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Abstract

In this thesis, we consider the study of some hyperbolic problems (equations and system of
equations) with the presence of a viscoelastic term and under some assumptions on initial
data and boundary conditions, conditions on damping and source terms. The focuss of the

study is on the existence and asymptotic behavior of solutions .

Key Words: Hyperbolic equation, viscoelastic wave equations, system of wave equa-
tions, degenerately damped systems, strong nonlinear source, decay rate .

subject classification 2000 : 351.05,35L.20,35L70,35L80 58]J45, 35B40 , 58G16.




RESUME

Dans cette these, on considere 1’études théorique de quelques problémes de type hyper-
bolique (équations et systemes d’équations) a terme viscoélastique et sous quelques hy-
pothéses sur les conditions initiale et au bord, des conditions sur les termes de dissipa-
tion, termes sources. Nous avons étudié l'existence et le comportement asymptotique de la

décroissance de 1’énergie des solutions.

Mots Clés: Equation hyperbolique, viscoélastique, équation d’ondes, systéme d’équation
Jond . . ' .
ondes, dissipation nonlinéaire, source nonlinéaire, énergie initiale , déccroissance de1’énergie.

subject classification 2000 : 35L.05,35L.20,35L70,35L80 58J45, 35B40 , 58G16.




INTRODUCTION

Nonlinear evolution equations, i.e., partial differential equations with time t as one of the in-
dependent variables, arise not only in many fields of mathematics, but also in other branches
of science such as physics, mechanics and material science. For example, NavierStokes and
Euler equations of fluid mechanics, nonlinear reaction-diffusion equations of heat transfers
and biological sciences, nonlinear Klein- Gorden equations and nonlinear Schrodinger equa-
tions of quantum mechanics and Cahn-Hilliard equations of material science, to name just a
tew, are special examples of nonlinear evolution equations. Complexity of nonlinear evolu-
tion equations and challenges in their theoretical study have attracted a lot of interest from

many mathematicians and scientists in nonlinear sciences.

From the physical point of view, these types of problems arise usually in viscoelasticity.
These types of problems have been considered first by Dafermos [15], in 1970, where the
general decay was discussed; this type has attracted a great deal of attention in the last two
decades, and many results have been appeared on the existence and long time behavior of
solutions. See, in this direction, [[8], [6], [12], [11], [22]] and references therein. As these
materials have wide applications in the natural sciences, their dynamics are interesting and
of great importance. Hence, questions related to the behavior of the solutions for the partial
differential equations (PDE) system attracted considerable attention in recent years. To mo-
tivate our present work, let us recall some previous results regarding the viscoelastic wave

equation, for example, Cavalcanti et al. [ [12], [13]] studied the problem of the form
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t
u" — Au —i—/ g(t—s)Au(s,x)ds + a(x).u' =0,x € R",t € RS
0

in Q) x (0, 0) subject to initial condition and boundary conditions of Dirichlet type. The
authors showed an exponential decay result under some restrictions on a(x) and g(t). To
be specific, they assumed that 2 : (3 — R is a non negative and bounded function, and
the kernel g in the memory term decays exponentially. In [19] the authors have studied the
following system:

u” — Au— a(t)Au /Otg(t —5)Au(s,x)ds = |u|P~2u,in Q x (0, 0),
where they have applied the Faedo-Galerkin method combined with the fixed point theo-
rem. They showed the existence and uniqueness of a local in time solution and under some
restrictions on the initial data, the solution continues to exist globally in time. On the other
hand, if the interior source dominates the boundary damping, they proved that the solution
is unbounded and grows as an exponential function. In addition, in the absence of the strong
damping, they also proved the solution ceases to exist and blows up in finite time. Given an
initial value problem or initial boundary value problem for a nonlinear evolution equation,
if a priori estimates, which is often called the compactness estimates in literature, can be
obtained, then we can use a systematic approach that is called the compactness method to
deal with the issue of local existence or global existence. there are three major steps for this
method:
1. Use the Faedo-Galerkin method, i.e, choose certain basis functions in an appropriate
Sobolev space, and solve the approximate problems in any finite dimensional space spanned
by finite basis functions. This often turns out to be an initial value problem for nonlinear
ordinary differential equations. By the well-known local existence theorem for ordinary dif-
ferential equations, local existence of solution to the approximate problem follows.
2. Obtain the compactness estimates for the solution of the approximate problem. It also
turns out that the solution to the approximate problem globally exists.
3. Further use of the obtained compactness estimates allows one to choose a subsequence

of solutions of the approximate problem obtained in the second step, converging to a solu-
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tion of the original problem; uniqueness of the solution for the original problem has to be
proved separately. However the compactness estimates obtained in the second step are still
very useful for this purpose. For a given nonlinear hyperbolic equation, once it is known
that a solution exists for all time t > 0, a natural and interesting question is to ask about
the asymptotic behavior of the solution as t — oco. Let us first look at some fundamental
integral inequalities introduced by A. Haraux[53], V. Komornik[34], P. Martinez[42] and

A.Guesmia[20] to estimate the decay rate of the energy of some dissipative problems.

The main aim of this thesis is to study some hyperbolic systems with the presence of dif-
terent mechanisms of damping and under assumptions on initial data and boundary condi-
tions. Our main goal is to investigate the existence of the solutions and their behavior when
the time evolves. In fact, we prove that under some assumptions on the parameters in the
systems and on the size of the initial data, the solutions can be proved to be either global
in time or may blow up in finite time (i.e some norms of the solution will be unbounded
in finite time). If the solutions are global in time, then the natural question is about their
convergence to the steady state and the rate of convergence. The study of the asymptotic
behavior of solutions of nonlinear evolution equations, particularly those governing gas dy-
namics, quantum theory and thermoelasticity, has been an important area for the interaction

between the partial differential equations and physics.

The main results of this work

The thesis divided in to five chapters beginning by a general introduction.

Chapter 1

This chapter summarizes some concepts, definitions and results which are mostly relevant
to the undergraduate curriculum and are thus assumed as basically known, or have specific

roots in rather distant areas and have rather auxiliary character with respect to the purpose
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of this study. In the next four chapters, we develop our main results for nonlinear evolution

problems of hyperbolic type

Chapter 2

In this chapter, we consider a viscoelastic wave plate equation with memory fading in RN

u” + A%u + a(t) fo (t —s)Au(s,x)ds — Au' = 0,x € R",t € R}
{ u(0,x) = ug(x) € HY(R"),u'(0,x) = u;(x) € L>(R"),x € R".
In the second section we establish a general decay rate properties of solutions
the system 3.1. We exploit a density function to introduce weighted spaces for solutions and
using an appropriate perturbed energy method.
This is the subject of a paper accepted in Facta Universitatis, Series Mathematics and Infor-

matics, Vol 31 (4) (2016), 559-568.

Chapter 3

This chapter is devoted to the study of the decay rate estimate of solutions to damped wave
equation with memory term in Fourier spaces of the following problem:
u” — Au— Au' + aft fo (t—s)Au(s,x)ds = 0,x € R", t € RS
{ u(0,x) = up(x) € HY(R"),u'(0,x) = u1(x) € L>(R"),x € R".
The main idea of the proof is to construct an appropriate Lyapunov function of the system
obtained after taking the Fourier transform.

This is the subject of an international publication in Global Journal of pure and Applied

Mathematics. Vo 11, No 5 (2015),pp 3027-3038.

Chater 4

This chapter considers the study of the following system:

{ (Jw']72u) = ¢(x) (Axu — fot g1(t— s)A,m(s)ds) +av=0
(]v/‘q—Zv/)/ — ¢(x) (Axv — f; Dt — s)A,m(s)ds) +au=0



INTRODUCTION ix

We establish explicit and very general decay rate properties of solutions. We exploit the den-
sity to introduce weighted spaces for solutions and using an appropriate Lyapunov function.

This result is accepted in Demonstratio Mathematica, vol 50, Issue No. 4, 2017,pp 1-15.

Chapter 5

The first section is devoted to prove the existence and uniqueness of solutions for a coupled
system of a viscoelastic wave equations in R" given by system 5.1. We prove the existence
of a unique weak solution of the restricted problem on Bg; the main ingredient used here is
the Galerkin approximation method introduced in [37].

In the second section, we establish a general decay rate property of solutions

of system 5.1.

We exploit a density function to introduce weighted spaces for solutions and using an ap-

propriate perturbed energy method.



Chapter 1

Functional analysis preliminaries

The aim of this chapter is to recall the essential notions and results used throughout this
work. First, we recall some definitions and results on Sobolev spaces and the spaces L7 (0, T, X)
and give the statement of some important theorems in the analysis of problems to be studied

and eventually some notations used throughout this study.

1.1 Function Annalysis

1.1.1 Normed spaces, Banach spaces and their properties

Defintion 1.1.1 The linear space V is endowed by a binary operation
(v1,v1) — v1+v1 : VXV — V which makes it a commutative group and furthermore it is
equipped with a multiplication (a,x) — ax : R x V. — V satisfying

(a1 + a2)v = aqv + ayv,a(v1 + v2) = avy + avy, (a1a2)v = ay(ayv), and 1.v = v.

Defintion 1.1.2 Let V be linear space. A non-negative, degree-1 homogeneous, subadditive func-
tional ||.||v : V — Ris called a norm if it vanishes only at 0, often, we will write briefly ||.|| instead
of ||.||v if the following properties are satisfing respectively ||v|| > 0, |av| = |a|||v||,||u + 2| <
\lu|| + ||v|| forany v € Vanda € Rand ||v]| =0 — v = 0.

A linear space equipped with a norm is called a normed linear space. If the last (i.e.||v]|, = 0 —

1
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v = 0)is missing, we call such a functional a seminorm.

Defintion 1.1.3 A Banach space is a complete normed linear space X. Its dual space X' is the linear

space of all continuous linear functional f : X — R

Proposition 1.1.1 V' equipped with the norm ||.||y+ defined by

ullyr = suplu(x)]| : x| <1,

is also a Banach space.

If V is a Banach space such that, foranyv € V,V.— R : u — ||u + v||*> — ||u — v||%.is linear,

then V is called a Hilbert space. In this case, we define the inner product (also called scalar product)

by

(u,0) = gllu+ol? — gllu—2|%
Defintion 1.1.4 Since u is linear we see that
u:v—v"
is a linear isometry of V onto a closed subspace of V"', we denote this by
vV — V"
Let V be a Banach space and u € V'. Denote by
$u:V—R

x — ¢y (V),

when u covers V', we obtain a family of applications to V € R.

Defintion 1.1.5 The weak topology on V, denoted by o(V, V'), is the weakest topology on V for
which every (¢u) ey is continuous. We will define the third topology on V', the weak star topology,
denoted by c(V', V). For all x € V, denote by

(Px:V/ _> R

u — ¢x(u) =<u,x >yy

when x cover V, we obtain a family (¢x)xev , of applications to V' in R.



CHAPITRE .1. PRELIMINARIE 3

Theorem 1.1.1 Let V be Banach space. Then, V is reflexive, if and only if,
By ={xeV:|x|| <1},

is compact with the weak topology o (V,V').
Corollary 1.1.1 Every weakly y* convergent sequence in V' must be bounded if V is a Banach

space. In particular, every weakly convergent sequence in a reflexive Banach V must be bounded.

Defintion 1.1.6 Let V be a Banach space and let (uy,),en be a sequence in V. Then u, converges

strongly to w in 'V if and only if

lim |, —ully =0
t—>0c0

and this is denoted by u, — u, or

Iim u,, = u
t—00

1.2 Functional spaces

1.2.1 The LP(Q)) spaces
Defintion 1.2.1 Let1 < p < oo ; and let Q) be an open domain in R" ; n € IN. Define the standard
Lebesgue space LP (Q)); by:

LPF(Q) ={f: Q0 —R,f is measurable and / |f|Pdx < oo}.
Q

Notation 1.2.1 Forp € Rand 1 < p < oo, denote by:

1

11, = ( f 1roras)’,

if p = oo, we have

L=(Q) ={f: Q — R, fmeasurable and3IC € Ry, |f(x)] < C 4}
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Theorem 1.2.1 It is well known that LP(Q) equipped with the norm ||.||, is a Banach space for all
1<p<co.

Remark 1.2.1 In particular, when p = 2, L*>(Q) equipped with the inner product

< .8 > [ f@)g@
is a Hilbert space.

Theorem 1.2.2 For1 < p < oo, LP(Q)) is a reflexive space.

1.2.2 Sobolev spaces

Modern theory of differential equations is based on spaces of functions whose derivatives exist in a

generalized sense and enjoy a suitable integrability.

Proposition 1.2.1 Let Q) be an open domain in RN, then the distribution T € D'(Q) is in LF (Q)if
there exists a function f € LP(Q)) such that

<T,p>= /Q F(x)p(x)dx, ¥ € D(QY),

where 1 < p < co, and it’s well-known that f is unique.

Defintion 1.2.2 Let m € N and p € [0,00] . The Wy, ,(Q) is the space of all f € LP(Q2), defined
as
Wi p(Q)) = {f €LP(Q)) where,d"f € LF(Q))Va € N™ such that,

n
o = Y aj<m with,d* = 0705708},
=1

)
Theorem 1.2.3 Wy, ,(Q)) is a Banach space with its usual norm

fllw,, ) = 2 0% fllLr) 1 < p < oo¥f € WP(QQ).

a<<m

Defintion 1.2.3 Denote by Wy ¥ (Q) the closure of D(Q) in W™ (Q).
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1.2.3 Space H"(Q))

Defintion 1.2.4 When p = 2, we write W™2(Q)) = H™(Q)
and W(’)”’Z(Q) = H{'(Q) endowed with the norm

1Ay = <Z (Ha"‘fll)iz(g)>

a<<m

which renders H™ (Q)) a real Hilbert space with their usual scalar product

< U0 >pmo)= Y, / 0% ud"vdx.

a<m

Theorem 1.2.4 1)H™(Q)) endowed with inner product < .,. >pm(q) is a Hilbert space.
2)Ifm < m!, H"(Q)) — H™ (Q), with continuous imbedding .

Lemma 1.2.1 Since D(Q)) is dense in H['(QQ), we identify a dual H=™(Q)) of H{'(Q)) in a weak

subspace on Q) and we have

D(Q) — HJ'(Q) — L*(Q) — H;™(Q) — D'(Q)

1.3 Integral Inequalities used in the multiplied method

Lemma 1.3.1 For any two functions g, v € CY(R) and 0 € [0,1], we have

(1) [glt=sp@E)ds = —5 3 [ g(t=s)o() —ols s+ 50 (/g(s)ds) (1) P
0 0

/ 24s — ~g ()]0 ()] (1.1)
0

I\Jl’—‘
Q..lg_‘

and

[ st =9)() -

2 ¢ £
< ([ 180105 [1s6 =90 - 0P 12
0
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Lemma 1.3.2 Let p satisfy (A2), then for any u € D(A'/?), we have

ol g oy < Nl 1422l 2y (13)

with,
2n 2n

=——2<g< .
; 2n—qn+2q° =1=50

We define the function spaces of our problem and their norm as follows:
’H(IR") _ {f c 12n/(n—2) (]Rn) . fo c (LZ(]Rn))n}
and the space L%(]R”) to be the closure of Cy°(IR") functions with respect to the inner product

(fr 1) 2wy = /IR" ofhdx. (14)

Lemma 1.3.3 Let p satisfy (1.4), then for any u € H(R") for 1 < p < oo, if f is a measurable

function on R",
lell gy < ol @) 1V el 2 oy (1.5)
e 2 2
with s = m,Z < p < n_le

1.4 Some algebraic and integral inequalities

We give here some important integral inequalities. These inequalities play an important role in ap-

plied mathematics and are also very useful in the next chapters.

Theorem 1.4.1 Assume that f € LP(Q) and ¢ € LV (Q) with1 < p < oo then fg € LY(Q)) and

1f&ll)y < Ifllee)-lgllra)
when p = p’ = 2 one finds the Cauchy-Schwarz inequality.
Assume f € LP(Q) N LI1(QY) then f € L"(Q) for r € [p,q] and
1l < Hf||oﬁp(g)||f”iq_(%),
with

1 1-—-
;:ﬁ+7“ forsome 0<a<1.
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Theorem 1.4.2 Let a and b be strictly positive realities p and q such as,

0o, we have :
p q
p 4
Proof 1.4.1 The function f defined by:
xP
X)=——x
fx) ==

reached its minimum point x = 1 indeed :

Y =x\"1 et y'=(p-1)x"2>0

from where
which gives

so that

@b(l—‘ﬁp —abt 14 1 >0
p q

By dividing the two members by b''~1P we obtain :

@ _ abl=a)—p+pq v >0

p

which yieldes

p q
AN
p q

so that
p q
ab < il + b—
p q

1+1:1and1<p<
p 4

Remark 1.4.1 A simple case of Young's inequality is the inequality for p = q =2

a®  b?
p<® T
)

which also gives Young's inequality for all 6 > 0 :

1
< 52 2
ab < éa +—45b
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Theorem 1.4.3 (Young)
Let f € LY(R")and g € LP(R" with1 < p < o0,1 < g < 0.

Then for a.e.x € RN the function is integrable on R" and we define:

(fFx8) = |, fx=y)g(y)dy

In addition

(f*g) € L"(R")
and
1f *gllp < [Lf11lglly
The following is an extension of Theorem 1.4.3
Theorem 1.4.4 (Young)
Assume f € L'(R") and g € LP(R" with1 < p < 00,1 < p < oo

and x € RN the function is integrable on R" and % + % —1 =1 Therefore

(f xg) € L'(R")
and

£+ gl < M fllpllglly

Remark 1.4.2 Young's inequality can sometimes be written in the form :

1

ab < daf 4+ C(0)b1, C(6) =6 7T

1.4.1 Holder’s inequalities

Theorem 1.4.5 { Assume that f € LP(Q) and g € LV (Q) with 1 < p < oo, Then fg € L}(Q)

and:
18l < Ifllee)-lIglir )
when p = p' = 2 ,we get the inequality of Cauchy-Schwartz inequality
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Corollary 1.4.1 (Holder’s inequality general form)
Let f1, f2, ... fx be k functions such that, f; € LPi(Q)), 1 <i <k, and

1 1 1 1
—=—4+—+4+.+—<1
p pr p2 Pk

Then, the product fi, fa,...fr € LP(Q) and || fifo-.. fillp < I f1llps 221l pa || fiell pie-

Lemma 1.4.1 (Minkowski inequality)
For1 < p < oo, we have

[ +ollp < fully + oy

Lemma 1.4.2 (Cauchy-Schwarz inequality)

Every inner product satisfies the Cauchy-Schwarz inequality
< x,x2 >< [l [l x2]l

The equality sign holds if and only if x1 and x; are dependent.
We will give here some integral inequalities. These inequalities play an important role in applied

mathematics and are also very useful in the next chapters.
Lemma 143 let1l < pgrgq,% = %+%and1 <« < 1. Then

el < [l 15 11~

Lemma 1.4.4 Foranyv € C' (0, T, H'(R")) we have
—/ a(t) /t (t — 5) Av(s)0' (t)dsdx
- Zdt (1) (g04"20) (1)
S 1LCIRCIN
—%D&(f) (g’1/20> (t) + %zx(t)g(t) /]R" ‘Al/zv(t)lzdxds

() (g0.4%0) () + 50'(1) [ g(s)as |

2
A2y (t)‘ dxds}

2
Al/zv(t)‘ dxds.

n
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Proof 1.4.2
/n a(t) /Otg(t — §)Av(s)d/ ()dsdx
= () [ Ce(t—s) [ 412120 dxds
— ) /Otg(t—s)/nAl/zv’(t) [A1720(s) — A0 ()| dxds
+a(t) | e(t—s) [ AV 2oy,
Consequently,

/ () /Otg(t —8)Av(s)0' (t)dsdx

= —%zx(t)/otg(t—s / )Al/z )—Al/zv(t)‘zdxds
+a(t) /Otg( ) <5t;/ o) dx) s

which implies,

t
/ a(t) | g(t—s)Av(s)v (t)dsdx

n 0
_ 14 [oct g(t—s) / A 2y(s) A1/2v(t)‘ dxds}
- 24t

+t5o [zx(t 2(s) A (t)‘ dxds}

t 2
1 t)/g (t—s) / ()—Al/zv(t)‘ dxds
0

This completes the proof.

Theorem 1.4.6 (Gronwell lemma in integral form)

Let T > 0, and let 1 be a function such thatp € L[0,T],¢ > 0, almost everywhere and y be a
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function such that ¢ € L'[0, T], ¢ > 0, almost everywhere and ¢p € L'[0, T], C1,Co > 0. Suppose

that
t

p(t) < C1+ Cz/o o(t)yp(t)ds, for ae t€]0,T|,
then
$(t) < Crexp (Cz/o cp(t)zp(t)ds) ,for ae t€]0,Tl



Chapter 2

Energy decay of solution to plate equation

with memory in R"

2.1 Intrduction

This chapter aims at investigating the energy decay of solution to plate equation with memory in R"

to the following equation:

{u”+A2u—|—o¢ fo (t —s)Au(s,x)ds — Au' = 0,x € R",t € R} 2.1)

u(0,x) = up(x) € HY(R"), u'(0,x) = uy(x) € L2(R"),x € R"™.

where n > 2. It is well known that the presence of a viscoelastic term with and without the weighted
function « doest not preclude the question of existence, but its effects are only on the stability of the
existing solution. For the existence, we refer to the works [24], [26], [25], [31], [40], [44], [16]. This
type of problems is usually encountered in viscoelasticity in various areas of mathematical physics.
It was first considered by Dafermos in [15], where the general decay was discussed. The problems
related to (2.1) attracted a great deal of attention in the last decades and numerous results appeared
on the existence and long time behavior of solutions but their results is by now rather developed,
especially in any space dimension when it comes to nonlinear problems.

For the literature, in R" we quote essentially the results of [10], [28], [29], [30], [32], [33], [45]. In
[29],the authors showed that, for compactly supported initial data and for an exponentially decaying

12
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relaxation function, the decay of the energy of solution of a linear Cauchy problem related of (2.1) is
polynomial. The finite-speed propagation is used to compensate for the lack of Poincares inequality.
In [28], the author looked into a linear Cauchy viscoelastic equation with density. His study included
the exponential and polynomial rates, where he used the spaces weighted by density to compensate
for the lack of Poincare’s inequality. The same problem treated in [28], was considered in [30], where
they consider a Cauchy problem for a viscoelastic wave equation. Under suitable conditions on the
initial data and the relaxation function, they prove a polynomial decay result of solutions. Conditions
used, on the relaxation function ¢ and its derivative ¢’ are different from the usual ones.

Ikehata in [24] considered, in the one-dimensional half space, the mixed problem of the equation
Ut — Uxx + 0t =0 (2.2)

with a weighted initial data and presented a new decay estimate of solutions which can be also derived
for the Cauchy problem in IR". Let us mention that a pioneer question on the long time asymptotic of
strongly damped wave equations in [25], where the authors studied the Cauchy problem for abstract
dissipative equations in Hilbert spaces generalizing wave equations with strong damping terms in

R" or exterior domains

up(t) + Au(t) + Au'(t) =0, t € (0,00). (2.3)

u(0) = uy, ur(0) = uy, (2.4)

where A : D(A) C H — H is a nonnegative self-adjoint operator in (H, ||.||) with a dense domain
D(A). Using the energy method in the Fourier space and its generalization based on the spectral
theorem for self-adjoint operators. Their main result was a combination of solutions of diffusion and

wave equations.

2.2 Statement and Preliminairies

We omit the space variable x of u(x,t),u'(x,t) and, for simplicity reason, denote u(x,t) = u

and u'(x,t) = u', when there is no confusion. The constants ¢ used throughout this paper are
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positive generic constants which may be different in various settings, here u' = du(t)/dt and
u" = d?u(t)/dt.
The following notation will be used throughout this chapter

(go¥) = /Otg(t —T) [¥(t) — ¥ (1) dt, forany ¥ € L*(0, T; L2(R")). (2.5)

In order to investigate the decay structure based on the weak- memory and the damping terms, we
also consider the following assumptions:

g, & : R+ — R are non-increasing differentiable functions of class C! satisfying:

t
Z2—a(t) [ gBdt =k >0, g(0) =g >0, 6
0 > / 2(t)dt, a(t) > 0. 2.7)
0

Here ¢ is the variable associated with the Fourier transform.

In addition, there exists a non-increasing differentiable function f : Rt — R™ satisfying

/ im — o'(t) _
B >0, (1) +p()g) S0, W20, Jim = Zoids —o. 258)

We give some notations to be used below. Let F denote the Fourier transform in L?(R") defined

as follows:

FIAIE) = (&) = @™ [ exp(ixd)f(x)dx, 29)
where i = /=1, x.& = Y, x;&; and denote its inverse transform by F~1. The operator —A is
defined by

—Av(x) =F1 <|§]2F(v)(§)> (x),0 € HAR"),x € R".

For1 < p < oo, we denote by LP (IR") the usual Lebesgue space on R"™ with the norm ||.||p». For
a nonnegative integer m, H™ (R") denotes the Sobolev space of L?>(IR") functions on R", equipped
with the norm ||.||gm. By direct calculations, we have the following technical Lemma which will play

an important role in the sequel.
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Lemma 2.2.1 ([16], Lemma 2.1) For any two functions g € C}(R"), and v € W'2(0, T), it holds
that

Re{a(t) / g(ts)v(s)dsw} = —aDgOIR() P+ a8 o) (1)
0

— %%a(t)(gov)(t)—i—%%a(t)/ot (s)ds|v(t)[€2.10)

t
1
+ W (B(go0)(1) — 2a'(1) [ g(s)dsloP
0

and
t

[ st = )(0(6) ~ oS < ['Ig(5)lds [ Igl(e —)lo(t) —o(s) P

0
We can now state and prove the asymptotic behavior of the solution of the system (2.1). Through-
out this chapter, let us set ii(t,&) = F(u(t,.))(S).

2.3 Main result

We show that our solution decays time asymptotically to zero and the rate of decay for the solution is

similar to both « and g.

Theorem 2.3.1 Assume u is the solution of (2.1), then the next general exponential estimate satisfies

in the Fourier space

t
E(t) < Wexp (w/rx(s)ﬁ(s)ds) . VE>0, @.11)
0
for some positive constants W, and w.

We take the Fourier transform of both sides of (2.1). Then one has the reduced equation for
FeR"teR}:

{ﬁ(t,¢>"+¢4ﬁ<tc EPalt) [ g(t — s)ii(s,&)ds + &2 (1,8) = 0,

(2.12)
1(0,¢) = tp(¢) € H'(R"), @' (0,¢) = i1 (¢) € L*(R™).
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We apply the multiplier technique in Fourier space in order to obtain useful estimates and prepare
some functionals associated with the nature of our problem to introduce an appropriate Lyapunov
functions.

First, to derive the equality for the physical energy, we multiply both sides of (2.12) by i’. We denote
by

Bt = ol@ P+ P2 —a(e) [ (s)as)lal + 3 lePa(t)(g o m) (1)

and

ety = oleP (zx(t)g(t)mrz —a(t)(g o) (1) +2[i'?)

- %cF( (o)1) - ') [ (s dsuZ)
0

Then, taking the real part of the resulting identities and by Lemma 2.2.1, we obtain

%El( ) + el(t) =0. (2.13)

Second, the existence of the memory term forces us to make the first modification of the energy by

multiplying (2.12) by ( ( fo (t—5s) ds)) and taking the real part, we have that

0= —Re {ﬁ”%(zx(t) /Otg(t —s)i(s)ds)}
—Re {|§|4A% (oc(t) /Otg(t - s)ﬁ(s)ds) }

431625 (a0 [t =aas]” )~ re{ i g (ate) [t - )(e)as) |

Since

%(«x(t) /Otg(t—s)ﬁ(s)ds) = (1) /Otg(t—s)ﬁ(s)ds-l—oc(t)% (/0 g(t—s)ﬁ(s)ds>
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The first term in Eq.(2.14) takes the form

Denote by

Ey(t) = % <,¢‘z a(t) /Otg(t _ s)ﬁ(s)ds‘z _ Re {ﬁ’%(zx(t) /Otg(t — s)ii(s)ds ) }) ,

and

ex(t) = (Ol — Re {25 (1) [ (e = 9i(s)as) |
+ Re a'(t)ﬁ/otg(t—s)ﬁ(s)ds}

Then,

LEx(t) +ea() + Ralt) = 0. (2.16)

Next, to make the second modification of the energy which corresponds to the strong damping, we

multiply (2.12) by @ and taking the real part, we have

0 = (Re{iu}) — |'|> + |¢|*itl*
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using results in Lemma 2.2.1, we get
. 2 1 N
0 = (Re{u'a}) —[a@'[*+[¢*a* + S |¢I*(|a*)’
t t _
~ (2P (w) [ sl — Re {ur) [ gl = 9)@e) - a0)T)as ) ).
Denote by
= , 1 -
E3(t) = Re{i'n} + §|§|2|”|2,
and
2( |2 t 12
e(t) = 1eP(1eP —a(t) [ g(s)ds) i,
t _
Ra(t) = [~ Re {at) [" gt =)(@() ~ 7005}
0
Then,
d
—E3(t) +e3(t) + Ra(t) = 0. (2.17)

dt

Let us define for some constants e1, and e; > 0 to be chosen later.

Ef(t) = Eq(t) +era(t)Ex(t) + eaa(t)Es(t)
= %{|ﬁ/|2+|§|2<1—0¢(t)/0 g(s)ds>|ﬁ|2+|C\20c(t)(goﬁ)(t)}

v 95 (1efato) [ st -9ms] —Re {5 (att) [[ st -97(0)ds) } )

+ et (Re {Lﬁ} + %\gyzmyZ) .
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and

eg(t) = er(t) +era(t)ex(t) + epa(t)es(t)

2
= ELat (sl - (g o m) (1) + 207 (D)

and

+ ean(t) (17~ Re {a(t) [ g(t —5)(a(s) ~ () (s)ds }
At this point, we introduce as in [33], the Lyapunoo functions as
La(t) = { | + kIl + &2 (t) (g 0 @) (1)} (2.18)
and
La(t) = (gDl + a()() (g B)(¢). 2.19)

It is easy to verify that there exist positive constants c1(go), and c2(go) such that
ClLl(t) < El(t) < C2L1(t>,vt > 0. (2.20)
Thanks to Holder’s and Young's inequalities, one gets for some constant c3 > 0

|€1E2(t) + €2E3(t)| < C3L1(t),



CHAPITRE .2. Energy decay of solution to plate equation with memory in R" 20

which means that L1(t) ~ E(t). Using again (2.8), Holder’s and Young's inequalities and assump-

tions on g, we obtain

[R4(t)| = e1Ra(t) +eaRs(t

< ¢qRe {\(ﬂ‘lﬁa(t)

d
+ ¢€1Re {ﬁ’oc(t)%( tg/(t - s)ﬁ(s)ds) }

_l’_
m
N
N
:
_N
_l’_
=
[9N)
f—/%
A
\/
oQ
VS
—~
|
»
N—
—~
=)
—~
»n
N—
|
=)
—~
—~
N—
N—
=)
—~
»n
N—
QU
»
—
N———

IN

ex|i'|* + cae1|E[*|u]* + cse1|E[La(t)
e |2+ coll? (A +crn(t) (g0 )(1)) |
(61 -+ &2) 2+ (caer |22 + eacoM) P2 + (cse1 + caea) |22 La ).

IN -+

Since Ly(t) < c3 eq(t), one can easily check that there exist positive constants €1, €2, A, ¢4, C5, Cg Such

that
|R4(t)] < ceq(t),c > 0. (2.21)
By (2.13), (2.16) and (2.17), we get
dE —dEt tdEt tdEt "(+)Ep (t "(t)Es(t
SE(H) = ZE(() +era(t) T Ea(t) + ean(t) L Es(t) + 10! (1) Ea(t) + ean’ (1) Es(t).

We use 11m (( )) = 0 by (2.6)-(2.8) to choose t1 > to and since e4(t) > cE4(t), then (2.21) gives for

some posztzve constant N

%EN) —Na(t)Eg(t) + ca(t) (g o ) (t). (2.22)

Multiplying (2.22) by B(t) and using (2.8), (2.19), we obtain

BOTE) < ~NB(B(DE() +Cﬁ(t)tx(t)(goﬁ)(t)
< NB(O(DE(E) —en(t)(g 0 8)(
< NB(Ha(t)Ea(t) — c| &P (1) / S)ds[a —2c T Ey(t), Vi > 12.23)
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Since B’ (t) < 0, we set L(s) = (B(s) + 2c)E4(s) which is equivalent to E4(t), then

SLE) S -NBO(OE) — clePul (1) [ g(s)aslaP
< —B(H)a(t) [N—wz(”;—% /0 tg(s)ds] Eot), V> h. (2.24)
By (2.8), we can choose t, > t1 such that
TL) < —cpOn(DE()
< —cpHa(t)L(), VE> b (2.25)

Integrating (2.25) over [ty, t] using the equivalence between Lyapunov function and the energy func-

tion, it yields

E4(f) < Wexp(—w /Otzx(s),B(s)ds),W,w > 0.



Chapter 3

Decay rate estimate of solution to damped

wave equation with memory term in

Fourier spaces

3.1 Preliminaries and position of the problem

Let us consider the weak-viscoelastic case in the following problem:

{u”AuAu’—i—oc fo (t —s)Au(s,x)ds = 0,x € R",t € R, (3.1)

u(0,x) = up(x) € HY(R"),u'(0,x) = uy(x) € L2(R"),x € R",
where n > 2. It is well known that the presence of a viscoelastic term with and without the weighted
function a does not preclude the question of existence, but its effects are on the stability of the existing
solution. For the existence, we refer the reader to works in [24], [26], [25], [31], [40], [44], [16] and
[57].
The energy of u at time t is given by

B0 = w3+ (1-a0) [ o)) IVal+ ja0go Vi), (62)

22
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and the following energy functional law holds.

E() = ()8 o Vu) — a(g(0)]| Vul — |V

2

t

+ ; "(t)(g o Vu) —%o/ /g )ds||Vul|3. (3.3)
0

This type of problems is usually encountered in viscoelasticity in various areas of mathematical
physics. It was first considered by Dafermos in [15], where the general decay was discussed. The
problems related to (3.1) attracted a great deal of attention in the last decades and numerous results
appeared on the existence and long time behavior of solutions but their results is by now rather
developed, especially in any space dimension when it comes to nonlinear problems.

For the literature, in R we quote essentially the results of [10], [28], [29], [30], [32], [45]. In
[29], the authors showed that, for compactly supported initial data and for an exponentially decaying
relaxation function, the decay of the energy of solution of a linear Cauchy problem related of (3.1) is
polynomial. The finite-speed propagation is used to compensate for the lack of Poincaré’s inequality.
In [28], the author looked into a linear Cauchy viscoelastic equation with density. His study included
the exponential and polynomial rates, where he used the spaces weighted by density to compensate
for the lack of Poincaré’s inequality. The same problem treated in [28], was considered in [30], where
they consider a Cauchy problem for a viscoelastic wave equation. Under suitable conditions on the
initial data and the relaxation function, they prove a polynomial decay result of solutions. Conditions
used, on the relaxation function ¢ and its derivative g’ are different from the usual ones.

Ikehata in [24] considered, in the one-dimensional half space, the mixed problem of the equation
Ut — Uxx + 0t =0 (3.4)

with a weighted initial data and presented a new decay estimates of solutions which also can be derived
for the Cauchy problem in R". Let us mention that a pioneer question on the long time asymptotic
of strongly damped wave equations in [25].The authors, studied the Cauchy problem for abstract
dissipative equations in Hilbert spaces generalizing wave equations with strong damping terms in

R"™ or exterior domains

up(t) + Au(t) + Au'(t) =0,  t € (0,00). (3.5)
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u(0) = uy, ur(0) = uy, (3.6)

where A : D(A) C H — H is a nonnegative self-adjoint operator in (H, ||.||) with a dense domain
D(A). Using the energy method in the Fourier space and its generalization based on the spectral
theorem for self-adjoint operators, their main result was a combination of solutions of diffusion and
wave equations.

Recently, in [26], Ryo Ikehata considered the Cauchy problem in R" for strongly damped wave
equations (3.5) with A = —A. He derived asymptotic profiles of its solutions with weighted L' (R™)
data by using a method introduced in [24] and developed in [25]. The same author, extends his results
in [23] when the initial data belongs to a weighted L' (IR") space.

3.2 Statement

In order to investigate the decay structure based on the memory and the weighted function, we also
consider the following assumptions:

g, & : R — R* are non-increasing differentiable functions of class C' satisfying:

1—a(t) /Otg(s)ds >k>0 £(0)=g >0 (3.7)
0o > /g(t)dt, a(t) >0, (3.8)

In addition, there exists a non-increasing differentiable function B : R™ — R™ satisfying

: _at)
B(t) >0, g'(t)+p(t)g(t) <0, Vit>0, 15?0 B0t 0. (3.9)

We give the definition of weak solutions for the problem (3.1).

Defintion 3.2.1 A weak solution of (3.1) is u such that
e weC(lo, T HI(RY), ([0, T);L3(R")),
e Forallv € Cy ([0, T] x R™), u satisfies the generalized formulae:

T
0 — / (" v)ds + / / VuVodxds + / V' Vodxds
n ]Rl’l

s — T)Vu(t)dtVou(s)dxds, (3.10)
- ) / 0 [ s
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o u satisfies the initial conditions

up(x) € H'(R"), uy(x) € L2(R").

We can now state and prove the asymptotic behavior of the solution of (3.1). Throughout this
chapter, let us set ii(t,&) = F(u(t,.))({).

3.3 Decay rate results

We show that our solution decays time asymptotically to zero and the rate of decay for the solution is

fast and similar to both « and g.

Theorem 3.3.1 Assume u is the solution of (3.1), then the next general exponential estimate satisfies

in the Fourier space

t
E(t) < Wexp (w/w(s)ﬁ(s)ds) , vVt >0, (3.11)
0
for some positive constants W, w.

We take the Fourier transform of both sides of (3.1). Then one has the reduced equation for
FeR"teRS:

{ﬁ( &) + |2, €) + |E20(t, 8 — |E2a(t) [ g(t — s)a(s, &)ds + |E2(,E) = 0,

#(0,¢) = () € H'(R"),i'(0,§) = i1 (&) € L*(R").
(3.12)

We apply the multiplier techniques in Fourier space in order to obtain useful estimates and construct
some functionals associated with the nature of our problem to introduce an appropriate Lyapunov
functions.

First, to derive the equality for the physical energy, we multiply both sides of (3.12) by @'. Then,

taking the real part of the resulting identities, we obtain

Bt = S0P+ IR0 —alt) [ g(s)as)laf + 51ePalt) (g0 M)
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and

e(t) = Sl (a(ng(t)al —a(t)(g' o)1) + 22 P) (3.13)
1

Then,
—Eq(t) +e1(t) =0. (3.14)

Second, the existence of the memory term forces us to make the first modification of the energy by

multiplying (3.12) by < < fo (t—>s) ds)) and taking the real part, we have that

0= —Re {ﬁ”(t,é)%(w(t) / Co(t— s)ﬁ(s)ds)}
“Re { |§|Zﬁ% (att) /O et — $)i(s)ds

+%|§|z% (‘a(t) /Otg(t—s) a(s)ds| )—Re{|§|2ﬁ’%<zx(t) /Otg(t—s)ﬁ(s)ds)},
(3.15)

since

%(a(t) /Otg(t—s)ﬁ(s)dS) = 2t /Otg(t—s)ﬁ( )ds + a(t )jt (/Otg(t—s)ﬁ(s)ds>
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The first term in Eq.(3.15) takes the form

Denote by
Ea(t) = 5 (1RJato) [ (e = 9ateias] re {2 (ato) [ gt —97c1as) } ),
and
ex(t) = (ol P~ Re {|eF (w00 [ 50— 9)e)as) |
+ Re{w (07 [ gt =)o)
Ra(t) = —Re{ jelag (w0) [ g(e—)i(s)ds) }
+ Re{@ g (al) [ g/ = o)) |
Then,
%Ez(t) +ex(t) + Ro(t) = . (317)

Next, to make the second modification of the energy which corresponds to the strong damping, we

multiply (3.12) by @t and taking the real part,we have

0 = (Re{@a}) —|@')* +|&[*|a)?
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using results in Lemma 2.2.1, we get

0 = (Re{u'u}y) —|@'|* + |¢|*a* + |€| ()’

~ 1eP (a) [ s(e)aslal + ke {a< ) [} s =9)@e) - an)is)as ) )

t

:
Denote
Es(t) = Re{@'T} + 5 |ePaP
and
s(t) = [6P(1-att) [ glo)as) ap
Ra(t) = [~ Re{a(t) [t = 5)(a(s) — a(0))()s
Then,
%E3( ) +es(t) + Ra(t) = 0. (3.18)

Let us define for some constants €1 and ey > 0 to be chosen later

E4(t) = El(t)+€10€(t)E2(t>+€2[X(t)E3(t>

-1 {W +IEP(1-al0) [ g(s)ds) [P + EPalr) (o (1)}

+ Sla (|(§| ) / (t—s)u ds’ —Re{ ;t< (t)/otg(t—s)ﬁ(s)ds>})
+ sza<>(Re{ 7} + 5lePlaf).
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and

eg(t) = er(t) +era(t)ex(t) + epa(t)es(t)
_ kP (t)( 2 (o) VNP
= St (g(0]aP - (g om) () + 207 (1)]0?)

and

+ epna(t)
At this point, we introduce the Lyapunov functions as
Li(t) = { @2 + Kl + |aPa(t) (g0 @)(1) |, (3.19)
and
La() = a()g(D)|af? + (D)) (g 0 1) D). (3:20)
It is easy to verify that there exist positive constants c1(go) and cp(go) such that
c1L1(t) < E1(t) < oLy (8),Vt > 0. (3.21)
Thanks to Holder’s and Young's inequalities, one gets for some constant c3

|€1E2(t) + £2E3(t)| < C3L1(t),
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which means that L1(t) ~ E(t). Using again (3.9), Holder’s and Young’s inequalities and assump-
tions on g we obtain
[Ra(B)] = era(t)Ro(t) + eaae(t)Ra(t)
d /[t =
2~ i . =~
t)Re{|§] uoc(t)dt</0 Q(t s)u(s)ds)}
dy/ [t =
-~ - / - -
e1a(t)Re {u a(t) dt< .8 (t s)u(s)ds)}
t
e2ac(t) (WZ 4 Re {tx(t)/ gt —s)(@i(s) — (1)) (s)ds})
0
ena(8)[i'[* + caerer(t) 127 + csen G| La(t)

e2a(t) || + cole? (Al +crn(t) (g0 @) (1))
(1 + e2)a(t)[i'|* + (caer + e2c6A)a (1) |G 1P [3]* + (51 + eaen) [P La(h).

(
< eqaf

IN -+ +
)

IN -+

Since Ly(t) < c3 eq(t), one can easily check that there exist positive constants €1, €2, A, ¢4, C5, Cg Such

that
|R4(t)| < ceq(t),c > 0. (3.22)

By (3.14), (3.17) and (3.18), we get

d d

—Eq(t) = e

T, ( ) + Eltxl(f)Ez(t) + €206/(t)E3(t).

Ea(t) + eu(t) LE

Er(H) + ena(t) 2 F -

dt

We use lim “ = 0 by (5.11)-(3.9) to choose t1 > to and since ey(t) > cEy(t), then (3.22) gives

f—o0 & ( )
for some positive constant N

d

i Ea(t) < —Na(H)Ey(t) +ca()(g o m)(#). (3.23)

Multiplying (3.23) by B(t) and using (3.9), (3.20), we obtain

BUYTE) < ~NB(a()Es() + cB(t)a(t)(g00)(1)
< —NB(t)a(t)Ea(t) — ca(t)(g' o m)(t)
< —N,B(t)oc(t)E4(t)—c|§|2a’(t)/0g(s)ds|ﬁ|z—2c%E4(t), V>t

(3.24)
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Since B'(t) < 0, we set L(s) = (B(s) + 2c)E4(s) which is equivalent to E4(t), then

SL0) < -NB(W(OE) — clePal (1) [ g(s)aslaP
< —B(ba(b) [N—wzg';—)(;zt) /0 t g(s)ds] Ea(t), Vi>t. (3.25)
By (3.9), we can choose ty > ty such that
TL(t) < —cp(Oa(DEs(D)
< —cB(t)a(t)L(t), Vt> to. (3.26)

Integrating (3.26) over [ty, t] using equivalence between Lyapunov function and the energy function,

it yields that

E(t) < Wexp(—w /Otoc(s)ﬁ(s)ds),w,w > 0.



Chapter I

General decay of solution for a coupled

system of viscoelstic wave equations with

density in R"”

4.1 Introduction

In this chapter, we give the general decay of solution for a coupled system of viscoelstic wave equations
with density in R". We consider the following system
(Ju2u') = ¢(x) (Actt = [y g1(t = 5)Dsu(s)ds ) +av =0, w
(J0"1720")" — ¢ (x) (Axv — fot ot — s)Axv(s)ds) +au =0, .
where x € R", o # 0,t > 0,9,n > 2 and the scalar functions g;(s),i = 1,2 (so-called relaxation

kernel) are assumed to satisfy (Al)given below.

Problem (4.1) is equipped with the following initial data.
(4.2)

u(0,x) = up(x) € H(R"), u'(0,x)=ui(x) € LZ(IR”),

v(0,x) =vo(x) € H(R"), o' (0,x) =v1(x) € L}(R"), (4.3)

32
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where the weighted space H is given in Definition 4.2.1 below and a density function (¢p(x))~1 =
p(x) satisfies

po:R" = R%, p(x) € CO(R") (4.4)

withy € (0,1) and p € L*(R") N L*®(R"), where s = 211—121—Z+2q

There are many results about the existence by the standard Galerkin method, (see [36], [28], [43],
[45], [52], [57]). 1t is well known that, for any initial data ug, vy € H(R") and uy,vq € LZ(]R”), the
problem (4.1)-(4.3) has a unique weak solution, under hypotheses (A1) — (A2)given below. Problem
(4.1) is usually encountered in viscoelasticity in various areas of mathematical physics. It was first
considered by Dafermos in [15], where the general decay was discussed. The problems related to (4.1)
attracted a great deal of attention in the last decades and numerous results appeared on the existence
and long time behavior of solutions but their results are by now rather developed, especially in any
space dimension.
The work with weighted spaces was studied by many authors (see in this direction [10], [31], [48]
and [55]). For the decay rate of solution for equations in R", we quote essentially the results of [2],
[28], [29], [30], [45]. In [29], the authors showed that, for compactly supported initial data and for
an exponentially decaying relaxation function, the decay of the energy of solution of a linear Cauchy
problem (4.1), (4.3) in one equation with « = 0,q = 2,p(x) = 1 is polynomial. The finite-speed
propagation is used to compensate for the lack of Poincare’s inequality. In the case « = 0,9 = 2, in
[28]. The author looked into a linear Cauchy viscoelastic problem with density. His study included
the exponential and polynomial rates, where he used the spaces weighted by density to compensate for
the lack of Poincare’s inequality. The same problem treated in [28], was considered in [30], where they
considered a Cauchy problem for a viscoelastic wave equation. Under suitable conditions on the initial
data and the relaxation function, they proved a polynomial decay result of solutions. Conditions used
on the relaxation function g and its derivative ¢’ are different from the usual ones.

The problem (4.1)-(4.3) in the case x = 0,x € R" with relaxation function g is a positive
nonincreasing function was considered as one equation for Kirchhoff type in [57], where the author
established a general decay rate result for relaxation functions satisfying assumption (A1) — (A2)

given below. The main purpose of the present paper is to extend this result for a coupled system of
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linear equations.

4.2 Preliminaries and assumptions

First, we recall and make use of the following assumption on the functions g;,i = 1,2 as:

(A1) We assume that the functions g; : RT — R™ are of class C! satisfying:
1 _E - li >0, gl(o) = goi > 0, (45)

where g; =[5 gi(t)dt.
(A2) There exists a positive function H € C*(R™) such that

gi(t) +H(gi(t) <0,t >0, H(0)=0 (4.6)
and H is linear or strictly increasing and strictly convex C? function on (0,7], 1 > r.

Remark 4.2.1 i- We can deduce that there exists t; > 0 large enough such that fori = 1,2:

1) Vt > ty: we have SEToo Qi(s) = 0, which implies that SEI:II}OO ( - g (s)) cannot be positive, so

lim ( - gﬁ(s)) = 0. Then g;(t1) > 0and

$—>—+00
max{g1(s), 2(s), —81(s), —82(s)} < min{r, H(r), Ho(r)}, (4.7)

where Hy(t) = H(D(t)) provided that D is a positive C' function, with D(0) = 0, for which Hy is

strictly increasing and strictly convex C? function on (0,r] and
+oo .
| 8i(9)Ho(=gi(s))ds < +co.
2) ¥Vt € [0,t1]: As g; are nonincreasing, ¢;(0) > 0 and g;(t1) > O then g;(t) > 0and
gi(0) > gi(t) > gi(t1) > 0.
Therefore, since H is a positive continuous function, then

o < H(gi(t)) </
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¢ < H(ga(t)) <d
for some positive constants a’,b’, ¢’ and d'. Consequently,
gl < —H(gi(t) < —kgi(t), k>0
which gives
¢i(t) +kgi(t) <0,k > 0. (4.8)
ii- Let Hy be the convex conjugate of Hy in the sense of Young (see [4], pages 61-64), then

H;(s) = s(Hy \(s) — Hol(Hy ()], s € (0, Hp(r)),
and satisfies the following Young's inequality

AB < Hj(A) +Hy(B), A€ (0,Hy(r)),B € (0,r]. (4.9)

Defintion 4.2.1 ([28], [48]) We define the function spaces of our problem and their norm as follows:

H(R") = {f e L2/ (1=2(R") : V. f € (LZ(IR”))”}, (4.10)
and the space L%(IR”) to be the closure of C°(IR") functions with respect to the inner product
(F. M) i3y = [, ofhx.
For1 < p < oo, if f is a measurable function on R", we define
1/p
11 ey = (/anﬂqu) . (4.11)

The space Lg (R™) is a separable Hilbert space.

The following technical Lemma will play an important role in the sequel.

Lemma 4.2.1 (Lemma 1.1 of [11]) For any two functions h, w € C'(R) and 6 € [0, 1] we have

t t
_ _ )2
O/ht s) 0/ (t—s)|w(t) —w(s) ds-l—zdt(/h )

W2ds — %h(t)\w(t) 2, 4.12)

NlH
Q..lg_‘

N —

o
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and
2

/th(t—s)(w(t) —w(s))ds

(/ Ih(s) |20~ Gds) (/h $)[2w(t) (s)2ds). (4.13)

The energy of (u,v) at time t is defined by

_ ( ) / 19
E(t) = (A e
2 1 ! 2
+ (- /0 §1(5)ds) | Vil + 5 (1= [ ga(s)ds) V013,
1 1
+ 5(810 Vi) + 5(g20V20) (4.14)

For o small enough we use Lemma ?? to deduce, for ¢ > 0, that:

(4—1)
q || ||L‘7 ]Rn + ||U ||Lq IRn
1 t
b (1= [ aa@as) IVl 5 (1 [ ga(eas) Vil

1 1
+ §(g1 o Vyu)+ E(gz o Vy0) (4.15)

E(t) = (1—clalllpll;.)

and the following energy functional law holds:
E'(t) < %(gg o Vo) (1) + %(gg oV.0)(t), forall t>0. (4.16)

which means that, our energy is uniformly bounded and decreasing along the trajectories.

The following notation will be used throughout this paper

t
(g0 V) = [ 5t =0 IVap(t) - Vap(olari=12,  @17)
for p(t) € H(R"),t > 0.

We are now ready to state and prove our main results.

4.3 Decay of solution to system of nonlinear wave equations

with degenerate damping

The next Lemma can be easily shown (see [31], Lemma 2.1).
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Lemma 4.3.1 Let p satisfy (4.4), then for any u € H(R")

ol gy < Nl Vel e (418)

2§p<2—”

with s = <=

2n
2n—pn+2p’
Our main result reads as follows.

Theorem 4.3.1 Let (ug,v9) € (H(R"))?, (u1,01) € (LI(IR™))? and suppose that (A1) — (A2)
hold. Then there exist positive constants a, b, c,d such that the energy of solution of problem (4.1)-
(4.3) satisfies,

E(t) <dH{'(bt+c), forall t>0,
where
1
Hy(t) = / s (4.19)
To prove Theorem 4.3.1, let us define
L() = GE() + 1 () + Eaat), (420)

for &1,82 > 1. In order to obtain useful estimates, we construct some functionals associated with the

nature of our problem introduced in Lyapunov function L as
P1(t) = /Wp(x) [u|u’q_2u’ +v|v’q_2v’] dx, (4.21)
and the existence of the memory terms forces us to introduce the next functional
plt) = — /}R o (x) |72 /Otgl(t —8)(u(t) — u(s))dsdx
- /1Rn o(x) |02 /Otgz(t —5)(v(t) — v(s))dsdx. (4.22)

Lemma 4.3.2 Under the assumptions (A1) and (A2), the functional 1 satisfies

I -1 ma i
¢m>s<rwﬂmmmhwwwﬁwmww)

1-0

+ (o= 1) [IVaul3+ [ Vsoll3] +

[(g10 Vi) + (20 Vo),

where | = min{ly, 1}, along the solution of (4.1)-(4.3) .
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From (4.21), integrating over R", we have

/
/ —_ q 1q—=2_.1
v = [ peltdx+ [ oG (jur) ax

+ / p(x) |v"7dx+/ (x) U v’”’_zv’)/dx

R?’l
= / (p MNu'T + ubyu — u/ g1(t —s)Ayu(s, x)ds — ap(x )uv) dx

RH
-+ / (p )[0'T + vAy0 — v/ 2 (t —s)Axv(s, x)ds — ap(x )uv) dx

Rn
= /]R (P )" — VuVyu + qu/ 1(t —s)Vyu(s, x)ds — ap(x) v) dx
+ /]R” (p x)|v"1 — V,oVyo + va/ 2 (t —s)Vyv(s,x)ds — ap(x )uv) dx
= /]Rn (P x)|u'h — (Vu)? +qu/ g1(t—s)(Vyu(s) — qu(t))ds) dx
+ /]Rn ( )[0"1 — (V0)? +va/ (t—s)(Vyo(s) — Vﬂ)(t))dS) dx

+ ]Rn(vxu) /0 g1(S)dex—|-/Rn(va)2/0 Q2(s)dsdx — 2« /]Rnp(x)uvdx,

Using Young's inequality and Lemma 4.2.1 for § = 1/2, we obtain

for small enough positive constant o
t
qu/ Q1(t —5)(Vyu(s) — Vyu(t))dsdx
0
2
<o Vol + oo [ ([ sile=9)IVauls) - Tau(o)ias) o

1 L g10 V) (1),

and
Vv /Otgz(t —5)(Vyo(s) — Vyo(t))dsdx

< 0’“va”2+ / </ 2 (t —5)|Vyo(s) — va(t)|ds>2dx

—1
< ]| Vsl + - 2(82 ° V) (t).
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By (A1) and the fact that [ g(s)ds < [5° g(s)ds,

UL < 0y gy 191y gy + (= I Vs34 (o= )| Vs0l3 =20 [ plyuod

1-1

+ > (g10Vyu)+

1-10
i 2 (g2 0 V).
Using Holder’s and Young's inequalities and Lemma 4.3.1 we get
| lomoldz = [ 1(p(0)"/2u) (p(x)!20) dx
R” R”
1/2
< 2d / °d )
< ([ petupax) ([ et
1
< 2 _/ 2
< (7/]Rnp(x)|u| dx+4a - p(x)|v]“dx

< el {U/]Rn |qu|2dx—|——/ |va|2dx]

1/2

Then, we obtain for | = min{ly,l,},¢ > 0,

WO < @ clallpl ) |1y + 191 g |

(1-1)
40

+ (=D (I Vaul3+ 1V20l) + (g1 0 Vxtt) + (820 V).

Lemma 4.3.3 Under the assumptions (A1) and (A2), the functional 1y satisfies

950 < o (1+allpl g ) IVl + [ Vi0l]
+ co (1+allol gy ) [(810 Vitr) + (g20 Vo)
— collplf. g | (&5 0 Vai)?/2 + (g5 0 Vi0)2]
t
b (o= [ stes) (1257 + 12105

where

/Otg(s)ds < min {/Otgl(s)ds, /Otgz(s)ds}, (4.23)

along the solution of (4.1)-(4.3), for any o € (0,1) .
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Exploiting Egs. (4.1) we get

i) = = [ e (w2 '/*glt——s (u(t) — u(s) dsdx
— /Rp x)|u'i2 '/g (t—s)(u(t) —u )dsdx—/g1 ds||u||
— /Rnp(x) <|v"7 Zv’ /ng (t —s)(v(t) — o(s))dsdx
— [ PR [ gh(t = 5)(o(t) —o(s)dsdx — [ ga()ds|o1y

_ /R v"”/o Q1(t — 8)(Viu(t) — Vyu(s))dsdx

_ / </tg1 f— $)Vau(s,x ds) </tg1 E— 8) (Vau(t) —qu(s))ds> dx
_ / ) |12 '/ 2t —s)( u(s))dsdx

[ Oy o [ o /&rﬂ u(s))dsdx

+ /IR V0 /Otgz(t—s)(vxv( ) — Vv(s))dsdx

-/ (/tgz E— $)Ve0(s, x ds> (/tgz f— ) (Veo(t) — va(s))ds) dx
_ / ) [0'120 ,/ ab(t—s)( v(s))dsdx

[ sl gy a1 [ oG [ gt =)o) — o(s))dsd,
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then
y(t) =
+
+
+
+

1-—

e
o

—~

o

e
e
b

oc/]Rnp(x

[0
(s

P2’ [ gh (=) (u(t) — u(s))dsdx
)

) / Vi /Ot 81(t =) (Vxu(t) — Vyu(s))dsdx

1
2
1(t —8)(Vyu(t) — qu(s))ds) dx

| 1618l g g+ cl1 0 Vi) (1)

(1_

g2(s)ds /IR” VxU/O 2t —5)(Vyo(t) — Vyo(s))dsdx
8

A
(

o(x)|0/172 ’/ (t—s)(v(t) —v(s))dsdx

2
2(t—8)(Vyo(t) — va(s))ds) dx

82()ds][0 1y + (820 V30) (1)

) (U/O g1 (t—s)(u(t) —u(s))ds + u/otgz(t —s)(v(t) — U(s))ds) dx.

By Holder’s and Young’s inequalities and Lemma 4.3.1, we estimate the last term as

[ oo [ g1l = 5)(ut) — uls))dsd
1/2
( |v|2dx> X
(/ / g1(t—s)( u(s))ds‘z)l/2

2
gamwan+m4y/git—s = ()

< ool g I V50113 + colloll0/2 Rn)(gl o Vyu)(t).
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and

X)u /tgz(t —s)(v(t) —v(s))dsdx

o P
1/2
( |u|2dx) X
o 1/2
(/ ‘/ (t—s)( v(s))ds‘ )
; 2

/gzwﬂ =2,
< ool /2o | Vil + collpllZ sz g (82 © Vo) (1),

< oullfs g + co

and for the exponents 1 =119
t
— [ )2 [ gt —s)(u(t) — u(s))dsdx
n 0

(/ (X)|u"7dx) v X
00| [ it = 9)) - uo)is]")

[ =it =) ute) ~ u(s)yas|

<o’ HLq )~ Collol e ey (810 V) 2(0),

1/q

/‘\

< Ullu’|| +co

Lj(R") LY (R")

and

/w iy / 82(t —s)(v(t) —v(s))dsdx
< ( |v"7dx> ><
</ ‘/ g (t—s)( —o(s ))ds)q)l/q
<

/ —g5(t —s)(o(t) — v(s))ds 7

7|1/ ﬁ
p(R™)

L} (R")

< 010y gy = ol oy (83 ° V0208,
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Using Young's and Poincare’s inequalities and Lemma 4.2.1 for 8 = 1/2, we obtain

95(5) < o (1+allpl s ) (1Vaul3 + 1V:003)
+ co (1+allol2ags)) (810 Vitt) + (320 Vx0)
— calloll]. gy (50 Va2 + (850 Vi0)7'2)

/2 /2
(o [0 ) 1 + (7= [ 2200 ) 19115,

We need the next Lemma, which means that there is equivalence between the Lyapunov and energy

functions, that is for 1,2 > 1, we have
P1L(t) < E(t) < BaL(t), (4.24)
which holds for two positive constants B1 and Bs.
Lemma 4.3.4 For ¢1,C> > 1, we have
L(t) ~ E(t). (4.25)
By (4.20) we have

IL(t) = GE()] < [1(t)] + Calpa(t)]

/Rn ‘p( Yu|u' T2’ dx+/ Yol 20!
e [ oG [t — ) (o) - uls)as

) /]Rn o(x)|0'1 % /Otgz(t—s)(v(t) —o(s))ds| dx

Thanks to Holder’s and Young's inequalities with exponents L, q, since q > 2, we have by using

dx

IN

dx

_|_

Lemma 4.3.1
1/q (9=1)/q
/ ’p(x)u|u"7_2u’ dx < (/ p(x)|u|‘7dx> (/ p(x)|u"7dx>
R R R
1 g—1
< = / X u”’dx)—k—(/ X u’%lx)
S (L et = ([ et
< el gy + <lolL gy |91 (4.26)
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and
o 1/q / (9=1)/q
/n p(x)v]0 170" |dx < (/]Rnp(x)|v|‘7dx) (/}Rnp(x)|v‘7dx)
1 g—1
< = / X v%lx)—k—(/ X v’%lx)
- (L el = ([ el
< clle'llg gy + el s I V0l (4.27)
and
q—1
/ (p(x)q|u"7 2 ’) ( /gl (t—s)( u(s))ds) dax
Rn
(9=1)/q
< (/ p(x)|u"7dx) X
IR‘VI
t q 1/q
(A;mmyégmwﬂxww—u@»w\w)
—1
< Ty g + o] [ a0t =) tt) — s D5y
-1
squmwwawmwgwwwﬁm
and
1 t
Jo | (e T 11720) (0¥ [t =) 0(0) = o(s))ds ) |

IN

=

g (1-1)/9
/Rp x)|v x) X

/ o(x )‘/0 82(t—8)(v(t)—v(S))dS‘qu)l/q
TR S CEBICOREE)

1
qWanawmwwwWWW&

;_\

IAA

| K

VAN
&

Then, since q > 2, we have

c(E(t) + E72(t))

c(E(t) + E()EWD71(1))
c(E(t) + E(t)EW271(0))
cE(t).

[L(t) = G1E(t)]

ININ A

IN
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Therefore, we can choose ¢ so that

L(t) ~ E(1). (4.28)

Proof of Theorem 4.3.1 From (4.16), results of Lemma 4.3.2 and Lemma 4.3.3, we have

() = GE()+ () + Erilt)
< (C = el o) (810 T2 4 (5h o V0)97]
b Mol(g20 Vi) + (820 Va0)] = My [0y ) + 191y g

M, [||Vull3 + V013,

where
4gc (1+allpl?, o g ) + (1 —1)
Mo = 4o )

51
My = (2 ([ s =) + lallpl oy ~1).
My = (=80 (1+allp|ugs)) + (1 =),

and ty was introduced in Remark 4.2.1.

We choose o sufficiently small such that {1 > 2cg|]p||qs(]Rn)§2. For o fixed, we can choose {1, ¢
large enough so that My, My > 0, which yields

L'(t) < Mol(g10oVyu)+(g20Vy0)] —cE(t), forall t>t. (4.29)

Now we set F(t) = L(t) + cE(t), which is equivalent to E(t). Then by (4.29), we get for some

positive constant ¢

F'(t) L'(t) 4 cE'(t) (4.30)
< —cE(t) + c/an /ttgl(t —8)|Vyu(t) — Vyu(s)|*dsdx

t
+ c/ / go(t —3)|Vxv(t) — Vyo(s) Pdsdx, forall t>t.
nJh
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By (4.8) and (4.16), we have for all t > t;

t t
/]Rn/lgl (t — 8)|Vxu(f) —qu(s)|2dsdx+/w/Olgz(t—s)va(t) Y .0(s)[2dsdx

<2 (// & (E— 8)|Vxu(t) — qu(s)\zdsdx—{—/w /Otl gg(t—s)yvxv(t)—vxv(s)|zdsdx>

< —cE

At this point, we define
| Hol=gi(5)) (g1 0 Vi) (1)
+ /tlt Ho(—gh(s)) (g2 0 V50)(1)ds. (431)
Since fo (—gi(s))g(s)ds < +o0,i = 1,2, from (4.16) we have

1(0) = [ Ho(=4(5)) [ 51(6)Vu(t) = V(s = ) Pt

+ [ Ho(-g3(6) [ 229 V50(0) - Tuo(t - ) Plxds

<2 [ Hol-gi(Nn(e) [ 1V + [Tt = o)t

42 [ Hol-gh(6))ga6) [, V000 + Vo(t = ) s

<) | [ Hol-giDsa(e)ds+ [ Ho(-gh(eDgnds]|. @)

We have 1(t) < 1 (see[45], Eq. (3.11)). Now, we define again a new functional A(t) related to I(t)

as
MO =~ [ Ho(-gi)h(s) [ 1) Van(t) = Vau(t - ) Paxds
/ f Ho(—gh(9))85(5) [ 82(5)|Vso(t) = Vio(t —s)Pdxds. (439

From (A1)-(A2) and Remark 4.2.1, we get

Ho(—gi(s))8i(s) < Ho(H(gi(s)))i(s) = D(8i(s))8i(s) < ko,
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for some positive constant ko. Then, for all t > t;
t
ME) < ko [ gi(s) [ IVaut) = Vault —s)Pdxds
t R™
t
- ko/ gfz(s)/ Vx0(t) — Vyo(t — s) Pdxds
h R"

t
—ko/ gﬁ(s)/}R (Vu(t)|? + |Vau(t —s)|>dxds
f n

IN

t
- ko/t 2b(s) /]Rn|va(t)|2—|—|va(t—s)|2dxds
1

—cE(0) [/t: g1 (s)ds + /tltg’z(s)dsl
cE(0) max {g1(t1),82(t1)}
min{r, H(r), Hy(r)}. (4.34)

INIA

A

Using the properties of Hy (strictly convex in (0, 7], Hy(0) = 0), then for x € (0,7],0 € [0,1],
Ho(6x) < 0Hy(x).
Using Remark 4.2.1, (4.32), (4.34) and Jensen’s inequality leads to
A0 = 1O [ H0OHH (-G H( g 6)gi () [, 91(6)|Tut) = V(e = o)
[ HOHH; (gD Ho(~g () [ ga(s) Vsolt) = Vot —5) s
SO [ Hlr0)Hy (g ) Ho(-gi )86 [, 81(6)IT) = Taalt - ) Ptads
[ Holl()Hy (b6 Ho( g (s) [ ga(s) Vsolt) = Vol —5) s
> (170 [ 10 (616D Ho(—5i (9)81(5) [ 019 Vale) = V(e —)Plxds
10 [ HOH; (~g5(6) Ho(—gh(6)g5(6) [, 82(6)ITx0(t) = Vio(t ) Ptz
> (/ /ngl )|V e (F) vxu(t—s)|2dxds+/tlt/wgz(s)wxv(t)—vxv(t—s)ﬁdxds)
which implies
[ fousr (@) = Vaule = )P+ [ [ gals) Vs0(0) = Vot 5) s
Hy (A1)

v
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Then
F'(t) < —cE(t)+cHy'(A(t)), forall t>t.

Now, we will be following the steps in ([45]) and using the fact that E'(t) < 0,0 < H|,0 < Hy on
(0, r] to define the functional

F(t) = H} <a%> F(t)4+cE(t), a<r0<c,

where Fy(t) ~ E(t) and

F(t) = a%H{{ (a%) F(t) + Hy (ag((é))) F'(t) + cE'(t)

< —cE(t)Hy (a%) + cHj, (a%) Hy Y(A(t)) + cE'(t).

Let H be given in Remark 4.2.1 and using Young's inequality (4.9) with A = H <a%> ,B =
Hy '(A(t)), we get

F{(t) < —cE(t)H} (aE—é)> + cHj (Hé (am>> + cA(t) + cE'(t)
t

< —cE(t)H] (a

Fi(t) < _LE®) H, (aE(t))

where Hy(t) = tH|)(agt). Using the strict convexity of Hy on (0, 1], we find that H), H, are strictly

positives on (0, 1], and then

k1Fy(t)

R(t)=1 E(0)

~E(t), Te€(0,1) (4.35)

and
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Then, a simple integration and a suitable choice of T yield,
R(t) < H{'(bt+c), b,ce (0,+0),t>t,

where Hy(t) = fl

. H, *(s)ds. From (4.35), for a positive constant a3, we have

E(t) < dH; ' (bt +c).
The fact that Hy is a strictly decreasing function on (0, 1] and due to the properties of Hp, we have
lim Hl(t) = —+o0.
t—0
Therefore

E(t) <dH;'(bt+c), forall t>0.

This completes the proof of Theorem 4.3.1.



Chapter 5

Existence and decay of solution to the

coupled system of viscoelastic wave

equations with strong damping in R"

5.1 Introduction and previous results

The viscoelastic materials have intermediate properties (between the elastic materials and viscous
fluids). These two types of materials are usually studied in basic texts in the field of continuum
mechanics. At each material point of an elastic material, the current level of stresses depends only on
the current level of strains. On the other hand, for incompressible viscous fluids, the level of stresses
at a given point is a function of the current value of the velocity gradient at this point. These materials
have memory: the stresses depend not only on the current values of strains and/or velocity gradient

but also on the entire time history of motion. In this direction, let us consider the following problem:

<|u/l Zu/1> +auy + ¢(x)A (ul + fo 21(s)ur(t —s,x)ds + ”1) =0,
( /- zu’2> +aug + ¢(x)A (uz + fo @2(8)up(t —s,x)ds + u2> =0,
u1(0,x),u2(0,x)) = (u1o(x

(5.1)
(ug
[ (1(0,x),1u5(0,x)) = (u11(x

,20(x))

X D(R)?,
,u21(x))

(
(Lp(R)?,

)
)

S
S

50
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where x € R",t € Ry where the space D(IR") defined below in (5.14) and 1 > 2,n > 2,
P(x) > 0,Vx € R", (¢p(x)) ' = p(x) defined below in (A2).

This type of problems is usually encountered in viscoelasticity in various areas of mathematical
physics. It was first considered by Dafermos in [15], where the general decay was discussed. The
problems related to (5.1) attract a great deal of attention in the last decades and numerous results
appeared on the existence and long time behavior of solutions but their results is by now rather
developed, especially in any space dimension when it comes to nonlinear problems.

The term fo Qi(t)Au;(t — s)ds corresponds to the memory term and the scalar functions g;(t)
(so-called relaxation kernel) is assumed to satisfy (5.11)-(5.13)below and A is a linear, selfadjoint
operator in L2(R").

The energy of (uq, u2) at time t is defined by

1 f
e = DS Iy 3 (1 [ a0 142w
i=1
1 2
+ EZ:(g1~oA1/2ul-)+oc/ puquzdx. (5.2)
i=1 R"

For o small enough we use Lemma 5.2.1 below to deduce that:
2 t
My 2 (1 s ) 1412
1=

+Z o AV2y, ] (5.3)

E() > 2 (1~ clalliplp) [

and the followmg energy functional law holds, which means that our energy is uniformly bounded

and decreasing along the trajectories.

1 2 2
E'(t) <3, 2(8 o AV2u;)(t) = Y || AMV2ul|3, vt > 0. (5.4)
=1 i=1

The following notation will be used throughout this chapter
t
(go¥)(t) = /0 g(t— 1) [¥(t) — ¥()|2dv, forany ¥ € L®(0, T;[2(R"))  (5.5)
In the present chapter we consider the solutions in an appropriate space weighted by the density

function p(x) in order to compensate for the lack of Poincare’s inequality which plays a decisive role

in the proof.
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To motivate our work, we present a similar models. We start with some results related to vis-

coelastic plate equations with strong damping in [39]:
w + Au — Apu — /Otg(t —s)Au(s, x)ds — Aus + f(u) = 0,x € O x RT,
supplemented with the following conditions:
u(t,x) =Au=0,ondQ x RT, u(0,x) = uo,us(0,t) = uy, on Q, (5.6)

in this chapter, Liu and al[38] extend the exponential rate result obtained in [3] to the general case,
and show that the rate of decay for the solution is similar to that of the memory term under the

following assumption on the function g is

¢'(t) < —&(t)g(t), where &(t) satisfies &'(t) <0, /Ot Z(t)dt = co.

The reference [27] is concerned with a class of plate equations with memory in a history space setting

and perturbations of p—Laplacian type
t
s + aNu — Apu — / g(t —s)A%u(s,x)ds — Auy + f(u) = h,x € QO xRT, (5.7)

and results on the well-posedness and asymptotic stability of the problem were proved.

In many existing works on this field, the following condition on the kernel
g(t)=—Ag'(t), t=0,p=0, (5.8)

is crucial in the proof of the stability.

For a viscoelastic system with oscillating kernels, we mention the work by Rivera and al[46]. The
authors proved that if the kernel satisfies g(0) > 0 and decays exponentially to zero, that is for p = 1
in (5.8), then the solution also decays exponentially to zero. On the other hand, if the kernel decays
polynomially, i.e. (p > 1) in the inequality (5.8), then the solution also decays polynomially with
the same rate of decay.

Recently problem related to (5.1) in a bounded domain Q) C R", (n > 1) with a smooth boundary 0Q)
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and g is a positive nonincreasing function was considered as equation in [45], where they established

an explicit and very general decay rate result for relaxation functions satisfying:
g'(t) < —H(g(t)),t > 0,H(0) =0, (5.9)

for a positive function H € CY(R") and H is linear or strictly increasing and strictly convex C?
function on (0,r],1 > r.

For the literature, in R", we quote essentially the results of [5], [2], [10], [28]-[32], [45]-[49] and
the references therein. In [29], the authors showed for one equation that, for compactly supported ini-
tial data and for an exponentially decaying relaxation function, the decay of the energy of solution of a
linear Cauchy problem (5.1) without strong damping in the case | = 2, p(x) = 1 is polynomial. The
finite-speed propagation is used to compensate for the lack of Poincare’s inequality. In the case | = 2,
in [28],the author looked into a linear Cauchy viscoelastic equation with density. His study included
the exponential and polynomial rates, where he used the spaces weighted by density to compensate for
the lack of Poincare’s inequality in the absence of strong damping. The same problem treated in [28],
was considered in [30], where under suitable conditions on the initial data and the relaxation func-
tion, they prove a polynomial decay result of solutions. Conditions used, on the relaxation function g
and its derivative §' are different from the usual ones.

Coupled systems in R", we mention, for instance, the work of [Takashi Narazaki, 2009. Global
solutions to the Cauchy problem for the weakly coupled system of damped wave equations. Discrete
And Continuous Dynamical Systems, 592-601], where the following weakly coupled system of a

damped wave equations was considered:

;

—Au+u =f(v), t>0,xeR",
—Av+v = f(u), t>0,xeR",
(M(O,X), (0,x)) = (¢o(x), ¥o(x)), x€R",
| (#(0,x),0'(0,%)) = (¢1(x), 1 (x)), x € R"
The authors have shown the sufficient condition for the Cauchy problem (5.10) to admit global so-

(5.10)

lutions when n = 1,2,3 provided that the initial data are sufficiently small in an associate space.
Moreover, they have also shown the asymptotic behavior of the above solutions, to generalize the

existence result in [39] to the case n = 1,2, 3 and improve time decay estimates when n = 3.
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5.2 Function spaces and statements

In this section we introduce some notation and construct some material needed for our work. We omit
the space variable x of u(x, t), u' (x, t) and for simplicity reason denote u(x,t) = wand u'(x,t) =/,
when no confusion arises. The constants ¢ used throughout this chapter are positive generic constants
which may be different in various occurrences also the functions considered are all real valued. Here
u' = du(t)/dt and v = d*u(t)/dt?, A = —A. We denote by By the open ball of R" with center 0
and radius R.

First we recall and make use the following assumptions on the functions p and g fori = 1,2 as:

(A1) We assume that the function ¢; : Rt — R¥ (for i = 1,2) is of class C! satisfying:
1- /O gi(t)dt > k; > 0,8;(0) = gip >0, (5.11)

and there exist nonincreasing continuous functions &1,¢»: R™ — R™ satisfying

<0, V>0, [Taln = &) =min{a(n), @), (5.12)
where
gi(t) +¢(H)gi(t) < 0. (5.13)
(A2) The function p : R" — R*, p(x) € CO¥7(R") withy € (0,1) and p € LS(R") N L®(R"),
where s = 2]1_127—’:1%[7.

Defintion 5.2.1 ([28], [48]) We define the function spaces of our problem and its norm as follows:
D(R") = {f € 12"/(=D(R") : AV2f € (L2(R")"}, (5.14)
and the spaces L%(IR”) to be the closure of C{°(R") functions with respect to the inner product:

() 2y = /IR pfhdx. (5.15)

For1 <1 < oo, if f is a measurable function on R", we define

1/1
gy = ( [, plA'ax) 5.16)
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The space L% (R") is a separable Hilbert space.
So we are able to construct the necessary evolution triplet for the space setting of our problem,
which is:
D(R") C L3(R") ¢ D~'(R"), (5.17)
where all the embedding are compact and dense.

The following technical lemma will play an important role in the sequel.

Lemma 5.2.1 [10] Let p satisfies (A2), then for any u € D(A'/?)

el g ey < o1 s (rey | A 20l 2 o) (5.18)

with,
2n 2n

= 2<g< .
’ 2n —gqn+2q° =1=502

Lemma 5.2.2 If q = 2, then Lemma 5.2.1. yields
el oy < ol vz l1AY 20 2, (5.19)

where we can assume ||p|| pn/2gny = ¢ > 0 to get
1]l 2 oy < Cll A0l 2 - (5.20)

To study the properties of the operator ¢ A, we consider as in [32], the equation
p(x)Au(x) = (x), x€R", (5.21)
without boundary conditions. Since for every u, v in Cy (R")
(pAu,0);; = / A2y AV 2y, (5.22)
]l'{}’l

and L% (R™) are defined with respect to the inner product (5.15), we may consider equation (5.21) an

operator equation:

Agu =1, Ao:D(Ag) € Ly(R") — L3(R"), 75 € L3(R"). (5.23)
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Relation(5.22) implies that the operators ¢ A, with domain of definition D(Ag) = C7°(R") are
symmetric. Let us note that the operator ¢ A is not symmetric in the standard Lebesgue space L?(R"),

because of the appearance of ¢(x) (see [[51], pages 185-187]). From (5.20) and (5.22), we have
||u||L% < c(Aou,u)L%, forallu € D(Ay), (5.24)

From (5.22) and (5.24) we conclude that Ay is symmetric, strongly monotone operator on Lf)(lR”).

The energy scalar product is given by:
(u,0)g = / AY2y AV 20y, (5.25)
R”

and the energy space is the completion of D(Ag) with respect to (u,v)g. It is obvious that the energy

space X is the homogeneous Sobolev space D(IR"). The energy extension Ag, namely
¢A : D(R") — D YR"), (5.26)

is defined to be the duality mapping of D(IR™). For every n € D~'(IR") the equation (5.21), has
a unique solution. Define D(Ay) to be the set of all solutions of the equations (5.21) for arbitrary
n € L3(R"). The operator extension Ay of A, [see [56], Theorem 19.CI is the restriction of the
energy extension Ag to the set D(Ay). The operator A1 is self-adjoint and therefore graph-closed. Its

domain is a Hilbert space with respect to the graph scalar product
(0, 9)p(ay) = (u,v)L% + (Alu,Alv)L%, forallu,v € D(A1).

The norm induced by the scalar product (u,v)pa,) is

1

2

= Zd / A 2d } .
lulloay = { [, pluar+ [ olaufax

which is equivalent to the norm

vl = { [ olanfax}

So we have established the evolution quartet

D(A;) € D(R") C Ly(R") € D™Y(R"), (5.27)
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where all the embedding are dense and compact. A consequence of the compactness of the embedding

in (5.27) is that the eigenvalue problem
Au = yu,x € R”, (5.28)

has a complete system of eigensolutions {wy, p, } with the following properties:

Aw; = pw;, =12, wj€ D(R™),
(5.29)
0<y1§,u2§---,y]-—>oo, as j —» oo.
It can be shown, as in [10], that every solution of (5.28) is such that
u(x) — 0, as |x| — oo, (5.30)

uniformly with respect to x.

We may define the fractional powers in the following way. For every s > 0, (¢pA)° is an un-
bounded selfadjoint operator in L% (R™) with its domain D((¢pA)®) to be a dense subset in L%(]R”).
The operator (pA)* is strictly positive and injective. Also D((¢pA)?®) endowed with the scalar product

(,0)p((gpay) = (1,0) 12 + ((9A)u, (pA)°0) 2,
becomes a Hilbert space and we have the following identifications
If s=0: D((¢A)°)=Ly(R"),
and
If s=5: D((¢A)/?) =DR")and D((pA)?) =D '(R").

Furthermore, as a consequence of (5.27) the injection D((¢A)*1) C D((¢pA)%2) is compact and
dense, for every s; > sj.

Finally, we give the definition of weak solutions for the problem (5.1).
Defintion 5.2.2 A weak solution of (5.1) is (uy, up) such that

o (u1,u2) € (L?[0, T; D(R™)])?,  (uf,up) € (L2[0, T; Ly (R")])?
and (u,u%) € (L?[0, T; D~}(R")])?,
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e Forall (v,w) € (CP([0, T] x R™))?, (u1, uz) satisfies the generalized formula:

(

foT( (Juq |1_2“£), 'U)LLdS +a foT(MZ' U)Lﬁds + foT Jre AY2uy AV 2odxds
+ fOT Jn AY2ul AV 20dxds — fOT Jrn Jo §1(s = T)AY 2y (T)dT AV ?0(s)dxds = 0,

foT( (|“/2’Z_2“/2), ,W)szds +a fOT(uL W)L%ds + fOT Jre AV 245 AV 20d xds
+ foT Jrn AV 2uy AV 2wdxds — fOT S Jo §2(s = T) AY 2y (T)dT ALY 2w (s)dxds = 0.

\

o (uq,uy) satisfies the initial conditions

(t10(x), u20(x)) € (D(R))?,  (un(x), un (x)) € (LL(R™))%

We are now ready to state and prove our existence results

5.3 Well-posedness results for the nonlinear case

This section is devoted to the proof of the existence and uniqueness of solutions to system (5.1) taking
account the nonlinear case in the terms responsible on the relation between tow equations, that is
replacing auq, auy by f1(uy,uz), f2(u1, up) introduced in the last section. First, we prove the exis-
tence of a unique weak solution of the restricted problem on Br; the main ingredient used here is the

Galerkin approximations introduced in [?].

Lemma 5.3.1 Assume that (A1), (A2), (5.67)-(5.71) are satisfied. Suppose that the constants
T > 0, R > 0and the initial conditions

(110, u20) € (D(Bg))? =, (u11,uz) € (L,(Br))?,
are given. Then there exists a unique (weak) solution for the problem (5.1) , such that
u; € C[0,T;D(Bg)] and uj € C[0,T;Ly(Bg)].

The existence is proved using the Galerkin method, which consists in constructing approxima-
tions of the solution. Then we obtain a priori estimates necessary to guarantee the convergence of

these approximations. So, we take {w;}> | be to the eigenfunctions of operator A. Then {w;}? , is



CHAPITRE .5. Existence and decay of solution to the coupled system of viscoelastic wave
equations with strong damping in R" 59

orthogonal basis of D(BR) which is orthonormal in L%(B R)-
Let

Vin = span{wy, wy, - -+ , Wi },

and the projection of the initial data on the finite dimensional subspace V,, is given by:
m m m m
ulp =Y ajw;, uhy =Y bwj, ufi=Y cwj, ub=)_dwj
j=0 j=0 j=0 j=0
We consider the discrete problem in V,,, and look for the approximate solutions as
m m
= Z(:)h}"(t)wj(x), ust(x, t) := Z(:)k}”(t)w](x)
= =

Hence

I3, ( x) (| -2l w — [ gy (f— s)Al/zuT(S,x)Al/des) dx
+ [5, (0(x) fr(uit, uy)w + AV 2up AV 2w 4 AV2up AV ?w) dx = 0,

S () ([ =2um) w0 — [ ga(t — ) AV 2uli (5, x) A/ 2avdds ) dx (5.31)
+ [5, (0(x) a1, ugtyw + AY2uyt AV 2w + AV2up AV 2w) dx = 0,

L uf"(0) = ully, ui™(0) = uf}, us'(0) = uhy, uy"(0) = ulj.
Based on standard existence theory for differential equations, one can conclude as to the existence of

a solution (uf',ul') of (5.31) on a maximal time interval [0, t,,), for each m € IN.

o (A priori estimate 1): In (5.31), let w = (ul")" in the first equation and w = (u}')" in the

second equation, add the resulting equations, and integrating by parts to obtain

iE’”()—li( 2my ) - Ly g AV )2 ZHAW mE 632
dt 3i 2 2 2 '

i= i=1

This means, using (A1), that, for some positive constant C independent of t and m, we have

E™(t) < E"™(0) < C. (5.33)
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o (A priori estimate 2): In (5.31), let w = Aul{" in the first equation and w = Aul" in the second

equation, add the resulting equations, integrating by parts, and using (A1) to obtain

2
< Y [ pfiul,up)Audx. (534)

Then, integrating over (0, t) yields

[ — m m 1
3 (Al 5 (1= [ sis)as ) a1 + 550 anp) )

1

P 1||2;+||Au?a||%— [, Pt ug) duix )
R

IN
RIS

N
I
—

+
1

o]

/ p(x) (fi(ufy, uy)Aujp) dx

R

/ o(x ( N uy" Aull -I—af2 ’mAuz)dxds
Br

1

- =

+
o\ﬁ

Thus
/ p(x) fi (w1l Aull < k / ) (] Jug |+ [P+ |2 ) Au
< c5||Au’"||i2 + 5/ |u1 2 a2+ |l PP+ |um|2512)
< ol Au|F; + (Hu1 I3+l 135 + e 175" + 113 uzﬁﬁ) ,
< oAy + & (14203 + L4201+ AV 0 4 AV 252,
< ol Au}"|%, + SE"(Q)E"(¢),

C
< 5||Au}”||i% +5 (5.35)
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since 1 < ,Bij, i,j=1,2.
Now, we estimate

- i 1w a. m
I:= /BRp(x)au1 ui" Auj’.

First, we observe that
Biyj—1 1 1

+ + - = 1/
261 2By 2

so that
1< a [ ple) (1Pt 4 Pt wlau,
R

-1 -1
< d (Il + oz 3 3, + s 051125, )l

Hence
1] < e (1 A2 4 A2 52 ) A2 | A,

< (1A - Au?l ) < cll A2, + cll Au' 2, (536)

Since the other terms in (5.35) can be similarly treated and the norms of the initial data are uniformly

bounded, we combine to end up with

1

2 2 ot
(1472u 5, + 4w B) < c+eds [ (1AY2u)l, + 1 Auf3) ds.
=1 i=1

| (|\A;/2u;myylLlp + |\Au;.“||§) <C, Vtel0,T]andm € N. (5.37)

2
i=1

o (A priori estimate 3): In (5.31), let w = (u’ln)// in the first equation and w = (u3")" in the second
equation. Then, by exploiting the previous estimates and using similar arguments, we find
2
Yo llw/™|, <C, vte[0,T)and m € N. (5.38)
i=1 ’
From (5.33), (5.37), and (5.38), we conclude that

u" are uniformly bounded in L= (0, T; D(Bgr)),
u! are uniformly bounded in L* (0, T; Li,(BR)),

1

u™ are uniformly bounded in L*(0, T; D~ (Bg)),

1
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which implies that there exist subsequences of {u"}, which we still denote in the same way, such that

> ek, in L0, D(B),

" — weak u in L*(0, T; LL(BR)), (5.39)

1

/.

w5 weak u! in L2(0, T; D' (BR)).
According to lemma given in ( [?]), we find, up to a subsequence, that
ul — u; strongly in L2(0, T; Li,(BR)). (5.40)
Then,
ui" — u; almost everywhere in (0, T) x Bg, (5.41)
and therefore, from (5.70), (5.71) below,

fi(ui', us') — fi(u1, up) almost everywhere in (0,T) X Bg, fori =1,2. (5.42)

Also, as ul" are bounded in L*(0, T; L%(BR)), then the use of (5.67)-(5.71) gives that f;(u', ul}) is
bounded in L*(0, T; L%(BR)). From (5.42), we can deduce that

filud, uy') = fi(uy, up) in L*(0, T; Ly (Bg)), fori=1,2.
Combining the results obtained above, we can go to the limit and conclude that (uq,uy) is a weak

solution of system (5.1) restricted to BR.

In the next result, we will extend our solutions to R".

Theorem 5.3.1 Assume that (A1), (A2), (5.67)-(5.71) are satisfied. Suppose that the initial condi-

tions
(u10,u11) € (CF(Br)?, (u20, iz1) € (CT(Br))%

are given. Then for the problem (5.1), there exists a unique (weak) solution such that

(w1, u2) € (C[0, T; D(RM)])? and (u},u) € (C[0, T; L,(R")])*.
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(a) Existence. Let Ry > 0 such that supp(u19,uz0) C Br, and supp(u11,uz1) C Bgr,. Then,
for R > Ro, R € IN, we consider the approximating problem

( ’ ’ !
<|u1R|l*2u1R) + AR, ul) + ¢(x)A (uf + fotgl(s)uf(s —t,x)ds + ”iR) =0,x € Bg x R,
! ! !

(R I2uR) + fo(uf, uR) + ¢(x) A (45 + [y @2(5)ub (s — £, x)ds + uk ) = 0,x € Br x R,

(uf (0, %), u5 (0,2)) = (u9(x), u3(x)) € (CF*(Br))*,
[ (u%(0, %), (0,x)) = (uf(x),u3(x)) € (CF*(Br))*.

(5.43)
By Lemma (5.3.1), problem (5.43) has a unique (weak) solution uR such that
(uf, uz) € (C0, T;D(Br)])* and  ((uf)', (u); (Br)])>
We extend the solution of the problem (5.43) as
ul uRy, if |x| <R,
(i}, 15) =: (i 02), if el < (5.44)
0, otherwise.
The solution (uR, uk) satisfies the estimates
178 | o (0,7:0(rR7)) < K, £ @) | o0, m0(Rm)) < K,
1) 0,1y < Ko 1) oo 01y < K (5.45)
where the constant K is independent of R. Estimates (5.45) applied imply that
iR is relatively compact in C(]0, T); Lg (R™)). (5.46)

Next using relations (5.45) and (5.46), the continuity of the embedding

C([0, T]; Lg(R™)) < L*([0, TJ; L5(R™)),
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and the continuity of f; we can extract a subsequence of X, denoted by ﬁf’", such that as R, — oo

we get

i s 11 in L°(0, T; D(BR)),
(@) = uf in L®(0, T; LL(Br)),
(@) = ull in L®(0,T; D~ (Bg)),

1

f(@) == f(@) in L0, T;D(Bg)).
For fixed R = Ry, let Ly, denote the operator restriction

Ly : [0, T] x R" — [0, T] x Bg.

(5.47)

It is clear that the restricted subsequence Lmi[lRm satisfies the estimates obtained in Lemma 5.3.1.

Therefore there exists a subsequence i,
of Lemma 5.3.1, that Lmﬁ{ converges weakly to a (weak) solution u3'. We have
(T (1 (17 -2 ds+ (T (f (Lo 1.7 J
Jo (L (@} [20) 0 s+ [y (f1(Lmify, Linity), v PN
LL(Bgr) p(Br)
+ fOT I, AYV2L,,i AV ?vdxds — fOT fot g1(t—s) [z, AV 23] AV 20dxds
—|—f0T fBR Al/szL“/lel/zvdxds

. N i
_ fOT ((|L7J1]|12L7]1) ,v) ds+f0T (fl(ujl,ujz),v>
Lh(R")

+f0T f]R” Al/szl]iAl/Zdeds . foT fotg1(t—5) f]Rn Al/zﬁ{Al/zvdde,

3R

[2(Bg)
+ Jy Spg AV Luith AV ?0dxds — [ [ ga(t—5) [ AV AV 2odxds
+Jy Joe AV2Lii) AV odxds
() ), e ()
;

L +f0T fIR” Al/ZﬁéAl/zvdxds . f()T fotgz(t_s) f]R" Al/zﬁéAl/zvdde,

:/ AN . .
I8 (Lm (1 -2} ) ,v) " )ds-i—fOT (FoLnity, Luiih), o), ds
o\ PR

L3(R")

iZ{: for which it can be shown by following the procedure

(5.48)

for every v € C§°([0, T] x Bg). Going to the limit in (5.48) as j — oo, we obtain that L,i; = u!".
The equality (5.48) holds for any v € C§°([0, T] x R") since the radius R is arbitrarily chosen.
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Therefore u; is the weak solution of the problem (5.43).
(b) Uniqueness. Let us assume that (111, u1), (U12, Upp) are two strong solutions of (5.1). Then,
(z1,22) = (U171 — u1p, upy — upy) satisfies, for all w € D(IR")
( Jre <p( )(\z’l 2 ’1> e zlAl/zw—i—f 91(8) A2z (s — x)Al/des> dx
+ [rn 0(X) f1(z1, 22)wdx + AV22] AV 2w = 0,
Jgn <p( )<|z'l 2 é) e 2 AV 2w + [1 g2(5) AV 22y (s — x)Al/zwds> dx

|+ Jre 0(3) fa(z1, 22)wdx + AY225 A1 2w = 0.

(5.49)

Substituting w = z} in the first equation and w = z} in the second equation, adding the resulting

equations, integrating by parts, and using (A1) yields

d&(1-1, 4 1 ! 1/2 1/2
G5 (Sl + 5 (1= [ silo)ds ) 14122008+ 5(gi0 422
i=1

< /}Rn ([f1(u21, uz2) + fr(u11, u12)] 21 + [fo(u21, ) + fo(u11, u12)] z3) dx.

Making use of (5.71) and following similar arquments used for obtaining (5.36), we find

/]Rn ([f1 (21, u22) + fa(u11, u12)] 21 + [f2(u21, u22) + fo(u11, u12)] zp) dx

= k/]Rn <1 o [P fanna P o a2 |u22|/312_1> (1] + |z2))z7dx

+ k/B <1 + |1/l11|‘621_1 + |u12|ﬁ21_1 + |u21|ﬁ22_1 + |u22|ﬁ22_1> (|21| + |22|)Z,2dx,
R

2
< e (Il +114"213.) (5.50)
i=1

Combining (5.49)and (5.50), integrating over (0,t), we then deduce that

- ! 2

>~ (N1, +11z:13) = o, (5.51)
i=1 b

which means that (111, uy1) = (112, un). This completes the proof.

We can now state and prove the asymptotic behavior of the solution of (5.1).
We point out that the theory of monotone operators and nonlinear semigroups method is applicable
here to establish the existence of a unique local weak solution even with the presence of the nonlinear

terms.
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5.4 Decay rate for linear cases

We show that the solution decays asymptotically to zero in time. The rate of decay for the solution is

similar to that of the memory terms. Allowing for some small perturbation in the associate energy,

we introduce the next functional

Z/ u1|u’l 2 ’dx
IR?I

The following Lemma will be useful in the proof of our next result.

Lemma 5.4.1 Under the assumptions (A1)and (A2), the functional  satisfies,

2

Z /HLI R™) - _1_5+|0‘ ZHAl/zule"‘CZ oAl/Z
i=1

along the solution of (5.1) for positive constants c.

From (5.52), integrating by parts over R", we have
Y'(t) = / dx—i—/ x)uq |u’12’> dx

+ / o(x dx+/ X) iy |u’12’> dx,

(5.52)

), (5.53)

t
= / (P(x)ull — uAug — ug Auy — ap(x)ugup + ul/ g1(t— s)Aul(s,x)ds) dx
" 0

t
+ / (p(x)u'zl — up A%uy — up Auby — wp(x)uquy + uz/ (t— S)Auz(s,x)ds> dx,
R" 0

2

t 2
= Y Il gy = (1= [ @il)ds) Y- 1A 2l
i=1

i= 1

Y AR - 20 [ pluudx
i=1 R"

2 t
+ ;/ﬂAl/zui/O it — ) (AY2u;(s) — AV2u,(t))dsdx.
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Recalling that fo Qi(s)ds < fo Qi(s)ds = 1 —k;, using Young’s inequality, Lemma (5.18) and

Lemma (5.2.1), we obtain

2 2
Yt < ZHu’HLz R) 2|\A1/2u§||§—(ki—1+|0é|\lp||{sl(Rn))XllAl/zuiII%

i=1

+ 5Z!|A1/2u1||2 452/,1(/ it — )| AV2u;(s) — AV ()|ds) dx,

2

< ZHu’HLz R) ZHAmu?H%—(k—1—5+|w|C)ZI|A”2uf||%
i=1 i=1

(1K) ¢

+ 45

(gio AY?u;).

i=1
for « small enough and k = min{ky, k }.

Our main result reads as follows

Theorem 5.4.1 Let (u19,u11), (t20, u21) € D(R™) X LL(]R”) and suppose that (A1), (A2) hold.
Then there exist positive constants W, w such that the enerqy of solution given by (5.1) satisfies,

E(t) < WE(0) exp (—w /Oté’(s)ds> Wt >0, (5.54)

In order to prove this theorem, let us define

L(t) = N{E(t) +eyp(t), Ve > 0. (5.55)

for Ny > 1. We need the next lemma, which means that there is an equivalence between the perturbed

energy and energy functions.
Lemma 5.4.2 For Ny > 1, we have
BiL(t) < E(t) < L(t)a, WE>0, (5.56)
holding for two positive constants B and Bo.
By (5.52) and (5.55), we have
IL(H) = NiE(8)[ < el (8)],
< EZ/ (x)u;ul~ul| dx.
i=1
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Thanks to Holder’s and Young's inequalities with respectivels exponents ;= 1, lLand since =% > 1 >

+2
2, we have using Lemma 5.2.1

"n-=2_ [ 1 /1 =0/
J ol ar < ([ pwltax) ([ plax)

(o pemta) + 52 ([ pnax),

<l ey + ll s rny 14201 (557)

IN

Then, since | > 2, we have by using (5.4)

L(t) — NiE(H)] < e cxwmmfwm%m)
ec(E(t) + EV2(1)),
ecE(t)(1 + ELH/2-1 (1)),

(

INIA

IN

ecE(t)(1 + EI1/2-1(0)),

IN

ecE(t).

Consequently, (5.56) follows.
Proof of Theorem 5.4.1 From (5.4)and results of Lemma 5.4.1, we have

L'(t) = NiE'(t) +ey'(t),

2
f;m(zxwm” ZM”J@

i=1
2
+ 82

At this point, we choose Ny large enough and e sufficiently small such that

IHLI pey — (K=1-30+ 1a|c)HA1/2ui|y§+c(gioAl/Zul.))

2
L'(t) < MyY (gioAY?u;) —e€E(t), Vt>0. (5.58)
i=1

Multiplying (5.58) by ¢(t) gives

2
EHL'(1) < —eZ()E(H) + Mog(H) Y (8i0 AV uy). (5.59)

i=1
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The last term can be estimated using (A1), as follows
2

2 t
O (oA ) < a0 [ [ st =9)luile) — uils) P,

i=1

2 t
<X [ | et = s)gitt =) ui(t) — wi(s) Pasd,

2 t
_ Ok — Vs (8) — 1:(s) |2
< =L oy Sl — )P,
< i(gjl/z ;) < —E'(1). (5.60)
i=1
Thus, (5.58) becomes
E(H)L'(t) + MgE'(t) < —eZ(t)E(t) Vt>0. (5.61)

Using the fact that ¢ is a nonincreasing continuous function as ¢1 and ¢, are nonincreasing, and so

¢ is differentiable, with {'(t) < 0 for a.e t, then
(E(OL(H) + MoE(H)" < G(OL'(H) + MoE'(t) < —eC(HE(t) VE=0.  (5.62)
Using (5.56), we have
F=¢L+ ME ~E, (5.63)
Therefore, for some positive constant w, we get
F'(t) < —wl(t)F(t) Vt>0. (5.64)
Integrating over (0,t) leads to,
F(t) < WF(0) exp (—w /Oté‘(s)ds) Wt > 0, (5.65)

for some constant w > 0, Recalling (5.63), estimate (5.65) yields the desired result (5.54). This
completes the proof of
Theorem (5.4.1).
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5.5 Concluding comments
1- One can easily obtain the same result as in Theorem 5.4.1 in the nonlinear case

(|u'l 2u’1) + fi(u1,uz) + p(x)A <u1 + fo g1(s)ur(t —s,x)ds + u&) =0,

( -2 /2) Folur, u2) + $p(x)A <u2 + [ ga(s)un(t — s, x)ds + u’2> —0, 5.66)

sz (x)) € (D(R"))?,
,uz1(x)) € (Lp(R™))?,

u1(0,x),u2(0, x)
u}(0,x),u(0,x)

( ) = (u10(x)
( ) = (u11(x)

\

where the nonlinearity is given by the functions fy, f, satisfying the next assumptions:

(hyp1) The functions f; : R? — R (for i=1,2) are of class C! and there exists a function F such

that
oF oF
flxy) = o f2(x,y) = @/
F>0, xfi(x,y) +yfa(x,y) — F(x,y) = 0

and

i ai - .
Le)| +[Lon)| < a1 ) Yy R

for some constant d > 0and 1 < B;; < %5 fori, j=1,2.

(hyp2) There exists a positive constant k such that
fiCe, )| < k(x| + [yl + [x[P + [y[P2),

and

fi(x,y) = fi(r9)]

< (L[]t [yt [P o 5P (x o] 4 Jy 1),

(5.67)
(5.68)

(5.69)

(5.70)

(5.71)

for all (x,y), (r,8) € R?> and i = 1,2. Noting that we follow the same steps as a in the linear cases

with the same perturbed function and some calculations related with to presence of f1 and f,.

Our results also hold for other nonlinearities in f1(uq, up) and f(uq, up). We can show the same

results for f1(uq,uy) = |u1|’”_2u1|u2\7’ and fo(uq, up) = |u2\P_2u2\u1|P.
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2. Let us remark that it is similar to study the question of existence and decay of solution of the

same problem with the presence of weak-viscoelasticity in the form

<|u’l 2ui> + f1(ug, up) + ¢p(x (u1 + a1 (t) fOt ¢1(s)uq(t —s,x)ds + u’l)

<|u’l 2%) + fo(uq, uz) + ¢p(x (uz + ap (¢ fot 2(s)uz(t —s,x)ds + u’2>
(u1(0,x),u2(0,x)) = (u10(x), u20(x)) € (D(R"))?,

| (1(0,%),u5(0,x)) = (u11(x), uz(x)) € (Ly(R"))?,

where we should need additional conditions on « as follows

7

0
0

)A
)A

7

t 00
1- oci(t)/o i(B)dt > k; > O'/o gi(t)dt < +o00,a;(t) > 0,

—a'(t)

Am o men O

where

a(t) = min{aq(t), an(t)}, Vt>0.
We give below an important technical lemma.

Lemma 5.5.1 Forany v € C' (0, T, H'(R")), we have
—/ a(t) /t (t — ) Av(s)0' (t)dsdx
= m"‘ ) (g041%0) (1)
g |10 [s) [ |4z dxs
— () (8720) (1) + 5a(g(t) [ [41/20(0)]" s

_%“/(t) (goAl/z?J) (t) + %lxl(t) /Otg(S)ds /w

It’s not hard to see that
/n a(t) /Otg(t — ) Av(s)0' (t)dsdx
— a(t) /0 Ce(t—s) / AV 2 (s)dds
— ) /0 Ce(t—s) /R AV (1) [AV20(s) — AV2o()| dds

t
-Hx(t)/ g(t—s) [ AY2N2y(t)dxds.
0 R”

2
Al/zv(t)‘ dxds.

(5.72)

(5.73)

(5.74)
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Consequently

/]Rn w(t) /Otg(t — 5)Av(s)v' (t)dsdx

= —%zx(t) /Otg(t - s)% /]R” )Al/zv(s) - Al/zv(t)lzdxds
+alt) [[96) (5 [

2
A2p(t) ‘ dx) ds
which implies

/]Rn o(t) tg(t —5)Av(s)v/ (t)dsdx

) [ste=9) [

|
i 120 86 [
)

Il

|

|
Q..l Y
=
—~
—

2
AV2y(s) — Al/zv(t)‘ dxds}

2
A2p(t) ‘ dxds}

aat) [ ge—s) [ [A120(s) — 417200 aves
_%oc(t)g(t)/‘Al/Zv(t)‘zdxds.

Rr
—l—%ﬂél(t) /Otg(t —5) /]R” )Al/zv(s) — A1/2Z)(t) ‘deds
——a'(t) /Osg(s)ds o Al/zv(t)‘zdxds.

This completes the proof.
Under these additional conditions on «, the decay of energy associated with problem (5.72) is

given in the next result

Theorem 5.5.1 Let (ujp, ujn) € (D(R") x LL(]R”)),i = 1,2 and suppose that (A1), (A2), (5.67)-
(6.71) hold. Then there exist positive constants W and w such that the energy of solution given by
(5.72) satisfies,
t
E(t) < WE(t) exp <—w / (x(s)(j(s)ds), (5.75)
fo

where {(t) = min{¢1(¢), (1)}, VYVt >ty >0.
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