

Such a sequence is called orthogonal (or regularly orthogonal) relative to £. Such a

sequence is free and unique up to a multiplicative constant.

Lemma 2.1 For any £ € P’ and any integer p > 1, the following statements are equiv-
alent [54, [55)]:

1) (£,Pa) 0, (£,P) = 0,n > p,

II)3XN, € C,0<v <p-—1, \y1 # 0 such that

p—1
£= AL
Lemma 2.2 The sequence {Pn}nzo 1s orthogonal with respect to £. Necessarily, £ =
ALy, A # 0. In this case, we have [58, [55]

£n = (<£0,Pg>)_1 PnUO, n Z 0.

when £ s reqular, let A be a polynomial such that A£ =0. Then A = 0.

2.1. Orthogonality in general
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Remark 2.1 For any linear form £ and for any polynomial 7, we can define the two
forms D£ = £" and 7w £ by

(£ f) ==L, [), (n&,f)=(£,nf), feP.
and thus, the dual sequence {7}, of {Qy}, is given by

t, =—(n+1)up1, n>0, (2.3)

where Q, (z) = (n+1)"" P/, (z), n > 0.
Definition 2.6 The sequence {£,}, ., defined by
Ly =L(@"), n>0

is called a sequence of moments of the form £. We say that the form pu is real if the

moments £,,n € N, are real.

Theorem 2.1 [2], [/9/The form £ is regqular if and only if the Hankel determinants
defined by

are all non null.

Proposition 2.3 [2/, [{9] The following conditions are all equivalent
1) {P,},>o 1s orthogonal polynomials sequence relative to p.
2) B

0 if degm<n,Vn>1

£(m(x)P,(x)) = { #0 if degm=n

3)
L(x™P,(x)) = Apnbpm, An 20,0 <m <n

Definition 2.7 A form £ is said positive definite if (£, 7(x)) > 0 for any polynomial
7 = 0 such that w(x) > 0 for all real z.

Proposition 2.4 [2]], [J9] If a form £ is positive definite, then it is reqular and all mo-
ments of £ are real.

Theorem 2.2 [2], [J9] A form £ is positive definite if and only if it is real and the

determinants of Hankel A,, are strictly positive for all n > 0.

2.1. Orthogonality in general
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2.1.3 Fundamental recurrence.

Theorem 2.3 [2], [{9]Let £ be an admissible linear form on P and {P,}, -, the orthogo-
nal monic sequence relative to £. Then this sequence satisfies a linear recurrence of order

two, i.e. there exist two series of numbers {an},~, and {Ba},>, such that

(2.4)

Py(x) =1, Pi(x) =2 — fp
Poia(z) = (2 = Bpi1) Pop1 — anpi Pa(x) , 20

with the regularity condition oy, # 0 for all n > 0. Moreover, if we set P,(x) = 2" +
n ATL—
bya" L+ ... for alln > 1, we have, 8, = bpyo — byi1 and o, = % where A_; =1

(by convention).

Theorem 2.4 [2]] Let {P,}, ., be a monic sequence of polynomials satisfying the recur-
rence where o, # 0 for any n > 0.Then there exists a single linear form £ such that
£(PRy) = o and £(P,,(z)P,(x)) =0 for any n # m.

Corollary 2.1 Let {Pn}n20 be a monic sequence of polynomials satisfying the recurrence
(2.4 Then the form w is positive definite if and only if 5, € R and o, > 0 for any n > 0.

Definition 2.8 Let {Pn}nZO be a monic sequence of polynomials satisfying the recur-
rence . We call associated polynomial sequence of {Pn}n20 the sequence denoted by
{Pu(z,0)},5¢, for any ¢ € R, defined by :

Py(z,c) =1, Py(z,¢) =2 — B,
Pn+2(x,c) = (SL’ - 5n+c+1>Pn+1(xac) - an+c+lpn<xvc) , n=>0

Theorem 2.5 [2]] Let {P,},, be a sequence of orthogonal polynomials with respect to
the positive definite form u, then each polynomial P, admits n real and simple roots for

alln > 1. Moreover, the zeros of P, and P, are alternate, i.e.
Tn+iw < Tnw < Tn4+1,0+1 < Tnot+1, T Z 17'0 Z 17
1 .
where {xp,}0_ | and {z,41, U}Zil are respectively the zeros of P, and P,.1.

2.1.4 Classical sequences

Definition 2.9 Let {F,},-, be a sequence of orthogonal polynomials. This sequence is

called classical if these sequences of successive derivatives are also orthogonal (Hahn’s

property).

2.1. Orthogonality in general
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Theorem 2.6 [2], [J9] The classical sequences are the only real polynomial sequences
solution of the second-order differential equation of the hypergeometric type of Sturm -

Liouwille
a(@)y"+ B @)y + Ay =0, (2.5)
where o and [ are polynomials of degree two and one respectively and where A\, is the

following constant:
A =a"(x)n(n — 1) + nf'(z)

Theorem 2.7 [2]] The classical orthogonal polynomials are given by the formula of Ro-
driguez

= @) (2.6)
= Tow(z) don o"(z)w(x)), .

where ky, is a non-zero constant and w is a solution of the differential equation (aw) = fw.

P,(x)

Corollary 2.2 If £ admits the following integral representation

b
L(P) = / p(z)w(z)dz , for any polynomial P,

then the sequences of polynomials given by are orthogonal to the weight function w.

2.1.5 Integrated Functional Representation

We know, from Duran’s classical theorem concerning the problem of moments of Stieltjes,
that every moment function can be represented by a measure in the form of an integral
of Rieman-Stieltjes. Now it is interesting to establish the integral representations of the

moment functionnelle.

Definition 2.10 [24] Let ¢ be a function defined on I C R. ¢ is said to be a rapidly
decreasing function on [ if, for every pair of integers (n,m), we have

()

Definition 2.11 A bounded non -decreasing ¢ whose moments

;mzfmﬂmm.

[e.e]

<400 forany z el (2.7)

are all finite is called a distribution function,

Theorem 2.8 [3]] For any sequence {ji},, of complex numbers there exists a fast decay

function on RT (respectively on R) such that

+oo +0oo
Lin ::/ a"¢(x)dx respectively ::/ 2" ¢(z)dz. (2.8)
0

—00

2.1. Orthogonality in general
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Theorem 2.9 [6] Let {P,}, -, be a regular orthogonal polynomial sequence satisfying
the differential equation . If w(z) is an orthogonalization weight function of {P,},5,

then w(x) satisfies the following differential equation
(a(z)w(@)) = Blr)w(z) = g(z) (2.9)
where g(x) is a weight distribution with all its zero moments, i.e.
(g(x),z") =0,n > 0. (2.10)
Conversely, if w(z) is a distribution satisfying the following conditions

I) w(x) decreases rapidly when |z| tends to co; then (w(x),z™) exists and is finite for all
n>0;

IT) w(zx) defines a non trivial moment function, i.e., its moments are not all null ;
IIT) w(z) is a solution of equation in the distribution space in R ;
then w(x) is said orthogonalization distribution of {P,}, <.

Definition 2.12 Relation is called the non-homogeneous weight equation for the
differential equation [2.5]

2.2 The d—Orthogonality

Let us consider linear forms T'y,...,Ty_1 (d > 1).

Definition 2.13 [54] The sequence {P,}, ., is called d-orthogonal polynomials se-
quence, in short a d-OPS, with respect to the d—dimensional vector of linear forms
I = (D, ....Tqy)”, if it fulfills

(Ty,2™P, (z)) =0, n>md+a+1, m>0,

(Tas 2™ Prara (x)) #0, m >0,

(2.11)

foreach0<a<d-1.

In this case, the d-dimensional functional — is called regular.
Remark 2.2 [I8]1 If {P,}, is a d—orthogonal polynomial sequence, then its polynomials

are exactly of degree n and can hence be normalized , thus it follows the uniqueness of
the sequence.

2) We say that the functional I' is regular of dimension d

3) When d = 1, we find the usual notion of regular orthogonality

2.2. The d—Orthogonality



Chapter 2. Preliminaries and notations
15

Theorem 2.10 [54/It is necessary and sufficient, for the functional T' of dimension d to

be reqular, that the following determinants be non-zero :

1—WO Fl U Fmd—}—v—l
Ly Iy Lo
Hmd+v = 1—‘m—l 1—‘m T Fm—l—f—md—i—v—l y M > 07 v = 07 d—1 (212>
F11n F7171-&-1 te F%m—i—l)d—i—v—l
va va+1 ct Fz()77’L-|-1)d-i-v—1 |

We have posed I',, = I'(z") = (I''(z"), T2(2"), ..., [4(2™))T, n > 0. Represents actually
d line.

Therefore, each determinant H,,4, is of order md + v if md + v > 1.
By convention Hy = 1. Each of the first m lines of the determinant represents
in fact d line.
we have (25) :

m—1 d

Hpavo = [ [ [ U (" Pudra1(2)) [ [ U (2" Prara-r (@)

u=0 a=1

foranym>1 and 1 <v<d-1

and

Hnd—i—a

(2" Prgya-1(x)) = n>0,1<a<d

Y

)
Hnd+a—1
Let us now recall some characterizations we need in the sequel.

Theorem 2.11 [5])] Let {P,}, 5, be a monic sequence of polynomials, then the following
statements are equivalent.

(a) The sequence {F,}, -, is d-OPS with respect to I' = (I, ..., o),

2.2. The d—Orthogonality
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(b) The sequence {P,},, satisfies a recurrence relation of order d +1 (d > 1):

Prtdat (x) = (I - 5m+d m+d ZV;IH_IJ vIm4+d—1—v (x) , m >0,

with the initial data
Py(z) =1, Pi(z)=1z—p,
P (2) = (z = Br—1) P (2) = 2200 07m1 2 Pn—2 (@), 2<m<d,

and the regularity conditions 79, # 0, m > 0.

(c) For each (n,v),n >0,0<wv <d-1, there exist d polynomials ¢4, ,, 0 < < d—1

such that o
Und+v = Zcbz,yu/u n Z 07 0 S 4 S d— 17
pn=0
and verifying
deggzﬁzﬂj:n, 0<vr<d-—1, and if d > 2,
deg¢g7ygn, 0<u<v—1, if 1<v<d-1,

degott , <n—1, v+1<pu<d-1, if 0<v<d-—2.

Notice that the coefficients {3, fand {7,,11}are given by [54]

By = (upy,zP,), 0<v<d-1
Yoiire = (Unio, 2Priq), 0<v<d—1,n>0

Proposition 2.5 [69] For any d—OPS satisfying the recurrence relations[2.15 and

the first moments

(uo)l = 5o

(woh = B3+

(u1)2 = Bo + A

(uz)3 = Bo + B+ Bo

(uz)a = Bo + 1 + B2+ B3

(ur)3 = 60 + 51 + 05+ Bofr + 71 8!

(u0)s = B + 71 (280 + Br) + 17

(u2)s = 50 + B + B3 + Bobr + Bobe +5152+7 gt gt

(u1)s = 50 + 51 (Bo + B1)(BoBr 4+ 2747) + 795 (Bo + 281 + B2) + 91 2+ 757
(ur)a = Bg +1 " [2605 + (Bo + B1)* + 17+ 9571 + 4172280 + B+ B2) +1 7

2.2. The d—Orthogonality
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Proposition 2.6 [50] The statements in theorem are equivalent to the following
(d) Xn+d—1,0 = 07 n>v+1 and Xv+d—1,v 7£ 07 v > 07

(¢)

d—1
TUp = Up—1 + Bnun + Z Xn+onUn+14v, N >0 (U,1 = O)

v=0 (2.18)
Xn+d—1,n 7é 07 n Z 0.

Corollary 2.3 [79]/The multiplicity of zeros of any d — OPS is at most d. Moreover,
any d + 1 consecutive polynomials as well as an d + 1 consecutive polynomials of
r—associated sequence {P,},5, have no common zero. And any r > 0 the polynomi-

als Py), PT(LTH), . Pé”d) have no common zero

2.3 Quasi - monomiality

We give some results of quasi - monomiality in order to get the dual sequence of a given
polynomial set by using the lowering operator associated with the involved polynomials.
The results obtained will be applied to Boas -Buck polynomial sets. For an integer j, we
denote by A the space of operator acting on analytic function that augment (resp-reduce
) the degree of every polynomial by exactly j if j € N (resp j € Z7), Z~ being the set of
non positive integers.This tacitly includes the fact that, if o € ACY | then o(1) = 0.

Definition 2.14 [§] Let ¢ € AV, A polynomial set {Pu},> is called a sequence of

basic polynomials for o if :
(i) F(z) =1,
(ii) P,(0) = 0 whenever n > 0,
(iii) oP,(z) = nP,_1(z).
As a consequence of this definition, we mention the orthogonality relation

o™ P,(0) = nlonm, n,m=0,1,.. (2.19)

Starting from a polynomial set, We give a method of constructing its dual sequence in

terms of its lowering operator

Lemma 2.3 [§] Every 0 € A=Y has a sequence of basic polynomials

2.3. Quasi - monomiality
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Lemma 2.4 [§] Let {Qn}, be a polynomial set and let o be its lowering operator. Let

{P.},50 be a sequence of basic polynomials for o. Then there exists a power series

gO(t) - Z antna (8%] # 07
k=0
such that
Let us combine the two preceding lemmas, gives us the following theorem

Theorem 2.12 [§/Let {Qn},5 be a polynomial set and let o lowering operator , and let

{£n}nso be its dual sequence. Then there exists a power series

p(t) = ant", g #0,
k=0
such that

O.TL

1 o
(£ f) = 0@ D@Ly = A f(0), m=0.1 fEP (220)
If we apply Theorem we obtain a further method to construct the sequence

{£n},>0 for general case from which we deduce the following expansion theorem

Theorem 2.13 [§] Let {Qn},~, be a polynomial set and let o be its lowering operator ,

and let {£,}, <, be its dual sequence. Then there exists a power series

o(t) = Zant”, ag # 0
k=0

such that every analytic function f has the expansion

1) = 3 T (o) (2:21)

If, morever, the translation operator T, commutates with o, then

o)

fe o) = 3 7AW o)

Corollary 2.4 [§] Let {Qn},~, be a Boas -Buck polynomial set generated by the formal

relation

Qn(t)

n!

¢ (2.22)

G(z,t) = A(t)B(xC(t)) = >

2.3. Quasi - monomiality
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where

At) = Zaktk, B(t) = Zbktk and C(t) = chtkﬂ (2.23)
k=0 k=0

k=0
are three formal power series with the condition agcoby # 0, for all k. Let v := v, €
ACY such that

vB(xt) = tB(xt)
Put 0 = C*(v) where C*is the inverse of C' i.e.
C*(C(t)) = C(C*(t) = t,with C*(t) = > cit**' cf # 0,
k=0
then every analytic function has the expansion

n(2)

n!

= 0
16) = 50
n=0
If, moreover, the translation operator T, commutates with o, then

n(2)

n!

fera) =30 i@

n=0

Definition 2.15 [J] A polynomial set {P,}, 5 is called quasi -monomial if and only if it

possible to define two operators ¢ and 7, independent of n, such

oP,(x) = nP,_1(z) (2.24)
TP,(x) = Pui(x)

Theorem 2.14 [9] Every polynomial set is quasi-monomial

Theorem 2.15 [9] Let (0,7) € ACY x AW and let P := {P,},, be a polynomial set
generated by

G(z,t) = i Pul) 1o (2.25)

Then we have the equivalences:

oG (z,t) =tG(z,t) <= oP, =nP,;

and

2.3. Quasi - monomiality
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TG(z,t) = %G(x,t} < 71PF, =P,

where o0 == 0, and T := T,
Definition 2.16 [?] the operator o is called lowering operator of { P, ()}, -,

Remark 2.3 According to Theorems and , we deduce that if a function of
two variables G(z,t) has an expansion of type when deg P, = n, there exist two
operators (o,7) € ACY x A such that G(z,t) is a eigenfunction of o := o,,associated
with the eigenvalue ¢ and is also a solution of that equation associated with the operator

T.

2.4 Riordan arrays and orthogonal polynomials

Riordan arrays give us an intuitive method of solving combinatorial problems, and help
to build an understanding of many number patterns. They provide an effective method
of proving combinatorial identities and solving numerical puzzles as in [61] rather than

using computer based approaches [62] [77]
In this section we review mainly known results related to integer sequences and Riordan

arrays that will be referred to in the rest of the work.

2.4.1 Integer sequences and generating functions

Definition 2.17 The ordinary generating function (o.g.f.) of a sequence a,, is the formal
power series

g(z) = ana” (2.26)

n=0

Definition 2.18 The exponential generating function (e.g.f.) of a sequence a,, is the

formal power series

n

ha)=3" an% (2.27)

Definition 2.19 The bivariate generating functions (b.g.f./s), either ordinary or expo-

nential of an array (a,x) are the formal power series in two variables defined by

2.4. Riordan arrays and orthogonal polynomials
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a(r,y) =Y _anxr™y  (0gf) and (2.28)
n,k

"
b(iL‘, y) = Z an,k’myk <e7g7f)
n,k ’

Notation 2.1 The coefficient of x™ is denoted by [x"]|g(x) and from the definition of the
e.g.f., we have n![z"|h(z) = [Z—T]hx)We refer to the inverse of f as the series reversion
f |

Lagrange inversion [35] provides a simple method to calculate the coefficients of the

series reversion.

Theorem 2.16 [35] Let ¢(u) = > oo ¢pu” be a power series of Cl[u]] with ¢o # 0.
Then, the equation y = z¢(y) admits a unique solution in C[lu]] whose coefficients are

given by

[u" ] o(u)"

S|

y(Z) = Zynznv Yn =
n=0

The Lagrange Inversion Theorem may be written as

"G (fla)) = - ["] C'o) <%)

The simplest case is that of G(z) = x, in which we get

o) = 1 ) (75 )

If the product of two power series f and ¢ is 1 then f and g are termed reciprocal

sequences and satisfy the following. For o.g.f./s we have [161]

Definition 2.20 A reciprocal series g(z) = >~ ja,2" with ap = 1, of a series f(z) =
Yoo o bnx™ with by = 1, is a power series where g(z)f(x) = 1, which can be calculated as

follows

i a,x" = — f: 2”: bia,_;x", ag =1 (2.29)

n=0 n=0 =1
and for e.g.f.’s we have

n

Definition 2.21 A reciprocal series g(z) =Y, anx—' with ag = 1, of a series f(z) =
n!

Yoo bnm—l with by = 1, is a power series where g(x)f(x) = 1, which can be calculated as

follows

2.4. Riordan arrays and orthogonal polynomials
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ian% == ii@an-i%, ag =1 (2.30)

n=0 i=1

2.4.2 The Riordan group

Definition 2.22 A Riordan array is a pair (¢g(z), f(x)) in which g(z) and f(x) are formal
power series such that ¢(0) # 0 and f(0) =0 .
The pair defines an infinite, lower triangular array L = (, x)n ey Where

b = [2"] g () (f (2))"
If f/(0) # 0 the Riordan array is called proper.

Remark 2.4 From this definition, it easily follows that g(x)f(x)* is the generating func-

tion of column k£ in array

Remark 2.5 A lower triangular matrix L is a Riordan Array if the generating function
k" column is

g(x) f(x)*, for k=0,1,2,3, ..
with

g(x) = 1+ gz + goa®+ gz + ...
f@) = x+ for? + fzz® + ...

Theorem 2.17 The fundamental theorem of Riordan arrays

Qo bo
ai by

(9(2), f(2)) | - | =

where the generating function of the two column vectors are A(z) = > a,2" and B(z) =
n>0

> buz2" respectively. The identity is true if and only if the following equation holds :
n>0

9(2)A(f(2) = B()
Proof. We look at the Riordan Array (g(2), f(z)) column by column, and multiply it by

2.4. Riordan arrays and orthogonal polynomials



Chapter 2. Preliminaries and notations
23

the column vector on the left-hand side

Qo
ay

g g9f 9f* . || a

This yields

apg + argf + asgf> 4+ ... = glag + a1 f +asf* +...) = 9(2).A(f(2)) = B(2)
and we have our result m

Definition 2.23 The Riordan group

R = (9():f(2)) / (9(2), f(2)) is a Riordan array and f(z) = fo+ fiz + f22" + ...
B where fo =0, f; =1

i.€.,
each member of R is a lower triangular matrix with 1’s on the main diagonal.The

multiplication in R is

The identity is I = (1, 2).
The inverse of (g(z), f(z)) is <
of f(z),1i.e.

f (z)), where f(z) is the compositional inverse

9(f(2)’

To check the inverse property, we compute

1 1 3 3
(o7 7)) 020 1) = (o)) S = (1.9

2.4.3 The A—sequence

The A—sequence introduced by Rogers (1978) characterizes the column elements of after

the first column

2.4. Riordan arrays and orthogonal polynomials
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Theorem 2.18 An infinite lower array D = (dp i )nken, S @ riordan array if and only if

a sequence A = {an},cy, eviste such that for every n,k € Ny it is true

n—=k
dn+1,k+1 = E aidn,k+i
i=0

even more, if D = (d(z), h(z)), then the generating function of the A—sequence is such
that A(x) =Y 2, a;x" satisfies the equation

h(z) = zA(h(z)) = A(z) = %x)

2.4.4 The Z—sequence

The Z—sequence introduced by Merlini et al characterizes the elements of the first column

of a proper Riordan as follows

Theorem 2.19 Let D = (d(z),h(x)) = (duk)nken. Then a unique sequence Z =
((20, 21, 22, ...) can be determined such that every element in column 0 excluding the ele-
ment in the first row can be expressed as a linear combination of all the elementin the
preceeding row with the coefficients identified as the elements of the sequence Z satisfying

the relation

n

dnt1,0 = Z zidn;  m € Ny
i=0
the generating function of the Z—sequence satisfies the equation

do e (i1t
=1z 7Y T (1 d(h@f)))

2.4.5 Stieltjes matrix

In the context of Riordan arrays, We see the Stieltjes expansion Theorem in [65], defined
as follows.

Definition 2.24 Let L = (I,,x)nx be a lower triangular matrix with /;; = 1 for all ¢ > 0.
The Stieltjes matrix S; associated with L is given by S; = L~!'L where L is obtained
from L by deleting the first row of L, that is, the element in the n'* row and k" column

of L is given by I, = lni14

Using the definition of the Stieltjes matrix above [65] leads to the following theorem

relating the Riordan matrix to a Hankel matrix with a particular decomposition

2.4. Riordan arrays and orthogonal polynomials
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Theorem 2.20 [65] Let H = {hy,; = an+k}n,kzo be the Hankel matriz generated by the

sequence 1,aq,as,as, ... . Assume that H = LDU where
(1 0 0 0 0 -]
lio 1 0 0
lap a1 0 0
L= ln n = 7 7
(o Jnizo l3o l31 l32 1 0
lao lag lap luz 1
[dy 0 0 O
0 d 0 0
D=0 0 d 0 | ,di£0, U=L"
0 0 0 ds

Then the Stieltjes matriz Sy, is tridiagonal, with the form

B 1 0 0
(05} 51 ]_ 0

ay [y 1
0 0 az B3
0 0 0 o4

where
B B B _drp
Bo =ai,0q0 =di, By, = ley1 .k — Ui o1, g1 = I E>0
k

Now, we state other relevant results from this section, relating to generating functions

which satisfy particular Stieltjes matrices. The first result relates to o.g.f.s

Theorem 2.21 [65] Let H be the Hankel matriz generating by the sequence 1,ay, as, as, ...
and let H = LDLT.Then Sy, has form

(ay 1 0 0 -]
ar 1 0
0 a p 1
0 0 a fp
0 0 0 «
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if and only if the o.g.f. g(x) of the sequence 1, ay,as,as, .. is given by
1

N 1—ayx —axf

9(x)
where

flx) =a(1+ Bf +af?)
Solving both equations above give us the required result. Similarly for e.g.f.s we have

the following result.

Theorem 2.22 [65/Let H be the Hankel matriz generating by the sequence 1, aq, as, as, ...
and let H = LDLT . Then Sy, has form

Go 1 0 0
a; f 1 0
ay B 1

0 0 a3z fs
0 0 0 oy

if and only if the o.g.f. g(x) of the sequence 1,ay, as,as,..is given by

o(z) = / (a1 — nf)dz, with g(0) =1

where f is the solution of

Y viprrar, 10)=0

The proof again in [65] involves looking at the form of the n® column of the Riordan
array. However, intuitively this result can be from looking at the form of the matrix
equation L = LS. In the case that L = [g(x), f(z)] is an exponential Riordan array, we

have the following

- d
Proposition 2.7 [?] L = d_L
x
Proof.
d o " © I.n—l
— 2] = D
dx (;; n!) ; (n—1)!
(o] x"
- Zg"“ 1
n=0
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Equating the first column of matrix Land LS we have

%(g(x) = Bog(x) + arg(z) f(x)

and second column equate to

%(f(x) = Bif(x) + axg(z) f(2)?

which gives the required result. m

The Stieltjes matrix as we have seen above is a tridiagonal infinite matrix which is
associated with orthogonal polynomials, and therefore have a generalization of the Stieltjes
matrix to the Riordan group. Referred to as a production matrix ,it is defined in the

following terms

Let P be an infinite matrix (most often it will have integer entries). Letting ro be
through throw vector ro = (1,0,0,0,....), we define r; = r;_; P, where ¢ > 1.

Stacking these leads to another infinite matrix which we denote by Ap .Then P is said

production matrix for Ap . If we let U7 = (1,0,0,0,...) then we have

UT
urp
Ut p?

Ap

and DAp = A,P where D = (§i;;4+1)ij>0 in [65] , P is called the Stieltjes matrix

associated to Ap

2.4.6 the production matrix

In the context of ordinary Riordan arrays, the production matrix associated to a proper

Riordan array takes on special form:

Proposition 2.8 [26/ Let P be an infinite production matriz and let A, be the matriz
induced by P. Then Ap is an (ordinary ) Riordan matriz if and only if P is of the form
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o ag 0 0
& a1 ag O
§ ax a1 g 0
P=|& a3 az a1 ag
§4 aq a3 ay g

& a5 g a3 g oy

O o o o o

Moreover, columns 0 and 1 of the matrix P are the Z— and A— sequences, respectively

of the Riordan array Ap

2.4. Riordan arrays and orthogonal polynomials
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Sequences of the orthogonal polynomials of

Sobolev

3.1 Definitions and properties

We are given 2 functional moments o and 7 and the bilinear form ¢ defined by

¢, q) = (o,p @) +(1,0'd), p,qeP. (3.1)

Here, we prove that, when ¢ is regular, we can classify the polynomials solution of the

Bochner’s differential equation. We point out that ¢ is symmetric (¢(p, q) = ¢(q,p)) -
Definition 3.1 [41] The numbers

Gnm = (2", ™), m,n > 0.
are called the moments of ¢ (.,.), for any symmetric bilinear form ¢(.,.).

Definition 3.2 [41], 7] A symmetric bilinear form ¢ is said to be quasi-definite (resp

defined positive) if it satisfies the Hamburger condition

Ap(¢) =t det [¢i]; o # 0 (resp. An(¢) >0, n>0). (3.2)

Lemma 3.1 [37] Let ¢ be a symmelric bilinear form. For any normalized sequence of

polynomials {W,, ()}, 5, we have

Au(9) = det {§(We, W)Yy n > 0. (3.3)

i.j=0 >

Proof. For any n > 0, let A = (az‘,j)?j:o be the square matrix of order (n+ 1) and the

sequence {\i/] (ZE)} defined by
§=0
Vy(z) = Zaa’,k‘l’k(@ ,0<7<n.
k=0

29
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Then, we have

So,
00, B0)]| = AT, W) A
det [gzﬁ(i/i, xifj)} = (et A)? det [p(W:, W), 1 -

If we choose a lower triangular matrix such that a;; = 1 and take ¥;(z) = 27, for
7=0,1,2,...,n, then

An(9) = det [¢(a',27)]; = det [pi]] = det [p(Vi, ¥))]7 -
Hence, [3.3 holds. m
Lemma 3.2 [/1] A symmetric bilinear form is quasi-defined (resp defined positive) if and

only if there exist a sequence of polynomials {P,(z)}, 5o and real ky, # 0 (resp k, > 0)
for n > 0 such that

QS(Pn» Pm) = kn(sn,m n,m Z 0. (34)
In this case, an SP {P,(x)}, 5 satz’sfyz'ng is uniquely (to a non-zero multiplicative

factor) determined.

Corollary 3.1 The following statements are equivalent.
a) {Pn(z)},50 18 a sequence of orthogonal polynomials with respect to ¢

oz, Po(x)) =0 if0<m<n-—1,
¢(a", Po(x)) # 0.
b) For every polynomial w(x) of degree m,

{ d(m(z), Po(z)) =0 if 0<m<n-—1,
o(m(x), Po(x)) 0 if m=n.

We now investigate the regularity of the form ¢ defined by [3.1]

Remark 3.1 The integral representation of a quasi-definite moment function is always
possible according to Duran’s classical theorem. It is convenient to define the orthogo-

nality following in the sense of Sobolev.

3.1. Definitions and properties
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Definition 3.3 We say that {F,(z)},., is a sequence of orthogonal polynomials of
Sobolev (SOPS) if it is orthogonal to ¢ defined by 3.1] i.e.,

&(Pp, Py) := (0, P,Pp) + (1, P. P ) = kndpm, with k, #0, n,m > 0. (3.5)

Lemma 3.3 [/1, [37, [{9] Let ¢ be a quasi-definite bilinear form defined by and let
{P,(x)},", be an SPOS with respect to ¢. Then, o is the canonical functional of
{P.(x)})2, i,

(0,1) # 0.and (o, P,(x)) =0, n>1.

We give necessary and sufficient conditions for the form ¢ to be regular. To this end,
we investigate three cases.

Case 1: o is regular.

Case 2: 7 is regular.

Case 3: ¢ and 7 are not regular.

Definition 3.4 The sequence of derivatives of the sequence of polynomials { K, (x,y)}
is defined by

n>0
dr—i—s
dx"dy*
Let us denote by{Q,(x)}, {Rn(2)},—, and {P,(x)} ~, the corresponding SPON veri-
fying the orthogonality conditions

K (2,y) =

n

K, (z,y), n>0.

[ (7, Qu(2)Qn(2)) =k (T) 6m n,m >0

<¢7 Rm(x)Rn@U» = ky (Cb) 5m,n n,m >0

| (0, Pu(@) Pn(z)) = ki (0) Oinn n,m > 0.

Now, we begin with the first case (¢ is regular). where ( d.,p ) :=p(c), c € R
Lemma 3.4 [/9] The bilinear and symmetric form ¢ defined by
¢(p,q) := (o, pq) + alde,p'q') p,q €P
s quasi-definite if and only if
1+aKM(c,0) £0, n>1. (3.6)
If ¢ is quasi-definite then

aP (@)K (z,0)
1+ aK{")(c,c)

R.(z) = P,(z) for n >0. (3.7)

3.1. Definitions and properties
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Moreover, with K_1(xz,y) =0

or

R (z) = ?(C) n>0
P.(x) # R,(z), Yn >0

[ Po(x) = Qo(x) et Pi(z) = Qu(x).

Now, we consider the second case (0 = ad.. ).

Lemma 3.5 [/9] Let ¢ be the bilinear and symmetric form defined by

o(p,q) == alde,pq) + (7, 0'q).

Then, ¢ is quasi-defined (positive definite) if and only if a # 0 and T is quasi-defined
(resp. a >0 and T is positive definite).

In the case where ¢ is quasi-defined, we denote by{Q,(z)} and {R,(x)},_, respectively
the corresponding SPON werifying the orthogonality

<T> Qm(m)Qn(aj» = kn (T) 5m,n

(¢, Rin(7) Rp()) = K (0) S

then

R,(c) =0, n>1 whereé.(x) is a canonical functional of {R,(z)}

kn+1(¢) = (n + 1)2kn(7—)> n=>0

Qulr) =—— Pl (x), n>0

T p41

Ru(z) = ["nQu1(z)dz, n>1, Ro(z)=1

\

Proposition 3.1 [}J] Suppose that a # 0 and T is a moment classical functional verifying
Pearson functional equation

(lo(2)7)" = li ()T,

3.1. Definitions and properties
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or

ZZ(.Z') = Zl@j%ﬁ 1= 172
j=0

Then { R, (x)}satisfies the non-homogeneous equation of order two

L(x)y" + (h(z) — ()Y’ + (nly(z) = Ay(2)) = vn, (3.8)

with
)\n = l22n(n — 1) + lnn

v, =lb(c)R!(c)+ (Li(c) + I(c)R.,(c) forn > 0.

3 Case o0, 7 are not quasi-definite and ¢ quasi-definite.

Example 3.1 [49] Consider the 2 functional moments o and 7, defined by

1 1
B A
d 3 1 et L >1
and og =3, op,=1 et o, = , n>1,
o T n+1
or {0}, is the sequence of moments of F'M o.
As ]
- n=0
8
T(2") =
0, n>1,

we deduce that 7 is not quasi-definite.
In addition, we have A; (o) = 0, therefore o is not quasi-definite.

Let us now define the bilinear form ¢ by
1 / !
9(p,q) = {0,p @) + (00, P'q), P, 1€ P

We know that )
o) = [ Pa)do+ (40> 0
0
then, ¢ is positive definite = ¢ is quasi-defined.

We can construct more such examples via

Lemma 3.6 [/9] For any symmetric bilinear form U, there is a positive-definite moment

functional o such that the symmetric bilinear form ¢ defined by

d(p,q) =¥, ¢)+ (o, pq)

3.1. Definitions and properties
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18 positive-definite.
In particular, for any FM 1, there exists a positive- defined FM o such that

o(p,q) := (o,p q) + (1.0'¢)

1s positive-definite.

3.2 Sobolev Orthogonal polynomials and Second or-
der Differential Equations

Remark 3.2 Let ¢ be a quasi-definite bilinear form given by the relation where o

and 7 are two F'M.
Our aim here is to determine necessary conditions for the SOPS with respect to ¢,

satisfy a second order differential equation having the form
L{y] () =l(x)y” + l1(x)y = Ay, with L[] the differential operator (3.9)

where the coefficients [;, 1 = 1,2 and \,, n > 0 are as follow

(

ll<£L'> = Z li]ﬂ?j, 1= 1,2
7=0

Ao =n(n — Dlsg +nlyp, n>0

| [+ 15 # 0.

Theorem 3.1 [/8, [/9] Consider the symmetric bilinear form ¢ defined by . The fol-

lowing statements are equivalent.
a) The differential operator L], defined by[3.9 satisfies the following relation

o(Lp],q) = é(p,Lg)), p,qeP. (3.10)
b) The two functional moments o and T satisfy the following functional equations
(Ia(z)o) —l1(x)c =0 (3.11)

lo(x)r" — lLi(x)T =0 (3.12)

c) The moments of ¢, o and T are given by

gbmn = Omtn T MNTimin—2, M, N >0

(3.13)

T 1=T2=0,

3.2. Sobolev Orthogonal polynomials and Second order Differential Equations
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(nlm + 111)0n+1 + (nl21 + 110)% + nlyop—1 =0, n >0, (3 14)
o_1 = 0 '
and
{ [(n+ 2)lag + l11] Totr + [(n+ 1)loy + o] 7o + nlooT—1 =0, n >0 (3.15)
T_1 = 0 ' '

Moreover, if ¢(.,.) is quasi-definite and {P,(z)},~, is a SOPS, then the conditions
a), b) and c) are equivalent to condition d), given below

d) {P.(2)}2, satisfies the differential equation[3.9

Definition 3.5 The functional equations and are the Sobolev weight equations
of the operator L[.] with respect to the form ¢(.,.). Equations and are the
moments of Sobolev for L [.] with respect to ¢(.,.).

Remark 3.3 Theorem is a generalization of the Krall theorem concerning the differ-

ential equations of the 2"¢ order of the series of orthogonal polynomials.

Corollary 3.2 Let ¢(.,.) be a symmetric bilinear form defined by . Then there exists a
sequence of orthogonal polynomials of Sobolev with respect to ¢(.,.) satisfying a differential
equation of type if and only if both of the following are satisfied

1) ¢(.,.) is quasi-definite

2) The moments {o,} - and {1, },~, of 0 and T respectively satisfy the moment equa-

tion and [3.15.

Remark 3.4 By deriving with respect to z, and setting y/(z) = Z(z), one obtains
the following second—order differential equation

M[Z](z) = lo(2) 2" (x) + (l(z) + {(2)) 2 (2) = A1 — 1} (2)) Z (). (3.16)

This leads us to denote and respectively by the weight and moment equations
of M [Z](x) .

Proposition 3.2 Let L[] be the differential expression defined by[3.9) and ¢(.,.) is the
bilinear form given in[3.1. If L(p) = Ap and L(q) = vq for each p,q € P and X, v € R,
with X\ # v, then ¢(p,q) = 0.

For any solutions o and T of the Sobolev weight equations and|3.13, respectively.

Proof. This following from Theorem [3.1], one has

(A=v)d(p,q) = o(Ap,q) — ¢(p,vq)

= ¢(L(p),q) — é(p,1(q)) = 0.

3.2. Sobolev Orthogonal polynomials and Second order Differential Equations
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7.€.

o(p,q) =

3.3 Classification of the Sequence Orthogonal Poly-

nomial of Sobolev

In this section, we consider the bilinear form ¢ defined by relation [3.1] Knowing that ¢
is a linear combination of two functional moments, we will try to classify the sequences
of polynomials that are solution of the differential equation [3.9] For this purpose, it is
assumed initially that one of the two F'M is quasi-definite and in a second time that the

two are not quasi-definite.

3.3.1 o quasi-definite

Theorem 3.2 [/8, [{9] Suppose that there exists an orthogonal SPOS {P,(x)}, -, with

respect to ¢ defined by solution of equation . If o is quasi-definite, then { P,(2)},50
is mecessarily classical with respect to oand T = kly(x)o for some real constant k.
In addition, we have T =0 if k = 0, or else T is also quasi-definite.

Remark 3.5 [49] If o is quasi-definite and 7 = ¢d, for all ¢ € R* and for all a € R,
then any OPS with respect to ¢ given by is called SPOS, but it does not satisfy the
differential equation of Bochner’s form [3.9]

Moreover, this system satisfies another differential equation of order 2 with the coeffi-

cient dependent on parameter n.

Theorem 3.3 [/7] The classical orthogonal polynomials are also characterized by the fact
that they are the only OPS satisfying the following condition:
There exist 2 functional moments 71 not identically zero and 1o such that

(11, P! P}) + (10, PuP,) = 0, form #mn andn =0,1. (3.17)

3.3.2 T quasi-definite but ¢ is not quasi-definite

Theorem 3.4 [/8, [/9] Suppose that there exists an orthogonal SPOS {P,(x)},~, with
respect to ¢ defined by [3.1] solution of equation[3.9. If T is quasi-definite then

i) {Py(2)},5, is a COPS with respect to T verifies the differential equation .

it) {P,(2)},5q is @ WOPS with respect to o.

iii) ly(x)o = kr, for some k € R. Furthermore, either ly(z)o = 0, or ly(z)o is

quasi-definite.

3.3. Classification of the Sequence Orthogonal Polynomial of Sobolev
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3.3.3 o and 7 are not quasi-definite

Theorem 3.5 [/8, [£9] Let {P,(z)},5, be a sequence of orthogonal polynomials with re-
spect to ¢ defined by[3.1. If o and T are not quasi-defined, then the polynomial sequence
{Pu()},50 does not satisfy the Bochner equation.

3.4 The d—Orthogonality of Sobolev

We give a generalization of the orthogonality of Sobolev, starting with the study of the
regularity of the bilinear forms and then giving the conditions on the polynomial sequences
d—orthogonal in the sense of Sobolev. We also show that the classical sequences are not

classical in the sense of the generalization of the Sobolev orthogonality.

Proposition 3.3 Let {P,(x)},-, d—OPS with respect to reqular U = (ug,uy, ...ug—1)" .

Let V = (vg,v1,...0q-1) such as

Uy = Uy + .0, 0<r<d-1 (3.18)
V' regqular if and only if
1+ Ly, 1(cc) #0 (3.19)
where Ly (z,c) is the polynomial defined as
— — arde+r - (oY
Liyii(w,0) ;)PJ {ZO i Py P } + Py Z o P B (3.20)

if . = a then L}, .. (x,¢) = aLgnir(x,c) where Ly i(x,c) defined in [72]
Proof. Suppose that V is regular and let

m—1
Qm = P+ Z am,ipi- Qi € R (321)
i=0
Ifwelet m=dn+k with 0 <k <d-—1, then we get

<ur7 anJrrP') = <u7“7 PdnJrTPn) - HZ:OVCOI(v—l)-FrJ,-l for ] - (322)
’ Qintrdjtr (Urs Pajr Pj) for 0<j<n-—1
and by we also have
<u Qd P> — <Ur7 an+rpn> - aern+r(C)Pn(C> for j =N (3 23)
" e _ann+T<C)Pn(C) for 0 S] S n—1 '

3.4. The d—Orthogonality of Sobolev
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Accordingly, we obtain

Qan+1(%) = Panir(2) = Qun+1(¢) Ly 1 (w3 ¢) (3.24)
Set x = ¢ in[3.24] to get

Qun+1(€) [L+ L 11 (; )] = Pans(c) (3.25)

where necessarily 14 L}, ., (c; c) # 0,0therwise we also have Py, x(c) = 0. It now fol-
lows by induction that ¢ should be a common zero for mor than d consecutive polynomials
{P,} wich is impossible ( corollary 2.3]) =

Let us consider d— bilinear forms ¢q, ¢1, ..., pg—1 (d > 1).
Consider a symmetric d— dimensional vector bilinear forms ¢ = (¢g, 1, ..., ¢g_1)"

defined by
¢r(p. @) = (0, p @) + (7, P'd), (3.26)
where o = (09,01, ...,04-1) and T = (79, T, ..., Tq_1) are d—dimensional functionals.
The d—orthogonality in the sense of Sobolev is a generalization of the orthogonality in
the sense of Sobolev. On the basis of the d—orthogonality definition, we give the following

definition.

Definition 3.6 We say that the sequence {R, ()}, is a sequence of d—orthogonal
polynomials of Sobolev (d — SOPS in short) if it is orthogonal to ¢ which is defined by

[3.26] i.e.
ba(Rp, Rp) =0, n>md+a+1, m>0,

<¢O¢7 RmRmd+a> 7é 07 m > 0.
We give necessary and sufficient conditions for the vector form ¢ defined by to be

regular. To this end, we study the following cases.

(3.27)

case 1: 0 = (09,01, ...,04—1) is regular. In this case, let {P,}, ., be the d—COPS with

n>0
respect to o.
We notice that if L,(x,y) is an orthogonal polynomial for some n > 0, then its

derivative is given by

errs

Ly (2,y) = Ly (x,y), n=0.

derdys "

Theorem 3.6 The symmetric d—dimensional vector bilinear form ¢ = (¢o, 41, ..., Pa—1)
defined by

br(p,q) == (07, 0q) + al0e,0'q") p,g€P and 0<r<d-1 (3.28)

3.4. The d—Orthogonality of Sobolev
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1s quasi-definite if and only if
1+aLlMM(c,c) £0, m>1. (3.29)
If ¢ is quasi-definite then

0,1
aP @)L (@ 0)

R, (x) =P,z
R P

for n>0. (3.30)

Proof. For the first part , we assume that ¢ is quasi definite. Then we can write
m—1
Ry =Py + Y amiP: (3.31)
=0

If we assume that m = dn + k with 0 < k < d — 1, then we get

T P n rPn f ) =
<O'den+er> = <U dnt > or " . (332)
QdnA4r,dj+r <0-r, de—&-rf)j> for 0 S J S n—1
From [3.28], one has
v (Ranir, Bn) — aR! P for j =
<O'T,Rdn+rpj> _ ¢ ( d/Jr ) ,a’ dn+r<c) n(c> . or j n (333)
—aR), . .(c)P!(c) for 0<j<n-—1
Accordingly, we obtain
Rans1(2) = Panir(w) — aRly, () LY, (w50). (3.34)

Differentiating and setting x = ¢, then we get

1,1
iin—l—k(c) |:1 + LEanr)kfl(C; c>i| = Pz;n—&—k(c)’

where necessarily 1+L((iln’l+)k71(c; c) # 0, otherwise we also have P, (c) = 0. It now follows

by induction that ¢ should be a common zero for more than d consecutive polynomials
{P},n>1 which is impossible. Hence, follows immediately. m
case 2: T = (79, Ty, ..., 74—1) is regular. In this case, let {Q,},-, be the d—OPS with

respect to to 7.
Now consider the following symmetric d—dimensional vector bilinear forms ¢ =

(b0, &1, .., Pa—1) defined by
¢r(p,q) == (abe,p q) + (1, p'¢). 0<r<d—-1,ceR (3.35)

Now we let {Q,(7)},,5o be d-OPS with respect to 7 satisfying

0if n>dn+r+1
kn(m) if n=dm+r,m>0

<Tr7 Qan> = {

3.4. The d—Orthogonality of Sobolev
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and {R,(7)},5, be d- OPS with respect to ¢ satisfying

0if n>dn+r+1
kn(op) if n=dm+r ;m>0

?

(Try RnRy) = {

The next proposition will prove useful later on.

Proposition 3.4 The vector ¢ is quasi-definite if and only if a # 0 and T is quasi definite.
Then,
R.(c)=0 formn>r+1,
kni1(¢) = (dm + r)mkap1(7),
1

Qn - R,

n——f—l n+1-

Proof. Assume that ¢ is quasi definite

0 if n>dn+r+1 m>0
kn(¢) if n=dm+r ;m>0.

(br(Rma Rn) = {
On the other hand

(ad(x — ¢), R Ry) + (7o, R}, R},)

¢ (R, Ry) := { aR,,(c)R,(c)+ (1., R, R.)

In particular, for m = 0 we have

0 if n>r+1

¢r(Ro, Rn) = altn(c) = { kn(0y) if n=r

1.€.,

R,(c)=0 for n>r+1

Thus for m and n > 1 we have

0 f n>dn+r+1 m>0

rRm7Rn = ryR;nR;L = .
&l )= ) {kn(@) it n=dm+r ;m>0

Then, 7 is quasi definite and {R],(x)} is d—OPS relative to 7. In this case we get
R;L<x> = nanh n > 1

and

0 if n>dn+r+1

T,R/ R/ - r m— n— -
7o B ) = (TG 1Qn) { (dm + r)mkapr () if n=dn+rm=>0

3.4. The d—Orthogonality of Sobolev
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Now, we assume that a # 0, 7 is quasi definite and {H,}, ., is MPS, such that H, =
nQ,—1. This leads to

aif m=n=20
0 f m=0andn>r+1

eraHn = aHp,(c)Hy(c)+ r;Hl H)) =
Ol H,) =l i) = 4 0 0

(dm + r)mkamsr1(7.) it n=dmn+rm>0

i.e. {H,},5is ad- OPS with respect to ¢ and by unicity, we obtain H,, = R, This
completes the proof.
In this cas, we shall prove that the 2-classical orthogonal polynomials with respect to

7, satisfy homogeneous third order linear differential equation of Boukhemis type.

(@) QL)) + s (@)QE)5(2) + 2 ()QV5(x) + a1 (2)Quia(z) =0, (3.36)

with a,;(x) for ¢ =1,...,4 are polynomials of degree less than or equal to ¢ and =

apa(x) = F1(2)S5(x),

is not define a 2—classical OPS in the sense of Sobolev

Theorem 3.7 Assume that a # 0 and T is 2-classic moment functional vector.
If dega,i(z) < i — 1 then the sequence {R,(x)},, satisfies the following non-

homogeneous third order linear differential equation

Ofn—l,4RS)+)3 + (Ofn—l,3 - O/n—1,4>R£L2J)r3 + (04;;—1,4 + Q12 — a;@—l,s)RSl?,"‘

/ (3) 7 .
(n-11 — Q19— Qpq 4T an_1,3)Rn+3 = Up,

(3.37)

where
_ R(3) o R(2) " o R(l) > 3.38
Un Qn—1,4 n+3+<04n*173 CYn—l,ZJE) n+3+(an—1,4+&n*1,2 an—1,3) n+3\35=0, n-o ( : )

If dega,i(z) = i then the sequence {R, ()}, satisfies the following homogeneous

four order linear differential equation:
an-14RY s + 1 5RP); + a1 2Ry + 11 R, 5 = 0. (3.39)

Proof. Let {Q,},~, be a classical orthogonal polynomial sequence with respect to 7

satisfying and R/, (x) =nQ,—1, n > 1.
For n =0, Ry satisfies

3.4. The d—Orthogonality of Sobolev
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For n > 1 and deg o, ;(z) <4 — 1 one has

(anflARS?r?) + (n—13 — 04171,4)1%22423 + (a4t n12 — 04271,3)}%21423)/

= (n+ 4)(0%—174@7(12422 + (13 — 0‘%4,4)@1(;)2 + (12 + 04;271,4 - O/nfl,3>Q’fL+2)/
1 3 ”

= (n+ 4)(0471—1,4@522 + O‘n—l,SQgJ)ﬂ + O‘n—l,QQfmJ)ﬂ + ()12 + 041(1—)1,4 — Q, 13)Qni2)

3 "

=(n+4)(—an-11Qn1+ (a{n—l,Q + CVEL—)1,4 - an—1,3)Qn+2>

= (

"

/ (3) /
—Qp1a+ ot~ 3) R

(3.40)
and
1 a Bty + (Ono1s — 0y 1 ) Bidg + (0l g4+ no1p — oy g ) By
= f(_an—l,l + 04;%1,2 + O‘@l,z; - Oé;lLfl,f})R;H*?)dI
= (_O‘n—l,l + O‘;z—1,2 + 0423—)1,4 - a;;—l,3)Rn+3 + Up
ie.,

1
an—lARgi)r:a + (13 — 04;1—174)32213 +(ap 14+ n12 — 0‘;1—1,3)sz13+

/ (3) " .
(Qtn-11 — Qp 12— Qpq 4+ anfl,B)Rn+3 = Un

for some constant v,. Since R,(c) =0, n > 1 we have [3.38
If deg avy, () = ¢ and according to we obtain [3.39]
Thus the proof is complete. =
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Characterizations of classical d-OPS

4.1 Introduction

Polynomials are special functions that we can differentiate and integrate many times.
Any polynomial may be written as a linear combination of all other polynomials of lower
degree, i.e., each polynomial of degree n must satisfy a linear recurrence of order n (n+ 1

terms). If the recurrence is finite, i.e., there exists m > 0 such that
n—2
Pn (ZE) - (anQJ + bn) Pn—l + Z an,kpka
k=m

we say that the sequence of polynomials { P, }, verifies an orthogonality of such type well
defined.

All notions of generalization of the orthogonality introduced by the authors, i.e., mul-
tivariate orthogonality, multiple orthogonality, bi-orthogonality, d-orthogonality, ..., are
obviously for searching a solution of some problems like Padé approximation, rationality
or irrationality solution of higher order ordinary or partial differential equations, ...

(Classical orthogonal polynomials play an important role among orthogonal polynomi-
als. The concept of d-orthogonality, d being a positive integer, appears as a particular
case of the general multiple orthogonality. In particular, they satisfy orthogonality con-
ditions with respect to several positive measures. Some recent works were focused on the
analysis of properties of d-orthogonal polynomials generalizing the classical orthogonal
polynomials and some characterization theorems were derived.

Many examples of multiple orthogonal polynomials as well as of d-orthogonal polyno-
mials were derived. They satisfy a linear differential equation of order d + 1, i.e., when
d = 1 we meet the standard orthogonality. In this case, we know that there exist only

four families of continuous and four families of discrete classical orthogonal polynomials

43
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solution of the Bochner’s equation, i.e., a linear equation of second order of the form

ag (2)y" + B (2)y' +yy =0, (4.1)

where s and (3, are polynomials of degree two and one respectively and where v is
constant.

The solution of the equation (4.1f) are known as classical orthogonal polynomials. Start-
ing from this point of view, many characterizations of the classical orthogonal polynomials

are given.

In this chapter, we wish to generalize most of these well-known characterizations for
standard orthogonality in the case of d—orthogonality. Most of the results are given in
the case d, but according to the complexity of the calculations we give some results in the

case d = 2.

Notice that the application of the classical polynomials is very large and in various
domain. This is our wishes for this study. We hope that our results enlighten such a
way for the applications in a new domain that not possible in the case d = 1, at least at
the moment, we know that the classical 2 -orthogonal polynomials satisfy a third order

differential equation which is impossible by the standard orthogonality.

4.2 Preliminaries and notations

4.2.1 m-Symmetric sequences

Problems related to symmetrization of sequences of orthogonal polynomials on the real

line play an important role [24]. In general, we have
Definition 4.1 [16] Let m be a nonnegative integer.
(a) A polynomials sequence {P,}, - is called m-symmetric if

P, (wrx) =wl'P, (), n >0, where wy=-exp{2kmi/(m+1)}, 1 <k <m.

(b) A form T' = (T, ...,Ty_y)" is called m-symmetric if
<wa(m+1)n+ﬂ> =0, 0<pu<m, v#p n>0,
for each 0 < v < d — 1. In this case,

(T, P(2)) = wy, (uy, P(wgx)), where wy, = exp {2kmi/ (m+1)}.
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For the particular case: m = 1, we meet the well known notion of symmetric PS [24].
The components of the sequence {P,}, -, are (m + 1) sequences {P*} .., 0 < p < m,
such that ) )

Pipstyngn = 2P (z™) 0<pu<m, n>0. (4.2)

Definition 4.2 [29] A d-OPS {F,}, ., is called classical according to the Hahn property
if @, = (n+1)"" P, is also a d-OPS.

Since the derivative operator takes each d-symmetric PS into a d-symmetric PS, then

a d-OPS {P,},-, is called d-symmetric classical, if @, is d-symmetric d-OPS.,
A characteristic property of m-symmetric PS is given by the following

Proposition 4.1 [29, [16] For each d-OPS {P,}, >, with respect to U, the following state-
ments are equivalent.
(i) The form U is d-symmetric,
(ii) The sequence { P}, is d-symmetric,
(iii) The sequence { P}, satisfying the recurrence
Priari (2) =2Poiq () = Yo Pa (), 120, (4.3)
P,(z)= 2", 0<n<d.

Note here that if {P,},., a m—symmetric d—OPS, all the components {P}}, -,
0 < p < m, are d—orthogonal and if moreover {F,}, -, is classical, then all the (d + 1)
components are classical.

4.2.2 Characterization of m— symmetric

Let d be a positive integer and m de a nonnegative integer satisfying m < d. Next,
we give a necessary condition on m and d to have an m— symmetric d—OPS and two
characterizations of m— symmetric d—OPS. We denote by X* the multiplication operator
by X* in P

Theorem 4.1 [16]/Let {P.}, -, be a d—OPS . Then the following properties are equivalent:
1. The PS {P,},, is m—symmetric
2. d+11is a multiple of m + 1, say d + 1 = p(m + 1), and the PS {P,}, ., satisfies a

(d + 1)—order recurrence relation of type

p
XPn = Pn+1 + Z’Y’n,jpnfj(m+1)+1

j=1
with v, , # 0 and the convention P_,, =0 for alln > 1
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Theorem 4.2 [16] Let {P,}, - be a d—OPS . Then its components {Prlf}mo k=0,..m,

are d— orthogonal

Classical d—OPS

Theorem 4.3 [16] If {P.},~, is a d— symmetric classical d—OPS, then its the compo-

nents {Pff}n>0 k=0,....d, are classical d— orthogonal

Theorem 4.4 [16] Let { P, }, 5 be an m—symmetric classical d—OPS then its first com-
ponent {P)}, -, is a classical d— OPS

4.2.3 d-quasi-orthogonality

In the rest of this section, we recall the notion of d-quasi-orthogonality and some it

characterizations.

Definition 4.3 [54] A sequence {P,},, is said d-quasi-orthogonal of order s with respect
toI' = (Lo, ..., Fd_l)T, if for every 0 < a < d — 1, there exist s, > 0 and o, > s, integers
such that

Ty, PnPy) =0, n>(m+s,)d+a+1, m>0,

<Fa7 Paap(oa+sa)d+a> 7£ 0, m=>0,
for every 0 < a<d—1. We put s =maxs,, 0<a<d-—1.

(4.4)

Definition 4.4 [54]A sequence {F,}, -, is said strictly d— quasi orthogonal of order s
with respect to I' = (I, ..., Fd,l)T if it satisfies
(Ty, PnPy) =0, n>(m+s)d+v+1, m>0,

<Fo¢; PmP(m+s)d+'u> 7& O; m > 07

for every 0 < v < d — 1 with s = maxo<y<d—1 Sa

(4.5)

Definition 4.5 [54] Let v € P’ and d,s > 1 integers. The sequence {F,}, . is strictly
s/d-orthogonal with respect to v if it fulfills:

(v, PpPy) =0, n>md+s, m>0,
(4.6)
</Ua Pmpmd+sfl> 7é 07 m 2 07
With this definition we can express: {P.},., is d-OPS with respect to I' =
(Do, ...,Fd,l)T if and only if is strictly (a4 1) /d-orthogonal with respect to I',, 0 <
a<d-—1.
A d-OPS {Pn}nzo with respect to V' ,can be d—quasi orthogonal of order s with respect

to — of dimension d . We have the following result.
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Proposition 4.2 [5]] Let {P,}, -, a d -OPS with respect V. Suppose that exist T of
dimension d such that {P,},, is quasi orthogonal of ordre s with respect to I'. Then

necessarily d > d

We consider only the case d = d , where we need the following characterization .

Theorem 4.5 [5]] For any sequence {P,}, -, a d -OPS with respect V', the following

statements are equivalent

(a) There exist I' of dimension d such that {P,}, -, is quasi -orthogonal of order s with

respect to I’

(b) There exist I' of dimension d and s,, 0, > S, integers, 0 < a < d — 1 such that

(Ta, Py =0, n>s,d+a+1,

(4.7)
<Pom PJan(Ua+Sa)+OL> 7é 0;
foreach0 <a<d-—1
(c) There exist — of dimension d and d* polynomials ¢*,0 < u,a < d — 1
d—1
To=Y ¢iv,0<a<d—1 (4.8)
a=0
where
deg ¢ = 54, 0<a<d—-1, and if d > 2,
deg ¢ < s, 0<a<u-1, if 1<a<d-1 (4.9)

dego <g—1, u+1<u<d—-1 if 0<a<d-2,

(d) There exist I' of dimension d such that is strictly quasi orthogonal of order s with
T
respect to I' = (I, ..., Tq_1)

(e) There exist —of dimension d and s, > 0,integers, 0 < a < d — 1 such that

(T, Py =0, n>s,d+a+1,
<Fom Ps(¥d+o¢> 7& 07

(4.10)

foreach0 <a<d-—1
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Lemma 4.1 [5]] A sequence {Pn}n>osatz'sfy can not be d—quasi-orthogonal of order
. TN\T
s — 1 with respect to T' = (T, ...,Tq_1)

Definition 4.6 [20] A sequence {F,}, -, is said to be weakly d-orthogonal of index (k)
with respect to I' = (T, ..., Fd,l)T if there exist integers, k,[ > 1 such that

(To, Po) =0, n>d(ko—1)+a+1,

(4.11)
<Fo¢7 Pd(kafl)+a> 7& 07
(Fpy2P,) =0, n>d(ly—1)+a+1,

<Fa7 de(la—1)+a> 7& 07

with £ = maxk, and [ =maxl, forevery 0 <a<d-—1.

(4.12)

Then, a strictly d-quasi-orthogonal sequence of order s with respect to I'; is weakly
d-orthogonal of index (s + 1, s + 2) with respect to U.

Theorem 4.6 [5]] For each sequence { Py}, 5, d-OPS with respect to —, then the follow-

ing statements are equivalent.
(i) There exists L € P’ and an integer s > 1 such that

(L,P,)=0, n>s and (L,P,_1)#0, (4.13)

(ii) There exist L € P’, an integer s > 1 and d polynomials ¢*, 0 < o < d—1 such that
L= ZZ;B % u, with the following properties: if s —1=qd+r, 0<r<d-—1, we

have
deg ¢" = q, 0<r<d-1, and if d> 2,

deg ¢” < g, 0<a<r-—1, if 1<r<d-1, (4.14)
degp® <qg—1, r+1<a<d—-1, if 0<r<d-—2,

Another characterization of d-quasi orthogonality in terms of sequences is the following

Proposition 4.3 [70/For any two d—OPS,s {P.},~, and {Qn},~, relative to T’ and V

respectively , the following are equivalent

a I' and V satisfy the relations and|2.16 for some non zero d x d matriz polyno-
mials & = (¢F)

b there is nonnegative integer | such that

dl
P, (x) = Qn(x) + Z O, iQn—i where g # 0 (4.15)

i=1
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4.3 Classical d-orthogonal polynomials

The characterizations of classical orthogonal polynomials in the algebraic aspect made by
Maroni in [57], can be broaden here in the sens of d-orthogonality. We point out that
the results given in the theorem below were the first characterization of d-classical OPS
pioneered by Maroni and Douak (see, e.g., [30]). Here we first aim to simplify their proof

and we shall give another characterization of d—orthogonality.

Theorem 4.7 [5] For any d-OPS {P,}, -, with respect to ' = (I, ..., Ty1)", the next

statements are equivalent:
(i) The d-OPS {P,},, possesses the Hahn’s property.

(ii) There exist two d x d polynomials matriz ® and ¥ such that
(®T) + 9T =0, (4.16)
where ® = (¢%) and ¥ are in the following forms [30]

U = : - 0 (4.17)
o -~ 0 d-1

v(z) & 0 Gamn

with v (x) is a polynomial of degree 1, {@}Z;ll are constants and
# @) - ¢y (@)
0(x) .o 41 (g
b | HE@ W i
g (z) - 9 ()
where ¢, are polynomials such that:
degop, <1, 0<v<a+1, if 0<a<d-2,
degop? =0, a+2<v<d-1, if 0<a<d-3, (4.19)
deg @) | <2 and degoy | <1, 1<v<d-1.

(i41) {Pn},>o 18 d-quasi-orthogonal of order 2 at most with respect to V = @' and {Q,}
1s d-OPS with respect to V = ®I.
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Proof. we prove the implication (i) = (ii) . Suppose that {P,},, is classical d-OPS
and {Q,} d-OPS with respect to V = (vg, vy, ..., va_1)" where Q, = (n+1)"" P! .. By

theorem ([2.11)) we have

Vdntp = ¢2,#Uo + ¢71WUI Rt ¢§i,73vd—1

then, taking the derivative and using again the system (2.16)) and using also (2.3 we

obtain

—(dn+ p+ 1) Tappprr = (89,) vo + (04,) o1 + oo+ (890) vas
—d¢t Wy — ST [0+ 1), + d€ia ¢ ] Tig,

Cantper = €0 Do+ oh D+ o+ LTay =0 Do+l T+ o+ @i Ta
(4.20)

which implies

(69.) vo + (0h,) o1 + oo+ (800) vay = [dod 10 — (dn+ g+ 1) @0 ] uo+
SESG+ 1), + d&iadd )t — (dn+ p+ 1) 0] wis,

note by
ko(n,pu) = = d¢i§f —(dn+p+1) 902+1
and
ka(n,p) = = agn !+ déadn, — (dn+p+1) 95
with

<n-+1 if p=d—1
and
<n—-11if p+2<a<d—1land 0<pu<d—3
deg[ka(n, )] =¢ <n if 1<a<pu+1 and0<p<d-2

=n ifpu=d—-—1land 1<a<d-1

If we take n =1, 1 =0 and ( ]1'7j)/ =1, we have

d—1
vo = ko(1,0)up + > ka(1,0)uq. (4.21)

a=1
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And for n =1, =1, we obtain
d—1
(691)"vo + v1 = ko(1, Dug + Y ka(1, 1)t (4.22)
a=1
to simplify calculations take (¢} ;) =1 for i <j
ie.
d—1
v = [k?o(l, ].) - ko(]., 0)] Uy + Z [k’a(]_, ].) - ka(l, 0)] Uq
a=1 (4.23)
put n=1,1<pu<d-—1, we obtain
d—1
Uy = [kO(]-?M) - kO(la [ 1)] Uo + Zl [ka(L :U’) - ka(]-a B = 1)] Uy (424)

Note by

ko(1,0) := ¢f a:=0,..,d—1

ka(Lp) = ka(Lp—=1)]:=¢% a:=0,..,d-land p=1,..d-1

with

deg¢fj <l,if 0<a<pu+1 and 0<pu<d—2

deggy =0 ifp+2<a<d-land 0<pu<d-3

degoy |, <1if 1<a<d—1and deggy , <2
hence we have obtain

V=2>o(x)Tl.

No, by taking n =0, p =d — 1 in (4.20) and using also (2.3) we obtain

—dl'y = cl'i4+cala+ ... +cgoly_1 + Cdflvél—l
= —d[ilo+ M0+ Xl + o4+ A1 Dga],  degyy =1

i.e
1
vy, = . [—di1To — (co + dM)Ty — ... = (a2 + dAg—1)Ta1]
-1
= — [wro -+ £1F1 4+ ... = +Cd_1rd_1]
whence (4.16)) and (4.17)).
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(ii)=-(iii) Since V = @I, then

d—1
<Ua7Pn>: Z (Fm(ﬁﬁ.ﬁpn):(), n>d+pu+1,

©n=0
<Uom Pd+a> = <Fa> ¢3Pd+a> 7& 0,

for0<a<d-—2and

(a1, Pa) = (Lo, 00_1 Pa) + 352y (s i Pa) =0, 2 2d+ p+ 1,
(va-1, Paa) = (Lo, &1 Paarp) # 0.

Then there exists 0 < ¢ < 2 such that {P,} is d-quasi-orthogonal of order 2 — ¢ with
respect to V = ¢—.

(iii)=-(i) Trivial since by hypothesis both {P,}, -, and {Q,},,~, are d-OPS. m

Unlike in the case d = 1, if { P, } is d-classical (d > 2), we can’t conclude from Pearson
equation that {@,} is also d-classical. Indeed, since {Q,} is d-OPS with respect to
Y = @I, then

(®V) =V + V' =0V + Ul 1=,V & OV = U,

Then, the following problem is open: the derivative of classical d-OPS is again classical
d-OPS?

We try to give an answer to this question in the present section.

Fairly, it seems as the first look that the answer is negative! In fact, we have an
example [I7, p.86, Tableau II]. In spite of that the family (E) satisfies a second order

linear differential equation, meanwhile this family isn’t classical at all.
Our results show that the solution of Boukhemis and Zerouki differential equation [19]

are the only 2 -classical OPS for which any derivative of that sequence is again 2—OPS.

For this end, we set the following definition

Definition 4.7 A sequence of d-orthogonal polynomials {P,} is called very classical d-

OPS if {P,} as well as it’s derivative of any order are classical d-OPS.

So now, the question is: determine all the very classical d—OPS.
On the other hand, note here also that we can extract a simple characterization from
proposition 2.6 as follows (see [57])

Proposition 4.4 Let {F,}, ., monic sequence verifying such that
(a) Xn+d-10 =0, 0<v<n—1and Xytg-1, #0, v >0,

(b) {Qn},>q s d-OPS with respect to V.
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Then, the sequence {P,}, s is d-classical OPS.

According to the last assertion of Proposition , since {P,},, is d-classical and
Q. = (n+1)"" P,y is also d-OPS, and from theorem we know that {P,}, -, is d-
quasi-orthogonal of order two at most, then we have the following characterization of
d-classical OPS

Corollary 4.1 Let {P,},, be d-OPS with respect to I' = (T, ..., Ty 1)". Then {P,}

15 d-classical if and only if there exists an integer p < 2d such that

n>0

Po(z)= > AaQu(x), n=>p. (4.25)

v=n—p
Note that when d = 1, this characterization is given in [52, 53]. And for d = 2, this
result proved first by Maroni in [58] using another approach.
The next characterization is presented for the semi-classical case in [71], we give here
a direct proof for the classical character and it can be also used to prove a similar result

in the semi-classical case[7]] .
Theorem 4.8 [71] Let {P,},., be d-OPS with respect to I' = (To,...; Tg1)".  Then
{Pn} s s d-classical if and only if {Qn},, is weakly d-orthogonal of index (1,2).

Proof. Suppose {P,},-, d-classical, then {Qy},~, is d-OPS with respect to V = ®—.
Afterwards, we have
<vu7$an> = Oa n 2 dm + K + 17

<U,u7 medm+u> 7é 0.
In particular, respectively for m = 0 and m = 1, we have

(V4 Q) =0, n>p+1,
(v, Qu) # 0,
and from the (d + 2) order recurrence of {@,}, we have
(U, 2Qn) =0, n>d+p+1,

(Vs ¥Qayp) = :Ygﬂ (U Qu) # 0.

Comparing with the Definition 4.6, we conclude that (k,1) = (1,2).

Conversely, suppose that {@Q,} is weakly d-orthogonal of index (1,2) with respect
to V and we show that {P,} is d-classical with respect to T', i.e., we will prove that
I’ satisfy Pearson equation . Let W = (wo,...,wd_l)T such that W = V' i.e.
(Wo, ) = (v, ), Vr € P. Then

(Wa, Pp) = =1 (0o, Q1) =0, n>a+2,
<wa7 Pa+1> = - (Oé =+ 1) <Ua7 Qa> 7£ 0.

4.3. Classical d-orthogonal polynomials



Chapter 4. Characterizations of classical d-OPS

54

Then, there exists a < t, < a + 1 such that

(W, Py) =0, n>ty,+1,
<wa7Pta> 7é0

Hence, by theorem [4.6] there exist d polynomials 9%, a < u < d — 1, such that
d—1
_ 0
wa ZM:O waru
with, if t, =qg.d+ 1., 0<7,<d-—1, we have

deg e = qq, 0<r,<d-1, and if d > 2,
deg?ﬂgﬁ%, Oﬁﬂﬁm—l, iflgragd_la
deg¢5£@a—17 Ta—{_lé,ugd_l? lfOSTQSd_Z
Since a < t, < a + 1, we distinguish two cases:
(1) If 0 <a<d-—2, whence a < t, < a+ 1 < d. Consequently, g, < 0.

(2) fa=d—1,thend—1<t; 1 <d, whence ¢g4_1 < 1.

If g1 =1, then r4_; = 0 and t4_1 = d, and if g;_1 = 0, then r4_; < d — 1. Which

prove that all polynomials are constant except ¢9 | = ax + b.

Now, it remain to show that the matrix ¥ is of the form (4.17). Indeed, from ([2.3)), we

have
vé 1 0 --- 0 I,
v v _ o2 Iy
5 : .0 :
’U&_l 0 e d Fd

and from (2.15)) and ({2.16)), we obtain
— 49 =1
Ly =)o (w)uo+ Zuzl D1 (z) T

where ¢, (z) = cx + d and where ¢/ (z) = £ for 1 < pp < d — 1. Hence

, 0 1 0 - 0]
o 0 0 2 : Lo
’U/1 ' Fl
== : .o 0
.. d—1
vl 0 0 L'y
i v@) & & o & |
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Now, we let the form W = (wp,...,wq_1)" such that W = (zV), ie. (wq,m) =
{(zv,)", ), Vmr € P. So, since {Q,} is weakly d-orthogonal of index (1,2) with respect
to V, then

(Wy, Py) = <(mva)/ , Pn> = -V, 2Qn-1) =0, n>d+a+2,
(s Pasess) = — (d+ -+ 1) (v, 2Qura) # 0.
Then, there exists a < t, < d+ a + 1 such that
(W, Py) =0, n>ty,+1,
(Wa, Br,) # 0,

In addition, there exist d polynomials ¥*, a < pt < d — 1, such that

put to, = qad + 14, 0<1r,<d—1, we have
deg ¥7e = qa, 0<r,<d-1, and if d > 2,
deg ¥ < qa, 0<u<r,—1, if1<r,<d-1
deg* <qo—1, ro+1<pu<d-1, if 0<r, <d-2.

Since a < t, < d+ a+ 1, we distinguish several cases:
(1) If 0 <a<d-—2, whence a < t, <d+ a+1<2d. Consequently, ¢, < 1.

(2) If go =1, then t, =d+r, < d+a+1 hence r, < a+ 1. If ¢, = 0, then necessary

a <r,.
(3) f a=d—1, thend—1<t; 1 <2d, whence ¢4 < 2.

If g1 =2, thenry_1 =0, and if ry_; <d—1, then ¢, < 1.
If g1 =0, then ry_; = d — 1. This show that only 192_1 is of degree two.
Now, we have V' = UT and (zV)" = OT. If we let V = @I, then

O— = (zV) =2V +V =2Vl + @

Hence ® = © — 20 with V = ®I" and (®I') = VT. =

Now for any sequence of OPS it’s necessary to know their explicit expression of the
measure for which the orthogonality is satisfied. It is however good enough to give a such
tool for determining the orthogonalization measure. The quasi-monomiality principle is
a very useful tool as well. Because it’s not required any information about the classical

character. Our approach deals only with the classical OPS and it will be possible to
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generalized for semi classical case. In the following, we prove a new characterization of
2—classical OPS, which will be without a doubt the pillar in this context. Note here that
the next results are used before by Maroni and Douak to give an integral representation

for some particular class studied starting from the corresponding generating functions.

Theorem 4.9 For any 2-OPS {Pn}nZO with respect to T' = (T, Fl)T, the next statements

are equivalent:

(i) The functional moment I satisfy the Pearson equation with [4.17), (i.e. T is

classical),

(ii) There exist {afl}f':l and {6%}3:1 polynomials of degree n, and py, Hy, Ko, My and
Ns, L3 of degree < 1, 2, 3 respectively, such that

a3 (2) Ty + a3 (z)Th + ad () Ty = 0,
2

(4.26)
B2 (2) T + 6% () T1 + B3 (2) T = 0,
with
H2 (ZL’) Fg = K2 (ZL’) Fl + L3 (I) Fll, (427>
p1(x) Ty = My () Tg + N3 (2) T,
and

Hy=w¢—w(¢ —v), Ky=wb —o¢m, L3=wl— o,
,LL1:07T1—7T91, MQZW(¢/—¢)—HU/, N3:7T¢—w9,

Proof. Write the matrices in (4.16)) when d = 2 in the form

y=| Y 1] and @:[“(x) “x)]

b (x) €

with £ is constant and the polynomials ¢, w, 7 and 6 are of degree 1 at most and deg ¢ < 2.
In this case, the system (|4.16)) is equivalent to

wTo—Fng +7T1F1 +7TIV1 = 0,

(4.28)
(¢/ — ) Lo + @Iy + 6,1 + 0T = 0,

withm =7 —1=C%and 6, =0 — £ = C'.
First we establish all possible cases of the second equation in ([£.26]). So, eliminate T}
from (4.28) we get
Hy (x) Ty = Ko () Ty + L3 (x) T, (4.29)
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where

Hy=uwo¢—w(¢ —¢), Ky=wb —¢m, Ly =wb— ¢, (4.30)

with deg Hy < 2, deg K5 < 2 and deg L3 < 3.
We distinguish three possible cases according to the degree of the polynomial Hj ().
1) deg Hy = 0, i.e. Hy(x) = C" := C. In this case, replacing I'y and I'jj obtained from

(4.29) in the second equation of (4.28)) we find
As ()] 4+ By () Ty 4+ D3 (2) 1 =0, (4.31)

with
Ds(z) =4(¢ —¢) Ko+ 50K, + 6,
Bi(z) =4 (¢ —¥)Ls+ Lo (Ko + L) +0 (4.32)

A5 ((L’) = %¢L3
Now it is necessary to search a common factor to reduce the degree of the polynomials
As, B, and Ds. In fact, we have

Ds(x) = ¢(2) B5 (z), Bilw)=¢(2)Bi(z) and As(z) =¢(x) B3 (2)

with
By =&l —20)m +w] (.33
B2 = L[ —2¢) 7+ Ky + 20 + wb' — o] '
Hence, we have (4.26) with deg 32 < 3, deg 37 < 2 and deg 33 < 1.
2) deg Hy = 1, put H) (z) = t. In this case, we have
tTy = (Hol') — HoTy.
Eliminating ['y from the system (4.28]), we obtain
then
tTo = (K5 — R1) Ty + (K + K — So) T} + K5I (4.35)

Using again the second equation of the system (4.28]) to get

n' (z) T +n* ()T + 7 (z) T =0,

where
n* = (¢ =) [ (Ky — Ry) Hy + ¢my — wby] = (¢ — 1) B3
n* = (¢ =) [§ (Ko + Ly — Ry) Hy + ¢m — wl] = (¢ — ) 57
n' =1(¢ —¢)HyLs = (¢' — ) 52
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with deg 82 < 4, deg 37 < 3 and deg 33 < 2.
3) deg Hy = 2. In this case, we have by using (4.34))

H)Ty = (K, + LsI) — RiTy — SoTY.
Multiplying the first equation of the system (4.28)) by HyH) we obtain the second
equation of (4.26)) where
5% = ((b/ — w) (Ké — Rl) H2 + wHéRl + 7T1H2Hé
52 =u (¢, — ¢) (KQ -+ Lg — SQ) H2 + WH£S2 -+ 7TH2H§
5? - O/HQLS,
with deg 82 < 5, deg 37 < 4 and deg 33 < 3.
For the first equation of (4.26]), eliminate u| from from (4.28)) we get
p1 (x) Ty = My () To + N3 (2) Ty, (4.36)
where
p1 = 0m — w0y, My=m (¢ —1)—0u', N3=mp— wh, (4.37)

with deg iy <1, deg My < 2 and deg N3 < 3.

We distinguish two possible cases according to the degree of the polynomial p ().

1) deg iy = 0, i.e. g (z) = C* := C. As in the first part, we obtain after simplification
the first equation of with

@y =m (¢ =) —wif+ My
ai =o¢m —wb; + My + N}
ad = Nj,
where deg aj < 3, dega? < 2 and deg < 1.
2) deg g = 1, i.e. pj (z) = k in the same way we have the first equation of with
ay =wp + %m,ul + o,
a3 =wp + pmpn (Ma 4 Ny 4 ¢m — why) + 7 (why — o)

3 _ 1
Oy —E,ulNg.

where deg o < 4, dega? < 3 and deg < 2.
Conversely, it is enough to prove that we can deduce the system (4.28)) from (4.27)).

Indeed, on account of (4.29)-(4.30) and (4.36])-(4.37)), the system (4.27) may be written
¢ [wTo + 7T1F1 -+ 7TF/1] = w [((]y — w) FO + 91F1 -+ G’F’l] s

(4.38)
0 [71'11—‘1 -+ wTO -+ (JJF6] =T [01F1 + ((b, — w) FU -+ ¢F6] .
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After adding wol, and 071" respectively, to both sides of the first and second equality

of (4.38]), we obtain
pX = wY

0X = nY,

with
X =[wTy+wly+ml + 7]
Y

= [(¢' = ¢) To + @I'y + 611 + 0'TY] .

Hence eliminating X and Y, respectively, we deduce
(Wl — 7)Y = (wh — ) X =0,

whence the result since wf — 7o Z0. m

4.4 Application

Furthermore, in [12], the authors showed that there are exactly 27 sets of d-symmetric d-
classical polynomials (see also [19]). The method used to obtain the differential equation
of classical 2-OPS in [19], can be used again for the d-symmetric d-classical polynomials

to give the explicit form of solutions. Indeed, we have the system
0 0 0 <0 0 ~0
Tntd+1 ['Yn+1 - 'Yn+1] = Tn+1 [”Yn+d+1 - ’Yn+d+1] )

d
in which we distinguish d + 1 cases in each case we have < ) ) solutions, hence we have

(1)

solutions in total. In other words, solutions are

So) A9, =5, (trivial solution)

~0 [ nt+1l+pa 0 ~0 0
S1) Vdn+ao = (—n+pa0°> Vot A A9 0 = Vohia for a £ apand 1 < a < d

~0 . n+1+pa0 0 ~0 _ n+1+Pal 0
52) /ydn—i-ao - n+ ’ydn—i-ao and rydn+o¢1 - n+ rydn—ﬁ—oq and
Pag Pay

At = Vot for a # ap,a; and 1 <o < d

Sd) ﬁgn—i-a = ’y((i]n—&—a for1 <a<d.
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Riordan Arrays and d-Orthogonality

5.1 Introduction

5.2 Riordan arrays

The Riordan group introduced by Shapiro et al [73] is a set of infinite lower-triangular
integer matrices where each matrix is defined by a pairs of formal power series g(z) =
Yoo o gn2™ and f(z) = Y07 fuz" with go # 0 and f; # 0. An infinite lower triangular
matrix D = [dnk], ;. i called a Riordan array if its i column generating function is
g (x)[f (z)] fori > 0 (the first column being indexed by 0). With little loss of generality
we also assume dpy = go = 1. The matrix corresponding to the pairs g, f is denoted by

(g, f). One example of a Riordan matrix is the Pascal matrix

(5.1)

for which we have

The group law is then given by

(9, 1) (h 1) = (g (hof),lof).

The identity of this law is I = (1,z) and the inverse of (g, f)is (¢, f) ' = (1/(go f).f)
where f is the reversion or compositional inverse of f. The reversion of f is the power
series f such that ( fo ﬂ (z) = x. We shall sometimes write this as f = Revf.

60
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A Riordan array of the form (g(z),z), where g(x) is the generating function of the
sequence a,, is called the sequence array of the sequence a,. Its general term is a,_.
Such arrays are also called Appell arrays as they form the elements of the so-called Appell
subgroup.

For a Riordan matrix D = [dpt],, ;. Rogers [67] has found that every element dp, 1111
can be expressed as a linear combination of the elements in the preceding row starting
from the preceding column. Merlini et al [60] have found that every element in the 0
column can be expressed as a linear combination of all the elements of the preceding row
also see [75]. That is, there exist unique sequences A = (ag,ay,...) and Z = (2, 21, -..)
with ag # 0, 29 # 0 such that

(1) dn+1,k+1 = Z ajdn,k—‘rja (kan = 07 17 )a

Jj=0

(2) dn+170 = Z Zjdn,j7 (n = O, 1, )

7=0

The coefficients ag, ay,... and zg, 21,... appearing in (1) and (2) are called the A-
sequence and Z-sequence of the Riordan matrix D = (g(z), f(z)), respectively. Letting

A(z) and Z (z) be the generating functions of the corresponding sequences, we have

We therefore deduce that

and
2(:)=1/F () (1=1/ (g2 ) (2)).

A consequence of this is the following result which was originally established [51] by Luzén:

Lemma 5.1 Let D = (g,f) be a Riordan array whose A-sequence, respectively Z-

sequence have generating functions A(x) and Z(x). Then

D1 A-aZ x
dooA "A)
If (ag,ai,...)T is a column vector with generating function A (x), then multiplying

D = (g, f) on the right by this column vector yields a column vector with generating

function g(z)A(f(x)).

5.2. Riordan arrays
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5.3 Riordan arrays and d-orthogonal polynomials

Let {Pn}nzo be a sequence of monic polynomials in P for which there exist complex

sequences {f,},50, (Xnw), 0 < v < n such that

Po(ZE)Zl, Pl(lL'):ZE—ﬁo,
n—1 (52)
Prii (2) = (@ = Buga) Pu (@) = 2 X B (), 20,

The dual sequence {un}nzm u, € P’ of {P”}nZO is defined by (un, P,) == 0pm, n,m > 0.

In this case, we have

671 - <Un,l‘Pn (‘T)) , N > O,

(5.3)
Xnoy = <UU,ZL'P7-L+1 (ZL’)) ) 0 <v<n.

Let us consider d forms ug, ..., uq—1 (d > 1). Let us now recall the following characteri-

zation which we need in the sequel.

Theorem 5.1 [5])] Let { P}, be a monic sequence of polynomials, then the following

statements are equivalent.
(a) The sequence {P,}, -, is d-OPS with respect to U = (u, ..., ug_1)"

(b) The sequence { Py}, satisfies a recurrence relation of order d+1 (d > 1) :

d-1 d—1—v
Prtarr (2) = (2 — Bya) Prra () — Zu:(} YmtdevLmtd—1-v (), m=>0, (5.4)

with the initial data
Py(z) =1, P (z)=x— B,

5.9
Py (z) = (2 = Bm-1) P (%) — Z,Cn:_oZ ALY Pray (2), 2<m<d, (5:5)

and the reqularity conditions 72, # 0, m > 0.

It is well known that we can express (5.4)) as P = J,P where P = (P (), Py (z),...,)"
and Jy = (az}j)f‘}:o is a (d + 2)-banded lower Hessenberg semi-infinite matrix, i.e.,

{aij:(), for j>i141 and i > j+d, (5.6)

Qi i+1 = 17 1 Z 0.

5.3. Riordan arrays and d-orthogonal polynomials
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More precisely, the matrix J; may be written

Bo 1 0o ... 0
%1—1 b1 1 0 0
W2t B 1 o - 0
=1 (5.7)
Noom o v B 10
0 % % - A Ban 10
oy L

and is called the monic Jacobi matrix of the monic d-OPS {P,}, .
Now, when {P,}, -, is not monic, then the linear recurrence (5.4) become

Po () = (0 = fua) Pat (2) = > A4 UPucacu(2), 020,

Write
pu(z) = Z . A ;27 ... (5.8)

]7
then
Qpo = QAplp—10,

(5.9)

Ani = OpQp—1,0 — Bpn-10n_1,i-1 — ZCVZ:I ngzan—l,z’—l—m 1<i<n.
On the other hand, for a family of monic d-OPS given by (5.4)), and by using (5.8)), we

can have

n+1 n

n—1 n—d

k __ k d—1 k 0 k

d tnaxrt = (2= B) D> st = it — =0 0 ) g
k=0 k=0 k=0 k=0

from which we deduce

d—1
d—1—v
Apy1,0 = _6nan70 - E Yn—v An—1—v,0 (510)
k=0
and
d—1
d—1—v
Ap4+1,k = Qp k—1 — Bnan,k - E Tn—v On—1—vk- (511)
k=0

We note that if 8, and v¢~, 1 < i < d are constant, equal to 3 and v47% 1 < i < d, re-
spectively, then the sequence (1, —3, —y4~ 1, =22 ..., —4°,0,0,...) forms an A-sequence
of the coefficient array. The question immediately arises as to the conditions under which
a Riordan array (g, f) can be the coefficient array of a family of d-OPS. A partial answer

is given by the following proposition.

5.3. Riordan arrays and d-orthogonal polynomials
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Proposition 5.1 [/4] Every Riordan array of the form

! ’ (5.12)
1 + Zd+1 gk L’ 1 +Zd-‘r1 Qkxk .
1s the coefficient array of a family of monic d-OPS.
Proof. The array (1/ (1 + Y g ) x/ (1 + Y g )) [40] has a C-sequence
C(z) = Enzo cpx™ given by

Xz
1+ zd“ bt 1—aC(x)’

and thus
d+1

= — E Gka:k_l
k=1

This means that the Riordan array (1/ (1 + Y g ) x/ (1 +Y g )) is deter-
mined by the fact that

Api1f = Qnj—1 + E Citn—i forn,k=0,1,2,...
i>0

where a,,_; = 0. In the case of <1/ ( + Y g > x/ ( Y g >) we have

d

Ap+1,k = Ank—1 — E 91}+1an—v,k- (513)
v=0

Working backwards, this now ensures that

Pn—l—l( ) (x_‘gl Zev+lpn V)

where P,(z) =Y/ _oaniz”. ®
We note that in this case the (d+2)-term recurrence coefficients 3, and v37¢ 1 < i < d,

are constants.
As an example, we have the following result

Proposition 5.2 [/4] The Riordan array is the coefficient array of the modified
d-orthogonal Chebyshev polynomials of the second kind given by

P (z)=U,(z—6,), n=0,1,2,...

5.3. Riordan arrays and d-orthogonal polynomials
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Proof. We have [31], (2.4)]

1
1—at+ 0 Ot

i1
d

Thus

1 9]
1— (1’ — 91) t+ 22:1 9k+1tk+1 2;

n=

Now

1 1 t 1
1—(z—01)t+ 22:1 g1 thH1 N (1 + ZZ:O Oprtht 1+ ZZ:O 9k+1tk+1> 1—at

Thus

1 ; .
d k+1’ d k1] 1 Z ( —61)t

]
Also we have the following motivating result

Proposition 5.3 [/J] Every Riordan array of the form

1-— d+1 )\kx z
d+1 k’ d+1 k <514>
L3 Ok 14377 O

1s the coefficient array of a family of monic d-OPS.

Proof. We have
d+1

=(1- Z/\kxk,x) -A
k=1

where it
B = (bn) = <i+§d“2:ik’ 1+Z£}9kxk) ’
A = (ank) = (1—&-20&19;&:’“’ 1+§;dile,€xk
and (1 — 3071 A2, x) is the array with elements
1 0 0 0 0
-\ 1 0 0 0
-y -\ 1 0 0 0
A =M1 (5.15)
—Adt1 e T 0 L
0 Mt - A M 10
0

5.3. Riordan arrays and d-orthogonal polynomials
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Now, by using the recurrence (5.13)), we deduce

d

anrl,k = OQp41k — szo >"U+1an7v,k7
d

=dan k-1 — szo ev-l-lan—v,k

d
_/\1 |:an—l,k—1 - ZU:O 0v+1an—1—v,ki|

d
—o = A1 [an—l—d,k—l — > =0 ev—i—lan—d—l—v,k}
d
- bn,k—l - Zv:O )\v-i—lbn—v,k‘-

Hence, since b, is expressed in terms of a, j, then as in proof of the previous propo-
sition, B is a Riordan array of a family of d-OPS {@Q,}, i.e.

Qo(r) =1, Qi(z)=2—-0—X, Q:z)= z? — (201 + M)x + Miby — Ao + 9% — 0O, ...
m

Proposition 5.4 The Riordan array 1s the coefficient array of the modified d-

orthogonal Faber polynomials given by
P (x)y=F,(x—#6,), n=0,1,2,...

Proof. The d-orthogonal Faber polynomials {F, (z)},, are studied by Douak and Ma-
roni [32], and in another way by Ben Romdhane [I4]. This family of polynomials is defined

with the help of the generating function as follows

1 Sy gk oo
Zk}dil k — Z Fn(lt)tn
1 — I't + Zk:l 9k+1tk+1 n=0
Thus n .
1— At =
k=1 dk :ZFn (x —0p)t",
1 - (ZL’ — 91) t + Zk:l 9k+1tk+1 n—=0
ie.,

%:kzl k s a . :ZFn (17_01)25”
L4+ 3o OppatFt 1430 Oyttt | 1 —at 2=~
Also note that, we can express the d-Faber polynomials in terms of co-recursive d-OPS.

In fact, Ben Cheikh and Ben Romdhane [11] have shown that the o-Appell d-OPS are

expressed in terms of d-orthogonal Chebyshev polynomials of second kind as follows

d+1

Fo(z) = Up(2) + > MU (2) .
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In this case, since U" () = Uy (x), it follows that the Riordan array 1) is the

coefficient array of the co-recursive d-orthogonal Chebyshev polynomials of second kind

given by [69]
d+1
Py (z) =Up(z—01) + > MelUnp (x — 61).
k=1
| |

5.4 Stieltjes matrix

Let L = (Ink),, 4o be Riordan and L be the matrix obtained from L by deleting the first

row, i.e., Ly = ly41. For example, if I is the identity, then

0 1 0
_ 00 1
I =

00 0 1

Observe that L = I L. There exists a unique matrix Sy, = (Snk)n,kzo such that LS, = L.
That is,
ln,k = Z sikln—l,i; for n Z 1. (516)

i>0
We call this matrix the Stieltjes matrix of L. For example, the Stieltjes matrix corre-

sponding to the Pascal matrix (5.1]) is

We note also that the S is unique, i.e., S, = Sy < L = K.

Theorem 5.2 [/]] If L = (g, f) is Riordan and Sy, is (d + 2)-banded lower matriz as in
, then

(a) Sy, is in the following form

Bo 1 o 0 0 0
81 B 1 0 0 0
Wt s 10
Sp=| At B (5.17)
o : . S
0 ,YO . ,yd—2 'Yd_l 6 1
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(b) f — $(1+ﬁf+’7d_lf2+---+")/Ofd+1) and g —
(1—afo— 1 af — .= Wafh)

Proof. Write Sy, in the form (5.7) with C; (z) the generating function of the i*" column
of L, i > 0. We have: C; = ¢gf*. By looking at the first column of LS, and L, we obtain

Co(x) =14 g1o + goa® + ... = 1 + liox + lpo2® + ...

and
Bo =lo=a
hoBo+ 791" =1l =g
laofBo + b7y + 17 =130 = g3

laoBo + lanyd ™ + laayi +90 = lag10 = gar1
Multiplying the first equation by z, the second one by 22,... and the last by 2% and

summing we get
wfog +ay{Tgf + .+ arigft=g 1.

Whence g (z) = (1 — 28y — 7 'af — ... — fy(fxfd)fl :
Repeat the procedure for ¢ > 1, and in each case we try to find a system that contain

all coefficient 5,v%"1,...,7°. One can see that we have

9f' ==y [fi_l + Bif' + 'thllfﬂg +.. %‘O+1fd+i} ) (5.18)
that is
Oi =X (Cifl + 5101 -+ ’)/fl_;llerg + ...+ 7?+1Ci+d) . (519)

Hence after simplification we find the expression of f.
For instance, rewrite the equality (5.18)) in terms of j and subtract, we get

d—1

(Bi = Bi) f+ D (T =) £ =0

v=0

which is equivalent to
Bi = B; = B, A =4l g <y <d - 1.

]
This leads to the important corollary which is an analogue of [81].

Corollary 5.1 [/4] If L = (g(z), f(x)) is a Riordan array and P = Sy, is (d + 2)-banded
lower given by , then L=1 is the coefficient array of the family of d-OPS.
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Proof. By Favard’s theorem, it suffices to show that L' defines a family of polynomials
{P,(x)} that obey a (d+ 2)-term recurrence. Now L is lower-triangular and so L™ is the

coefficient array of a family of d-OPS P, (z), where

1 P() ([L’)

x Pi(x)

L' 22 | =| P
x? P3(x)

We have

S;-L'=r'.L.L7'=r'.7T.L.-L7'=L"'. T
Thus

Sp- L7t (Lwa2? . ) =L - T-(1,z,2% .. ) = L7 (z,2%, 23, .. )7,

We therefore obtain

Bo 1 0 0 0
w8 1 0 0 Py(z) rPy(x)
WAt g 10 Pi(x) 2P (z)
A Py(z) | =] 2P(2) |,
~0 : : G | Py(x) xPs(x)
0 : :
0

from which we infer that

Pl(x) =z — o,
Py(z) = (z—B)P(zx) =i

Pyy1(v) = (z—B)Py(v) - Vd_lpd—1 —..7'P (z) — 79'
and

Poia(z) = (= B)Pu(z) — Vd_l_vpn—&-d—l—v(x)a n > 1.

[ |
Combining these result with previous proposition, we have

Theorem 5.3 [/J] A Riordan array L = (g(x), f(x)) is the inverse of the coefficient
array of a family of d-OPS if and only if its Stieltjes matriz Sy, is (d + 2)-banded lower
matrix.
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We give the following example

Proposition 5.5 [/J] The Stieltjes matriz of the inverse Riordan array

1 x

left-multiplied by the k™ binomial array

1 T B 1 T k
1—ka’l—kx) \l1—-2'1—2x

0+ k 1 0 0
0, 0,+k 1 0
05 0, Gh+k 1

s given by

pP= : 05 0,
Oat1 ‘
0 Oa11
: 0

Proof. We have

1 T ( 1 T )
1+ M 0k’ 14+ 3000 Grack 1+ka' 1+ ke

1 T
- (1 + (01 + k) + 3 O L (k) e+ 9k+1ﬂv’““) |

And more generally,
1— 30\t T ( 1 T )
L+ 3000 et 14 3000 G ) \ 1+ k" 1+ ke

B 1— 30 Nt T
N (1 + (00 + k) 2+ S Ozt 14 (0 + k) + 3 0k+1xk+1> '
Therefore, the inverse of the last matrix has the Stieltjes array
01 +k— X\ 1 0 0
Oy — Xy O+ k 1 0
O3 — A3 0 Oi+k 1
: 05 0, '

(5.20)

Oar1 — Aas1
0 Oas1
0
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5.5 Exponential Riordan arrays

The exponential Riordan group is a set of infinite lower-triangular integer matrices, where

each matrix is defined by a pair of generating functions g(x) = go + g1 + gQ’;—i +--- and
f(z) = fix + fg% + --- where gg # 0 and f; # 0. In what follows, we shall assume
go = f1 =1.

The associated matrix is the matrix whose i-th column has exponential generating function
g(z)f(x)/i! (the first column being indexed by 0). The matrix corresponding to the pair
f, g is denoted by [g, f]. The group law is given by

[9, f]-[h, 1] =[g(ho f),lo f].

The identity for this law is I = [1, 2] and the inverse of [g, f] is [g, f]~' = [1/(g o f), f]
where f is the compositional inverse of f. We use the notation eR to denote this group.

If M is the matrix [g, f], and u = (uy,),>0 is an integer sequence with exponential
generating function U (z), then the sequence Mu has exponential generating function
g(x)U(f(x)). Thus the row sums of the array [g, f] have exponential generating function

given by g(z)e’® since the sequence 1,1,1,... has exponential generating function e”.
We will use the following [25, 26], important result concerning matrices that are pro-

duction matrices for exponential Riordan arrays.

Proposition 5.6 Let A = (an), ;>0 = [9(2), f(2)] be an exponential Riordan array and
let
c(y) =co+ay+ey’+..., r(y) =ro+my+ray’ + .. (5.21)

be two formal power series that

(@) = ) (5.22)
ey = 48 (5.23)

Then
(Z) Ap+1,0 = Zl’!CZ‘anJ‘ (524)

. 1 .
(ZZ) Upt+1k = Toln k-1 + E Z Z!(Ci_k + kri_kﬂ)an?i (525)
T ik
or, assuming ¢ =0 for k <0 and r, =0 for k <0,

1 ,
Unt1k = 7 Z ik + ki py1)An (5.26)

Ci>k—1
Conversely, starting from the sequences defined by , the infinite array (ank),, 1>o
defined by 1s an exponential Riordan array.
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A consequence of this proposition is that the production matrix P = (pm')ijzo for an
exponential Riordan array obtained as in the proposition satisfies [25] 26]
7! .
Dij = ﬁ(cz‘—j + Jricji1) (c.1=0).
Furthermore, the bivariate exponential function
op(t,z) =) -
P\l - - Pn.k nl
of the matrix P is given by
op(t, z) = e*(c(z) + tr(2)).
Note in particular that we have
r(z) = f'(f(z)), (5.27)
and -
() = LU @) (5.28)
9(f())

Now, an important property of the matrix L which has led to the proof of various

results in this context is the following

i - d
Proposition 5.7 [/]]] We have L = d—L.
x

d 00 n 00 n
% (Zogn%> = (Zogn-i-l%) )

then equating the first columns of the matrices L and LS, we obtain

Proof. Since

Bo = lio
LoBo +9 =l
laoBo + lglﬂl_l + Vf_Q = l3o (5.29)

laoBo + layi ™ + cdaaari 7 =lario,
and for n > d + 1, we see that one can has
lnoﬁo + lnl’yii_l + --~ln,d—1'7% + ngmd = ln+1,0- (530)

Multiplying the second equation of (5.29) by z, the third one by 22,... and the last by x¢
and (5.30) by 2", and summing we get

5o (1 + Liox + lygz? + ) + Vf_l (x + Ly 2® + ) +o (:Bd + ld+17d:17d+1 + ) =¢ (x),
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Bog () + 7 g (2) f () + ... + g (2) [f (2)] = ¢ (x).

Now, by equating the second columns of the same matrices we get

1 =1
Lo+ 61 =lu
log + 12181 + 75“ = I3 (5.31)
lso + l3181 + l327§l_1 + 73_2 =y
lar10 + lay11B1 + lapioye 4 o Hlanrans +9 = lagan,
and for n > d + 2, we see that one can has
Lo + Ln1 B+ b2V 4 oo lnas + lodginys = lovi, (5.32)

Multiplying the second equation of (5.31)) by z, the third one by z2,... and the last by x¢
and (5.32)) by 2", and summing we get

(1 + llo.f =+ 1201'2 + ) + ﬁl (.CIZ' + 121.%2 + )

95 (@ + I + ) 4 Y (2 + gt + L)

= ([E + 121$2 + ) s

g (@) + Brg () f (@) + 9 g (@) [f (@) + .. + 99 (@) [f @) =g () f (2),
whence
L+ Bof (@) + 98 [ @)+ o+ 8 [ @) = (2).
[ ]

Theorem 5.4 [JJ] If L = [g(z), f(z)] is an ezponential Riordan array and Sy, is (d + 2)-

banded lower matriz, then necessarily

Qg 1 o --- 0
pd™t a1 0 -0
po 2 ptt a1 0 0
S, = (5.33)
o o oceeopy' ag 10
T . S R 7 SR VTR |
S . . .
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d—i
where {ay k>0 is an arithmetic sequence with common difference o, and {(Zil) } ,
= i) e>1

1 <i<d, is an arithmetic sequence with common difference v~ and

In(g) = / (o + " (2) o 4 01 (@)Y dz,  g(0) = 1, (5.34)

where (), is the Pochhammer symbol and f is given by

d
fl=T+af+> 477 f(0)=0, (5.35)
=1

and vice-versa.

A 1
Proof. We consider the lower triangular matrix L with AL (2) [f ()]* for the exponential

generating functions of the k™ column, k& > 0. We note that L is a Riordan matrix with
exponential generating functions.
From ([5.35)), we see that

d

[2"]g' = Bo " g+ Y s " [ gf",

i=1
i.e.
lnt1,0 = Bolno + AYflilln,l + oo+ W g

Hence, for k& > 1, we have

(%gf’“) = g f ; ! A

1 d o 1 d o
=—(Bof+ W f ) off+ ——= (1+ B+ X " fiH ) gf 1,
k! i=1 (k - 1)! i=1
then
n l k / _ [ 1 k—1 n<60+k61) k
o] (o) =) e+ o Py
d—1 d—1
(T Ry (W + kA
+ [z"] (i 7 2 )gfk+1+...+ [z ]—(% X vz)gf“d
— [ 1 . k—1 n % k .
n lu’;clil k+1 n lug k+d
+[$]mgf +---+[x}m9f ,
where
ap = fo+kpr and pg = (k+1); (7" +ky5) for 1<i<d,
whence

ln—i—l,kz = ln,k—l + akln,k + “g_lln,l + ...+ H’gln,k’-i-d- (536)
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Finally, we easy observe that

i pd=i ‘
ap — ap_1 = P1:=a and k — k_lzfyg’l for 1 <1i<d.

(k+1); (k)

]
We give now an example for a d-OPS defined by a generating function which can be

also generated by a Riordan array.
Let us consider a family of Hermite polynomials generated by the following generating

function
d

G (z,t) = exp {(x —b)t— Z ij——iltiﬂ} — ano %Pn (x)t". (5.37)

=1

This generating function satisfies the following first order differential equation

G (x,t) = <x —b=> aiti> G (z,1). (5.38)

Now replacing G (z,t) and G’ (z,t) by the right hand side of (5.37]), we can easily obtain

the linear recurrence satisfied by the sequence of polynomials {P,}, ., as follows

Pora (x) = (£ = b) Poya(x) = > ai(n+d), Poyai(x), n>0 (5.39)

i=1
which means that {F,}, 5, is 2-OPS where (n +d), = (n +d —i+1),.
By translation, we can take a = 0. In this case, we have G/, (z,t) = tG (z,t), i.e.,

Fr () = (n+1) By (), (5.40)

that is, { P}, >, is Appell sequence, and then it is classical d-OPS.
Now by choosing
b=d and a;=1+1 for 1 <1 <d,

the corresponding Stieltjes matrix (5.7) may be written

b 0 0
ay b 1 0 0
2a4 2a, b 1 0 0
6as
dlag day b 1 0
0 aq(2+d), d(d+1)ay (d+1)aq b 1
0 :
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where the common difference is 0 in all case, i.e.,

S = R
(k+d), (k+d—1),
Therefore, from ((5.34) and ([5.35) we obtain

f(z)=xz and In(g) = /(b + a1x + 2a02>... + d!adxd)dx,

ai—ai:O.

ie.,
d
g(z) =exp {bx + Z é}-x”l} :
i=1
Corollary 5.2 [J/If L = [g(x), f(x)] is an exponential Riordan array and Sy, in the form

, then L1 is the coefficient array of the family of monic d-OPS.

Clearly, L' is then the coefficient array of the family of polynomials {P,(z)}. Gath-
ering these results, we have

Theorem 5.5 [/J] An exponential Riordan array L = [g(x), f(x)] is the inverse of the

coefficient array of a family of d-orthogonal polynomials if and only if its production matriz

P =S5y, is in the form .

Proposition 5.8 [/J] Let L = [g(z), f(z)] be an exponential Riordan array with (d + 2)-
banded lower Stieltjes matrixz S,. Then

nllalg(@) (L7 (@) o [f @)1 = U™ =

where U = (uy, ...,ud_l)T 1s the linear functional that defines the corresponding family of

d-OPS.
Proof. Let L = (I; ;)i ;>0. We have

S

Applying U, we get for each 0 < a < d — 1,

Ua(2") = ua (X lniPi(7) = 2o1g bnitia(Fi(x))
= ico lnidia = lna = nl[z"]g(2) [f (2)]".

Corollary 5.3 [/4/Let L = [g(z), f(x)] be an exponential Riordan array with (d+ 2)-
banded lower Stieltjes matriz St,. Then the moments p,, of the associated family of d-OPS

are given by the terms of the first column of L.
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5.6 Sheffer Riordan array

Let g (x) and f (z) defined as above. Then the polynomials P, (x), n =0, 1, ... defined

by the generating function

g(x) e = 3 Py

n>0
are called Sheffer type polynomials with P, (z) = 1.
Therefore, the set of all Sheffer type polynomials { P, (z) = [z"] g (z) e*/®¥} with an

operation of umbral composition, forms a group called the Sheffer group.
In the following paragraph, we give an example of Sheffer type Riordan array. Let

us now consider a family of d-OPS of Charlier type defined by the following generating
function [10]

n>0nl "
=1

G(z,t) = (14 7t)* exp {i Hl-xl} = Z ! P, (z)t". (5.41)

This generating function is of Sheffer A-type zero. Note also that when 7 — 0, we get
the previous example.
The family of polynomials generated by (/5.41)) satisfy the following recurrence relation

d
Popr(z) = (x+b—7n) P, (x) = > a;(n); Pai(x), n>0 (5.42)
i=1
which means that { P}, is &-OPS where a; = (n + 1) 0,1 +n6; and (n), = (n —i + 1),

In this case, the corresponding Stieltjes matrix take the following form

b 1 0 0
ay b—r 1 0 e 0
2a9 2a; b— 271 1 0
6as 6as 3ay b—3r
dlag day b—dr
0 a(2+d), - d(d+1)ay (d+1)a;
: 0 : :

where the common difference of {a} = b}, is 7 and it is 0 for { (ﬁ;; }k>0.
Therefore, from ((5.34)) and ([5.35) we obtain
f(z) =b+xe™ and

In(g) =/ [b +ay (b+ ze™) + 2ay (b + ze™)” + ... + dlag (b + xe”)d] dx,

5.6. Sheffer Riordan array
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ie.,

d
Ing(z) = Z Sz exp {itx} .
i=1

5.6. Sheffer Riordan array



Chapter

Conclusions and future directions

In this thesis we are concerned with Riordan arrays and d—orthogonal polynomials. After
giving some preliminaries results in the two first Chapters we focused in Chapter 3,
on the construction of the inner products which generate the sequence of d-orthogonal
polynomials in the sense of Sobolev. Our perspective in the future is to study d—classical
of Sobolev and d-semi classical orthogonal polynomials of Sobolev.

In chapter 4, we characterize the d— classical orthogonal polynomials. . We present an
algebraic theory of classical d—orthogonal polynomials and we want to fill in some gaps.
We broaden and close some inclusions that exist and are known perhaps as consequences.
In the future we aim to extend the combinatorial theory of orthogonal polynomials created
by Vienno to d—orthogonal polynomials. Indeed, a second method of calculating moments
has been discovered by using a non-trivial combinatorial model from a generalization of

Pollaczek polynomials that can be generalized to all Appell polynomials.
In Chapter 5, we pioneer the study of d-orthogonal polynomials and Riordan arrays.

More precisely, we have extended the results of Riordan arrays and orthogonal polynomials
in such a way to give a significant generalization from the orthogonal case to the d—
orthogonal case. We show that the Riordan array, in the constant coefficient case, is a
good vehicle for such studies. A principal discovery is that the d—orthogonal polynomials
are characterized by the Rordan arrays. Our perspectives are then to extend this idea to
algebraic structures in d-Hankel matrices and d— Hankel-plus-Toeplitz matrices relating
to d—classical orthogonal polynomials. We aim also to extend our research to d—continued

fraction and d—semi classical orthogonal polynomials.
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