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Résumé

L’objet de cette thése est I’étude de la controlabilité impulsive de certaines équations
d’évolution abstraites impulsives. On applique la méthode d’unicité hilbertienne (HUM)
pour obtenir le contrdle impulsionnel dans le cas ou 'espace d’état initial est un espace
de Hilbert. Ce probléme de controlabilité n’est pas simple, et en général, il ne peut pas
étre résolu explicitement. Par ailleurs, nous donnons une condition nécessaire et suffisante

pour la résolution du probléme de la contrélabilité nulle ainsi considéré.

Finalement, on donne quelques applications d’équations aux dérivées partielles im-

pulsives, & savoir 'exemple de I’équation des ondes et celle de Schrodinger.
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Abstract

The aim of the present thesis is the study of the impulsive controllability of certain
abstract evolution equations. We apply the Hilbert Uniqueness Method (HUM) to obtain
the impulsive control in the case where the initial state space is a Hilbert space. This
problem of controllability is not at all simple, and in general there is no universal method
to get it explicitly.

On the other hand, we give a necessary and sufficient condition for the null control-

lability of such a problem.

Finally, we give some applications of impulsive Partial Differential Equations, namely

the example of the Wave equation and that of Schrodinger.
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INTRODUCTION

The theory of impulsive differential equations has become an important area of investigation
in recent years. It has been the subject of mathematical research for almost fifty years. The
first papers in this theory are related to the names of V. D. Milman and A. D. Mishkis in
1960, [85]. An impulsive system is a system of special kind of consisting of a differential system
and a difference system that respectively describe continuous evolutions and discrete events
occurring in a mathematical model of a physical system. Many evolutionary processes are
characterized by the fact that at certain moments between intervals of continuous evolutions
they undergo changes of state abruptly. The durations of these changes are often negligible
when compared to the total duration of the process, so that these changes can be reasonably
approximated as instantaneous changes of state, or impulses. These evolutionary processes are
suitably modeled as impulsive differential systems, or simply impulsive systems. Generally,
an impulsive system is characterized by a pair of equations, a system of ordinary evolution
equations that describes a continuous evolutionary process and a difference equation defining
discrete impulsive actions. Impulsive differential equations, meanwhile, are fundamental in
most branches of applied mathematics. They have applications in various fields such as physical
and engineering sciences, population dynamics, theoretical physics, radiophysics, mathematical
economy, chemistery, metallurgy, ecology, industrial robotics and biotechnology.

Recall that the impulsive differential equation is described by three components: a continuous-
time differential equation, which governs the state of the system between impulses, an impulse
equation, which models an impulsive jump defined by a jump function at the instant an impulse

occurs, and a jump criterion. Mathematically these equations take the form

Y(t) + Ay(t) = 0,tg < t < tms1 =T, t # b
y(to) = 4°, (0.1)
y(tr +0) —y(tr) = Ay(ty) = Ly(ty), k=1,2,...,m,

where 0 =ty < t; <ty < ... < t,, < T, y° is an initial condition in a Banach space X.
Existence and uniqueness are the most fundamental qualitative properties of impulsive sys-

tems. KEarly research results on existence and uniqueness have been obtained. As a result,



there are some works including books for the basic theory on impulsive evolution equation in
Banach spaces by Lakshmikanthan, D. D. Bainov [67], D. D. Bainov, P.S. Simeonov [13], A. M.
Samoilenko [95], Benchohra et al.[24] and Yangs book [115]. The nonlinear impulsive evolution
equations on Banach spaces have been studied by using semigroup theory in the articles of E.
Hernandez [53, 54|, J. H. Liu [78], W. Zhang, R. P. Agarwal and E. Akin-Bohner [116], Chen
Fangqi, chen Yushu [43], Benchohra [20 — 22, 24|, N.U. Ahmed [3, 4], whereas Bainov et al.
[11 — 15] discussed the same impulsive problem with finite impulses in Banach spaces.

In recent years, controllability and its applications to evolution equations has been exten-
sively studied by several authors. Benchohra et al. in [18, 19, 23] and the papers of Bal-
achandran [16], the authors studied exact controllability for non impulsive evolution equation
by fixed point theory, and obtained some important results. There are different methods for
investigation of both controllability for different types of evolution equations. The choice of the
appropriate method depends on the type of evolution equations and the initial state of these
equations. There are various fixed-point theorems available, the most popular being Schauder’s
fixed point theorem, Banach contraction theorem and Schaefer’s fixed point theorem. Control-
lability of nonlinear systems represented by ordinary differential equations has been extended
to infinite dimensional systems in Banach spaces with bounded operators by Triggiani [104,
105], Naito [89] established the approximate controllability of semilinear control systems using
fundamental assumptions on the system components. Yamamoto and Park [114] established
necessary and sufficient conditions for the approximate controllability of a parabolic equation in
a Banach space with uniformly bounded nonlinear term by estimating solutions to the nonlinear
parabolic systems. Nakagiri and Yamamoto [88] gave a number of criteria for controllability
and observability for evolution systems in general Banach spaces. Zhou [117] derived a set
of sufficient condition for the approximate controllability of semilinear abstract equation with
distributed control. Exact controllability of abstract semilinear equations has been studied by
Lasieka and Triggiani [104, 105]. Furthermore, many results have been extended to impulsive
differential equations. Leela [71] studied the controllability for an impulsive evolution equation
in finite dimensional spaces, R. K. George and A. K. Nandakumaran, and A. Arapostathis
[47], Z.H. Guan, T.H. Qian, X. Yu [49], X. Z. Liu, et al. in [79, 81, 82], B. Lui [75, 76] and
M. U. Akhmet et al. in [7], S.A. Belbas in [17] gave a necessary and sufficient conditions for



controllability of impulsive control systems in Euclidean spaces. B. M. Miller [86] and Ahmed
[3, 4] considered optimal problem of systems governed by impulsive evolution equations in finite
dimensional Banach space. In the case of finite dimensional evolution systems these notions
are quite simple and so are well mastered. However, in case of infinite dimensional, the study
is more complex and the classical notions may be defined through various angles.

In general it is difficult to test the exact controllability of infinite-dimensional systems.

The controllability of infinite-dimensional systems in Banach spaces has been studied ex-
tensively by virtue of the fixed point theorem. The essential part of this method is to transform
the controllability problem into a fixed point problem for an appropriate operator in a func-
tion space. The question of the impulsive control has attracted the attention of many authors.
Ahmed [3, 4], Peng et al. [93], X. Xiang. et al. [108 — 110], W. Wei, X. Xiang [107], and S.
Hipang, X. Xiang [56], considered optimal problem of systems governed by impulsive evolution
equations in infinite dimensional Banach space. M. Benchohra, . Gérniewiez, S. Ntouyas, A.
Ouahab in [22], and N. Abadaa, M. Benchohra, H. Hammouchec in [1, Article in press in Non-
linear Analysis 2007] studied the controllability results by fixed point theorem for the impulsive
functional differential inclusions. Also, by using the fixed-point theorem, M. Guo, X. Xue, and
R. Li [51] discussed a controlability of impulsive inclusions with nonlocal conditions.

Our technique is the method called HUM (Hilbert Uniqueness Method) which exists in
the continuous case for finding a control that steers the solution to a given final state, which
is based on the duality between a linear control system and its adjoint system. Actually, the
HUM has been developed for evolution equations without impulses i.e. in the special case
where (0.1) has no impulses, by Lions. The method first saw the light in 1988, see for instance
Lions [74], Lagnese [65,66], who treated certain first order systems, while Bensoussan [25]
gave some abstract views on HUM. This method has been studied in the classical case by
many authors; Zuazua [118] studied the observability and stability for the evolution equation
without impulses and obtained a unique control by this method. Komornik [62, 63], G. Lebeau
[70], D’ager [36], M. Milla Miranda, [86], Bensoussan [25], Lagnese [65,66], obtained the same
conclusion by applying the HUM when (0.1) does not contain the jump conditions. Haraux
[53], studied the exact controllability of (0.1) without impulses by the HUM but he did not

obtain a controllability result for (0.1) with impulsive condition. This method also applies for



impulsive differential systems in a Hilbert space. The controllability of evolution equation with
impulses by the HUM was considered by R. Boukhamla and S. Mazouzi [30]. In this thesis
we generalize some results of controllability obtained for classical evolution equations to the
impulsive evolution equations in a Hilbert space. Sufficient conditions are established for the
controllability result by using semigroup theory and fixed point theorem. Our technique is based
on fixed point theorems and the HUM. In fact, the HUM is one of the important techniques
used to obtain controllability of differential equations and can be applied to impulsive partial
differential equations such as impulsive wave equation and impulsive Schrodinger equation.

We fix the final time 7" > 0 for which we expect the solution of our problem to exist.

The questions one can ask are the following;:

e What is a controllability ?

e What does controllability mean for a impulsive system in a Hilbert space with finite
impulses?

e What is one possible test 7' > 0, {t3}, oy C (0,T) for impulsive controllability?

e What is the possible initial data space which we want to control?

e What is the right control vector space in which we do have to control the system?

e Is the impulsive system null controllable 7 Is it exactly controllable?

e What is the result about the exact controllability for impulsive evolution equations with
infinite impulses?

e Which neccessary or sufficient conditions should be imposed on the operators B, Dy for
the above impulsive controled system (0.2) to be controllable?

Finally,

e If the answers to the above questions are positive, how can we obtain the control that
conduct to that aim?

o If the answers are negative, what can we say about the attainable states from some initial
state y°? Can we decompose this system in controllable part and non-controllable one or not?

The theory of impulsive differential equations is richer than the corresponding theory of
differential equations without impulses. Controllability is concerned with the coupling between

initial states and final states. The fundamental controllability problem is the following: given



an initial state y° and a final state y(T'), find a control that ”steers” the solution of

y (t)+ Ay (t) = Bu(t), t€(0,T))\ {tktreom »
y(O) = yO’ (1)
Ay (t) = Ixy (tr) + Drvg, k € o,

from 4° to y(7T) in time 7. To solve this problem we should describe an appropriate function
space X for which (0.2) has a unique solution which is piecewise continuous in time (so that
it makes sense to speak of initial and final values). If such a control vector (u (t),{vr} k@{”)
exists, for all possible y° € X, we say that (0.2) is controllable in (0,7 .

We shall use the HUM to analyze impulsive system for null controllability and exact con-
trollability in the subsequent chapters.

In the preliminary chapter, we introduce some fundamental notions and preliminaries which
will be needed in the proof of existence and controllability results. It is ended with mathematical
models of some important examples of impulsive evolution systems.

In the second chapter, some existence and uniqueness results for impulsive systems are
presented. There, we generalize certain fundamental properties such as the existence of mild
and classical solution for some abstract impulsive evolution equations, and we give an explicit
form of these solutions.

In the third and forth chapters, we discuss exact controllability of impulsive evolution equa-
tion of first and second orders by the HUM; on the other hand, we obtain the control function
by this method. The third chapter is based on the results of R. Boukhamla and S. Mazouzi
[30], as well as those of A. Haraux [53]. We establish some controllability result for an impulsive
evolution equation with finite fixed impulses. We also consider different types of controllability,
such as null-and exact controllability. Also in this chapter we shall separately treat systems
dealing with finite impulses as well as systems with infinite impulses. The case of the impulsive
systems with infinite impulses is more complicated, but it is still easily analyzed whether one
has controllability or not. In the last sections of chapter 3 and 4, we will apply the theory of
impulsive controllability to some impulsive partial differential equations, (IPDE), such as the
impulsive Schrodinger equation and the impulsive wave equation.

Finally, we present some conclusions for the controllability of an impulsive equation in



Hilbert spaces by the HUM.



Chapter 1

Preliminaries, Modelling and

Applications

1.1 Preliminaries

This section summarizes some basic general information on impulsive evolution equations in
Banach spaces and introduces fundamental theory and preliminary results that will be needed
in the rest of this thesis.

We first introduce and define certain fundamental suitable function spaces which are very
important for the study of impulsive differential equations.

The space of absolutely continuous functions AC ([a,b]; X) :

An absolutely continuous function plays a fundamental role in the theory of differential
equations although it may not be differentiable at all points, it still can be recovered by inte-
gration from its derivative. In fact, it is characterized by this property, and in some sense, is
the weakest acceptable kind of solution one can seek in a discontinuous (impulsive) differential
equation. Let (X;|.|]) be a given Banach space.

We shall denote by C' ([a,b]; X) the set of all functions y : [a,b] — X which are continuous
on the closed interval [a,b], and let C! ([a,b]; X) be the set of all functions y € C ([a,b]; X)

which are continuously differentiable in the open interval (a,b) and with left limit and right



limit, respectively,

y/_(b) = hli%ly(b—i_};z)_y(b)’ y;(a) _ hli%ﬂy(a + hf)b —y(a)

9

exists in b, respectively, in a. We define similarly the higher order left and right derivatives of

such functions, respectively, as follows:

(n—1) _ ,(n—1)
(n) oy (b + )~y (D)
by = 1
y— (b) Jim . ;
(=1 (q 4 h) -y
(n) . a+h)—y (a)
= 1
yy (o) = lim Y :

recursively for every n > 1.

On the other hand, let C" ([a,b]; X') denote the set of all functions y € C ([a,b]; X) such
that y® € C ([a,b]; X), for 0 < k < n and y(,")(b), y(f) (a) exist. Recall that the existence of
the left (respectively, right) derivative of a function y at a point implies that the function itself

is left (respectively, right) continuous at that point.

Definition 1 A function f : [a,b] — X is called absolutely continuous, if for every e > 0 there

exists & > 0 such that the implication

n

e —ar) <6 = > |f(bx) — flan)l <e

k=1 k=1

holds, for every sequence of intervals Jay, bx| C [a,b] such that |ag, by N]aj, bj[ = 0 for k # j.
We denote by AC ([a,b]; X) the space of all absolutely continuous functions f : [a,b] — X.

Here are some properties of the absolutely continuous functions :

Let f be a function from the interval [a, b] to X

1- If the function f is absolutely continuous on [a, b], then it is continuous.

2- If f is absolutely continuous, then f is almost everywhere differentiable.

3- A function f is an indefinite integral if and only if it is absolutely continuous.
4- Every absolutely continuous function is the indefinite integral of its derivative.

5- If f satisfies the Lipschitz condition, then it is absolutely continuous.



The space of piecewise continuous functions :

Now we introduce some Banach spaces which are very useful for the study of impulsive
differential equations.

We define the following space of functions:

PC ([0,T]; X) = {y,y : [0,T] — X such that y(t) is continuous at t # tg, y(07),y(T7),

Y (t,;) Y (t,j) exist, for every k € o'}, where o} is a subset of N given by

op={p,p+1,....4}, p<q, p,qeN.

Evidently, PC ([0,7T]; X) is a Banach space with respect to the norm

1yllpe = sup [ly(@)]-
te(0,7)

In particular, if {tk}keg;n = @, then the space PC ([O, T); {tk}keg;n ,X) coincides with C ([0,77, X) .
On the other hand, we define the subspaces PLC (respectively, PRC)= {y,y € PC such
that y(t) is left (respectively, right) continuous at t = ty, for every k € o{'}.

If ¢ € PC, then one can define a function
¢“1 € PLC ([0,T]; {tk}peopr - X)

respectively,

¢TIt ¢ PRC ([0, Ttk peop ’X>

such that
@It (t) = p(t) = ¢ (1)

everywhere, except possibly at points ¢ = ¢, that is,

o(1) it t

#(t; ),k € o* otherwise.

0



respectively,

¢right (t) —

(1)

if ¢ £t

o)),k € o' otherwise.

We shall call the function ¢'*/* (respectively, ¢"9" ) a left (respectively, right) extension
of the function ¢ € PC. Then the function ¢'*/* € PLC([0,T),X) (respectively, ¢"9" ¢

PRC([0,T),X)) can be written as

o'l (t) =

respectively

¢m’ght (t) _

Zf t e [to,f,l),
’lf t e [tl,tg) R
if  teltm,T]

For y € PC ([O, T]; {tk}],zzn ;X) , we consider the functions

y[k:] =Y ‘[tk,tk+1}

where y(t) = y(t), if £ € (tx, teg1] and yp(tr) = ypy(¢;)- Thus, PC can be identified with the
Banach space [] C ([t,tk+1];X) and hence, PC <[O,T] ; {tk}kEU{n ;X) is also a Banach space
k=0

with respect to the norm

kz::[) Hy ’[tk’t’““] ||C([tk7tk+1]§X) ’

Furthermore, we define the space

et = {yePcC: Y € C* ([ty, tir1]; X), for each k € o'}

10



and for y € PC!, we define 3 as a function

vy (t) if t € [to, 1],
, y(t) if t € [t o],

We also need the following spaces,

PAC = {y e PC: Yk € AC([tkythrl] ;X), for each k € 0'6”'},

PAC' = {yePC: yy € AC" ([tp,tes1]; X), for each k € o'},

Next, we define some classes of piecewise continuous functions. Let a,b € R, with a < b and

let X be a Banach space. Define

PC ([a,b]; X) = {y :[a,b] = X [y (tT) =y (t), Vt € [a,b), y(t7) exists in X
for all t € (a,b] and y (t7) =y (t), for all but at most a finite number

of points ¢ € [a,b)},

PC(0,);X) =  {y:lobl— X ly(t) =y (D), Ve € [a,0), y(t) exists in X
for all t € (a,b) and y(t7) =y (¢), for all but at most a finite number
of points ¢ € (a,b)}.

We state the following definition :

Definition 2 A function f : [to,T] — X is called piecewise absolutely continuous function of
class AC™ ([O,T] \ {tk}keo—{" ;X) if fU) ‘(to,tl] € C" ([(to, 1], X), f) |[tk,tk+1] € C" ([t tesa], X),
forkeo'™ and fU |4, 1) € C" ([[tm,T), X), j <n.

The following lemmas are easy to demonstrate :

Lemma 3 [50] If y € PC ([0, T]; X) N C* <[0,T] \ {t4} peon ;X) , then

11



y(t) = 4(0) + /0 y$)ds+ S [t —yit)]

O<tp<t

for allt € [0,T7].

Lemma 4 [50] If y € PC ([0, T]; X) N C? ([O,T] \ {te}peon ;X) , then

O =70+ [V 3 [y -vm).

0<tp<t

forallt €[0,T],t ¢ {tk}kEU{n and

for allt € [0,T7].

1.2 The model formulation

In this section we present some examples that motivate the study of impulsive evolution equa-

tions.

Example 5 (A Bouncing ball |9, 48, 93]) In this example, we consider a ball that is jumping
on a flat horizontal surface (seeFigure 1). The loss of energy, caused by the friction of surface,

is characterized by constant (.

12



Figure 1 A Bouncing ball

This process is simulated by a differential equation of second order

d?z
e _F
Tz T
where m is the mass of the ball, ' = —myg, is the force (g ~ 9.81m /32 is the acceleration of the

Earth’s gravitation). Each time when the ball touches the ground the surface vertical component
of the velacity vector changes its sign.

We consider a ball of mass m subject to the action of gravity. We let it fall from an altitude
2o > 0 with a zero initial velocity. The altitude z(t) of the ball follows the differential equation
issued from the classical mechanics mz' (t) = —mg, when z(t) = 0, the ball touches the ground

and bounces loosing a fraction of its energy:

1"

z (t) = —cz(t), with ¢ < 1.

Let us look what happens for the case of impulsive setting with the same bouncing ball. At time
to we let the ball fall from an altitude zy > 0. The variable of the system is x = (x1,x2), where
x1 s the altitude of the ball and xo its velocity. The initial condition of the impulsive system

is (to, (20,0)). As long as the altitude of the ball is positive one has

2y (t) = wa(t) and zh(t) = —g =

2a(t) = —g(t—to) and z1(t) = %g(t—to)z + 2.

The impact of the ball on the ground ( and thus the impulsive system transition) occurs at a

13



time t1 such that x1(t1) = 0, and so
ty =ty + \/297“, To(t]) = —/2920.
At this moment, the ball bounces:
ma(t]) = —eza(t) = e/2g%0.

Let t;, be the moment when occurs the k' bouncing. Until the next impact of the ball on the

ground, one has
2o(t) = —g(t — tg) + 2o(t]) and z1(t) = %g(t — )2+ (B (t — ty).
At time tgy1, the ball touches the ground
2 +
21(tht1) =0 = tpy1 =t + §$2(tk )s
and boumces
:Eg(t;g“) = —cra(t, ) = cxa(tf) = ... = Fao(t]) = F/2g20.

Thus, the impulsive system admits an infinite impulsion and the necessary time to attain the

rest position 1s




Example 6 [09, 13, 100] A body attached by a spring to a fired point
A body M attached by a spring to a fized point A and excited by a force F = hsin(pt + «),

vibrates along a horizontal line and collides with a rigid wall B as shown in Fig. 2

F
-

M

o Pl i Falr o
piE——— _ gy —'..a_]—'_}

O - ¥

Figure 2. A body M attached by a spring to a fixzed point.

The system can be described by the impulsive differential equations as follows
my" +cy + ky = hsin(pt + @), y € [—ag,a1],

L 7:U’y,a Yy =ag, yIE(O,bl], M6(071]7
ylv Yy =a, yl € [_b270)7

where y' T is the velocity of the body after the impact is applied, v = 0 for y = —as, and all the
constants are positive.

A multi-body system vibrating with impact is given by
Ny +Cy + Ky = Hsin(pt +a), g (t,y,y') # 0,

y*r =By, g(tuy) =0, i=12.,

wherey € R"; N,C, K and B € R™" x R"; N, K are positive definite matrices and C is nonneg-

ative definite matriz.
The results in this example are applicable to economic problems.

Example 7 [41]The Impulsive Solow equation.
The seminal differential equation of Solow (1956) becomes an impulsive differential equation,

when shocks to capital intensity are modelled with jumps. This statement results from an analy-

15



sis of unit roots in four German macroeconomic time series.
IDFE modelling of the Solow equation

K(1)

10 with real-valued

e Model the jumps of German capital K(t) and the capital intensity r(t) =
piecewise continuous functions.

o Letty,ta, ..., t... > 0 be the moments, when the stock of capital K (t) is subject to shock effects
changing from the positions K(t; ) into the position K(t;) and r(t) is intrinsic to the system

itself. An adequate mathematical model of the growth of capital in this case will be the impulsive

differential equation of the form:

K(t) = sF(K(t), Loe™), t >tg, t#t
K(to%O) :Ko, (11)
AK(t) = J, (K(t)) t=t, k=123,

where functions Jy characterize the magnitude of the impulse effect at times ty; K(top — 0) and
K (to+0) are respectively the capital level before and after the impulsive effect, Ky is the initial

capital.

fgt) FifTects of ccomommic shoocks

: ‘____.a-'"j l«ﬂf:_.}_,--r'"r’

o L
| S0

14 i,

Figure 3. Appearance of economic shocks in macroeconomic variables

e It can be used in the economic studies of business cycles in situation when the total stock of
capital K (t) is subject to shock effects.

e By means of the models of type (1.1) it is possible to investigate one of the most important
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problems of economics - the problem of the optimal control of the business cycles , (see R. M.
May, [83]).

e In the model (1.1) the moments of impulse effect is caused by an interior effect. But the
moments of impulse effect can be caused by an exterior effect.

e The solution of the impulsive Solow equation is the following

K({t) = Lpe™ [(T (to)l—a B %) e—n(l—a)t 4 f} T-a

+ ) T (E ().
to<trp<t
The impulsive differential equations can be successfully used to the mathematical simulation

of biotechnological processes as seen in the following

Example 8 [12] Consider the equation of Verhulst

dN  uN
— -l (k-N

where N = N (t) denotes the biomass of a given population at the moment t > 0, K is the
capacity of the environment and v is the difference between the birth-rate and death-rate.

The case when external disturbances act upon the population is often met. We shall consider
the cases when the external disturbances take place at fized moments of time and are expressed
as adding to or taking off certain quantities of biomass. The impulsive analogue of the equation

of Verhulst in this case has the form

AN _ pN
at  k
AN (tp) =N () =N (t;) =—Ir k=1,2,...

(K —N) t#t,

where 0 < t1 < to < t3 < ... are the moments of external effect, I, k = 1,2, ... are the amounts
of biomass added to (I, < 0) or taken off (I > 0) at the moments t1,ta,ts, ...

Impulsive differential equations arise naturally in various fields such as population dynamics
and optimal control. It seems that the first treatment of impulsive systems goes back to the

monograph by Krylov and Bogolyubov [64] .
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Example 9 [15](Population Dynamics ) The impulsive boundary value problem

' %(m,t) CAu(a,t) = u(@,t) (a— ba(z,0)),  on  Qx (0,T), t#t,
u(o,t) =0, in o0 x (0,7,
u(z, tf) = (1 + ag)u(z, ty,), on Qx {tp}, t=ty,
u(z,07) = u%(z), on  Qx{0}, k=1,2,...

describes a single species population in bounded environment. The function y(x,t) represents
the population density at the point x € Q and time t > 0. Condition u(z,t;) = (1+ ag)u(z, ty),
describes instantaneous changes in the population density due to phenomena as: harvesting,

disasters, itmmaigration, etc.

Example 10 [72] In this example, we assume that the host population is in a stationary de-
mographic state, whose total size is constant N. Let N (a), 0 < a < 1y, (rm, denotes the highest
age attained by the individuals in the host population) be the age density of the total number of
individuals, and N (a) satisfies

N (a) =pu*Ne~ Io “(s)ds,

uq(a) is the instantaneous death rate at age a of the host population, p* is the crude death rate,

we assume that p(a) is nonnegative, locally integrable on [0,7r,,), and satisfies

Tm
| ntayda = oo,
0

w* satisfies

p [ Hayda =1,

where f(a) = e~ Jo )95 s the survival function. We can get the relation N (a) = p*N f(a).
The host population is divided into two groups: susceptible S(a,t) (who are healthy but can
be infected), infected I(a,t) (which includes latent individuals, since individuals in incubation

period can also infect susceptible population), S(a,t), I(a,t) is the age-densities of respectively
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the susceptible and infected population at time t. N (a) also satisfies
N (a) = S(a,t) + I(a,t).

Let M(t) denote the number of susceptible vectors (mosquito population) at time t, P(t) the
number of infected vectors at time t. b, py s the birth and death rate of vectors, respectively.
Since blood transfusion, or using contaminated needles and syringes, susceptibles S(a,t) can
be infected, and become infected individuals at a transmission [31(a). Susceptibles S(a,t) are
infected by infected vectors, and go into infected class at a transmission rate B5. The number of
new vectors by infected hosts depend on the transmission rate y(a). The infected population can
recover, and go into susceptible population at a transmission rate «. In order to control the size
of mosquito, we apply the pulse spraying strategy of insecticides, We spray insecticides upon
mosquito at time nT every T months, T is the period of spraying, nt is the time at which we
apply the nt" (n € N*) pulse, and nt~ is the time just before applying the nt pulse. Every pulse
can reduce a function p of mosquito population. We obtain the following system of equations

that describes the dynamics of the model :

05 105 (uufa) + 3" Br @) )da-+ B (1) S(a. )+ .

forO<a<ry, t#£nr, ne€N*,

S(a,nt) = S’(a,nT*), fort =nr, n € N*

oI 8[

ETd — (L I(a,t)da + Bop (t)) S(a,t) — (pu1(a) + ) I,
for()<a<7'm, t #nt, n e N,

I(a,nT) =1(a,nTt™), for 0 <a < rp,
dM -
o =b—M [;" v(a)I(a,t)da — pyM, fort#nt, ne N,

M(nT):(l—p)M(nT_), fort #nr, n e N*,
dP M [i" y(a)I(a,t)da — po P, fort #nt, n € N¥,
( T)=0=p)P(nt"), fort#nt,

with boundary conditions

S(0,t) = p*N, 1(0,t) =0,
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and initial conditions

where Sy(a), Ip(a) € L(0,7y,).

It is clear that this is an impulsive differential system with infinite impulses.
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Chapter 2

Existence and Uniqueness Results

for Impulsive Evolution Equations

The problem of existence and uniqueness of the solution of impulsive evolution equations is
similar to that of the corresponding ordinary evolution equations. The linear impulsive evolution
equations in a Banach space have, for the first time, been considered by D. D. Bainov [12 — 15].
The existence of solutions, classical and mild, are established by Hernandez [54, 55], J. H. Liu,
[78], Y. V. Rogovchenko [94], W. Zhang, R. P. Agarwal, E. Akin-Bohner [116], Chen Fangqi,
chen Yushu [43], Benchohra [20, 21, 24] and Lakshmikanthan, [67] for linear and nonlinear cases.

In this chapter, we present some basic properties of the impulsive problem in a Banach space.
For more details one may refer to Hernandez [54,55] and J. H. Liu [78]. We construct a new
impulsive evolution operator corresponding to the impulsive evolution system and introduce
a suitable definition of a PPC-mild solution. The impulsive evolution operator can be used to
reduce the existence of PC-mild solution for nonhomogeneous linear impulsive system to the
existence of fixed points for some operator equation.

2.1 First order impulsive Cauchy problem

We define impulsive differential equations at fixed moments (fixed impulses) as follows:

v () = Ay + f (1), te (0.1)\ {thicop
y(0) = »°, (2.1)

y(th) —y(ty) = Ay(ty) = Liy(t), k€ o,
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where the final time 7T is a positive number, 3° is an initial condition in a Banach space
X, endowed with a norm |||, y : [0,7] — X is a vector function, and finally, {tx}, om is an
increasing sequence of numbers in the open interval (0,7), and Ay (¢;) denotes the jump of
y(t) at t =t
Ay(te) =y (&) — v (t),

where y (t;) and y (t,;) represent the right and left limits of y (¢) at t = ¢, respectively. On the
other hand, the operators A, I : H — H are given linear bounded or unbounded operators.
The function f : [0,7] x X — X is continuous on every closed interval [tg,tr11], and it is
non-linear in general.

The corresponding homogeneous system plays an important role in controllability studies,

¢ () = Ap(t), te (0,7) \{thieoy
@(0) = ¢, (2:2)
ASO ‘t:tk = Ik(‘tO(tk))v ke ng,

and the following linear homogeneous impulsive differential system

7 =—A" )2, te (0,7) \ {th}reop -

Ap(tr) = (I + L))" i g(te), k€ oT,

is called the adjoint system to the impulsive system (2.2).

In the next section, we give some abstract results, some basic properties as well as the notion
of solutions for the impulsive evolution equations.

Notion of Solution for the Impulsive Evolution Equation :

We first give the definition of a classical solution for impulsive evolution equations.

Definition 11 (Classical solution) By a classical solution of an impulsive evolution equation
we mean a piecewise absolutely continuous mapping with discontinuities of first kind at the
points t =ty which, for almost all t, satisfies the system (2.1) and for t = ty, satisfies the jump
condition. In other words, a classical solution of the impulsive equation (2.1) is a function

y € PC([0,T]; X)NC(0,T) \{tk}keagn . X), y(t) € D(A), fort e (0,T)\{tx}]", such thaty
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satisfies (2.1) in [0,T).

Note that the classical solutions for evolution equations without impulsive conditions are
defined in an obvious way, see Pazy [90].

To be able to apply the method in [90], we need the following lemmas.

Lemma 12 [90] Consider the evolution problem

y (t) = Ay(t) + f(t,y), te(0,T),
y(0) = ¢°.

Ify° € D(A), and f € C*((0,T) x X; X), then it has a unique classical solution which satisfies
y(t) = Sy’ + fo St — ) f(s,y(s))ds, t€[0,T),
where S(t) is the semigroup generated by A.

Lemma 13 [78] Let assumptions (H1)-(H2) be satisfied, and assume that y° € D(A) and
that f € C1((0,T) x X; X). Then, for the unique classical solution y(.,y°) on [0,t1) of system
(2.1) without impulses (quaranteed by Lemma 12), one can define y(t1) in such a way that y
is left continuous at t1 and y(t1) € D(A).

Proof. Consider the following evolution problem without impulses in (0,7),

From Lemma 12, there is a classical solution given by
w(t) = Sty + f3 S(t — 8)f(s,w(s))ds, te€[0,T),

with w(t) € D(A), for t € [0,T). Next, applying Lemma 12 one has, fort € [0,¢1) C [0,T)
y(t) = Sy + Jy S(t = 5)f(s,y(s))ds, t€[0.t1).
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Next, we define

oitn) = (s + [ " St — 5)f(5, y(s))ds,

so that y(.) is left continuous at ¢;. Then apply Lemma 12 in [0, ¢;] to get

y(t) = w(d), [0,41].

Thus, we have, y(t1) = w(t1) € D(A) which completes the proof.l
Before proving the main theorem, we need the following Lemma.
Lemma 14 [78] Assume that y° € D(A), qi € D(A),k € o and that f € C1((0,T) x X; X).
Then the impulsive system
Y (6) = Ay() + (L y(®), ¢ € 0.7) \ {tiheoy -
y(0) =4, (2.3)
Ay(tk) = 4k, ke 0-71717

has a unique classical solution y which, fort € [0,T), satisfies

o) = (0,° + | S (s y@)ds + Y S0 - g (2.0

0<trp<t

Proof. First consider the interval J; = [0,¢1) and apply Lemma 12 to the equation

Yy (t) = Au(t) + f(t,y(t), 0<t<ty, y(0)=2y".

We obtain a unique classical solution y; satisfying

() = S(° + /0 S(t — 3)f(s,y1())ds,t € [0,41).

Next, define
t1
yi(ty) = S(t)y° + S(t1 —s)f(s,y1(s))ds,
0

Applying Lemma 12, we see that y;(.) is left continuous at ¢1, and y;1(t1) € D(A). On the other
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hand in Jo = [t1,t2), consider the equation

y () = Ault) + f(t,y(t), t1<t<ty ylt1)=wy(t)+a

Since y(t1) = y1(t1) + ¢1 € D(A), we can once again use Lemma 12 to get a unique classical

solution ¥y satisfying

ya(t) = S(t—t1) [y (t) + @] + [ S(t = 8)f(s,92(s))ds, t € [t,12),

so that
to

ya(t) = S(ta —t1) [yi(t1) + ] + [ S —5)f(s,y2(s))ds.
t1
Therefore, ya(.) is left continuous at ty and ya(t2) € D(A). It is easily seen that this procedure

can be repeated in Jy = [tp_1,tk), k € U?H to get a classical solution

yi(t) = S(t = ti1) lye—1 (1) + qea] + [y S(E = 5)f(s,90(9))ds, T € [t 1)

with yi(.) left continuous at ¢ and yx(tx) € D(A), k € of.

Now, define
yl(t), 0<t<ty,

y(t) =S we(t), ey <t <ty keoy,
Ym+1(t), tm <t <T.

It is clear that y(.) is the unique impulsive classical solution of (2.3).
Next, we use induction to show that (2.4) is satisfied in [0,7"). In fact, (2.4) is satisfied in
[0,¢1]. If (2.4) is satisfied in (tx_1, tx], then for t € (tx_1, t]
t
y(t) = yrsr(t) =S —te) [ye(te) + @] + [ S(t—5)f(s,y(s))ds
ty
t
= 8- ) [S0s° + [ S 979

ty

+ Y Sttt | + [ S -9 (s m(s)ds

0<t;<tp tk
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y(t) = S(t—t)T(te)y° + /0 k S(t—s)f(s,y(s)ds+ Y S(t—t)g
0<t;<tp
t
+S(t —te)ge + [ St —5)f(s,y(s))ds

tk

= S+ [ S=9fGu)is+ 3 St-ta.

0<t; <t

Thus (2.4) is also true on (tg,tx+1]. Therefore (2.4) is true on [0,77).1
In what follows, we study the existence and uniqueness of mild solutions using the fixed

point argument. First we start with the definition.

Definition 15 (Mild solution) A function y(.) € PC([0,T];X) N C*((0,T) \{tk}keaqln , X)),

is a mild solution for the problem (2.1) if it satisfies the impulsive condition and

t
y(t) =Sy + [ S(t—s)f(s.y(s)ds+ Y S(t—te)Ixy(ty), vt € [0,T). (2.5)
to to<tp<t
We assume the following hypotheses:
(H1) f:[0,T] x X — X and I} : X — X, k = 1,..m, are continuous and there exist
constants L(f) > 0, L(I;) > 0, k € o, such that

|£t.2) = 1| <L | =] te 0,71, w0’ e x

HI]C(ZE) — Ii(a) . zx e X.

< L(Ij) H:U —z

(H2) Let S(.) be the strongly continuous semigroup generated by the unbounded
operator A. Let £(X) be the Banach space of all linear and bounded operators on X.
We suppose that

m

LT+ L(1y)

k=1

M <1,

where

M = sup [[S@)llx)-
te[0,7
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Under these assumptions, we can establish the existence and uniqueness of mild solutions.

Theorem 16 [78] Let assumptions (H1)-(H2) be satisfied. Then for every y° € D(A), the

problem (2.1) has a unique mild solution.

Proof. Let ¢ € X be fixed. Define the operator F' on PC([0,T]; X) by

t
(Fz)(t) = S(t)y° + / S(t—s)f(s,z(s))ds + Z S(t —tr) Iz (ty),
0 0<tj<t
Then, it is clear that F' : PC([0,T];X) — PC([0,7];X). On the other hand, we have from
assumption (H1),

[(Fz)(t) — (Fz)(1)]]
; 1S( = )l ) 1F (s, 2(s)) = £ (s, 2(s))l ds

+ Y 1S = t)ll gy Ik (te) = Tez(t)|

0<trp<t

MLT ||z = 2llpe + > My |la(te) — 2(t)|
O<tp<t
MLT ||z — 2|l pe + M ||z — 2| pc Z h
0<tr <t

IN

IA

IN

k=m

LT+ I

k=1

IN

M |z — 2||pe, ®, 2z € PC(0,T];X).

Now from assumption (H2), we see that F is a contraction operator on PC([0,T];X). We
conclude by the fixed point theorem that there is a unique mild solution y € PC([0,T]; X) such
that

y=Fy.

This completes the proof.l
Next, we study the existence of mild solutions for the initial value problem (2.1)
We set the following assumptions:
(A1) The function a : [0,7] — [0,T7] is continuous and a(t) < ¢, for every t € [0,7];
(A2) The function f:[0,7] x X2 — X,
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satisfies the Caratheodory condition ¢.e.

(a) f(t,.) : X — X is continuous for almost all ¢ € [0,T7];

(b) f(.,x) : [0,T] — X is integrable for each z € X;
and there exists a continuous function g : [0,7] — [0,00) and a nonincreasing function
W2 [0, 00) — [0, 00),

such that

1tz o) < g@OW [zl + [yl

for allt € [0,7] and z, y € X.

Theorem 17 [55] Let y° € X and let the following assumptions hold.

(1) For each k € of*, the operator I is completely continuous and bounded in X, with

Ny =sup {||{x(z)]| : x € X};

(2) For everyt € [0,T] and r > 0 the region {S(t)f(s,xz1) : s € [0,t], |z1]| <7, } is relatively

compact in X.

If
T 0 s
2M s)ds < ,
Lot = L)
where

¢ =2(M [luo| + 35—y MNk), and M = sup [|S(¢)|,
te[0,T

then the problem (2.1) has a unique mild solution.

Remark 1
(1) If y is a solution of (2.1) then y € PLCY([0,T]; X).
(2) Since the solution y of (2.1) has jumps, then it is not continuous, but y € BV ((0,T); X),
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(BV((0,T); X) being the space of bounded variation functions) and

y(t) = SO + [1 St — ) (s y(s),)ds + 3 S(t—t)Lly(ty), VEe [0,1]
0<tp<t

In fact, it has two parts: the first part is a continuous function y. € W1 (0;T; X), with

while the second one is the jump function defined by

ya(t) = Z S(t —te)Ik(y(ts)), Vte[0,T7].
0<trp<t
(3) The problem of existence and uniqueness of the solutions of impulsive differential equations
s similar to that of the corresponding ordinary differential equations. We can represent the

solution y(t) of equation (2.1) with initial condition y(0) = y°, as follows,

SO+ [ St —s5)f(s,y())ds+ X S(t—t)ey(t), te€ [to, T]T,
y(t) = to<tp<t

S(E)y° + fiy St = 9)f(s,y(s)ds — 3 S(t—te)Iuy(te), ¢ € [to,T)

to<tp<t

where [to, T|* and [to, T]™ are mazimal intervals on which the solution can be continued to the
right or to the left of the point t = tg, respectively.
(4) As a result, the solution of (2.2) is given by

go(t) = S(t — tk)(p(tk), for t e [tk,tk—i-l) s k= 0, 1, 2...

(5) The relationship between nonhomogeneous equation (2.1) and the corresponding homoge-
neous equation is the following: if o(t) is a classical solution of (2.2) without an initial condition
and y(t) is a classical solution of (2.1) without an initial condition, then the function p(t)+y(t)
is again a classical solution of (2.1) without initial condition. Conversely, if y1(t) and ya2(t) are
two solutions of (2.1) without an initial condition, then the difference y1(t) — y2(t) is a solution

of (2.2) without initial condition.
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(6) If I, = 0 for k € of", then the equation (2.2) reduces to the ordinary evolution equation

@ (1) = Ap(t), e (0,7) \{thery -

Regarding the solution of (2.2), we have the following result.

Theorem 18 [80] If I, maps D(A) to D(A), k = 1,2... and ¢° € D(A), then problem (2.2)

has a unique solution p(t) given by

S(t)¢? 0<t<t
p(t) = Lk (2.6)
S(t)(p + Z S(t — ti)Ii((p(ti)), e <t <7tkt1, ke 081.
=1

Proof: It follows from A.Pazy, [89] that the function ¢(t) defined by (2.2) satisfies (2.2);
for 0 <t <t; and ¢(t;) = S(t1)¢° = p(t1) and such a solution ¢(t) is unique. From the given
assumption, we have Ap(t1) = I1(¢(t1)) € D(A). If p(t), defined by (2.2), satisfies equation

(2.2); for t; <t < tiy1,1€ J]f and

Pl17) = eltn) = S(tss)e + 3 S~ t)(o(1), i€ o,

Ap(t;) = Ii(p(t:)) € D(A), i €of,

then, for t;411 <t < tp19, we have

St = AS 4 S AS( — t)T(o(t)) = Ap(t),
=1
Pltrrs) = ©ter2) = Strr2)e” + kél S(tiv1 — ti) Li(p(ts)),
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and

A@(tk—i-l) = Qp(tza-l)*@(tl;kl)
= S(te)e + ki St — ) T((1))
~S(tk)6+ X St — ) (e(t)

= Ipr1(p(te+1)) € D(A).
Thus, the theorem is proved by induction.l

Example 19 Let \,o, € R, k € o" and o) # —1 for every k € o". Then, the solution
o € PLC(10,T); {ti}yepp - X) of

© (t) + Xp(t) =0 (0,7), t#ty, keol,
o(tF) = (1+ aw)p(ty)

©(0) = ¢°.

1s given explicitly by

p(t) = 0<lt_[<t(1 +ay)@’.

The next result is a consequence of Theorem 2.4.
Impulsive Partial Differential Equations

Consider the partial differential problem :

ayg‘i’t)—l—a(l‘)%?:f(x,y)’ £>0, t £t keo? zeR,
y(I,O) = ¢(:E), (2.7)
Ay(e, tr) = Lu(y(@, ti)), ke ot

where I}, € C(Y,Y), and

Y =@ ={oec®): lim o@)=o}.

|z| =00
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with norm

16]] = sup [¢(x)].
zel

We define the operator A on Y as follows :

d
Afz) = a(x) 22, (28)
D(A) = {d) €Y : ¢ (z) exists and is continuous at :E,| llir:l_ a(x)p(x) =0,

lim a(z)¢(x) exists when a(zg) = O} .

Tr—XT0

We set the following assumptions :
(i) a(x) is positive and continuous on R,

(ii) fooo(a(lm))dx =400 and lim a(z) =0,

|z| =00

(iii) f € C1(R x R), there exist a real positive number M such that

< M and ’W
ou

ox

‘Gf(x,u)

< M, for every (z,u) € R x R, lirin f(xz,u) =0, for each u € R;
T—T OO

(iv) I € L(X) and I;(D(—A)) C D(—A).
Next, we are going to discuss the existence of solutions for the first order impulsive evolution

problem (2.7).

Theorem 20 [80] Suppose (i)-(iv) are satisfied. Then problem (2.7) has a unique mild solution

in [0,00).

Proof: First, problem (2.7) can be written in an abstract form,

Y (t)+ Ay(t) = g(y(t)), t#t,
y(0) =4°, (2.9)
Ay li=t, = Ix(y(tr)), k € o',

where y(t) = y(t,.), g(y(t)) = f(.,y(t,.)), ¥° = ¢(z), and A is defined by (2.8). Define
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S(t)v [Oatl]
S(t—te) Uk + DStk — tg—1)-.(I1 + [)S(t1), (tkrtrsa], k=1,2..,

o(t) =

where S(t) is the semigroup generated by —A.
Taking y1(t) = 3°, then g(y1(t)) € D(—A) and ®(t)g(y1(t)) is continuous in t except at t,

it has discontinuities of first kind at t; and it is integrable in ¢. Hence, we can define

us(t) = B()y° + /0 P (t,7)g(ys (7)) dr,

where
S(t = ti) e + 1S (tk — ty—1).-.
(Il + I) ( 1 — T)
I‘(t 7—) B (t — tk)(Ik + I) (tk — tkfl)... ifte (tk,tk+1] , T € [O,tl]
’ L+ DSt — 1), if k> 1and t € (tg, tpga], 7€ (-1, t],

St —1), ift>7andt, 7€ (tk, tir1]
ort,7€[0,t1], k=1,2..., [ =1,2....

It is easy to check that y2(t) € D(—A), if t # ti, and satisfies the following problem:

w'(t) + Aw(t) = g(p (1), t # tr, k=12,
w(0) = y°,
Aw |t:tk = Ik(w(tk)), k= 1,2....

In a similar way, we can define

t
un(t) = (1) + /0 L(t,7)g(yn1 (7)) dr (2.10)
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for n =2, ...., so that y,(t) satisfies

w' () + Aw(t) = g(yn_1(t)), 0 < t < 00, t # ty,
w(0) = y°, (2.11)
Aw ’t:tk = Ik(w(tk)), k= 1,2...

Foragiven T > 0, let kg = max {k |tx, € [0,T]} and N = max {||Ix| || Ix]| > 1, and 1 <k <ko},

we get

[Yn+1() = yn(®)lly < NM/O [Yn(7) = Yn—a(7)lly dr,

for n = 2,3, .... Therefore,

n—1

lyns1(t) = ya(®)]ly < (NM)"! L~ max ly2() = w1 (7l (2.12)

n! o0<r<s

for n = 2,3, ....It follows from (2.12) that there exists a real valued function y(t) on [0, 7] such
that y,(t) converges uniformly to y(¢) on [0,7]. Since y,(t) satisfies (2.11), then by virtue of

(2.10) and assumption on f, we see that y(t) satisfies

y(t) = (1) + /0 T(t,7)g(y(r))dr.

The argument above shows that (2.9) has a mild solution on [0,77], for each T" > 0. If the
problem (2.9) has another mild solution g(¢) on [0,77], then

t
ly(@) —g@®)lly < M/O 10 D y@) = 5@y dr.

By Gronwall’s inequality, y(t) = 3(t) on [0,7]. So, we see that problem (2.9) has a unique
global mild solution on [0, 00). The theorem is proved.l

Representation of Solutions of Some Impulsive Linear Systems

This section deals with the solution representation of linear impulsive evolution equations.

We consider the following homogeneous linear impulsive system with time-varying generat-
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ing operators
¥ (6) = AWy + F(0), £ € 0,T)\{tidpeop -
y(0) =4, (2.13)
Ay(tr) = Iey(te) + o, k€ o',

on some infinite dimensional Banach space X, where 0 = {5 < t1 < to < ... < tpo.. < t, <

T, and {A(t), t €[0,7]} is a family of unbounded operators on X satisfying the following

assumptions :
For t € [0,T] one has
(H1) The domain D(A(t)) = D is independent of ¢t and is dense in X.
(H2) A(t) is a closed operator in X.
(H3) For t > 0, the resolvent R(\, A(t)) = (M — A(t))! exists, for all A with Re\ < 0,

and there exists a real constant M independent of A and ¢ such that

IR A < M (1 +|A)"" for ReA<0.

(H4) The resolvent of the unbounded operator A(t) is compact.
(H5) There exist constants L > 0 and 0 < a < 1 such that

|(A(t) — A(s)) A (r)|| < Lt —s|*, for t,s,re[0,T].
Let us begin with the following lemma.

Lemma 21 (See Ahmed 2] p. 159) Under assumptions (H1)-(H5), the Cauchy problem

o' (t) = A()z(t), te (0,T) with x(0)= 20, (2.14)

has a unique evolution system {U(t,s)| 0 < s <t < T} in X satisfying the following properties
(1) U(t,s) € L(X), for 0 <s<t<T.

(2) U(t,r)U(r,s) =Ul(t,s), for0<s <t <T.

(3)U(.,,)x e C(Ap,X), forxe X, Ap ={(t,s): s €[0,T],t €[s,T]}.

(4) For 0 < s <t <T, U(t,s): X — D and t — U(t,s) is strongly differentiable in X. The
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0
derivative —U(t,s) € L(X) and it is strongly continuous on 0 < s <t <T. Moreover,

ot
0
aU(t, s)=—-A@)U(t,s), for 0<s<t<T,
0 C
— P— <
vt ey = OV ey < 57

HA(t)U(t,s)A‘l(s)Hc(X) <C, for 0<s<t<T.

(5) For every z € D and t € (0,T], U(t,s)z is differentiable with respect to s on 0 < s <t <T

and

0
%U(t, s)z =U(t,s)A(s)z.

O ¢ X, the Cauchy problem (2.14) has a unique classical solution

Furthermore, for each x

€ CY[0,T]; X) given by
x(t) = U(t,0)2°, t€0,7T].

In order to construct an impulsive evolution operator and investigate its properties, we shall

consider the following impulsive Cauchy problem

v ()= ADy®),  te 0.0\ {tihcop -
y(0) =4, (2.15)
Ay(ty) = Iny(ty), ke ot

where m € N*, is a fixed positive integer. For every ¢° € X, D is an invariant subspace of Ij.
Using Lemma 1 and 2 in ([12] p. 19-20.) step by step, one can check that the impulsive Cauchy
problem (2.15) has a unique classical solution y € PC([0,T]; X) N CY((0,T) \{tk}kea’lﬂ , X)),

represented by y(t) = G(¢,0)y" where G(.,.) : Ap — X is given by
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Uk(t,s), fors<te€ [tr_1,tr,
Upr (8, 67) (I + Ii) Up(ty, s),
for t_1 < s <ty <t <tpy1, kol
Up(t,tr) (I + Ir) " U (8, 5),

for tp_1 <s<tp<t< tht1, ke U:Tln,
Glt,s) = i+1
Upa(ttx) | [+ L) Uty 65 0) | (T + L) Uilts, 9),
j=k
fOrti_1<S§ti<tk<t§tk+1, kEOJln,
k—1
Uit ta) | [T T+ 1) Uy (8 s t40) | (T4 T) " U (),
Jj=t
for t;_1 <t <t <tp<s<tpi1, kiEUrln.

The operator G(t,s), (t,s) € Ar is called the impulsive evolution operator associated with

st} e -

Proposition 22 [105] The impulsive evolution operator G(t,s), (t,s) € Ar has the following
properties:

(a) G(t,s) € L(X) for0 <s<t<T.

(b) G(t,7)G(r,s) = G(t,s) for0 <r <s<t<T, and G(s,s) = I.

(c) If {U(t, )} 0 < s <t <T is a compact operator, then G(t,s) is also compact for 0 < s <
t<T.

Proof : (a) is due to property (1) of Lemma 21 and assumption [}, € £(X) for k € of",

(b) is evident,

(c) Since {U(t,s)}, 0 < s < t < T are compact operators, one can deduce that G(t,s) is
also compact for 0 < s<t<T.H

Now we are able to introduce the PC—mild solution of impulsive Cauchy problem (2.13) as

follows :

Definition 23 For everyy® € X, f € L*([0,T)]; X), the functiony € PC((0,T) \{tk}keo;” , X))
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given by

z(t) = G(t,0)zo +f0 s)ds + Z Nag, for te€[0,T].

O<tp<t
is said to be a mild solution of the impulsive Cauchy problem (2.13).
On the other hand, we have the following existence theorem :

Theorem 24 [49] If {U(t,s)}, t,s € Ar is an evolution operator in a Banach space X with

infinitesimal generator A (t) and I, € L(X), for k € of*, then the problem

y(t) = Ay(t) + f(t), t € (0,T) t #ty, k € o7,
y(0) = o, (2.16)
Ay(ty) = Ix(y(tr)), k € o7,

has a unique solution y(t) given by

y() = Ut Dy ) + [ Uk 9)f(s)ds, &€ (tg,tpr], ke o, (2.17)
such that
1
y(tf) = J[T+1) Ut y0+ZH (I4+1;)U(tj tj—1) (2.18)
j=k i=1 j=k

t;
X Ul(ti,s)f(s)ds,

ti—1
for each k € of".

Proof : We have
y (t) = Ay(t) + f(t),t € [to,ta],

and the ordinary variation of parameters leads to

y(t) = Ult,to)y(tg) + [, U(t,s)f(s)ds, t€ (to,t]

implies that
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y(t1) = Ultr, to)y(tg) + /tl U(t1,s)f(s)ds.

to

Since Ay(t1) = I (y(t1)), then

y(t) = (I + 1) Ut to)y(to) + (I + 1) Ultr. to) / " Ulto, ) f(s)ds. (2.19)

to

Moreover, for t € (t1,to],

y(t) = Ut t)y(t) + [ Ut s)f(s)ds, t€ (1],

where y(t]) is given by (2.18). This implies that Theorem 24 holds for & = 1. Now, suppose

that (2.16) and (2.17) are true when k = m, namely, as t € (t,, tm+1], one has

t
y(t) = Ut tu)y(th) + / U(t, ) f(s)ds. (2.20)
t"L
where
1 m i
= [[U+5)UGtiDwe+ > [ T+I) x Uty tj1) (2.21)
Jj=m =1 j=m

t;
></ Ul(ti—1,s)f(s)ds.
tz 1

then, (2.20) leads to
tm+1
W) = Uttty + [ UG 5)1(s)ds,
tm
It follows from the impulsive system (2.15) and (2.21) that

y(t;rﬂ-l) = ([ + Im+1) y(tm-i-l)

tm+1
= (T4 D)) | Ul by (E5) + / U, 5)f(s)ds
tm
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y(t:)_l+1)

t'm+1
= (I + Lny1) Utmya, tm)y(tjr_z) + (I + Ims1) Utmt1,tm) / Ul(tm,s)f(s)ds
t7n

1
= (I + Im41) Ultm,t H I+1;)U(tj,ti-1)vo
j=m
m 7 ts
0+ Ty t) Ultsn, ) S T (T4 1) U(tj,tjl)/ Ulti 1, 5)f(s)ds
i=1 j=m i1

Im+1
4 L) Ul ) / Uty 5) 1 (5)ds
tm

1 mAl 4
= [I a+5)vu.tiw+ >, [[ T+I)x U(tjvtj—l)/ Ulti-1,s)f(s)ds.
j=m+1 i=1 j=m+1 ti—1

Accordingly, as t € (tym41, tm+2] , we have
t
o(O) = Ut tma)(t) + [ U7,
tm+1

which means that (2.16) and (2.17) hold when k& = m + 1. Then the Theorem is true for any
t € (tg,tr+1], and k € o". This, completes the proof.l
The next theorem is of theoretical importance as it relates the solutions of (2.13) with the

impulsive evolution operator G(t,0).

Theorem 25 [7] Let x(t) = z(t,0,x0) be a solution of the impulsive problem (2.13). Then x(t)

has the representation

x(t):G(t,O)xo+/0 G(t,s)f(s)ds + Z G(t, t)ay

O<tr<t

where

z(0) =xo, and t>0.

Proof. Let x(t,0,z0) be the solution of (2.13) and let ¢, (s) = G(t, s)x(s). Clearly,

/¢ ()ds+ > Ag(ty).

0<trp<t
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Since we have

) - G(t’ t,;)l‘ (t,;)
p) — e ()] + Gt (t) — Gt t)e (1)
= Gt th) Az (tr) + AG(t, te)z (t;)

Ag(t) = Gt t))x (tf
= Gt t) [z (¢

we obtain that

> Ad(tr)
0<tp<t
= Y AG(t)z (ty) + Gt ) Az (1)
0<tp<t
= Y AGtt)z (t)+ Y. GtHLa (t)+ > Gtt)a
O<tr<t O<tp<t O<tr<t
= Y AGHtz(ty)+ > [AG(E k) + Gt tr)] Iz (&)
0<trp<t 0<trp<t
+ Y Gt tha
0<trp<t
= > AGt) [T+ L]z () + > Gt te) L (&)
O<trp<t O<tp<t
+ Y Gt tha
0<ti <t
= [AG(t,tr) I+ 1) + Gt )]z (1) + D G(tt))a

0<trp<t

On the other hand, by differentiating the relation ¢ (s) = G(t, s)x(s) we obtain

¢ (s) = [ia(t, 5)] x(s) + G(t, s)z (s)
= AG(t,s)x(s) + G(t,s) [—Ax(s)] + G(t, s)Bu(s).
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Integrating both sides from 0 to ¢ we get

(¢, t)z(t) — G(t,0)z(0)

G(t
/Gt s+ S [AGH ) (I + 1) + Gt t) I = (1)

O<tp<t
+ 2 Glta

0<tp<t
Thus, we obtain
t
2(t) = G(t,0)2(0) + / G f@ds+ Y Gttt
0 0<trp<t

This completes the proof.l
Suppose that X is a Hilbert space. Consider the following Cauchy problem

¢ (t)+At)p (t) =0, t€(0,T)\ {tk}eeor -
@ (0) = ¢, (2.22)
Ap (tr) = Iy (tk) , ke ot

Consider the corresponding adjoint impulsive problem :

—PO)+A0p(t) =0, t€0,7)\ {ti}peop
p(T) = ¢, (2.23)
Ap(ty) = —IF (I + 1) o(ty) k€ ol

where A* (t), I}} are the adjoint operators of A (t) and Ij, respectively.

Remark 2 [t is easy to verify also that the adjoint problem of (2.22) is (2.23), i.e. they are

mutually adjoint of each other.

Similarly to the discussion on the adjoint impulsive Cauchy problem of homogenous linear

impulsive system with time-varying generating operator, the mild solution of the impulsive
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problem (2.23) can be given as
z(0) = V(T,0)x9, 0 <T,

where

U*(T,0), for e (ty_1,T],
U*(tk_l,e) (I + I,:) U*(T, tk_l), for t,_o < s <tp_1<T,

Ui, 0) T+ I) | [ T+ L) Uty t0)| US(Totrer),
0<ty;<T

for ti_1<9§ti<tk<...<T.

The next theorem relates the solution of (2.23) with the impulsive evolution operator

U(T,0).

Theorem 26 [7] Let (0) = z(T,0,%0) be a solution of the impulsive problem (2.25). Then

Z(s) has the representation
T
z(0) = \I/(T,H)J?o—i-/ U(s,0)Bu(s)ds + Z U(t,,0)Dyuy,
0 <t <T

with

Z(T) = Zo.

Proof. The proof is similar to that of Theorem 25. Let Z(T', 6, Zo) be the solution of (2.23)

and let ¥y (s) = ¥(s,0)Z(s). Clearly,

T/

YO —(T) = [ ¢ (s)ds+ > AT¢(ty)

0 0<tp<T
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Recall that

AT (te) = Wt 0 (t,) — V(5,0 ()
= U, 0) [z () — 2 (8)] + V(. 0)2 (1)
—W(t),0) ()

= Ut ,0)A"Z (tr) + AU (L, 0)Z (),
Let Jy = I} (I +I})™", we obtain that

STOATYM) = > AU, 0)F () + Uty 0)ATE ()

O<tp<T 0<0,<T

= 3 AU, 00F (1) + Uk, 0) [T (i)

0<tip<T
+W(t, ,0)Dywy

= ) AT, 0)F (0))

0<tp<T
+ (ATt 0) + Wt 0)] x [Ji] 7 (£])

+¥(t, ,0)Dywy

= ) AU, 0) [T+ K E(4)

0<0,.<T

+ Y W0 [ (0F) + D (B, 0Dy

0<0,<T 0<0i<p

= N (AU, 0) [T+ Ji] + U0k, 0) [Ji]} E (6)
0<0i<p

+ Z (6, ,0) Diwg.
0<tp<T

On the other hand, by differentiating the function 1 (s) = ¥(s,0)Z(s) we obtain

v (s) = % [(U(s,0)z(s)] = [888\11(3,0)] Z(s) + U(s, ) (s)

= —A*G(t,s)x(s) + G(t,s) [A"z(s)] + U(s,0) B u*(s).
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Hence

W(0,0)7(0) — (T, 0)&(T)
[
- / U(s,0) B*E(s)ds

T
+ Y [ATO(t, 0) (T + Ji) + Uk, 0) ] & ()
0<tp<T
+ ) U(t,,0)Diwy.
0<tp<T
Thus, we obtain
T
#0) = WT,0)ET)— | U(s,0)B*¢(s)ds
0
+ > [ATW(0k,0) (T + Ji) + T(0k,0)J] & (£]))
0<0,<T
+ > Wby, 0) Dy
0<0,<T

This completes the proof.l

Proposition 27 [7] The impulsive evolution operators G(t,s) related to (2.22) can be repre-

sented explicitly as follows

G(t,t) — G(t,0) = /Ot G(t,s)A(s)ds — Z [Ik (I+1)" " Gt ty)

0<trp<t
Proof. Let G(t,s) be an impulsive evolution operator of (2.22). Then,

aasG<t7 8) = G(t,S)A (8), te [tkﬂtk+1)7 ke 0817

AFG(t,ty) = G(t, t) — G(t,t;) = —G(t, t;) [Ik I+5L)" keop

0
It is not difficult to see that the integration of —G(¢, s) with respect to s over an interval [0, ]

Os

leads to

G(t,t)—G(t,O):/OtG(t,s)A(s)ds— 3 [Ik (I+ L) Gt ty).

O<trp<t
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This completes the proof.ll

Proposition 28 [7] The impulsive evolution operators W(s,0) of (2.23) can be explicitly rep-

resented as follows

q;(T,e):m<9,9)+/9T—qf(s,9)A*(s)ds+ > [Jk(HJk)—l W (ty,, 0)

0<tp<T
Proof. Let ¥(s,0) be the impulsive evolution operators of (2.23). Then,

0
%\P(S,Q) =—VU(s,0)A% (s), t e (tk,tht1], keog,

ATU(t,,0) = [~ Jy (I+Jk)—1] U(ty,0), keom L.

0
It is not difficult to see that the integration of a—\If(s, ) with respect to s over an interval [0, T']
s

leads to

\11(9,9)—\1;(7?,9):/0 U(s,0)A% (s)ds + > [—Jk I+ 7)oty 0)

T 0<tp<T
which gives

qz(m)—m(9,9)+/€T—m(s,9)A* (s)ds+ . [Jk(IJer)_l U (ts, 0).

0<tp<T
This completes the proof.ll

A direct consequence of the Proposition 2.27 is the following.

Corollary 29 [7] Let (I—l— [Ik (I—i—Ik)_lD = I, k € o". For each s € [0,T] we have

0
&G(t s)=G(t,s)A(t), t € [tk,tgr1), keoay,
ATG(tg, s) = G(tf,s) — G(t,,, s) = [tG(t; . s) k € o

Proof. By Proposition 2.27 we have

G(t,t) — G(t, o) / G(t,s)A(s)ds — Y _ [Ik (I+Ik)_1] G(t, 1)

o<tp<t
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It is easy to verify that

B
5, 0(t:0) = G(t,o)A(t), Yo e0.T].

We obtain for each o € [0,T],t+ h € [0,T], that

G(t+h,t+h) — G(t + h, o)

- /t+hG(t+h,s)A(s)ds— > [Ik<I+Ik>‘1 G, ty,)-

o<t <t+h

Leting h | 0T we obtain

GtT,tT) — G(t,1)
= t G(tt,s)A(s)ds — Z [Ik (I+ 1) Gt ).

¢ t<t <t

This implies that

Gt tr) = (I+ [Ik (I+Ik)_1D71G(tk,tk) = I.

It follows immediately from (I + [Ik (I + Ik)fl] ) = I}, and the semigroup property of G(t, )
that

G(tf,s) = Gt} tk)G(tk, s) = I,G(tk, s), Vs€[0,T].
Using the definition of AT G(#, s) we have

AT Gty s) = G(t),s) — G(t;,, s) = LyG(tk, s) k € o™

This completes the proof.ll

-1
Corollary 30 [7] Let ([ + {Jk (I+ J;g)_l}) = Ji, k € of*. For each s € [0,T] we have

00

0
—W(s,0) =V(s,0)A% (s), te€ (th,ther1], keog,
AU, ty) = J,U(0,t;) k€of .
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In the following we will study the existence of weak solutions of first order impulsive evolu-
tion equations and we will apply these results to study exact controllability by HUM method
in chapter 3.

For impulsive evolution equations with an unbounded linear operator A of the form

Y () +Alt.y) = F(Ey), € (t0.T) \ {tihicop -
y(0) =y" € H, (2.24)
Ay(ty) = Iry(tr) keol’

where the operators A : [tg, T|xV — V* f :[to,T]x H — V* and for each k € 01", I}, : H — H,
H and V being Hilbert spaces such that V' is a dense subspace of H having a structure of a
reflexive Banach space, with continuous embedding V — H — V* and V — H is compact,
V* being the topological dual space of V, have been considered in several papers, for instance,
Ahmed [3.4], Liu [78], Rogovchenko [93] and Pongchalee [91]. The question of existence and
regularity of solutions have been discussed there. However, these questions are still open when

the operator A is nonlinear.

48



2.2 Second order impulsive Cauchy problem
In this section we discuss the existence of mild and classical solutions for some abstract
second order impulsive equations.

We consider the following impulsive second order initial value problem of the form

y'(8) = Ay(t) + F&y(1),y' (1), ¢ € (0, )\ {ti}peom -
y(0) =1°, ¥ (0) =y,
Ay (tr) = I (y(tr)), k€ o,

Ay (te) = I}y (tr), ke€op,

(2.25)

where the final time T is a positive number, {yo, yl} is an initial condition in a Banach space
X, y(t) : [0,T] — H is a vector function, and finally, {¢;} keom 1S an increasing sequence of
numbers in the open interval (to,T), and Ay (t), Ay () denote the jump of y (t) and y ()

at t = t; respectively, i.e,

Ay(te) =y () —y(t), Ay )=y (&) —v (),

where y (&), Y (tf) and y (¢;) , Y (t; ) represent the right and left limits of y (¢) Ly (t) at
t = t; respectively. We assume that A is the infinitesimal generator of a strongly continuous

cosine function of bounded linear operators, {C(t)}, t € R, with dense domain
D(A)={z € X, C(t)z is twice continuously differentiable }

and I,i : X — X,i=1,2, are given linear bounded operators.

We denote by E the set
E ={x € X, C(t)x is once continuously differentiable } (2.26)
and S = {S(t)}, t € R, the associated sine function that is

St)x = [; C(0)zdd, z€X, teR.
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In this section we discuss the existence of mild and classical solutions for the impulsive
initial value problem (2.25) by comparison with the second order abstract Cauchy problem. We

begin with the following definitions :

Definition 31 A function (y,z) € PLCL((0,T); X) is a mild solution of the impulsive problem
(2.25) if the impulsive conditions in (2.25) is satisfied and

u(t) = CW°+ Sty + / S(t — 5)f(s,5(s),y/ (5))ds
+ZCt—tka ZSt—tka "(tr))

O<tp<t O<tp<t

for every t € (0,T).

Definition 32 A function (y,z) € PLCL((0,T); X) is a classical solution of the impulsive
problem (2.25) if y € C%((0,T) \{tk}keavln ,X) and (2.25) are satisfied.

In order to establish the existence of mild solutions, we introduce the following technical

assumptions :
(H1) f:[0,T) x X — X and I} : X — X,i=1.2, k € 07", is a continuous function and there
exist positive constants Li(f) and La(f) > 0 such that

[t 21, 1) = f(t, 2, Z2)|| < La(f) [y — 21|l + La(f) [z — 22|, £ €[0,T7,

for every x1,%1 ,x2 and I € X.
(H2) The functions I}, : X — X,i = 1.2, k € o', are continuous and there exist positive

constants L(I}) > 0,i = 1.2, k € o7, such that

175 (@) = @) < L) |z — 2], V2,2 € X.

(H3) There exist functions B : [0,T] — L(X), Fj, : X — X, k € of" such that:
d
(i) B(0) =0, B is strongly continuous and %C(t)l,ia: = B(t)Fpz,V x € X, Vk € ol
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(ii) for each k € of", there exists a positive constant L(F}) such that
1 () — Fi(2)|| < L(Fy) [l — 2|, Vo7 € X.

We have the following result :

Theorem 33 [5/] Let y° € E, y' € X and let assumptions (H1)-(H3) hold. If

max {A1, Aa} < 1,

where

A= Li(HUISlpee, + 1CIpLe, )T + ks (IC e, L) + 1Bllp e, L(FR)),

and
Az = (IISllpee, + 1CIpe,) (L2(F)T + S5, L(IR),

then there exists a unique mild solution of the impulsive problem (2.25).

Proof: For (y,z) € PLC((0,T); X) we define ®(y, z) = (®1(y, 2), P2(y, 2)), where

D1y, 2)(t) = C(t)y° + Sy + fo St = 9)f(s,y(s),y (5))ds
+ D0ctyct Clt = W) ILY(tR)) + gy, <o S~ ) IR (Y (1)),

and

Doy, 2)(t) = AS(t)wo + C(8)yo + fo C(t = 8)f(s,y(s),y (s))ds
+ Zo<tk<t B(t - tkz)Fk(y(tk)) + Zo<tk<t C(t - tk)fzf(y' (tk))v

Clearly ®(y,z) € PLCL((0,T); X). In order to prove that ® is a contraction mapping on
PLCE((0,T); X), we take (y, 2), (v,w) in PLCL((0,T); X). From assumption (H1) we see that
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fort € (0,7)

[@1(y, 2)(t) — P1(v, w) ()] (2.27)

t
180, (10 1=y + 220 [ =0 o

+ 37 UClpee, LR ly(t) = vt + > IS lpee, LU [/ (t) =o't

0<tp<t 0<trp<t
thus
[@1(y, 2)(t) = P1(v, W)l pge, (2.28)
< (I8lpge, Lr(HT) + D IICpge, LU 1y = vllpe,
k=1
+ ||S||’p£cb ZL Ik B *prgcb

=1

Likewise we have

1®2(y, 2)(t) = P2(v, w)llpee,

(ICllpe, (L (ND) + 1Blpee, Y LE) Iy = vllpge,
k=1

+ICllp e, (La(H)(T) + D LUR) 12 = wllpge, -
k=1

IN

Inequalities (2.27)-(2.28) and the assumption max {A1, Ao} < 1, imply that ® is a contraction
mapping. We deduce from the fixed point Theorem that there exists a unique mild solution y
of (2.25). The proof is complete.l

Next we establish the existence of a classical solution for the impulsive initial value problem
(2.25) under the assumption that f is continuously differentiable. For this purpose, we need

the following lemmas.

Lemma 34 [5/] If g € C((0,b); X) N C1((0,b); X), b > 0, then

fo (t—s)g(s)ds € E, Vtel0,b].
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where E is given in (2.26)

Lemma 35 [54] Let y° € D(A), y* € E and let the assumptions of Theorem 38 hold. If f is

continuously differentiable and there exists Ls(f) > 0 such that

0 0 - , -
w2 a0 - L o) = 12,8} < () a2l
J

6$j
for every T1,%2 € X, then there exits a unique classical solution y(.) of

y'(8) = Ay(t) + f(ty (1) y (1) (0,th41),

, (2.29)
y(tr) =% y (te) =y

Moreover, y(t,;rl) € D(A) and y (t;H) €E.

Proof. Let w: (0,7) — X be the unique mild solution of

y'(t) = Ay(t) + f(t.y(t),y (1)), (0,T),
y(te) =10, ¥ (&) = yh.

and y : (0,%x+1) — X the mild solution of the initial value problem (2.29). From the proof
of Proposition 3.3 in [103] we infer that w and y are classical solutions, and thus, y(tx+1) =
w(trr1) € D(A), since y = w on (0,tgy1) -

On the other hand,

tei1

yﬂmozAamHWM4wmnw+A Cltar — )/ (5,9(5),5 ())ds = ' (tx4). (2.30)

Clearly, AS(tj41)y° + C(tp41)y' € E and from Lemma 36, the integral term in (2.30) is in E,

therefore w' (t;11) € E. The proof is complete.l

Theorem 36 (Classical solution) [54/ Let y° € D(A), y' € E and assume that assumptions
in Theorem 88 and Lemma 85 hold. If (y,z) : (0,T) — X is the mild solution of (2.25) and
INy(ty)) € D(A), I3 (y(t)) € E, for each k € o', then (y, 2) is a classical solution.
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Proof: Let w: (0,7') — X be the unique classical solution of

w' (t) = Aw(t) + ft,wt),w (1), 0<t<t,

w(0) = 4% w'(0) =y,

and (y1,21) : (0,41] — X x X the function defined by (y1, 21)(t) = (w(t~),w (¢7)). From Lemma
37 we know that (y1(t1),21(t1)) € D(A) x E, thus there exists a unique classical solution w(.)
of the abstract Cauchy problem

w' (t) = Aw(t) + f(t,w(t),w' (t)), 0<t < ty,
w(ty) = yi(tr) + I (w(t)),
w'(t1) = z21(t1) + I (w' (1))

Similarly to the previous case, let (y2, z2) : (0,%2] — X x X be the function defined by

(y2,22)(t) = (w(t™),w (t7)).
If w is the classical solution of the second order Cauchy problem

w’ (t) = Aw(t) 4+ f(t,w(t),w (1)), 0<t<ty,
w(te—1) = yr-1(t1) + Iy (w(te—1)),
W' (tg_1) = zk_1(te_1) + I}, (W (tg_1)).

W shall denote by (yg, zx) the function (yg, zx) : (0,tx] — X x X such that

!’

Wk, 2) (1) = (w(t™), w (7).
Let (5(t),2(t)) : (0,7) — X x X be the function defined by

(y1(t), z1(t)) if 0<t<ty,
) )) if 1 <t<ty,
(Ym(t), 2m(t)) if tn <t <T.
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It is easy to see that (g(t),2(¢)) is the unique classical solution of the impulsive problem

y'(t) = Ay(t) + f(t.y(t),y (1)), 0,7), t#t
y(0) =1 y'(0)=y"
Ay(te) = ILy(te)), Ay (te) = T3y (tr)), ke ot

Next, we show that (7(t),2(t)) = (y,2). In order to reduce the proof, which is only a tedious

calculation, we introduce the group of linear operators

U@(cm &w)
As@) cw ) .

on D(A) x E. The function (g, 2) is a solution of the first order impulsive Cauchy problem

W' (t) = ( 01 W(t)+ F(t,W(t)), t#ty,
A0
W@(f),
y
AW (1) = I, ( y,(t"“) : ke op,
Yy (tk)

We have

0 t
W) =U() ( yl ) +/0 Ut —s)F(s,W(s))ds+ > Ult—tp)I ( y,(t'“> ) :

Y 0<tr<t Y (tk)
hence
yit) = C(t)y + S(t yl + LSt — 5) f(s,5i(s), 5(5))ds
+ Z (t —ti) L (y(tg)) + Z S(t — tk)flf(y (t)) (2.31)
O<te<t 0<tp<t
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and

i) = AS()y° + C(t)y* + fgc (t — ) f(s,5(s), 2(s))ds
+ Y ASE-t)IHyt) + Y Clt — te) T2 (Y (tk)-
0<tp<t 0<tp<t

Finally, let 0(t) = max {||y(¢t) — g(t)||, [z(¢t) — 2(t)||} . From assumption (H1) and (2.30)-(2.31)

1< Cy /0 0(s)ds

where (' is a constant independent of ¢t € (0, 7). The Gronwall’s inequality implies that y = g.

we obtain that

The proof is complete.ll
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Chapter 3

Exact Controllability of Some

Impulsive Evolution Equation of

First Order

3.1 Null Controllability

The problem of exact controllability of linear systems represented by infinite conservative sys-
tems has been extensively studied by several authors A. Haraux [53], R.Triggiani [104], Z.H.
Guan, T.H. Qian, and X.Yu [49], see also the references [2, 3, 4, 47]. In the sequel, we shall
be concerned with the problem of null controllability of some first order evolution equation
subject to impulsive conditions and so we shall derive a necessary and sufficient condition un-
der which null controllability occurs. Actually, we shall establish an equivalence between the
null-controllability and some ”observability” inequality in a somehow more general framework
than that proposed by A Haraux [53]. Regarding the literature on the impulsive differential

equations we refer the reader to the works of D.D. Bainov and P.S. Simeonov [11, 13] and the
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references [1, 22, 33, 46 , 73, 75, 76]. We are going to study the following problem

y (8) + Ay () = Bu(t), t € (0,T)\{tr}yeop
y(0) =1y°, (3.1)
Ay (tk) = Iky (tk) + Dpvg, k € U:Tln, 3.1

where the final time T is a positive number, 3° is an initial condition in a Hilbert space H
endowed with an inner product (.,.)m, y(¢) : [0,7] — H is a vector function, 7" is a subset
of N given by o" = {1,2,...,m}, and finally, {¢x} keom is an increasing sequence of numbers in

the open interval (0,7), and Ay (t;) denotes the jump of y (t) at t = t;, ,i.e,
Ay (te) =y () —y (&)

where y (t;:) and y (t,;) represent the right and left limits of y (¢) at ¢ = ¢, respectively. On the
other hand, the operators A, B, I, Dy : H — H are given linear operators.

Moreover, we set the following assumptions:

(H1) A* = —A,
(H2) I} = —1Ij, for every k € of", and for each k € of", the operator I, = I, + I is
invertible,

(H3) B* = B > 0 and there is dg > 0 such that
(Bu,u) g < do||ul|3;, forallue H,

(H4) D = Dy, > 0, for every k € of", and for each k € o" there is dj, > 0 such that
(Dru,u) gy < dy HuH%, for all u € H,

In the sequel we shall designate by h the function

h(t) = (u® {vihieap)
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where u (t) € L? ((o, T)\ {ti}peop ;H) and

{Uk}kea;" €l (of; H) = {{Uk}keg;n Uk € H} :

We point out that the space K, = L? <(O,T)\{tk}k€(f{n ;H) x 12 (o'; H) is a Hilbert space

with respect to the inner product
(n7) = / (w(t), @ (8 dt+ 3 (w0 ) g
" 0 k=1

defined for all h = (u (t), {vr},-,) and h=(u(t), {k}iey) € K.

We shall denote by B the control operator given by

B= (B Dihyeoy) € £ (£ (0.0 \ tiucop ) x P (o7 D))
so that
Bh(t) = (Bu (1), {Dkvk}keoin> .

We have for every h = (u(t), {vr}j-;) € Kmm

T m
(Bhh)y = /0 (Bu(t),u(8) y dt + 3 (Dyvgs o)
k=1

T m

= /0 (u(t),Bu(t))ydt+ Z (Vks Dvk) g
k=1

= (h, Bh),cm ,

which shows that B* = B, that is, B is self-adjoint. On the other hand, we have

T m
(Bh b = /0 (Bu(t),u (1) dt+ S (Dvgvi) g
k=1

T m
do /0 lu @)% dt+ > di ffol%

k=1

IN

IN

3 [1Al%,
where § = max {dg, dy, ..., d,,} . Thus, the operator B is bounded in kC,,.
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Next, we consider the homogeneous system associated with (3.1) :

P (1) +Ap(t) =0, te(0,)\ {te}eop »
p (0) = ¢ (32)
A(p (tk) = Ik(p (tk) , ke U{n. 3.2k

We point out that on each interval [tg, tx+1), for k = 0, ..., m, the solution ¢ is left continuous
at each time .

Consider the corresponding homogeneous backward problem :

—@' (1) +Ap(t) =0, te(0,T)\ {tk}kecﬂl" )
B(T) = ¢, (3:3)

AP(ty—(k-1)) = I (k-1)@ (L, 1)) k€0 3.3

where

A=A"=-A In -1 =Ly g1y = ~Im-(x-1), k € 07"

We observe that the problem (3.3) on the interval [¢,,, T is equivalent to the classical backward
problem
—p () +AQ(t)=0,t€ [tm,T],
p(T) = ¢’
We introduce the following space :
PC ([0,T]; X) = {y,y : [0,T] — X such that y(t) is continuous at t # tg, y(07),y(T7),
Y (t,;) Y (t,j) exist, for every k € o'}
Evidently, PC ([0, T]; H) is a Banach space with respect to the norm

lyllpe = sup [ly(D)]-
te(0,T)

On the other hand, we define the subspaces PLC, (respectively, PRC)= {y,y € PC such that

y(t) is left (respectively, right) continuous at t = ty, for every k € of"}.

Remark 3 1) The space PLC, (respectively, PRC) can be identified to a subspace of KCp,. That

is, to eachy € PLC, (respectively, § € PRC) is assigned the function h (respectively, ﬁ) defined
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h(8) = (3(8). {y () hrcap)

and

B0 = (5047 (0} eoy) -

The identity y — h (t) (respectively, § — E) is a linear injection.

2) Let y € PRC, the function y can be written as :

Yoy(t) if  teEftot)
y() =9 gwt)  if tE [thytriy))
g[m] (t) if te [tma T] :

Neat, let Ty, = t, — ty—1, we define the operator T : D(T) = PRC C Ky, — Ky, by

~ T .

Yio) (T — t)T 11 + o) if t € [tm, T,
~ T i —
(TP)t) = V(1) = f>7k(zll) +tr) if € [tk tnegon), K €T, (3.4)

Ypm) ((E1 — 1) T:Tl + tm) if t € (0,t1].

We note that the range of T is PLC. The function (Ty)(t) can be written as :

Y[o] (t) if te [to, tl] ,
(To)®) = yw®) i t€(trtrn], kol
Y[m] (t) if te (tm, T] .

Let X (t) be the resolvent solution of the operator system

X +AX(t)=0,0=to <t <tpp =T, t #tg, k=1,2,...,m,
I,

X(0) =
Xty +0) — X(tx — 0) = [t X (tg), k=1,2,....,m,

where [ : H — H is the identity operator. We shall suppose that the operator Z;, = I + I has

a bounded inverse.
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Definition 37 A function y € PC([0,T];H) is a mild solution of the impulsive problem (3.1)

if the impulsive conditions are satisfied and

y(t) = G(t,07)y° + [ G(t,s)Bu(s)ds
+ >0t <t G(t, te) (Dyvy) for every t € (0,T),

where the evolution operator G(t, s) is given by
G(t,s) = X() X 1(s).
It is not hard to check that the operator G(t,ty) satisfies the operator system

G (t,tr) + AG(t, tp) =0, t € [tg,tpy1), k € o,
Gt ty) =1,

G(tk++l’ tk) — G(tl;rl’tk) = Ik-l—lG(tl;rl’tk)'

It is well known that (3.1) has a unique solution y with
y € PLC(10,T)5 H) N C* (10, T\ {tibyeop  H)

Now, we define the concept of mild solution for the backward impulsive system (3.3) asso-

ciated to the system (3.2).

Definition 38 We say that € PRC([0,T]; H) is a mild solution for the backward impulsive

system (3.3) if T ¢ is a mild solution for the homogeneous impulsive system (3.2).
Let us introduce the notion of the null controllability of the initial state as follows:

Definition 39 We say that the initial state y° € H is null controllable at time T, if there is a
control function h € IC,, for which the solution y of system (3.1) satisfies y (T') = 0.

First we begin by the following lemma.

Lemma 40 Assume that & (t),¢(t) € LY ([0,T]; H) and {3501, {Citiey € 10", H). Then,
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for every vector functions
¥ (1) € PLC(0,7); H) 1 C* ([0, T\ {ti} ey s H)

and

0 () € PRC(0,7); H) N C* ([0, T\ {tsbyerpr 1)

satisfying the problem

{ D)) = (€0).CO). 14t forkeof
Ay (k) s (k) = (A (tk) s n (k) + (v (Ek) s An (k) = (€, Cr)s b € 0T,

we have the following identity

(Y@ m@)E = (Y (T),n(T)) = (v(0),n(0))
T m

= / ()t + > (€x Cr)-
0 P

Proof. Let us define the functions ® and ¥ as follows

(13(25){ (£(t),¢(t), t#tyg, forkeof

<§k7<k>7 t =1y, ke Uina

and U (t) = (y(t),n(t)), then, ® and ¥ satisfy the problem

U (t) = &(t), tFty, forkeol®

AV (tk) = ¢ (tk) RS o{n)

and we have
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Adding together we get

/OTcp(t)dt = /Otli’(t)dterZ/t:k“cb(t)dtJr/t:(I)(t)dt

k=1
m—1
= U() = (07) + )y [U(ty) -V ()] +U(T) - ¥ (k)
k=1
= =) (k) + T (T) - T(0)
k=1

So that

which shows that (3.5) is satisfied.l

We also need the following Lemmas.

Lemma 41 [100] If B € L(K,,) is self-adjoint and nonnegative, then
IBu] < B2 (Bu, b2, b€ K.

Lemma 42 [f Tpy1 = Tp_(p—1), k € 06”_1, then for the mild solution ¢ of (3.3), the identity
holds :

T m T m
~ ~ 2 2
| 1Beae e YD ()l = [ 1ol Y 1D (e )y G0)
k=1 k=1
Proof. For each k € o7, using the change of variable t — (¢,,_ 1) — t)L + 1 we
Tm—(k—1)
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have

bn—(k—1)
/‘ (B (£), Bomi(1)dt

tn—k

bp—(k—1) T
/ (Bw[k]((tm—(k—l)_t)L"‘tk) By ((tmh—1y — ) —— + ty))dt
- (k1) Tim— (k1)
~Tm—(k-1) /t’"(’“l) B Tht1 Tht1
b gy — 1), B (b i1y — L

e o (Bopw ((tn—k-1) )Tmf(kfl) k)s Bop (- (k-1 S
Tm—(k—1)
~Tm—(k-1) [, N
— (B (s), Bop (s))ds

Tk+1 Lkt

tet+1 _ B
| o). B ).

k

Summing up with respect to k, we get

im—k] ((£)), Bk (

Ml (k-1)
) / (By
k=0 tm—Fk

Thus, we obtain that

T 2
A B[, dt =

m tht1 _
2:/‘ (BFyq(t), B (1))dt.
k=0 "tk

T 2
| 1Bty

On the other hand, from the definition of the function ¢ we get

Also, we have

and

@ (tmrk) =0 (tgs1), keog .
¢ (tm-e—1)) =P (tr), keol,
O (tm—k) = (tky1), ke€oyg™ L
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This implies that

3
L

Z |Dk3~0 (tk)ﬁ{ = <Dm—k§B (tm—k) va—k¢ (tm—k)>H
k=1

T
L

(Dm—k@ (tk+1) s Din—rp (tes1)) gy

(= 11

(Dip (tm—q-1)) » Dip (tm—(l—l))>H

o~
Il
i

[
NE

(Drp (tm—(k—1)) » Dk (tn—k-1)) ) 51

£
Il
—

I
NE

!DW (tm_(k_l)) ﬁ{

i
I

which gives (3.6).1

1

Corollary 43 If Tk11 = Tyy—(k—1), for k € o3’ ", and B, Dy are nonnegative in H, then the

following holds:

Eod

=m

T
/0 (B, B0} + S (Ded(te), B(ta)
k

Il
—_

T k
= /0<B¢(t)7@(t))dt+ (Drp(tm—(k-1))s Ptm—(k-1)))-

|
3

B
Il
—

1
Proof. This follows immediately from Lemma 42 if we replace B by B %, and Dy by D?.1

Now, we state and establish the following Theorem.

Theorem 44 Lety° € H be a given initial state for the system (3.1), then y° is null controllable

at time T if and only if there is a positive constant C' such that

T m 1/2
[(°, &%) | gc{ /0 |Belfdt+ > | Dig (tm_<k_1))\§,} , v@¥ € H, (3.7)
k=1

where ¢ € PLC ([0, T]; H) is the unique mild solution to (3.2) with ¢ (T) = @°.

Proof. It suffices to prove this Theorem in the special case Txy1 = Tp,_(x—1), for k € 0'8%1,
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(kl

1/2
because the norm |[|||| = > /%, ft kL2 } is equivalent to the usual norm in

L*([0,T]; H).
We shall proceed in several steps.
Step 1: Let y and @ be strong solutions to (3.1) and (3.3), respectively. Then, for ¢ # ¢y,

k € of", we have

ZW®.2@) = w),e )+ (1),2) (3-8)
= (Y (®),-Ap () + (=Ay (t) + Bu(t), ¢ (1))
= (Y (&), =A@ () + (=Ay (1), (1)) + (Bu(t), ¢ (1))
= (Bu(t),¢ (1))

Multiplying equation (3.3) in (3.3) from the left by y (f,,—(x—1)) the solution of (3.1), and
multiplying equation (3.1;) in (3.1) from the right by @ (¢x) the solution of (3.3), and finally

adding memberwise we get

Ay(t), o(t)) 1=t (y(tr), Ap(tr)) + (Ay(te), D(tk)) (3.9)
= (y(tr), Lep(tr)) + (Lry(t) + Dok, p(tk))
= (y(tr), Lep(tr)) + (Lry(te), o(tk)) + (Drvk, ¢(tk))
= (Dyvr, p(tx))-

Setting () = y(t), n(t) = F(t), £() = Bult), C(t) = B(t), & = Divg, G = P(ty), then
equations (3.5), (3.8) and (3.9) give

k=m

T
(1), 9(T)) = (y(0),(0)) =/0 (Bu(t), p(8))dt + Y (Dyox, B(tr)- (3.10)

k=1
Since B is bounded, self-adjoint and B >0, then by density the latter identity is still valid for
mild solutions y of (3.1). Identity (3.10) can be written as follows

k=m

T
(y(T)@(T»—(y(O),@(O»Z/O (u(t), Bo(t))dt + ) {vk, Dpp(ty)) (3.11)

k=1
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Next, if there is a certain h(t) € K, such that the mild solution of (3.1) with y(0) = y° satisfies
y(T) = 0, then

T
~0).7(0) = [ (w(t) BEO) + Y (o0, D)
and so by Cauchy-Schwarz Inequality we obtain
T k=m 1/2
[(¥(0),2(0)u| < {/ ()l dt + > HWH%} (3.12)
0 k=1
- ke 1/2
x { | 1B+ Y 10 (tk>HH} -

k=1

Using Lemma 42, and equation (3.12) we have

T k=m 1/2
[(¥(0), p(0))u| < {/ Hu(t)H%dtJrZHUkH?{}
0 P
k=m 1/2
X {/ 1Bo(®)|3 dt + Y | Do ltm (k1>)H12q} :

k=1

Setting
ke, 1/2
C =), = {/ ()17 dt + ) HUk:HH}
k=1

we find that
—m 1/2
|((y(0), 2(0)) a1 < c{ / IBeo()]17; dt + Z | Dip(tm k-n)HZ} :
k=1

This shows the necessary condition of the Theorem.
Step 2: To prove the sufficiency we need the following result when B > « > 0.
Claim 1 Assume that there is o > 0 such that

k=m k=m
{/ 1Bu(t)|F dt + ) IDkkaH} 2 a{/ ()7 dt + |Uk||H}

k=1 k=1
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then, for every y° € H there is ¢ € H such that the mild solution of (3.1) with

h(t) = (@), §(t1), -, §(tr)--, (tm)) € K and y(0) =y

satisfies y(T') = 0.
To prove this Claim, we consider for every z € H the solution ¢ of (3.2) satisfying ¢(T") = z

and the unique mild solution y to the problem

¥/ (1) + Ay(t) = BBt € (0,7) \ {t by -
Ay(tr) = Iy (te) + Dip(tr),
y(T) =0.

Next, we introduce a bounded linear operator A : H — H defined by
Az = —y(0).

According to formula (3.11) and the Corollary 43 we have

T k=m
[(Az,2)] = [=(w(0),p(0)] = / (Bo(t), o(t))dt + <Dks~0(tk),¢(tk)>‘
0 k=1
T k=m
= /0 <B(p( )7()0(t)>dt+ <Dk:(p<tm—(k—1))7@(tm—(k—l)»‘
k=1

IN
a)
—
S~
S
6
=
o
IS
~
+
o~
I
3
6
=
T
o
—

k=1
where
= sup {di} < .
kel
We have

T t1 to T
2 4, 2 2 2
Arwwuﬁ—A wwnﬁ+/ wwnw+m+éﬂwwuw

t1
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Since there is no impulse in the interval [tg,tx+1) we have

le®ll = [@(t)]], for every ¢ € [tx, trs1) .k € o3

lett Il = lle@Dll s & € o (3.13)

Therefore, there are 711 = tx+1 — tx, > 0, k € o' such that

JE )17 dt < py le@ED|* = mren [ Ieplty) + o) k€ o (3.14)
On the other hand, the continuity of I; implies that
le@ON” = [T + Det)|* < A+ L)) [Je)])*, k€ ot (3.15)
It follows from (3.14) and (3.15) that
S @I dt < T U+ LUR)? ot)|* K € o (3.16)

Since m is finite, and due to (3.13),(3.16), then there is a constant 0 < g < oo such that
Az, 2) < pullz 2 and thus, A is bounded.
i

Now, as B is nonnegative in /C,,, we have

IBE (#)]] = @ {(€ (). € (), }2

for all ¢ € K,y,; thus, by virtue of Lemma 41, we have

k=m

T
{/(; (Bu(t),u(t))Hdt+ (Dkvk,vk)H} (317)
k

k

T m
> o B {/ [u(t) |3 dt + Hvklﬁf}-
0 k=1

1
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It follows from (3.11) and (3.17) and Corollary 43 that
T
(Az,z) = —(y(0),2(0)) = /O (Be(t), p(£)dt + Y (Drp(tm—(k-1))s #(tm—(k-1)))

T k=m :
o |B| { /0 lo(t)|2dt+ Y uso@k)r\?}
k=1

t1
&\IB\I/O le(@)1 dt = ||B]| ata [|2]* = 6 ]|,

Y

v

because there is no impulse before time t1. Therefore, A is coercive on H.
To show that there is a bijection from H onto H, it suffices to prove that A 4 I is a bijection

from H onto H. Clearly, A + I is injective since
(Az+2,2) = (A2, 2) + (2,2) > (0+1) 2],

On the other hand, let y° € H, as the form a(f, g) + (f,g) = (Af,g) + (f,g) is symmetric and

coercive, then, by virtue of Lax-Milgram Theorem, there is an element f € H such that

alf,9)+ (f,g) = ° g), for all g € H.

This implies that A(H) = H. Thus, for every y° € H , there is a unique z € H such that
A(z) = —y°, which completes the proof of Claim 1.
Step 3: Assume that B, Dy > 0, then B > 0,

B? = B, D} = D,

We define for € > 0,
B3 = B?+¢l,
5;52
k= k‘+€‘[7

and

B = (65685,..,65) = (B +¢cl; D? + ¢, .., D%, +¢I).
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According to Claim 1, there is $*¢ € H such that the mild solution g. of (3.1) with y.(0) = y°
satisfies y-(T") = 0; where B(h) has been replaced by

Bg(g(t)v Eﬁ(h)? ) &(tk)"a &(tm)) € ICm~

We obtain from (3.11) and Corollary 43

T k=m
—(y(0), 2.(0)) :/0 (B2(8), @ ())dt + > (578 (tr), e (1)), (3.18)
k=1

and (3.7) gives

o

3

T - 1/2
_<y(0>79~05<0)> <C {/0 <BZ<p€(t),<p€(t)>dt + <Dl%(pa(tm—(k—l))>(Pe(tm—(k—l)»} : (3'19)

k=1

Whence,

x
I
3

- 1/2
_<y(0>7 &6(0)> <C {/0 <68905(t)7 @s(t»dt + <5i<ps(tm—(k:—l))v (Pe(tm—(k—l)»} : (3'20)

k=1

It follows at once from (3.18) (3.19) and (3.20) that

A e ae+ S o)
k=1 r—m

+ foT<§(pe(t)7 E(pe(t»dt + kgl <l~)k906(tm—(k—1))7 ﬁk@s(tm—(kz—l))) (3‘21)

— 00,0+ S Gl eltm- 1) < O

Step 4: According to the estimate (3.20) the family

be = B(@c(t); Peltn)--. Pe(tm)

= (B23(t); Di%.(t1)ws Dine(tm)) + (@ (t); e (tr) e, e(tim)

is contained in a bounded subset KC,,,.
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Thus, both of the families

VE@:(t); @e(tr) ., @e(tm)) and (BE.(£); D1 (t1)-o; DmPe(tm))

are bounded in K,,,. Therefore, we may extract a subfamily, say

(Bp.(t); D19s(t1)-.., D@ (tm)) — h, weakly in ICp,.

Then clearly
(B%3(1); Di@e (1) ooy D (tm)) + €(@e(£): Beltr)-oo @eltm)) — Bh, weakly in K.

Step 5: Taking the limit as ¢ — 0, we see that the solution y of (1) with initial condition
y(0) = 5°, h being as in step 4 satisfies y(T') = 0. This completes the proof of Theorem 44.H

As an immediate application of the previous Theorem we give the following example.
Example. One dimensional impulsive Schrédinger equation :

We consider the problem

Oy (t,z) 0%

ot +Z@ (t,x) = Xwou(ta$) NS (OaT)\{tk}kEU’ln , € Q=(0,2m),
y(0,2) =y°,
L Ay (tk,CU) = logy (tk7x) + kavk(x)’ ke U’ina
where
ther — tr > 2w, wp = (ak,ab) C Q, ke ol {ak}keo’ln C RT.
Let

H = L*Q,C), Aw(x) = zaQ—w(:ﬂ) D(A)=qweH 827111 € Hw(0)=w(r)=0

- 9 ? - ax2 ) - ) ax2 ) - - )

and Iyw(r) = iagw(x) and the control operator is given by B = x,,, Dy = X,,, ,then the system
(3.22) becomes an abstract formulation of (3.1). As a consequence of Theorem 44, the initial

state y° € L2(Q2,C) = H of the solution of (3.22) is null-controllable at ¢t = T, if and only if,
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there is C' > 0 such that

/ 40 ()P () de
Q

N[

T m
C{ / / lof2 (¢, 2)ddt + 3° / |so\2<tm<k1),ar>} VE0 e 12(0,0),
0 wo k=1Jwyg

where 3°(x) = ¢(T,z) and ¢ is the mild solution of
dp(t,x) Op(t,x)
8t + 8"1:‘2 — 0, t € (O, T) \ {tk}keonln 9 x € Q,
o(t,0) = @(t,2m) =0,
2 (O,CE) = (po(x)7 x € Q,
Ap (tg,x) = iogp (tg,x), © € Q, k € o,

\

Here ¢ is given by
ep(t) if  te[totr)
M) =1 e if te [tetr)
() it € [ty 1,

where @, (?) is a solution of the classical Schrodinger equation
oy (t,x) Py
5 +1 52 (t,z) = Xxuou (t, ), tE (to,t1), v €Q=(0,2m),
H(t 0) [k}(t 27’[’):0,
Lo] (to, ) - 900( )7 T €,

and B (4.2) .
t, T
w[k(]% +i ;’é’f] (t,x) = Xyou (t,x), t€ (tp,try1), v € Q=(0,2m),

o) (8, 0) = ¢y (t, 2m) =0,
o) (e ) = (1 +iag)pp_q) (tr,z), € Q, kol

Then a standard application of a variant to Ingham’s Inequality [53] shows that

tet1

(t,z)dtdx > (T, wo) /‘cp[k]’ i, z)de,
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for some positive constants c(7x,wp) > 0. Summing up we get

i/thrl/
k=0 "tk wo

T
- / (o2 (¢, 2)dadt
0 wo

ClZ/ ‘90[14‘ (s x)da > 012/ ‘so[k]‘ (tf, z)dx
k=0 /<2 k=179

Y

where ¢; = min ¢(7g, wg) > 0.
keo?

On the other hand, there is a positive constant co > 0 such that

m m 2
Z ‘90’2 (tmf(kfl)vx) > CQZ/ ‘(,O[k]’ (t;,x)da:
k=1Jwy el Q

It follows that

m 2
[ [ tekwaanais [ 1oP ) > @ty / | (6 )
wo

Wk

> (c1+ c2) /‘g@ t+ dx

= (o + ) /Q o2 (T, ).

Now, since

&O(x) - &(va) = (p(T, x)v

then,

/OT/WO'@' (tadadt+ 3 [ 1ol (o) 2 mler <o) [ |27

klwk

from which we get

it e gty () L oars & [t o)
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We conclude by Cauchy-Schwarz inequality that

[vew] < {[pereas [ pF o)
- {W}W (/OT . ol (¢, x)dxdt

1/2
o O >dm) ,

Wk

IN

which establishes the necessary and sufficient condition of null controllability stated in Theorem
44.1
We conclude by a special case when our initial state is a eigensolution of the following linear

operator I' : H — H defined by

T
:/ XY(s)B wds+ZX (tr) DX (t3)1).
0

We have the following result of null-controllability.

Proposition 45 Let A > 0 be an eigenvalue of I' with eigenvector 1 € H. Then, the solution

y to the problem

Y0+ Ay(e) =~ BAX@Y), 1€ 0.T)\ (thyenp
Ay(t) = Tey(ts) — 3 DEX(0)0), k€ of (3:24)
y(0) = ¢,

satisfies

y(T) = 0.

Proof. Write system (3.24) into the form

Y0+ Ay(t) =~ BAX@9), 1€ (0,7)\ fhidpeop
y(t) = Tey(te) — XD%(X(tk)w), keot
y(0) = ¢.
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Therefore, this impulsive problem has a solution which can be represented explicitly as follows

i) =Xt + | ) B s S Gl |- D]

0<tr<t

where the evolution operator G(t, s) is given by
G(t,s) = X)X 1(s).
On the other hand, the system (3.24) yields

T
Wty = xm+ [ 6o |- Be fas
+ > G(Tatk){_iDI%X(tk)T/)}

0<tp <T

— X(T) [w + /OT XY(T)G(T, s) {-iB%X(s)@u} ds

_% S XTHD)G(T ty) {DEX (t) )}

T

—X(1) [w + [ x4 {—}\BZ(X(s)dJ} ds

_§ S Xt {DiX(tk)%ﬁ}]
0<tp<T
= X(T)) {w - %F <w>] =0.

This shows that the initial state ¢ is null-controllable at time T' with control

h(t) = (“ (t)a{vk}kea’p> = (‘}\X ), {—iX(tkW}k@m) .

which completes the proof of the Proposition.l

7



3.2 Description of the HUM method

In this section, we shall apply Hilbert’s Uniqueness Method (HUM) to derive an exact con-
trollability result.

Consider the impulsive equation

y () + Ay () = B>u(t), te(0,T)\{tr}peop -
Ay (ty) = Iy (tx) + Divg, k € o7, 3.25;

where A : V — V* B?: H — V* are bounded operators and for each k € 0%, I}, : H — H,
H is a suitable Hilbert space such that V is a dense subspace of H having the structure of a
reflexive Banach space, with continuous embedding V' — H — V* and V — H is compact, V*

being the topological dual space of V.

Definition 46 Let T > 0 be given, we say that the system (8.25) is exactly controllable at time
T, if for any y° € H, there exists a control function h = (u (t), {vg}je,) € K (H) such that

y(T) =0.

Moreover, we set the following assumptions:
(H1) A* = —A,

(H2) I} = I, for every k € of", and for each k € of", the operators

Ty = +1), |I—T+1) "I,

are invertible, with

I+ =1-I+I1) I

(H3) B* = B > 0, and there is dy > 0 such that

(Bu,u) g < do||ul|3;, forallue H,
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(H4) For every k € 0", Dj = Dy, > 0, and
2 B ey 2 m
D? [1 —(I+1)) Ik] - [I —(I+1}) Ik} D%, ke ol
and for each k € o7, there is dj, > 0, such that
(Dru,u) gy < dy ||u|]?{, for all u € H,
Theorem 47 Let y° € H be a given initial state for the system (3.25), then y° is null control-
lable at time T if and only if there is a positive constant C such that

- m 1/2
k=1

where @ is the mild solution of the impulsive homogeous system (3.27) below.
Proof. The proof is similar to that of Theorem 44.1

Theorem 48 Let T > 0 and let be given the initial condition y°, then there exists a control

h = (u(t),{vk}pey) € Km (H) such that system (3.25) is exactly controllable.

Proof.
Step 1. We first begin with an initial condition ¢° € Vj and we consider the homogeneous

system
o (1) +Ap () =0, t€(0,7)\{ti}yeop -
¢ (0) = ¢, (3.27)
Ap (tg) = Ipp (tr) , k € o™ 3.27%

We recall that problem (3.27) admits a unique solution ¢.
Step 2. We solve the backward problem

W () + Ad (1) = B2 (1), ¢ € (0,T)\ {ti}peop -
Y(T) =0, (3.28)
AY () = Ity (t) + D2 (), k € o 3.28;,
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System (3.28) is nonhomogeneous problem with backward character. This doesn’t change the
well-posedness character of the system which has a unique solution .

We define then a linear operator A that associates to ¢? the vector given by

The operator A is well defined by virtue of the regularity of
v € PLC(0.71:H) N C* (10.71\ {tiyeop 1 H)

Step 3.
Now, we consider the initial data ¢® € Vj and ¢ = ¢ (t) the solution of the adjoint problem
associated with (3.27).

(O +ACH) =0, te 0T\ {t}perm
¢(0)=¢", (3.29)
AC(te) = I+ 1)1 (t), keol. 3.29

Let ¢ and ¢ be strong solutions to (3.28) and (3.29), respectively. Then, for ¢t # t, k € o}",

we have

—W (1), @) = @),¢ @)+ 1).¢0)
= (W (1), —AC(1) + (~AY (t) + Bu(t),( (1))
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W ©,¢M) = W), -AC®) + (~Av (1), (1) + (B2u(t),¢ (1)
= (Bu(t),¢ (D).

Multiplying equation (3.29); in (3.29), from the left, by 1 (¢;) the solution of (3.28), and
multiplying equation (3.28); in (3.28), from the right, by v (¢x) the solution of (3.28), and

finally adding memberwise we get
AC(tr) = ¢(t) = C(ty) = —Ti(I + L) '¢(ty)

CE) = [T+ 1) + 1))

A (), C(tr)) 1

= (W), Ct)a — Wty), ¢ty N m

= (W) = e(ty) + (b)), SO — (), C(t,) — () + ¢t

= () —(ty) +v(t), CE)) m — (W), k) — C7) + C(E))

= (AW(tr), S + (W(ty), S0 — (), =) — (), St )

= (Av(tr), Ct))u + (k) AC(tk)) 1

= (Ixt(te) + D, C(E) 1 + (W (t), AC(t)

= {Iw(tr) + Dive, [~ I (L + )™+ 1] C8)) i + (W (), — L (L + 1) 7' ¢(8)) 1(3.30)

Using the hypothesis (I + ;)" = {I— (I+15)7" Iﬂ, I} = I, and equation (3.30) we
infer that :

A(tr), C(te))
= (Iup(tr) + Diog, [T+ 1)+ 1)t N + (tw), =L+ 1) 7 () ar
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AW (te), (b)) 1
= (Ib(ty) + Dvi, [T+ 1)+ 1) ) ar + (o), T[T = (1 + 1) ™ | <t
= (Teo(t) + Do, [~ Te(T + )™+ 1] CC)mr+ (k) — e [T = (T + 1) ™ I <t
= (W) I [T = To(T + 1)~ < D)

W), ([T = (T + 1)~ 1] C(6))m

Doy, [I = Ie(I + 1) 7 C(t))

= ([I - (I + Ix) " Dok, C(te)) -
Moreover, the fact that
[ - LI+ 1)) D2 =D} [I - (I + I;)™']"

implies that
A@(tr), (i) = ([I — I(I + Ix) ] Dok, C(tr)) -

Setting
u(t) = ¢(t)
V= ([I*Ik(quIk) ] )71 C(tk)
T k=m
(¥ (T),¢(T)) = (¢(0),¢(0)) :/0 (B2u(t),¢(8))dt + Y _ (Dior, C(th)),

k=1

we get,
<AS007 C0>H = <—¢(0)= C0>H : (331)

So that, in particular, we have

- m 1/2
(A, %), = {/0 |Bo|fydt +Y IDksO(tk)lir} :
k=1
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We introduce the semi-norm

T m 1/2
l€°]l 7 = {/0 |Bel2 dt +> |Dk90(tk)|§{} L V0 € V. (3.32)
k=1

We point out that ||.|| is a norm in Vj.
Under the uniqueness result, we define the Hilbert space F' completion of Vy with respect

to the norm ||.|| 7. In view of (3.29) and (3.32) we have

(A, ¢%) = (%, ) s V%, (0 e Vg, (3.33)

where (.,.)r denotes the inner product associated with the norm ||.|| . Therefore,

(A% )| = (% ) < %1 IE°] s 90,7 € Vo (3.34)

Inequality (3.34) allows us to extend, in a unique manner, A into a continuous linear operator
of F' into the dual space F'
A:F—F.

From (3.33) we infer

(A% )yl = (0% ) s W00 €

which implies that
A=A,

where A* denotes the adjoint operator of A. Thus, A is an isomorphism from F on F'.
Next, the equation

A = —y

has a unique solution ©° € F for any initial data y° such that

-0 e F.
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We choose the control function h = (u (t), {vk}req) by

h=(u(t),{or}pzy) = (), {o(tr) beeom ),

where ¢ denotes the solution of (3.27) corresponding to the data (° satisfying (3.27). Hence,

according to the uniqueness of the solution of problem (3.25) we have

y(t; h) =,

where 9 is the solution of (3.28) associated with ¢. Finally, by definition of v, we see that
y = y(t; h) satisfies
y(T)=0.1

Remark 4 In general, there is an infinity of controls h(t) € K,,(H) for the given implsive

evolution system (3.1).

An important question to study is the exact controllability of impulsive evolution system
(3.1) subject to some control on the point {tk}k@{n only.

Consider the following impulsive control system with control « :

Y (1) + Ay() = Bu(t), ¢ € (0.7) \ {tiheoy -
y(0) =y° (3.35)
Ay(ty) = Ly(te), keot

we have the following result

Proposition 49 In addition to the hypotheses (H1)-(HY) above, assume that

BiL e £ (L2 ((0.1)\ {tibieoy i H))

then the control operator of (3.35)

L L2 (0, 1)\ {tid oy s H) = €O T\ {ibyerp s H).
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18 continuous.

Proof: Let u € L? ((O,T) \ {tk}keagn ;H) . Set
t
= / G (0,s) Bu(s)ds.
0
In view of condition B}L € L (L2 ((0, T)\ {tk}k@{n ;H)), we have

Cr el a0y ety 2 o (BELW(®) u(®) sl
= f (fo (t,s) Bu( )ds,Bu(t))Hdt
= fo (fOG t,0) G (0, s) Bu(s)ds,Bu(t))Hdt
= f (fo dO,s ) Bu(s)ds, G (0,t) Bu(t))Hdt (3.36)
- g rote),

2aHf0 (0,s) Bu(s dsH

= 5OZHG (0,7) fo (T, s) Bu(s dsH

Y

cr Hfo (T, s) Bu(s ds” = cr || Lrul% .

Then (3.36) says that
Ly : L ((o,T) \ {te}peon ;H) ~H

is continuous, which implies that

Ly : 22 ((0.0)\ {tibyep s H) = CUO D)\ {ti}yeop s H)

is continuous.H
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Chapter 4

Exact Controllability of a Second

Order Impulsive Evolution Equation

4.1 Null Controllability

In this chapter, we generalize the foregoing results of null controllability for an impulsive evo-
lution equation of second order.

Let us fix two real separable Hilbert spaces H, V' with respective inner products (.);, (.)},
and such that V is densely and continuously embedded into H. Identifying H with its dual H'
we have the standard diagram:

Ve sH=H V.

We shall represent a pair of functions by ( 1o, fl) rather than the symbol (f°, f1) g« gy which
will represent indifferently either the H x H inner product of f° € H and f! € H or the duality
product (f°, f 1>va/ when f9 € V and f! € V'. We shall consider the following Hilbert space
‘H defined by

H=HxV

and its dual

H =HxV
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and the space H given by
H=VxH

and its dual

:ﬂ:

For an invertible matrix M = we define the norm of the space H in the usual way,

1z, 2) |l = 1M (2, )3 -

On the other hand, the norm of the dual space H is the following

I, )l = | (MT) " (.2)

H

Here, MT = is the transpose matrix of M. For convenience we present the follow-
-1 0

ing diagram that relates the function spaces H,H ,H and H :

H < H
M1 | MT
7:[ % 7:(

where 7 and T are the Riesz canonical isometries defined as follows

(W 9) s (@.2)) gy sp = (T 0, 9), (@, D)), {W,9), (2, 2)} €H xH

and
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We are going to study the following problem

y )+ Ay () = Bu(t), t€(0,T)\{tetreom (4.1)
y(0) = 3% y(0)=9"

Ay (ty) = Ixy(tr) + Dyvk, k€ oy, (4.1x)

Ay/ (t) = Ixy (tr) + Dywy, k€ o, (4.1;)

where the final time T is a positive number, (yo, yl) is an initial condition in the Hilbert space
LASTTORE [0,7] — H is a vector function, and finally, {t},. om is an increasing sequence of
numbers in the open interval (0,7), and Ay (tx), Ay (tx) denote the jump of y () and ' (t) at

t = t; respectively, i.e,

Ay(te) =y () —u (k) Ay )=y () v (t),

where y (t;) Y (t,j) and y (t,;) Y (t,;) represent the right and left limits of y (t), 3 (¢) at
t = t, respectively. We assume that A is a positive self-adjoint with dense domain D(A) on a
real Hilbert space H, and Iy, Dy, Dy, B: H — H and I, : V' — V', are given linear bounded
operators. On the other hand, the vector function (u (t), {(vg, wk”k@-}") are control. We also
consider the space V = D(A%) and its dual space V.
Moreover, we set the following assumptions:
(H1) Iy = (Iy)*, and I = (I})*, for every k € o7, and for each k € o7, the operator
I, =1.+1and I, = I, + I is invertible in H respectively in V/, it is clearly that for each

k € o'*, the operator

! !

Ik : H - H

N Ik 0 \T = _ _ /
Tk (y,9) = 0 (v,9)" = (Iey, Ivy), V(y,9) €H
k

is invertible and self adjoint in H .
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(H2) B* =B >0, B: H — H such that there is by > 0 so that

(BY, y) procrr < bo lyllF, Yy € H.

(H3) Di = Dy, > 0, Di = Dy > 0, for every k € o7, and for each k € o, there is dj > 0

and dj, > 0 such that

<Dky’y>H><H < dk ||yH§{7 vy € H)

for all y € H, and

(Drys ) oy < i lyll7 . Yy € H.

In the sequel we shall designate by h the function

h(t) = (u(®) {0 ey )

where u (t) € L2 ((o,T) \ {ti}eop ;H) and{ (v, wi) byem € 12(0 H x H) with

(075 H) = {{(0000) by » (vrswy) € H X H }.

We point out that the space R,,(H) = L? ((O,T) \ {tk}ke(,iﬂ ;H) x 12(o7"; H x H) is a Hilbert

space with respect to the inner product

" T _ m _ m _
(8 oy = | @ CICMIZED TR AVED ST

k=1

defined for all i = (h (), {(vg, wk)}kea,ln) and h = (a ), (B, ak}kw) € Ron(H).
We shall denote by B the control operator given by

B = (B.{Dw.Di}yepm ) € £ (R(H)),

so that
Bh(t)

(BU (t), { Dyvg, bkwk}kGUT> :
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We have for every h = (u (t), {(’Ulﬁwk)}keo{") € Kn(H)

T m m
(Bh e, (mry = /0 <Bu(t)777(t)>Hdt+kZ_1<Dkvk,5k>H+Zl<Dkwk,@k>H

b
Il

NE

(w, Dyy) 5,

T m
_ /0 (u (t), B (£)) g dt+ > (og, D)y +

k=1

i
L

which shows that B* = B, that is, B is self-adjoint. On the other hand, we have

T m m
(Bh, g,y = /0 (Bu(t),u(t) g dt + Y (Dpvg,vp) gy + > (Drwp, wi)
k=1

k=1

T m m
< b /0 la @I dt+ > di ol + 3 di el

k=1 k=1
< SRR, )

where § = max {bg, di,...;dm, dq, ...,cim} . Thus, the operator is B bounded in R,,(H).

Next, we consider the homogeneous system associated with (4.1):

o' (t) = —Aw (t), te (0 D)\ {tktreom »
P (0) = ¢ (0) = .
Ay (tk) = Irp (tk) , keodl, 4.2;
| A¢ (t) = I (), k€ o 4.2,

We point out that on each interval [tg,tx+1), for & € of, the solution (gp, gol) € H is left

continuous at each time .

We consider the corresponding homogeneous backward problem

P(T) = ¢° ¢(T) = —¢", 3)
Ap(tm—(k—1)) = _Jmf(kfl)qp(t;;_(k_l))? keal", 4.3
qu (tm—(k:—l)) = _jm—(k—l)COI (t:lf(kfl))v ke 071717 43;
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where

A=A T e-1) = In—(e-1)s  Tm—(o—1) = Im—(e—1), Yk € o7".
We observe that the problem (4.4) on the interval [t,,, T is equivalent to the classical backward

problem

@'+ () + A*p(t) =0, t € (tm, T),
Q)(T) = ()007 CDI(T) = _901'

We introduce the following space: PLC! ([o, T] ;ﬂ), (respectively, PRC! <[0, T] ;ﬂ)) by
pLct ([O,T] ;ﬂ) - {{x,i’} e PC! ([O,T] ;7%) .z e PLC([0,T]:V), T € PLC([0,T] ;H)}
respectively,
PRC! ([O,T] ;ﬂ) = {{:L",f} e PCl ([O,T] ;7%) .2 e PRC([0,T];V), # € PRC([0,T] ;H)}
Finally, C2 ([o, T\ (i eop H) will be the space

¢ (0.7)\ {te} oy 1)
{{e.a} o e (0,T\ {tdperp V) 7 € C (0, T\ {ti}pepr i H)

and ' (t) = Z(t) for t # ty, k € 071”} .

Remark 5 1) The space PLC! ([O,T] ;7:{), (respectively, PRC? ([O,T] ,7‘2)) can be identified
to a subspace of Ry, (H). That is, to each (x,z) € PLC ([O,T] ;’F(), (respectively, (x*,z*) €

PRC! ([0, T) ,7:{)) is assigned the function h (respectively, h ) defined by

h(t) = (@), (@ t) 7 ) }eop )

resp.
h(t) = (% (), 4" () 7" () dreop ) -
The mapping (z (t),Z (t)) — h(t) (respectively, (x* (t),z* (t)) — h* () ) is a linear imbed-

ding.

91



2) Let (z*,2*) € PRC! ([O,T] ;7—1), the function (z*,Z*) can be written as :

(i (), Ty (1)) i tE [tot)
(@27 () = (@30, 25y(1) i tE€thtr), kel
(@] (), 21 () 4 T € [tm, T1,

Next, let T, = tp — tp_1, we define the operator

T : D(T) = PRC! <[O,T] ;7%) C Ron(H) — Ron(H)

by
* T]- — % 7—1

(i (T — 1) E— + o), Zfy (T — 1) — +t0)),

fOT t e [to,tl] ,
Tk+1 _ Tk+1
(@ (k1) — ) = + 1), Thy (e (o—1) — ) ———— + 1))
(T am =14 " ey o om=te=) = ey
fOT' t e [tm—katm—(k—l)) ) ke O_;n717
% Tm+1 . Tm+1
(@ (T = 1) T tm), Thy (B2 — 1) — tm))

fO?” te (O,tl] .

\

(4.4)
We note that the range of T is evactly PLC? ([O,T] ,7—2) The function (T (x*,z*))(t) can be

written as

(o) (&), Zp0) (1) (1) if  t € [to, ta],
(T ($*7j*))(t) = (:L’[k} (t) ,:f[k} (t)) (t) if t e (tk,tk+1] , ke (771”_1,
(T (), Ty (1) (8) if  t € (tm, T).

Let X (t) be the resolvent solution of the operator system

X'(t) + AX() =0, t € (0,T)\ {tbpeop »
X(0) =1,
X(th) — X(t;) = T, X (tg), k € o,

92



where A is the operator matrix

0 I 3
Ax . D(A) = {(5,5) € D(A) x H} = A,
—-A 0
I 0O .
0 I

and 7 : H — H is the identity operator. We shall suppose that the operator Zj has a bounded
inverse in H.
It is easy to see that the impulsive system (4.2) can be transformed in H into a corresponding

first-order linear impulsive system

(E) + AR =0, t e (0,T)\ {tebyenyp
(1]
(£60) = (%), (4.5)
I m
(a50) =T (E6) = (L) ke ot

We now introduce a duality pairing H' x H — R in the following way,

{(.9),(@.2)} = ((,0), M(2,2))3
= <MT (%g): ,T) 7 < H
= ((59),(=7,2))y n

= U2y — WD) g

for all (y,7) € H and (z,%) € H.
The formal adjoint operator of A is the uniquely defined operator A* given by

<'A (y7 g) > (l‘, £)>’H'><H = <(y7 g) 7-’4* (;Uv j))’)—[’x')—p v (ya g) s (.7}, j) € H/ xH,
We will therefore consider another operator A defined by

’ ~

<'A (y7g) ) (m7j)>'Hl><'H = <(y7g> 7"21 (‘r?‘%))H’x'H? v<yvg) ) (m,i:) € H X H

93



Clearly we have

A= MTAM.
Since the matrix operator A is closed if and only if A is closed, then A generates a strongly

continuous semigroup ether <ﬂ> .

The linear homogeneous impulsive problem

~/(t) - ~
(Zg,(t)) +A(ED) =0, t € 0,1\ {trhieoyp
B0 = (+, o

Ap(tr)y _ Plte)y _ (Irp(tr) m
(A{Zj(tk)) = Tk (fp(tk)) - (f:¢(t];))’ keot.
is called the adjoint system to impulsive problem (4.5).

Definition 50 A function (y,7) € PLC" ([O,T] ;H/> is a mild solution of the impulsive prob-

lem (4.1) if the impulsive conditions are satisfied and

O = GEO)(W) + fy Gt 5) () Bu(s) ds
> o<ty <t G(t,tk)(g:i’z), for every t € (0,T),

where G(t, s) is evolution operator of (4.5) in H .

It is well known that for each (y° y') € H, (4.1) has a unique solution (y,y) with
(5:9) € PLC (0,773 1) N C2 ([0, TN\ {ti} ey i H) -

Now, we define the concept of mild solution for the backward impulsive system (4.3) asso-

ciated with the system (4.2) and the operator given by (4.4).

Definition 51 We say that (p,v) € PRC ([O,T] ,ﬂ) is a T—mild solution for the impul-
1 0 ~

sive problem (4.6) if T ((gb, d))) is a mild solution for the homogeneous impulsive
0 -1

problem (4.5).

Definition 52 We say that (p,1) € PRC <[O,T] ,7:() is a mild solution to the backward im-
pulsive system (4.3) if (p,) is a T—mild solution of the impulsive problem (4.6).
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Definition 53 We say that the system (4.1) is exactly controllable at time T, if for every
initial state (yo,yl) € H, there is a control function h € R,,(H) for which the solution y
satisfies y (T) =y (T') = 0.

Remark 6

1. We observe that taking into account the linearity of (4.1) one can eventually steer the
solution at time T to any desired state (yg,ycll) € 'H, so that <y (T),y (T)) = (yg,ycll)

2. Since the impulsive system (4.1) is linear and reversible in time null and exact controllability
are equivalent notion. As we shall see, the situation is completely different in the case of the

first order impulsive systems.

!

3. Null controllability is physically an interesting notion since the condition y(T) =y (T') =0

is an equilibrium for system (4.1).
Before studing impulsive null controllability of (4.1) we prove the following lemma :

Lemma 54 Assume that

(f (t) 7<(t)) € L2 ([OvT] YHxH )7 ({gkvgk}k ) {Ckazk}k) € ZQ(O'TvH, X 7:()

Then, for every vector functions

(1(8).7 (1) € PLC! (0.T15H ) 1€ ([0.T)\ {tudeoy i)

and
(11,7 (6)) € PR (10,71:H7) 1€ (10, 7]\ {} ey i)

satisfying the problem

% [('_Y (t) M (t)>V/><V - <7(t)aﬁ(t)>HxH] = <§ (t)><(t)>H><H, t 7‘é t, fOT‘ ke JTln
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AL (tk) 5 By ey = V() (k) ]

= (A7) () v ev] + [ ER) s An(t))yr v ]) — ({AY (t) .7 (t)) ]
+[(y (t) s AT (tk)) x])

= (& &) + (Chs Ci) D e k€ 0T

we have the following identity

[ (0) 1 D)y — 07O ] [ (4.7)

= [(F(@) 0Ty — D)) rxn) = [(7(0),7(0)) 7,0y — ((0),7(0)) ]

T m "
B /0 (€@.¢ HXHdt+Z € ChIv/ v Z €k Cp) HxH-
=1

=1

Proof. Let us define the functions ® and ¥ as follows

@(t){ <§(t)7C(t)>H><H, t # ty, for k € of"
<{£k’gk} ) {Clm Zk}>7—t'><7:{7 t=1tg, keof,

and W () = [(F(¢) , 1 (0) v« — (Y(©),71(t)) Hxp] , then, ® and ¥ satisfy the problem

U (1) =®(t), tH#ty, for kol
AV (tk) :@(tk), kEO’{n,

and we have
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Adding together we get

/0T<I>(t)dt - /0t1<1>(t)dt+

So that

which shows that (4.7) is satisfied.ll

We also need the following Lemmas :

Lemma 55 [99] If B € L(K,,(H)) is self-adjoint and nonnegative, then
1/2 1/2
IBu]| < B]" (B, h), 2 (s b€ Ron(H).

Lemma 56 If 7411 = Tp_(k—1), k € o', then for the mild solution ({0,1}) of (4.3), the
tdentity holds :

~ 2 _
Iy 1B dt+ Sy [ Dah )|+ S [1De (1)

' (4.8)
= Jo IBelZ dt + iy [ Dk (b)) [ + 1084 (1) 15 -
Proof. For each k € oj’, using the change of variable ¢ — (tm,(k,l) — t)L +t we
Tm—(k—1)

have

bn—(k—1)
/ <B<P[m_k] () BOpm—i) (t)>H dt

ty—k
bn—(k—1) _ Thil
= BQO tmi _ - t + t 9
- T
Bty = 0775 )
m—(k— H
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bin—(k—1)
[ (Bep o Bey ), de

trm—k H

~Tm—(k—1) /tm—(k—1)< . Thal

_ t—(k—1) — t)— + 1),
— - (@ (k-1 )Tmf(lcfl) k)

~ Tk —Tk
B@[k]((tmf(kfl) — t)? (‘;1 1)— + tk)> ] X — (I:‘ll),dt
m—(k— H m—(k—

—Tm—(k—1 b ~ ~
= = [ (B (s), By (s), ds

Tk+1 tht1

tri1 _ _
- / (Byq(s), By (s))ds.
k

Summing up with respect to k, we get

Ml (k-1) L _
S [ (B Bopn(®), de =3 [ (B0, B ).
k=07 tm—k

k=0 "tk
Thus, we obtain that

T 2 T 2
/0 BpZ di = /0 Bf?, dt.

On the other hand, from the definition of the function (@, 171) we get

10

<¢<tmk>,¢(tmk>>( 1)(¢<tk+l>,¢<tm>), keop.

0 —

Also, we have

and
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This implies that

HDHZJ (%)H; + || D@ (tk)Hfg

Nt

3
L

2

- H (Dm*k(ib (tm—r) Dk{b (tmfk)) ‘ HxH

e
Il
o

1
M
N
—
/-~
-l
3
&
@ o
3
&
N——
'
i~
3
=
Y
™
3
=

=
Il
o

HxH

2

HxH

) (@ (tm-t-1)) ¥ (tm—r-1)))

0 —Dy

HxH
1Dk (b)) || 57 + |- Dit (trniemy) [
= > 1Dk (tne-) I3y + P62 (b)) I3,

k=1

which gives (4.8).1

Corollary 57 If Tj41 = Tyy(r—1), for k € crgb*l, and B, Dy, Dy, are nonnegative in H, then
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the following holds:

1

Proof. This follows immediately from Lemma 56 by replacing B by B %, Dy by D,? , and
_ 1
Dy by D .1

Now, we state and establish the following Theorem.

Theorem 58 Let (yo,yl) € H, be a given initial state for the system (4.1), then (yo,yl) 18

null controllable at time T if and only if there is a positive constant C' such that

(0% uh) (8% @) s < C{foT IBo(®) 17 dt + 5= || Dep (b)) |3,

-~ (4.9)
P D) 5] V{0 € R

where (p,1) € PLC ([O,T] 77'~l> is the unique mild solution to (4.2) with

(2°,8") = (#(0),0(0) = (9 (1), ¢ (1))

Proof. It suffices to prove this Theorem for the special case Tg11 = Ty, (r—1), for k € 08”‘*1,

because the norm |||||| = {EZZ:O w f;:“ ||H§{ dt}l/2 is equivalent to the usual norm in
L?([0,T); H x H). o

We shall proceed in several steps.

Step 1: Let (y,7) and (%, ) be strong solutions to (4.1) and (4.3), respectively.

Then, for t # ty, k € of", we have
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(W' (1), 2y — W), & (0 (4.10)

On the other hand, we have

<y”(t)7 @(t»V'xV = <_Ay(t) + Bu(t)a @(ﬂ)v'x\/

and

W), @ ) mxi = (Y), —AP" () rxn-

By subtracting these two identities we find

& @0, 0y — W) D] = (Ay(t) + Bul®). 3Oy — WD), ~ABD) 5

dt
= (=Ay(t) + Bu(t),o(t)n — (y(t), —A@(t)) 1

= (Bu(t),¢(t))n-

Multiplying equation (4.3),,41_x in (4.3) from the left by 3’ (t) the solution of (4.1), and
multiplying equation (4.3 )41 in (4.3) by ¥ () the solution of (4.1), and multiplying equa-
tion (4.1); in (4.1) from the right by & (t) the solution of (4.3), and multiplying equation
(4.1") in (4.1) by & (t;) finally; adding memberwise we get

A[<y<tk> so(tk»v v = ) Dt }
= AW Be] - e

()]
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[<< 0 Bty y = (Wt D(t))a (4.11)
(Ay M} [ (1), B0 |}
[<Ay<tk> w<tk>>HxH] + [{wte), Ad@))r | |
iy (1) + Dicwn, (1)) v+ (0 (86), ~ BB (t0) v )
— {Bey(t) + Do, (8 1 + (ylt), ~ L (8a) |
(Diwr, §(t1)) v v — (Dwors Y(t)) 1

<(Dkvk, Dkwk) ) (&(tk)v &(tk))%{'xﬁ'

Setting

and

{&-k’gk};”:1 = {DkvkaDkwk}lel 5 {Ckv&k};nzl = (&(tk)a{b(tk))v

then equations (4.7), (4.10) and (4.11) give,

(5 (T) 3 (M) yr ey = WD), AD)] = [0), 8 (O))y s = (w(0), B(0))ar] (4.12)

o~

o

=m =m

T
- /U (Bult), 30)) srdt + S (Drwes BE0)) s — S (D (6 1
k=1

T
= [ Bu®).30) e+ (Do Dran) (041,700
k k

bl
—_

m

T =m
- /O<Bu<t>,¢o<t>>Hdt+ (Drw Bt vy — 3 (Dyvns Dt

bl
=
Eond
=

By density. This identity is valid for mild solutions as well.
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Next, if there is a certain h(t) € R, (H) such that the mild solution of (4.1) with

(y,9) (0) = (4% y') satisfies  (y,7) (T) = (0,0),

then
— [ @(0), 3Oy = WO, PO) x| (4.13)
T k=m k=m
= | @O B et 3 D B0y~ S Dk Dt
k=1 k=1

and so thanks to Cauchy-Schwarz Inequality we obtain

~—

B(0)) H} ‘ (4.14)
k=m

T
| @O, B0 e+ Y Do B0}y + Y Dt bt
k=1

(700,207 = (90

=~
3

IN

B
Il
—

k=m

T
= || @O Bt + Y (D Bt + 3 (Droe, )
k=1

il
3

o
—_

IN

T k=m k=m 1/2
{ | ol e+ Y ol + Y ||vkr|?q}
0 k=1 k=1
T ) k=m ~ 9 k=m - ) 1/2
<A [ IBp@l a+ Y o)) + 3 1Dl
0 k=1 k=1
Using Lemma 56, and equation (4.14) we have
[@(0),2 )y s = (0), D)) s
T k=m k=m 1/2
< { / a3 dt+ > llonlly + Y Hwkuz}
k=1 k=1

T k=m k=m 1/2
x {/O IBe@) 13 dt+ > || Dap((tmiimny) | + D HDW((tm(l«n)Hi]} :
k=1

k=1
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Setting

T k=m k=m 1/2
C = Al = {/O ()7 dt+ > llvellF + > Hwkul%l} )
k=1 k=1

we find that

(503~ w(0).9() ],

T k=m k=m 1/2
= ¢ { | HBWH%MZ||Dkw<<tm-<k-1>>>li,+2HDw«tm_(k_l))Hi,} -

k=1 k=1

This shows that i) implies ii).
Step 2. If B > a > 0 the proof of the second implication ii) = i) in this special case is the
subject of

Claim 2 Assume that there is o > 0 such that

0 k=1 k=1

T k=m k=m
2 2 2
> a{/o @)l dt + D okl + ) HW!H}
k=1 k=1

T k=m k=m
VRLTCIRES oEERS LA

then, for every (yo, yl) € H there is (cpo, 901) € H such that the mild solution of (4.1) with

o) = (s {((~-00) o)}, ) € R

satisfies

where (, ) is a solution of (4.3) with initial data (p(T), 4 (T)) = (€%, —¢').
Proof. For each (@0, c,bl) € ‘H there exists a unique (goo, gpl) € ‘H such that

since Zj is invertible, and for every (e,é) € H we consider the mild solution (,) of (4.3)
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satisfying (c,b(()), @ (0)) = (e, €) and the unique mild solution (y,7) to the problem

y () + Ay () =Bp(t), te 0,1\ {tr}yeop -
y(0) =%y (0) =y,
Ay (te) = Ity (&) + Dy (¥ (), k€ 0T
Ay (ty) = I}y (tk) + D (tr), k € o7

Next, we introduce a bounded linear operator A : H — H  defined by

Ae,é) = (—y (0), Ay(0)).

According to formula (4.13) and Corollary 57 we get

(A (e.8) e Dt

= |- [ 0.3 )y = WO, B O] |

T k=m k=m _
— | [ B0 B0t + Y D0, B Oy~ S (D (< 00)
< /<B¢(t)a¢(t)>Hdt+ (Drp(tm—(k-1))s P(tm—(h—1)))H

0 k=1

k=m
+ Z (Drtp(tm—k—1))s Y(tm—e—1))) 1
k=1

T k=m k=m
S / leIdt + > lle)llz + > vl ¢
0 k=1 k=1

IN

where
¢ =max< b, sup {di}, sup {Jk} < 00
keo® keol®

We also have

/ (), () |3, dt = / e HHdtJr/ 1o (), ()1 di+. +/ (o
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Since there is no impulse in the interval [tg,tx+1) we have

1t )|l = {Hso@;)ui + 1\¢<¢>\\2} , for every t € [tg, ti41) k € of.

and

{leteeally + o e, } = {leed il + e e[} weap.

Therefore, there are 7,11 = tg41 — tx > 0, k € o(f’, such that

/ o) 0 (e)) | dt

Uk

2 ' 2
< afleely+ e el }
_ _ 2 ’ _ ’ _ 2 m
- 7k+1{uféso<tk>+w<tk>uv+Hfzso <tk>+so(tk>HH}, keol.  (4.16)
On the other hand, the continuity of I, I;, implies that
2 N2 —\12 m
ey = [|Te + Do)y < (L + L) ey, * € ot (4.17)
n 2 — o 2 _ 9 ;o 2
leen| = ||+ nee)||, < a+Lar||e )|, kear,  @18)
where
L(I), L(Iy) >0, Vke€ o
It follows from (4.16)-(4.18) that
—\[12 ’, 2 m
S N e), (eI dt < {Hwk 5+ e <tk>HH} . keoy, (4.19)

where

re = Temax { (1 + L(1})), (1 + L(I}))} .

Since m is finite, and due to (4.15), (4.19), then there is a constant 0 < p < oo such that



and thus, A is bounded.

Now, as B is nonnegative in R,,(H ), we have

1/2

IB@ = o {(€®), € Ry}

for all & € R, (H); thus, by virtue of Lemma 55, we have

k=m k

T =m
{/ (Bu(t),u(t))Hdt—l- <Dkwk,wk>lev + (Dkvk,vk>HxH}
0 k=1 k=1

T k=m k=m
> ol B {/O (@) dt+ > el F + > ‘wkH}Zq}- (4.20)
k=1 k=1

It follows from (4.13), (4.20) and Corollary 57 that

(Mese fe, b = = [(5(0), 2O — ((0), DOy

T k= k=m
= [ (B0 O+ 3 (D). BNy e = X (D (<000 Dt
k

=1 k=1

T k=

/0 (Beo(t), o)t + S (Dith(ton—o1)s b))
=1

3

Y
——

e

k=m
+ Y (Drp(tm—(e-1)), So(tm(kl)»H}
k=1

T k=m k=m
o8] { /0 le) 3 dt+ 3 et + > |
k=1 k=1

o |B] /: lo(®)I dt = 1Bl| aTmss {nso(T)n%, + Hso’mH;} =6 |{e.é} %

v

, 2
0 <tm(kl>>>HH}

v

because there is no impulse over the time interval (¢,,, 7.
Therefore, A : H — H is coercive. To show that there is a bijection from H onto H , it

suffices to prove that A + 7 is a bijection from H onto H . Clearly, A + Z is one to one since
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On the other hand, let (yo, yl) € H', as the form

a((£:4.) (@9 +((££) 0.9 = A (£.F) 0D+ (£ F) (995

is symmetric and coercive, then, by virtue of Lax-Milgram Theorem, there is an element

(f, f) € H such that

a((£:4) (9.9 + (£ 1)+ (905 = (4" ")+ (9: D) s Tor all (9,9) € .

This implies that A(H) = H . Thus, for every (yo,yl) € H , there is a unique (e, é) € H such
that A((e,€)) = {—y/ (0), Ay(O)}, which completes the proof of Claim 2.
Step 3: Assume that : B, Dy, D), > 0, then B > 0,

. . ——2 _
B*=B, D2=Dy, D =D

We define for € > 0,

B° = B* +el,
€;D2+ I
k= YT el
5 =D

k —~ "‘EI,

and

T (BM{@M B ver)) )
- y Uy ey UYmsyV1y 9y Ym) — 9 k ’ :
keo®

According to Claim 2, there is ((00’5, @1’5) € ‘H such that the mild solution (y,.) of (4.1) with
(y=(0),7:(0)) = (y°, y*) satisfies y.(T) = y.(T) = 0; where B(h) has been replaced by
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We obtain from (4.13) and Corollary 57

| (0), 2 Oy = (w:(0), Do(0)) s
- (50.(0) 20 it + Zwi@em Pty xy (4:21)
—Z:T@i (<920 Dolte) e
and (4.9) gives
@02 )y v~ 0(0),0.(0) x| (4:22)

T k=m ,  k=mo 1/2
< 0{/0 IIBsos(t)HideZ)]Dkwe(tm_(k_l))\}H+Z\\Dkqpe(tm_(k_l))”;} .
k=1 k=1
Whence,

~(5(0).8- )y = (0. o)) |
T k=m

< 04 [ (B(). @e(®)mdt + D (1@ (t), 2o (tk)) v (4.23)
k=1

1/2
- > ({9 (-%(W)) a&g(tk)»HxH} :

k=1

It follows at once from (4.21) (4.22) and (4.23) that

AR e ae+ S el + 5 P}

T B23. (1), 2o ()t + KT (D@ (t)s 2oty ey + SET DD (), Do)
= Jo (B°-(t), (1)) et + S4=1 (058 (ti—(r-1))» Be(t—(im1) )i

+ RO (b (b)) e (b om1))) 1

< C2.
(4.24)
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Step 4: According to the estimate (4.23) the family

b = 5 (@0 (<o)}, )

(oo (o2 (ow) o)) )
<

is contained in a bounded subset R, (H).

Thus, both of the families

V2 (@0 { (-dtw. e}, )
and <(B¢€(t); {(Dk (—&E(tk)) ,Dk¢s(tk)> }k@;,)

are bounded in R,,(H). Therefore, we may extract a subfamily, say

((Bst(t); {(Dx (—0et) . Dae(ta) ) } ) — hy weakly in Ry (H).

keo®

Then clearly

(80 { (2 (~5) Biett) ) } )+ 592 (Gt { (0ut00082t00) )

— Bh, weakly in R, (H).

Step 5: Taking the limit as € — 0, we see that the solution y of (4.1) with initial condition
<y(0),y/(0)) = (yo,yl), h being as in step 4, satisfies y(T) = y (T') = 0. This completes the
proof of Theorem 58.H

As an immediate application of the previous Theorem we give the following example.

Example 59 One dimensional impulsive wave equation :
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We consider the problem

Py 0%y
@ - @ (tax) = XU (tvx) y te (OuT) \ {tk}keain , T € Qv

y(t,0) =y(t,2m) =0
y(m,tz) —y(z,t,) = apy (tg, v) +Pkagvk;(fL“), ke of?, (4.25)
yt(xat;r) - yt(xat];) = Bky (tk,.’]?) + quwzwk(x)v ke 0-71717
y(@,0%) = 10(@), wle,0%) =y'(z), ze0.

\

where tgy1 — t > 2w, Q = (0,27) and

W, wz = (alfaag)7 wz = (blfabé) C (07271'), ke U’ina {ak)ﬁk}kEa’inv {Pkan}keo{” - R+ X R+'

Let V x H = H}Q) x L}(Q),

and

Iyw(z) = apw(z), Tyw(z) = Brw(z)
and the control operators are given by

B =Xy, Di=piXug, Dk =X

then the system (4.25) becomes an abstract formulation of (4.1).
As a consequence of Theorem 58, the initial state (y°,y*) € H}(Q) x L*(Q) = H of the solution
of (4.25) is null-controllable at t = T, if and only if, there exists a C > 0 such that

5P 2 oy~ [ @)@

/ /|g0] txdxdt-f—Z/ i
klwz

tkn)m+z/
k=1Jw

b
k
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where where (%, @) = ($(0),4(0)) = ((p (T),—¢ (T)) and <90, gpl) is the mild solution of
%2;2'0 - gif (t,x) =0, t€(0,T)\{tutpeom, = €Q,
o(t,0) = p(t,27) =0
p(a,tf) —pla,t;) = arp (t, ), k € of,
oz, 1)) — @@, ) = Brpy(te, @), k € o,
p(2,0%) = (@), @y(2,07) =l (z), zeQ,

\

in HE(Q) x L2(Q).

Here (g@, gol) 18 given by

(P (1), Y1) if  t € [to,t1)
(90.€'0) = (®vp®) ¥ 1€ [trtisn)
((p[m(t)v 1/}[m] (t)) if te [tm’ T] ’

where (i (t), Y (t)) is a solution of the classical wave equation

e 0%y
o2 — 922 (t,(];‘) =0, t e (to,tl), T €,
Pp)(t,0) = ppg(¢,2m) =0
e, 0%) = (@), (), (@,0) = &), req,
and o o
Pk Plk] _
8t2 - 83’52 (t,ﬂ?) - 07 te (tk7tk+1)7 WS Q,

Pk (t,0) = @y (t,2m) =0
g (@ th) = 1+ aw) @ (t,7) , k € 0T,
pu(@,ty) — e, ty) = (1+ By) oy, ), k € o,
o(x,07) = %), ¢ (z,07) =pz), ze,

Then a standard application of a variant to Ingham’s Inequality [53] shows that

tht1
L7 o] torivas = o | [ o] et.rao+ [ Joiy| et 00as).
tE w Q Q
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for some positive constants c(T,w) > 0. Summing up we get

m

kZ:[J/t:Hl/w‘SO[k}‘(tax)dtdfﬂ = /T/ltp\z(t,x)dxdt
clz[/‘sﬁ d:z:+/‘g0[k]‘ th d]
qzm:{/‘@ dx—l—/’(p[k]‘ tha d],

Y

Y

where ¢y = min ¢(T,w) > 0.
keog®

On the other hand, there is a positive constant co > 0 such that

g [/ ol (¢ )da:+/2 ‘90/‘(tm(k1),x)dx]
> czkzl [/Q ‘go[k]‘ (t,j,x)d:c—i—/Q)gol[k]‘ (t;g,x)dx} .

It follows that

T m
/ [ 1o tardade + 52 [ o
0 k=1Juws

dx—i—/‘(p[k]‘ (th o )daz}

k
> (c1+¢2) { ‘gp da:—i—/’ap dx]
Q

/

Y,
)
_|_
S

Ms

D

T

Now, since

then,

> m(er + ) [/\M dm+/\¢| d:p],
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from which we get

[ e [ o]
W(/ /\g0| t:vdxdt—l—kin:l/wngQ

We conclude by Cauchy-Schwarz inequality that

‘<y0 > @) HA®) dx_/ﬂyl x)dx
< {[/‘yo’ dx+/\y’ dm} [/ 2° ( d;,;+/‘ }}1/2
_ { Jo#f @ dilif;‘@ NG } |so|2(t,:c)d:vdt

" 1/2
(1), )+Z !@\2( k1), T )) ,

k=1

which establishes the necessary and sufficient condition of null controllability stated in Theorem

58.1
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Conclusions

In this thesis we has studied the controllability of a class of impulsive systems in infinite
dimensional Hilbert spaces. After introducing some results about impulsive evolution systems
in chapter 1, existence results have been obtained for impulsive evolution systems in Chapter 2.
These results have been applied to the controllability problem. Null and exact controllability
questions of evolution systems with fixed impulses have been solved in Chapter 3 and 4 by the
well-known Hilbert Uniqueness Method (HUM).

A necessary and sufficient condition for the controllability of such systems has been estab-
lished. Finally, a concrete example in Partial Differential Equations has been given to illustrate
the results.

The impulsive controllability results obtained before by other authors used fixed point theo-

rems, hawever the proofs presented in chapter 3 and 4 do not depend on this method.

We intend in future works to study the exact controllability of impulsive systems with

infinite impulses with respect to some suitable topologies.
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Abstract

We shall establish a necessary and sufficient condition under which
we have the null controllability of some first order impulsive evolution
equation in a Hilbert space.
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1 Introduction

The problem of exact controllability of linear systems represented by infi-
nite conservative systems has been extensively studied by several authors A.
Haraux [8], R.Triggiani [16], Z.H. Guan, T.H. Qian, and X.Yu [7], see also
the references [1, 2, 6, 10,15]. In the sequel, we shall be concerned with the
problem of null controllability of some first order evolution equation sub-
ject to impulsive conditions and so we shall derive a necessary and sufficient
condition under which null controllability occurs. Actually, we shall estab-
lish an equivalence between the null-controllability and some "observability”
inequality in somehow more general framework than that proposed by A Ha-
raux [8]. Regarding the literature on the impulsive differential equations we
refer the reader to the works of D.D. Bainov and P.S. Simeonov [3, 4] and
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the references [5, 9,11, 12, 13]. We are going to study the following problem

y () +Ay(t) = Bu(t), t€(0,7)\{t}yeop (1)
y(0) = "
Ay(tk) = Iky(tk)+Dkvk, ]{JEU?L, (1k)

where the final time T is a positive number, 3° is an initial condition in a
Hilbert space H endowed with an inner product (., )y, y (¢) : [0,7] — H is a
vector function, 7" is a subset of N given by o* = {1,2,...,m}, and finally,
{tk}keo;n is an increasing sequence of numbers in the open interval (0,7,

and Ay (tx) denotes the jump of y (¢) at ¢ = ty, i.e.,
Ay () =y (t) — v (&)

where y (¢f) and y (¢ ) represent the right and left limits of y () at ¢t = ¢
respectively. On the other hand, the operators A, B, I, D, : H — H are
given linear bounded operators. Moreover, we set the following assumptions:

(H1) A* = —A,
(H2) I} = —1I, for every k € o}", and for each k € 07", the operator
1) = I, + I is invertible,
(H3) B* = B > 0 and there is dy > 0 such that
(Bu,u), < dollul?, foralluec H,

(H4) D; = Dy > 0, for every k € o}", and for each k € o} there is
di > 0 such that

(Dyu, )y, < dy|ul)?,, forallu e H.

In the sequel we shall designate by h the function
h(t) = (u(t), {onbeeoy )

where  (t) € L2 ((o, T)\ {t}peop H) and

{Uk‘}keo{” el (07" H) = {{vk}kggqﬂ , U € H} .
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We point out that the space K,, = L? ((0, T)\ {tk}k@;n ; H) x 2 (o H) is
a Hilbert space with respect to the inner product

(1) = [ O3 i,

defined for all h = (u (t), {vx}7",) and h = (@ (t), {0 }]",) € Knm.
We shall denote by B the control operator given by

B = (B, {Dk}kEzri") €L <L2 <(0’T) \ {tk}kgf{” ) H) o (1" H)) ’

so that
Bh(t) = (Bu (), { Duvi}ieop ) -
We have for every h = (u(t), {vg}—,) € Km

(Bh,h)y =~ = / (Bu(t),u(t)ydt+ > (Dyvg,vp)y
0 k=1

— / (u(t),Bu(t))HdHZ(vk,Dkvk)H
0 k=1
= (h,Bh)y._,

which shows that B* = B, that is, B is self-adjoint. On the other hand, we
have

(Bh,h) = /0 (Bu(t),u(t)ydt+ Y (Dyvg,vn)y

T m
< d / la (@)% dt+ S di lloglly
k=1

< S|hl, .

where 6 = max {dy, dy, ...,d,,} . Thus, the operator is B bounded in /C,,.
Next, we consider the homogeneous system associated with (1) :

(pl (t) + AQD (t) =0, te (07 T) \ {tk}keo{” ) (2)
p(0) = ¢
Ap(ty) = Irp(te), k€ o". (2%)
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We point out that on each interval [ty, tx. 1), for k = 0, ..., m, the solution ¢
is left continuous at each time ;.
Consider the corresponding homogeneous backward problem :

(1) +Ap(t) = 0, € 0,1\ {ti}peop s (3)
P(I) = ¢,
AG(tm—(—1)) = —[m_(k—l)@(t;_(k_l)% ke ol (3%)
where

A=A =—A Ing-yy=1 41y = ~In-x-1), k € 07"

We observe that the problem (3) on the interval [t,,, T] is equivalent to the
classical backward problem

—@ () +A@(t) =0, t € [tm, T],
P(T) = "

We introduce the following space : PC([0,T];H) = {y,y : [0,T] — H
such that y(t) is continuous at t # ti, and has discontinuities of first kind at
t = tg, for every k € o"}.

Evidently, PC ([0,T]; H) is a Banach space with respect to the norm

[yllpe = sup [ly(®)]-
te(0,T)

On the other hand, we define the subspaces PLC, (respectively, PRC)=
{y,y € PC such that y(t) is left (respectively, right) continuous at t = ty,
for every k € o'}

Remark 1 1) The space PLC, (respectively, PRC) can be identified to a
subspace of K. That is, to each y € PLC, (respectively, 5 € PRC) is
assigned the function h (respectively, h) defined by

h(t) = (30 Ay () heop )

and

R0 = (50) 4700}y )-

The mapping y — h (t) (respectively, j +— E) is a linear injection.
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2) Let y € PRC, the function y can be written as :

Jo(t) if te€to,th)
y(t) =< gmt) i t € [te,tri)
Yy (1) if t € [tm, T).

Next, let 7, = tx — tx_1, we define the operator 7 : D(7) = PRC C K,,, —
Ko by

Yol (T = )2 + o) if t € [tm, T),

Y| 1 m—1

(TH)(t) = Tw((tme—r) = D72 +t) i EE [t tme—r)) . K €07,
o) (b — )22 1) i te (0t

(4)
We note that the range of 7 is exactly PLC. The function (77)(t) can be
written as follows:

Ylo] (t) Zf le [t07 tl] )
(TY)(t) =14 yw(t) if t€ (tptyp), ke€oy ™,
Yim) (t) if te (tm, T] .

Let X (¢) be the resolvent solution of the operator system

’(t)+AX()—0,0:t0<t<tm+1:T, t#t, k=1,2,...,m,
(0)

where [ : H — H is the identity operator. We shall suppose that the operator
I, = I, + I has a bounded inverse.

Definition 1 A function y € PC ([0,T]; H)is a mild solution to the impul-
sive problem (1) if the impulsive conditions are satisfied and

yt) = G(t,0%)y" + [o G(t,s)Bu(s)ds
+ Y 0cro< Gt k) (Dyvy), for every t € (0,T),

where the evolution operator G(t,s) is given by

G(t,s) = X()X(s).
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It is not hard to check that the operator G(t, t;,) satisfies the operator system

G'(t,ty) + AG(t, 1) =0, t € [ty trr1), k € o,
G(te, ty) = 1,
G@L—lv tk) - G@I;-Hv tk) = [k‘+1G<tI;+17 tk)'

It is well known that (1) has a unique solution y such that
y e PLC (0,71 H) N C* (10, TI\ {tibyeny : H) -

Now, we define the concept of mild solution for the backward impulsive
system (3) associated with system (2).

Definition 2 We say that ¢ € PRC ([0,T); H) is a mild solution for the
backward impulsive system (3) if T ¢ is a mild solution for the homogeneous
impulsive system (2).

Let us introduce the notion of the null controllability of the initial state
as follows:

Definition 3 We say that the initial state y° € H is null controllable at time
T, if there is a control function h € IC,, for which the solution y of system
(1) satisfies y (T) = 0.

2 Main Results

First we begin by the following lemma.

Lemma 1 Assume that £ (t),¢(t) € L' ([0,T); H) and {& ), {CG )i, €
IY(o, H). Then, for every vector functions

7(t) € PLC(0.T); H) N C* ([0, T\ {tabyeop s H)

and
n(t) € PRC(0,7); H) N C ([0, T\ {tabyeop i H )
satisfying the problem

S m) = €0.C0), 14t forkeo,

Aly (k) n (b)) = (A () () + (v (te) , An (te)) = (&, Gr)» K € 07",
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we have the following identity

(@)l = (V(T),n(T)) = {v(0).7(0) (5)
- /0<§ dt+Z§k,§k
Proof. 1t is straightforward. OJ

We also need the following Lemmas.
Lemma 2 [14] If B € L(K,,) is self-adjoint and nonnegative, then
|Bh]| < [1B]|'* (Bh, b2, h € K,

Lemma 3 If Ty11 = Ty—(k-1), k € 00", then for the mild solution & of (3),
the identity holds :

T m T m
/0 BEy dt+ Y | D ()3, = /0 |Belfy i+ |Digp (tmis1) |
k=1 k=1
(6)

Proof.  For each k € o7, using the change of variable t — (t,_x_1) —

)=t + ¢, we have
Tm—(k—1)

(k—1)
/ (B(p[mfk] (t)v Bw[mfk}(t))dt
tn—k

k=D Th+ Th+1
= (B ((tn—ge—1) = 1)~ + i), Bop (tm—-1) — 1) + 1x))dt
tonk m—(k—1) Tm—(k—1)

Tr+1

—Tim—(k—1) 2 _ _
= — (Bow(s), Bow(s))ds
Tet1
tet1 _
= / (Bow(s), Bow(s))ds.
173

Summing up with respect to k, we get

Z / m—(k—1) (BQO[m—k}«t))’ BQO[m—k] (t))dt = Z/t Hl(B@[k] (t), B@[k]@))dt'

k=0 ¥ tm—
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Thus, we obtain

r 2 r 2
/0 B dt = / Bol? dt.

On the other hand, by virtue of the definition of the function ¢ we get

¢ (tmr) = @ (ter1), ke€og ™

Also, we have

@ (o)) = 2 (t), k€ o,

and

@ (tm-r) = @ (1), k€ 0g

This implies that

Z | D (t) |
o

which gives (6).

3
L

<Dm—k6 (tm—k) ) Dm—k‘z (tm—k)>H

iy
=)

3
L

(Dp—rp (tgs1) s Din—rp (tk+1)>H

iy
=)

NE

(D (tm--1) » Dig (tm--1)) )

T
I

NE

(Dip (tm—(k—-1)) » Diep (tm—(k—l))>H

T

1

NE

| Dip (tam—sy)

T
I

O

Corollary 1 If 741 = Ty—(r—1), for k € 06”_1, and B, Dy, are nonnegative
in H, then the following holds:

k=

3

/0 (BEW), 30t + S (Ded(te), 3(t)

B
Il
—_

il
3

= /0<B<P(t),90(t))dt+ (Dro(tm—(k-1))s ¢(tm—(k-1)))-

ol
—
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Proof.  This follows immediately from Lemma 3 if we substitute B by B %,
and Dy by D2. O
Now, we state and establish the following Theorem.

Theorem 1 Lety° € H be a given initial state for the system (1), then y° is
null controllable at time T if and only if there is a positive constant C' such
that

T m 1/2
‘(yo,@0>H‘ < C{/O |ng|§{dt+Z‘Dk<p (tm(kl))‘i{} , V@' e H,
k=1

where p € PLC ([0,T); H) is the unique mild solution to (2) with ¢ (T) = @°.

Proof. It suffices to prove this Theorem for the special Case Tri1 = T—(k—1)

1/2
for k € o"', because the norm |||.||| = <> 1", m—(k-1) j;i’““| |Hdt} is
Tk+1

equivalent to the usual norm of L?([0,7]; H).

We shall proceed in several steps.

Step 1: Let y and ¢ be strong solutions to (1) and (3), respectively.
Then, for ¢t # iy, k € 07", we have

.50 = /

)
Multiplying equation (3;) in (3) from the left by y (¢,,—(.—1)) the solution of
(1), and multiplying equation (1;) in (1) from the right by @ (¢x) the solution
of (3), and finally adding memberwise we get

Ay(t), p(t)) 1=t (y( o(tk)) + (Ay(te), p(tr)) 9)
= (y(tr), kp(t)) + (Iky(tr) + Dyvk, p(tr))

(y( o(tr)) + (Ley(tr), p(te)) + (Drvr, p(te))

(

Setting () = y(t), n(t) = ¢(t), £(t) = Bu(t), ((t) = ¢(t), & = Dy,
Cx = p(tx), then equations (5), (8) and (9) give
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T k=m
(D). E(T) ~ (0. 50) = [ (Bult) GOt + Y (Dewn. G0 (10)
0 k=1
Since B is bounded, self-adjoint and B >0, then by density the latter identity
is still valid for mild solutions y of (1). Identity (10) can be written as follows
T k=m
()BT ~ (9(0).50)) = [ (a0, BE)d1+ 3w, D). (1)
0 k=1

Next, if there is a certain A(t) € K,, such that the mild solution of (1) with
y(0) = 1/° satisfies y(T') = 0, then

k=m

~0).70) = [ (u(v). BEO)+ 30, DFl0)

k=1

and so by Cauchy-Schwarz Inequality we obtain

T P 1/2
[{y(0), 2(0))u] < {/0 IIU(t)HidHZIIkaIE} (12)

T P 1/2
X {/0 BRI dt + ) HDk@((tk)H?{} :

Using Lemma 3, and equation (12) we have

T e 1/2
[(¥(0),2(0)n| < {/0 IIU(t)H?{dHZIIkaIZ}

T kem 1/2
{ / H&o(t)HZdHZHDw@m—(k—n)HZ} -

k=1

Setting
T k=m 1/2
C=hr®l, = {/0 lu(t)|7 dt + Hvklﬁq}
k=1
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we find that

1/2
|((y(0), 2(0)) | < C{/ 1Bo(t) 5 dt + Z [ Dip(tm (k—l)ﬂﬁf} :

k=1

This shows the necessary condition of the Theorem.
Step 2: To prove the sufficiency we need the following result when B >
a > 0.

Claim 1 Assume that there is o > 0 such that

{/ | Bu(®)|7 dt + Z ”Dkvk”H} 2 a{/o lu()ll7 e+ H%Hi}

k=1

then, for every y° € H there is ©° € H such that the mild solution of (1)
with

h(t) = (1), &(tr), -, @(th)-, B(tm)) € Ky and y(0) = 3°
satisfies y(T') = 0.

To prove this Claim, we consider for every z € H the solution ¢ of (2)
satisfying ¢(7') = z and the unique mild solution y to the problem

Y+ Ay(t) = B(D),t € (0.1)\{theop -

Ay(te) = Ly(te) + Dro(te),
y(T) = 0.

Next, we introduce a bounded linear operator A : H — H defined by

Az = —y(0).
According to formula (11) and the Corollary 1 we have
k=m
[(Az,2)[ = |=(y(0), 2(0)] = '/ (BA(t), 2(t)dt + Y (Dyp(t), Sp(tk»‘
k=1

k=

/0 (Bol(t) dt+z (Dagrr— ) @)

< {/ lo(O)l2 de + Hso@k)u},

k
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where
¢ = sup {di} < .

keal

We have

/0 lot)|2 dt = / ettt + / el dt + .+ / lo(t)] dt.

t1 tm

Since there is no impulse in the interval [ts, ;1) we have
le@®)1l = [le(t)

HQO(tI;q)H = H@(tﬁ_l)H , keal.

Therefore, there are 7,11 = 41 — t; > 0, k € o such that

, for every t € [ty, tps1), k € o,

S le@I dt < pr |l = 7o e (1) + o(t5)|)

On the other hand, the continuity of I, implies that

eI = [T + Det)||* < (1 + L)) || t) ||

It follows from (14) and (15) that

, keol

ftikﬂ lo)I* dt < mra(1+ L(I))? e (t)] 2 ke o

, keol"

(16)

Since m is finite, and due to (13),(16), then there is a constant 0 < p < 0o

such that (Az, z) < u||z||*, and thus, A is bounded.
Now, as B is nonnegative in IC,,, we have

1B @ = a{(€ (1), & (1), }'"?
for all ¢ € K,p,; thus, by virtue of Lemma 2, we have

k=m

{ /0 (Bu(t), u(t)) dt + (Dkvk,vk)H}

k=1

T k=m
> ol B {/0 ()l dt + ) IIUkIIfH}-
k=1

(17)
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It follows from (11), (17) and Corollary 1 that
(Az,2) = —(y(0),»(0))
= [ B0t + 3 Dupltn-an) pltn-s)
a8l {/0 ()| dt + i ||<P(tk)||2}

t1
> OéHBH/O le(@)]|* dt = 1B aty ||]|* = 6 1],

v

because there is no impulse before time ¢;. Therefore, A is coercive on H.
To show that there is a bijection from H onto H, it suffices to prove that
A + I is a bijection from H onto H. Clearly, A + I is injective since

(A2 +2,2) = (Az,2) + {z,2) > (0 + 1) | 2||*.

On the other hand, let 4° € H, as the form a(f,g) + (f,g9) = (Af,g) + (f,g)
is symmetric and coercive, then, by virtue of Lax-Milgram Theorem, there
is an element f € H such that

a(f,9)+ (f.9) = (4’ g), for all g € H.

This implies that A(H) = H. Thus, for every y° € H , there is a unique
z € H such that A(z) = —y°, which completes the proof of Claim 1.
Step 3: Assume that B, D, > 0, then B > 0,

B?=B,D?=D,.
We define for € > 0, B
35 =DB*+¢l,
5 = D? +el,

and
B = (365,..,05) = (B*+el; D} +¢l,..,D2 +¢l).

According to Claim 1, there is $*¢ € H such that the mild solution y. of (1)
with y.(0) = y° satisfies y.(7') = 0; where B(h) has been replaced by

BE(QZ(t)v gb’(tl)v ) gb’(tk>7 @(tm» € ICm
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We obtain from (11) and Corollary 1

k=m

~(9(0), 3.(0)) = / (B, B(D)dt + S (05 (t), (), (18)

and (7) gives

- 1/2
_<y(0)7 (ﬁs(o)) < C {/0 <B2g0€ dt + Z k%oe ) Ws(t (k—l))>} :
(19)
Whence,
- e 1/2
—(y(0),¢:(0)) < C {/O (B7e(t), e (1)) dt + Z (0ppe(tm—(-1)), soe(tm—(k—n))} :
(20)

It follows at once from (18), (19) and (20) that

{fo o1 e +'5 el }
T (Beelt). Beoo(t)dt + zm (Bt tety)s Do (b))

= [ (B (t), o())dt + z (650e (b)), = (tm—(r—1))) < C2.
(21)

Step 4: According to the estimate (20) the family

ba = BS(&&( )??&(tl)---aaa(fm)
= <B290( );D%¢€<t1)"'7Dm@€<tM)) +8(@6@);ge(tl)'“v@e(tm»

is contained in a bounded subset K,,.
Thus, both of the families

VE(@e(t); @e(tr) .., Pe(tm)) and (B@e(t); D1@e(tr)-..; Din@e(tm))
are bounded in K,,. Therefore, we may extract a subfamily, say

(Bp:(t); D1pe(t1)..; Dinpe(tm)) — h, weakly in IC,,.
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Then clearly
(B@e(t); DI@e(tr)-, D@ (tm))+2(@=(); @e(t1).o, @ (b)) — Bh, weakly in K.

Step 5: Taking the limit as ¢ — 0, we see that the solution y of (1) with
initial condition y(0) = y°, h being as in step 4 satisfies y(7') = 0. This
completes the proof of Theorem 1. O

As an immediate application of the foregoing Theorem we give the fol-
lowing example.

Example. One dimensional impulsive Schrédinger equation :

We consider the problem

dy(tx) 0%y

o im5(to) = xeu(t2), 1€ (0,T)\{tilyepp v € 2=(0,2m),
y (OVI) = yoa
Ay (te,z) = iogy (tr, ) + Xw,vk(z), k€ 07",
where

ler1 — g > 27, w = (alfaag) - Q> k€ UgL7 {ak‘}k;Eo"in C R*.
Let

H = I2(Q,C), Aw(z) = iZ%(z), D(A) = {w € H, 2% ¢ H,w(0) = w(r) = 0} ,
and Iyw(x) = iagw(z) and the control operator is given by B = x.,, Dr =

Xw., then the system (22) becomes an abstract formulation of (1). As a
consequence of Theorem 1, the initial state y° € L*(2,C) = H of the
solution of (22) is null-controllable at ¢t = T, if and only if, there is C' > 0

such that

/Q V()3 () da (23)

T m %
0 wo

k=1"YYk
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where $°(z) = ¢(T,z) and ¢ is the mild solution of

Op(t,x) | 0%p(t )
5 +1 502 = 0, t€0,T)\{te}yeop v €Q,
p(t,0) = ¢(t,2m) =0,
p(0,2) = ¢"(2), z€Q,
Ap (tg,x) = dagp (g, z), x €Q, k € o7

Here ¢ is given by

80[0} (t) s if t e [to,tl)
QO(t) = Plk] (t) , if te [tk, tk+1))
P[m] (t) ) if te [tma T] s

where ¢p;(t) is a solution of the classical Schrodinger equation

0 t,x) 0?
@[kgi ) 1 aigﬂ (o) = xwult,z), te(lot), e =/(0,2r),

o (t,0) = op(t,2m) =0,
e (to, ) = ©(x), x € Q,

and

0 t,x 0?
@[k]ai ) +1 aigﬂ (t, ) Xeot (8, ), t € (tg,trr1),x € Q= (0,27),

(p[k](t, 0) = go[k} (t, 27‘(‘) = 0,
o (te,x) = (1 +iag)ep-1 (te, ),z € Q,k € 0"

Then a standard application of a variant of Ingham’s Inequality [8] shows
that

tht+1
[ ol et = et [ ol 21z
t wo Q

for some positive constants ¢(7y, wp) > 0. Summing up we get

m tet1 T )
Z/ }So[k}’ (t,z)dtdr = / / lo|” (t, x)dxdt
k=0 7tk wo 0 Juwo
> 012/ ’go[kﬂ(t;,x)da:,
k=179
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where ¢; = minc(7, wg) > 0.
keol®

On the other hand, there is a positive constant ¢, > 0 such that

Z ll” (bm—r1) >CQZ/‘§0[I€ (i, x)

=1 Y%k

It follows that

T
|| 1ol iz
0 wo

+ Z o? (tm(r—1y, @)

k=1 "%k
> (01—1-02)2/‘@[;9]‘2(%,3:)@:
k=1
> (cl—l—CQ)/]@[m}}Z(t;,x)d:c
Q
— (a+e) [ Jof (s
0

Now, since @°(z) = ¢(0,2) = (T, x), then,

T m
/ / o (6 )dadt + 3 [ o (b 2) > mer + ) / 12 (2)da
0 wo Q

k=1 "%k

from which we get

(t, z)dxdt (b (k1) .
/!w! e e <//|so| )de +k§:;%|sol( (k 1>a:)>

We conclude by Cauchy-Schwarz inequality that

y’ ()@ (x)dx }yO}Q (2)da }@0’2 @) 1/2
Q
{th(Jcl'ﬂQ } </ / o (¢, z)dwdt

+Z o (tm—(h—1), @ )dl’> ;

IN

=1Y%k
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which establishes the necessary and sufficient condition of null controllability
stated in Theorem 1.

We conclude our paper by a special case when our initial state is an
eigensolution of the following linear operator I' : H — H defined by

k=m
/X X(s)bds + Y XM (tw) DEX (1),
k=1

We have the following result of null-controllability.

Proposition 1 Let A > 0 be an eigenvalue of I' with eigenvector v € H.
Then, the solution y to the problem

Y0+ Ay(t) = =1 BAX(00), 1€ (0.7) \ {tiheny
Ay(ty) = Ly (ty) — 3 DFX (t)9), k€ of (24)
y(0) =1,

satisfies
y(T) = 0.

Proof.
Write system (24) into the form

Y () + Ay(t) = —LBAX(w),  te (0,7)\ {thpeop -

y(ty) = Tey(te) — DX (t)Y), k€ o

y(0) = .
Therefore, this impulsive problem has a solution which can be represented
explicitly as follows

y(t) = X(t)er/OtG(t, s) {—%132 }d5+ Z (t, tx) [——DQX( )w} ,

0<t, <t

where the evolution operator G(t,s) is given by

G(t,s) = X(t) X (s).
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On the other hand, the system (24) yields
T 1
y(T) = X(T) +/ G(T,s) {—XBZ(X(S)w} ds
0
+ ) G(T.t) {—%DﬁX(tk)z/;}

0<t, <T

— X(T) [z/mL/OTXl(T)G(T, 5) {—%BQ(X(s)w}ds

_i > XTHD)G(T 1) {DiX<tk)w}]

0<t,<T

= X(T) [w + /OT X1(s) {-%B%X(s)w} ds

_i > X(t) {DiX(tkW}]

_ X<T0><>tpT— )| =0

This shows that the initial state v is null-controllable at time 7" with control

1 1
which completes the proof of the Proposition. ([l
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