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Abstract

Fractional differential equations have been extensively investigated in the recent years, due
to a wide range of applications in various fields of sciences and engineering. They are
particularly used to describe many physical phenomena involving memory effect.

In this thesis we investigate the existence, nonexistence and multiplicity of positive
solutions to some classes of nonlinear fractional differential equations.

First, we establish some existence results for solutions of a nonlinear fractional eigenvalue
problem with Dirichlet boundary conditions. These results are mainly related to the first
eigenvalue of the associated linear problem. Moreover, the method of lower and upper
solutions is developed for the non-homogeneous Dirichlet problem. Next, we study two other
integral boundary value problems (BVPs) for nonlinear fractional differential equations.
Under suitable conditions on the asymptotic behavior of the nonlinearity, various existence
and multiplicity results for positive solutions are derived depending on some equation’s
parameters.

The proof technic relies on reducing the considered nonlinear BVP to an integral equation
of Volterra type, whose kernel G(t, s) is the Green’s function associated to the linear problem,
extracting its main properties which will be fundamental in the construction of a suitable
cone in an adequate Banach space, and then applying the Guo-Krasnoselskii fixed point
theorem to get the existing result. Several examples are also included to illustrate the

major obtained results.



Résumé

Les équations différentielles fractionnaires ont été largement étudiées ces dernieres années, en
raison d’une large gamme d’applications dans divers domaines de la science et de I'ingénierie.
Elles sont particulierement utilisées pour décrire de nombreux phénomenes physiques avec
effet de mémoire. Dans cette these, nous étudions I'existence, la non existence et la multi-
plicité des solutions positives pour certaines classes d’équations différentielles fractionnaires
non linéaires.

Tout d’abord, nous établissons certains résultats d’existence de solutions positives pour
un probleme de valeur propre fractionnaire non linéaire avec conditions aux limites de Dirich-
let. Ces résultats sont principalement liés a la premiere valeur propre du probleme linéaire
associé. Par ailleurs, la méthode des sur et sous solutions a est développée pour le probleme
Dirichlet non homogene. Ensuite, nous étudions deux autres problemes aux limites (BVP)
pour des équations différentielles fractionnaires non linéaires avec des conditions intégrales.
Sous des conditions convenables sur le comportement asymptotique de la non-linéarité,
plusieurs résultats d’existence et de multiplicité de solutions positives sont obtenus selon
des parametres d’équations.

Nos démonstrations reposent sur la réduction du (BVP) non linéaire en une équation
intégrale de Volterra de noyau G(t,s) correspondant a la fonction de Green associée au
probleme, I’étude de ses principales propriétés et I’établissement des inégalités fondamentales
a la construction d’un cone approprié dans un espace Banach adéquat. On appliquera enfin
le théoreme de point fixe de Guo-Krasnoselskii. Plusieurs exemples sont également inclus

pour illustrer les principaux résultats obtenus.
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Introduction

... This is an apparent paradox from which,
one day, useful consequences will be drawn.”
Leibniz in a letter to I’Hospital on the mean-

ing of the derivative of order 1/2.

The fractional calculus is a name attributed to the theory of integrals and derivatives of
arbitrary order, which generalizes the notions of integer-order differentiation and n-fold
integration. The subject of fractional calculus is almost as old as calculus itself, but for
centuries this mathematical theory was considered unreasonably as a pure theoretical field
of mathematics and useless in applications. However, the situation changed dramatically
during the last few decades. This topic has blossomed and gained considerable importance,
owing to its various particular applications in widespread fields of science and engineering.
Perhaps one of the simplest approach to fractional integro-differentiation is through the

generalization of Cauchy’s integral formula of n-fold integral operator:

ﬁ /Ox(x —8)" 1 f(s)ds ne N,z eR,

with I°f(z) = f(z). Once we replace the discrete factorial by the Euler’s Gamma function

1"f(z) =

I'(n) one obtains, for the arbitrary order integration, the definition of Riemann-Liouville

fractional integral

I°f(z) :ﬁ/ox(x—s)o‘_lf(s)ds a,x € Ry,

While the definition of an arbitrary order derivative of Riemann-Liouville type is simply

given by the following composition

Def(z) = D"I"“f(x) aceR, a<n<a+1l, neN
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where DUf(z) = f(x). The Riemann-Liouville definition for the fractional integral and
differential operators (I%, D) is the most common and frequently used in applications.
Fractional differential equations are nowadays frequently used to describe many physical
phenomena, especially when dealing with memory processes or viscoelastic and viscoplastic
materials. This is due to the non-local character of fractional integro-differential operators:
A fractional order (or integral) derivative of a function in a point ¢ depends on the past
values of this function from zero up to time ¢. This fact is one of the reasons for the recent
interest in studying fractional differential equations. Several examples for fractional diffusion
processes are given in [59] and recently in the papers [14, 24, 26, 54, 66]. Fractional models
of viscoelasticity can be found in [8, 35, 61] and applictions in the field of electrodynamics
are discussed in [15, 27]. Additionally, a number of applications in various fields in physics
and engineering were recently collected in the texbook by Vladimir V. Uchaikin in [67].
Integral boundary conditions constitute an interesting and important class of problems.
They arise in different areas of applied mathematics and physics. Namely, problems in
heat conduction, chemical engineering, underground water flow, and plasma physics can
be reduced to nonlocal problems with integral boundary conditions [2, 32, 33, 74]. In the
last years, several papers dealing with the existence of solutions for nonlinear fractional
differential equations coupled with integral boundary conditions have appeared. In many of

them the main results follow by means of suitable fixed point theorems [5, 12, 13, 23, 29, 62].

Brief Historical Background

The origin of fractional calculus concept can be traced back to Gottfried Wihelm Leibniz
(1646-1716). More precisely, in his letter to L’Hospital dated 3/8/1695, he gave a first
answer to a curious question posed by L’Hospital about the significance of a non-integer
order derivative especially the case 1/2: What would be the result if n=1/2 in the Leibniz
notation jI—"n ()7 In his answer, Leibniz wrote ”... This is an apparent paradox from which,
one day, useful consequences will be drawn.” The paradoxical aspects are due to the fact
that there are several different (and non-equivalent) ways of generalizing the differentiation

operator to non-integer orders.
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Since that time, the subject of calculus of integrals and derivatives of non-integer order
caught the attention of many well-known mathematicians. In 1738, Euler attempted to
resolve the Leibniz paradox by the assistance of his famous invention that bore his name,
namely, Euler’s Gamma function I'(z). In [28] he defined the non-integer order derivative

of a power function by
dezP I+l Lo
dre  T(B—a+1)

where o and [ are arbitrary positive numbers.

Probably, the first elaborated definition of the non-integer order derivative by means of
integral is given in 1812 by P.S. Laplace in his book [44]. If a function f can be represented
by an integral of the form f_Jr;o e " ds, Laplace defined the non-integer order derivative

by
Ll

dz®

@)= (1 [ e

where « is an arbitrary real number.

A couple of years later, in 1822, J.B.J. Fourier [31] extended the formula for trigonometric
functions
d“ am

@cos(.r) = cos(x + 7),

from o € N to o € R. He suggested the following definition of fractional derivative

ac 1 [re tee o .
—f(z) = — f(s)ds pcos | p(x — s) + 5 dp, « non-integer.

dz® 2r J_ .
This was the first appropriate definition to any sufficiently ”well-behaved” function, but it
did not give a complete answer to L'Hospital’s question. In 1823, N.H. Abel was the first
mathematician who used fractional derivatives to solve a specific physical problem. Precisely,
he solved a generalized version of the tautochrone problem (Abel’s mechanical problem)
which consists of the determination of a curve f(y) such that the time 7'(y) required for a

particle to slide down the curve to its lowest point under gravity is independent of its initial

position yy on the curve . Abel expressed the problem by the following integral equation

Y —1/2
1) =< [ = = -G T ),

where g is the gravitational acceleration. He obtained the solution by using the left-inverse

of the fractional derivative

1/2
fly) = rﬁ) jyl/gT(y)-

10
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The tautochrone problem is a special case of Abel’s mechanical problem when T'(y) := k is

a constant,
V2gk
fly) = :
™Y

After Abel’s application it was the turn of J. Liouville, who obtained a large number of

theoretical and applied results on fractional calculus carried out in a series of papers [48]-
[53]. Particularly, in [49, 50] he defined the derivative of non-integer order by the limits of

difference quotients

de f

= 3 o () ]

m=0

where f is represented by an exponential series Y., cpA%e* and (;) is the generalized

binomial coefficient. Later, this idea was developed by Griinwald and Letnikov. They

-t Sl (c)re -]

suggested

m=0
as definition of a non-integer order derivative, which today is called Griinwald-Letnikov
fractional derivative. Liouville stated also that the ordinary fractional differential equation
d*i/dx® = 0 has a complementary solution of the form v, = ¢y + c1x + co2? + ... + ¢ ™
with undetermined number of arbitrary constants, which establishes an essential difference
between the fractional and the ordinary differential equations. In 1847, G. F. B. Riemann
sought a generalization of a Taylor’s series expansion and derived the following definition
for fractional integration:
D) = s [ (o= 9 s + 0(a)
[(a) J.
where the function ¢ corresponds to the complementary function mentioned in Liouville’s
work. After the contribution of a number of researchers such as N. Y. Sonin [64], A. V.
Letnikov [47], H. Laurent [45] the definition of fractional integration became
D) = s [ = s, s
I(a) J.
which is called today the Riemann-Liouville fractional integral. Moreover, the fractional
derivative is defined by
dn

DS f(zx) =Dy f(z) = DyD;’ f(z) = e (%@) /x(as — s)ﬁ_lf(s)ds) .

11
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During the last four decades, a large amount of results and applications of fractional calculus
was published by many authors including M. Caputo [20], in order to present more suit-
able definition with the physical settings, Caputo defined of an (n-1)-absolutely continuous

function by
d

Cpef(t) = ﬁ / (¢ — sy (E)”f@ds,

where o € R, o <n < a+1,n € N*. Today it is named Caputo fractional derivative which
is strongly connected to the Riemann-Liouville fractional derivative. The main advantage
of Caputo’s definition is that one can specify the initial conditions of fractional differential

equations in classical form:

fO0)=b,,  k=0,1,..,n—1.

Thesis Overview

In Chapter 1 we introduce some tools from functional analysis which we require to carry
out the analysis in the subsequent chapters. We also recall some well known definitions
and properties of special functions such as the Euler’s gamma and Mittag-LefHler functions.
Moreover, we give the definitions and some properties of fractional integrals and fractional
derivatives of different Riemann-Liouville and Caputo kinds.

The Chapter 2 is concerned with the existence study of the following nonlinear fractional

differential equation with Dirichlet boundary conditions

Dou(t) — du(t) + f(t, > >u(t)) =0, 0<t<1, 0
limy o+ 27 u(t) = u(1) = 0,
where 1 < a <2, A € R, D® is the Riemann-Liouville fractional derivative and f is a given
continuous function. Our approach is based mainly upon the reduction of problem (1) to

the equivalent first kind Volterra integral equation. In a first step, we obtain the exact

expression of the Green’s function related to the linear problem

Du(t) — Au(t) +y(t) =0, 0<t<1,
lim; o+ > u(t) = u(1) = 0.

(2)

Then, we study the values of the real parameter A for which the Green’s function has a

constant sign on (0,1) x (0,1). More concisely, we prove that it is positive if and only if

12
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A € (A1, 00), where A; < 0 is the first eigenvalue of the linear homogeneous problem

Du(t) — Au(t) =0, 0<t<l,
lim; o+ 2% u(t) = u(1) = 0.

(3)

For other values of the parameter, the Green’s function changes sign on (0,1) x (0,1). In
addition, we deduce additional useful inequalities satisfied by the Green’s function. These
properties will be fundamental in the construction of a suitable cone in an adequate Banach
space. Under additional conditions on the behavior of the function f at v = 0 and u = oo,
we will be able to deduce the existence of positive solutions of problem (1) in a given sector
of the cone. Moreover, we will develop the method of lower and upper solutions, considering,
in this case, the non-homogeneous Dirichlet boundary conditions. The last section of the
chapter contains some examples illustrating the obtained results.

In Chapter 3 we consider a kind of integral boundary conditions. As it has been stated
in [23], this type of conditions appear in different real phenomena as in among others,
blood flow problems, chemical engineering, thermo-elasticity or population dynamics, see
[12, 25, 32, 67] and the references therein. To be concise, in this chapter we are concerned
with the following nonlinear fractional differential equation with integral boundary value
conditions

D%u(t) + f(t,u(t)) =0, 0<t<l1, (4)

1
w(0) = /(0) = 0, (1) = A / u(s)ds. (5)

0
where 2 < a < 3, 0 < A\, A # «, D® is the Riemann-Liouville fractional derivative and f is

a known continuous function. First, we obtain the exact expression of the Green’s function

related to the linear problem
Du(t)+y(t) =0, 0<t<l, (6)

coupled with the integral boundary conditions (5). Once obtained, we study the values
of A for which the Green’s function is positive on (0,1) x (0,1) and, moreover we deduce
some suitable properties that relate the expression of G(t,s) and G(1, s). These properties
will be crucial when constructing a suitable cone in the space of continuous functions.

Essentially, we are based on reducing problem (4)—(5) to the following nonlinear Volterra

13
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integral equation of the first kind:

u(t):/o G(t,s)f(s,u(s))ds. (7)

Under additional conditions on the behavior of function f at 0 and at co, we deduce the
existence of positive solutions of problem (4)—(5).

Since only positive solutions are meaningful in many applications, in Chapter 4 we dis-
cuss the existence and multiplicity of positive solutions of a nonlinear fractional differential
equation with integral boundary conditions and parameter dependence. More precisely, we

consider the following problem

Du(t) + pg(t) f(u(t)) =0, 0<t<l,

| (8)
u(0) = u'(0) = 0,u(l) = A [y u(s)ds, 0<X<a,

depending on the real parameter p > 0. Here D® denotes the Riemann-Liouville fractional
derivative of order a € (2,3] and f and g are appropriate functions to be specified later.
First, We show the main properties of the Green’s function related to the linear problem.
Then, we construct a suitable cone in the space of non-negative continuous functions. By
means of the Guo-Krasnoselskii’s fixed point theorem, we establish sufficient conditions for
the existence of non-negative solutions and, under additional conditions on the behavior of
function f at 0 and at oo, we prove the main results of existence and multiplicity of positive
solutions for the problem (4.1). Finally, we illustrate our findings by an example.

We conclude the thesis with a brief synopsis of our key achievements and provide some

ideas for future developments.

14



Chapter 1

Background

The aim of this chapter is to provide some necessary background for the research undertaking
in this thesis. In section 1.1 we give the definitions and some properties of the Euler’s gamma
and Mittag-Leffler functions. Some useful results in functional analysis that are necessary
for the study of fractional boundary value problems are stated in section 1.2, including
the Guo-Krasnoselskii fixed point theorem. Finally, the section 1.3 contains definitions and
some properties of fractional integrals and fractional derivatives of Riemann-Liouville and

Caputo type.

1.1 Special Functions

1.1.1 Euler’s Gamma Function

The Euler’s gamma function I'(x) is defined by the so-called Euler integral of the second
kind:
I'(x) :/ t"te7tdt (x> 0). (1.1)
0
This integral is convergent for all real x > 0.

One of the basic properties of the gamma function is
MNx+1)=al'(z) (z>0). (1.2)
Obviouslty I'(1) = 1. and using (1.2) we obtain for n =1,2,3, ...

I'(n+1)=nl'(n) =n(n—1)! =nl (1.3)

15



1.1. Special Functions

a |1/2 3/2 5/2 7/2  9)2
INCORRVEIE VI SVA SVC I Ve

Table 1.1: Euler’s Gamma function values

The Beta function is defined by the Euler’s integral of the first kind:

B(z,y) = /01 " N1 -t tdt (x> 05y > 0). (1.4)

This function is connected with the Euler’s gamma functions by the relation

I'(z)l'(y)

PED =61y

(x > 0;y > 0). (1.5)

With the help of the Beta function we can establish the followirig important relationship of

the Euler’s gamma function

[(z)(1—x) = (r eRY, x+#£0,1,2,...). (1.6)

sin(mx)

Taking = 1/2 we obtain from (1.6) a useful particular value of the Gamma function:

()

More often values for the Gamma function occuring in applications are given in Table 1.1.

The binomial coefficients are defined for n,m € N by the formula

() = =

Such a relation can be extended from n,m € N to arbitrary real o, 5 € R by

a) I'a+1) N ad 7
(B)_F(a—ﬂH)F(ﬂH) PERa g

where Z~ = {-1,-2,-3,...}.

1.1.2 Mittag-Leffler Function

The function defined by

[e.9] k
T
() gzor(ak+1), reR;a>0 (1.7)

16



1.1. Special Functions

has been introduced by G. M. Mittag-Leffler [55], it is known as the Mittag-Leffler function.
Some important properties of this function have been established in Mittag- LefHler ([55],[56]
and [57]) and in Wiman [72]. We present some of them below. In case o = 1 and a = 2, we
have

E(z) =€, Ey(z) = cosh(\/).

When a = n € N, the differentiation of the function E, (Az™) satisfies the following formula:

d n
(d—> E,(Az™) = AE,(A\x") neN;\eR. (1.8)
x
Let o, 8 > 0, the function £, g defined by
E, = _ 1.9
o)=Y g (1.9

whenever the series converges, is called the two-parameter Mittag-Leffler function with
parameters « and f3, it has first appeared in a paper by Wiman [72]. A number of properties
of this function have been established in Hurnbert and Agarwal [38] by using the Laplace
transform technique. We recall that for some special choices of parameters o and 3, we can

recover certain well known functions:

e —1
E1,1(I) = 633, E1,2($) = R
nh

E2’1<£L'2) = cosh(x), Ess(z) = smx(x)‘

Remark 1.1. The one-parameter Mittag-Leffler functions may be defined in terms of their

two-parameter counterparts via the relation E,(x) = Ey1(x).

Remark 1.2. We should note that, E, g(x) > 0 for all x > 0 and therefore the zeros of

E, s(x) must be negative.

The following differentiation formula generalizes the one in (1.8)

d\": 4 . o .
(@) (27 B g(Aa™)] = 27 " By pn(Ma™),  neN;AER. (1.10)
We consider the functions E,(Az®) and 2771 E, s(Az®) defined for x € R* and «, 3, € R.

The following differentiation formulas hold

<i) E,(A\z%) = 27" AEq1-n(Ax%), (1.11)
dx
and

(%) [.T’B_lEa”g()\.Ta)] =2 B, 5, (Ma®) n € N. (1.12)

17



1.2. Some Elements of Functional Analysis

1.2 Some Elements of Functional Analysis

In this section, we give an account of some basic functional spaces as well as some necessary

fixed point theorems that will be used throughout this thesis.

Definition 1.1. Let Q = [a,b] (—o00 < a < b < 00) and n € N. We denote by C™(Q) the

space of functios f that are n times continuously differentiable on 2 with the norm
- B, = (k) *
Il = D215l = > masl M), n e

In particular, for n = 0, C°(Q) = C(Q) is the space of continuous functions f on Q with
the norm

I7llc = max (@)l
Definition 1.2. Let Q = [a,b] (—o00 < a < b < o0). We denote by LP(a,b) (1 < p < o0)

the set of Lebesgue measurable functions f on Q for which ||f||, < oo, where

b 1/p
nﬂuz(/|ﬂmwm) (1<p<)
and
1Fle = ess supecacsl F()]

where ess sup|f(x)| is the essential supremum of the function f.

Definition 1.3. Let Q = [a,b] (—o0 < a <b < o0) and f € AC(Q) the space of absolutely
continuous functions on Q. For n € N*, we denote by AC™(2) the space of functions f

which have continuous derivatives up to order (n — 1) on Q such that f™=Y € AC(Q):
ACT(Q) = {f € CPQ)  f0D € AC(@)}
In particular, AC'(Q) = AC(Q).
A characterization of the space AC™ is given in Lemma 2.4 in [63].

Lemma 1.1. The space AC™(Q2) consists of functions which can be represented in the fol-

lowing form
n—1
fl@) = (I o)(x) + Y ez —a)f
k=0
where ¢ € L*(a,b), ¢y (k=0,1,...,n — 1) are arbitrary constants, and

/ (x—t)"Tot)dt, a<z<b.

(I;Lgp)(l’) = (n o 1)'

18



1.2. Some Elements of Functional Analysis

Definition 1.4. Let Q = [a,b] (w00 < a < b < o©0) and v € R (0 < vy < 1). The
weighted space C7(Y) denotes the space of functions f on (a,b|, such that the function
(x —a)'f(z) € C(Q), and

Iflle, = Iz =a)f(@)lle,  Co(©) = C(Q).

Definition 1.5. Let E be a real normed space. A nonempty convex closed set P C E 1is

called a cone if it satisfies the following two conditions:
(i) z € P, A\ > 0 implies A\x € P,
(ii) =z € P, —x € P implies x = 0, where 0 denotes the zero element of E.
It is called solid if it contains interior points; P #0.
We recall the following results:

Theorem 1.1 (Guo-Krasnoselskii Fixed Point Theorem [37, 40]). Let (E, ||-||) be a Banach
space, and let P C E be a cone. Assume that Qy, Qs are open and bounded subsets of E
with0 € Qy C QO C Oy, and let T : PN (ﬁz \ Q1) = P be a completely continuous operator
such that

(1) || Tu|| > ||ul|, we PNoQ, and ||Tul| < ||ul||, ve PN oQy; or

(1) || Tu|| < ||ul|, we PNOQ, and ||Tul| > ||ul|, ue PN oQ,.

Then, the operator T has at least one fized point in PN (s '\ ).

Definition 1.6. Let K be a compact metric space. We say that F C C(K) is equicontinuous
if for every x € K and every e > 0 there is a neighbourhood U, of x such that for any f € F
we have that |f(x) — f(y)| <e, for each y € U,.

Theorem 1.2 (Ascoli-Arzela). Let F C C(K). Then F is precompact in C(K) (namely, F

is compact) if and only if F is equicontinuous and uniformly bounded.

Theorem 1.3 (Schauder Fixed Point Theorem). Let C' be a closed convex subset of Banach
space X . Suppose f: C — C is compact (i.e., bounded sets in C' are mapped into relatively

compact sets). Then, f has a fized point in C.
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1.3. Fractional Derivatives and Integrals

1.3 Fractional Derivatives and Integrals

In this section, we present the definitions and some properties of fractional integrals and
fractional derivatives of Riemann-Liouville as well as Caputo types.

Let Q =[a,b], (—o0 <a <b< )

Definition 1.7. Let « > 0 and f € C(Q) N LY (). The Riemann-Liouville fractional
integral of order « is defined by

1 t
[gf(t)—m/a (t—s)* 1 f(s)ds, a<t<b.
Here I'(«t) denotes the Euler’s Gamma function.

In particular, when e = n € N, the definition coincides with the nth integral:
1 t
IMf(t) = (n_l)/a(t—s)”_lf(s)ds, a<t<hb.

Definition 1.8. Let a > 0 and f € AC!(Q). The Riemann-Liowville fractional derivative

of order a > 0 is defined by

peft) = () s

_ ﬁ(%)nlt%, n=la]+1,a<t<b,

where [a] denotes the integer part of .

In particular, when @ =n € N, we find

Df(t) = FO0): DUF(E) = F(),  teQ

Proposition 1.1. [39, Corollary 2.1] Let &« > 0 and n = [a| + 1. The equation DS f(t) =0

1s valid if, and only if,

n

fO =) ct—a)? teQ

j=1
where ¢; € R are arbitrary constants.
Proposition 1.2. [39, Lemma 2.1] The fractional integration operators I$ with o > 0 is

linear and bounded in LP(Q), 1 < p < oo, with € LP(Q)

125 fllp < K| £,
where K = u.
a|l'(a)
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1.3. Fractional Derivatives and Integrals

Proposition 1.3. [39, Lemma 2.2] Let « > 0 and n = [o] + 1. If f € AC™(QY), then the

fractional derivative DS exists almost everywhere on €2 and can be expressed in the form

RO S A (U o L (s
Dt = kz:% I'l+k—a) (t—a)"+ I'(n—a) /0 (t — s)oa—ntt’

The following assertion gives an intresting result of the composition of fractional integral

operator I& with the fractional differential operator Dy .

Proposition 1.4. [39, Lemma 2.5] Let « > 0, n = [a| + 1 and let f,_o(t) = 177 f(t). If
f€LYQ) and fn-o € AC™(Q), then the equality

a o o _ . f’r(;igzj)@l) g
13D f(t) = f(t) Z—F = (t—a) (1.13)

holds almost everywhere in Q.

Proposition 1.5. [39, Lemma 2.9] Let « > 0, < v < 1, n = [a] + 1 and let f,_(t) =
= f(t). If f € C(Q) (resp. C,(R)) and fn_o € C™(Q) (resp. CI(Q)), then the relation
(1.13) holds at any point t € Q (resp. at any point t € (a,b]).

The Riemann-Liouville fractional derivative of the Mittage-Leffler function with special

parameters yields a function of the same kind.
Property 1.1. Let a >0, 8 >0, u > 0 and A € R. Then the following equality holds
Dy(t" B, s(M)) = P B, 5 o (A1), (1.14)

Now we present the definition and some properties of the Caputo fractional derivative

by means of fractional Riemann-Liouville integral and differential operator.

Definition 1.9. The Caputo fractional derivative © Du(t) of order a € R on Q is defined

via the Riemann-Liouville fractional derivative by

CDou(t) = (Df; [u(t) - i “ k(,a) (t— a)k]> (1.15)

k=0

where n = [o] + 1 for a ¢ N*; n = a, for a € N*.

Remark 1.3. The Caputo fractional derivative © D% is defined for functions u(t) for which
the Riemann-Liouville fractional derivative exists. In particular, they are defined for u(t)

belonging to the space of absolutely continuous functions AC™(£2).
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1.3. Fractional Derivatives and Integrals

Theorem 1.4. [39, Theorem 2.2] Let u € C™(2). Then, the Caputo fractional derivative

“D%u of order a (av > 0) is continuous on 2: ©D%u(t) € C(Q) and it is represented by

(a) If o ¢ N7,
Cpou(t) = — / t “(n)(5>fls = I"°D'(t), a<t<bh
“ I'n—a)/, (t—s)entl ¢ “
Moreover,
“D%u(a) =0
(b) If « =n € N*, then
CDrMu(t) = u™ (1), a<t<hb.

In particular,

“D%u(t) = u(t), a<t<hb.

The next lemma shows that the Caputo derivative is not the right inverse of the Riemann-

Liouville integral:

Proposition 1.6. [39, Lemma 2.22] Let « > 0 and n = [o] + 1. If u € AC™(Q) or
u e C™(Q), then
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Chapter 2

Existence results for nonlinear
fractional Dirichlet problems on the

right side of the first eigenvalue

2.1 Introduction

The aim of this Chapter concerns the existence of solutions of the following nonlinear frac-

tional differential equation with Dirichlet boundary conditions

Dou(t) — Mu(t) + f(t, > *u(t)) =0, 0<t<1,

(2.1)
limy_,o+ 27 u(t) = u(l) = 0,

where 1 < a < 2, A € R, D* is the Riemann-Liouville fractional derivative initiated at
a =0 and f is a given continuous function.
First, in Section 2.3, we obtain the exact expression of the Green’s function related to

the linear problem

Du(t) — u(t) + y(t)

limy_,o+ 27 u(t) = u(1) =0,

0, O0<t<l,
(2.2)

Once we have obtained such an expression, we study the values of the real parameter
A for which the Green’s function has a constant sign in (0,1) x (0,1). More precisely, we

prove that it is positive if and only if A € (A, 00), where \; < 0 is the first eigenvalue of
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2.2. Preliminaries

the linear homogeneous problem

D%u(t) — Au(t) = 0, 0<t<l,
(t) — Au(t) (2.3)
limy_,o+ 27 u(t) = u(1l) =0,

For other values of the parameter, the Green’s function changes its sign in I x I.

In addition, we deduce additional useful inequalities satisfied by the function G(t,s).
These properties will be fundamental in the construction, in Section 2.4, of a suitable cone in
an adequate Banach space. So, under additional conditions on the behavior of the function
fat uw =10 and u = oo, we will be able to deduce the existence of positive solutions of
problem (2.1) in a given sector of the cone. Moreover, in the next section, we will develop
the method of lower and upper solutions, considering, in this case, the non homogeneous
Dirichlet boundary conditions. The chapter ends with a section where some examples are
presented in order to illustrate the obtained results.

The results presented in this chapter have been published in [20]

2.2 Preliminaries

In this section we introduce the results that we need for our purpose.

Theorem 2.1. [39, Theorem 5.1, page 284] Letn —1 < a <n (n € N*) and A € R. Then
the functions

U,](t) = ta_an7a+1_j()\ta), ] = ]_, oy,
yield the fundamental system of solutions of the equation
D%u(t) — Au(t) = 0, t>0.

Theorem 2.2. [39, Theorem 5.7, page 302] Let n — 1 < o < n (n € N*) and A € R, and
let f(t) be a given real function defined on R. Then the equation

Du(t) — \u(t) = f(t), t >0,
15 solvable and its general solution is given by

u(t) = /0 (t —8)* ' EL o[ Nt — 5)*] f(s)ds + Z it By ag1—j(ALY), t >0,
j=1

with c; € R, j=1,...,n, are arbitrarily chosen.
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2.3. Study of the Green’s function

As we will see along this chapter, we will look for solutions that belong to the set
Cy_o[0,1] = {u(t) € C(0,1] : t**u(t) € C[0, 1]},
which is, for a € (1, 2], a Banach space with respect to the norm
[ull2-o = sup{t*~|u(t)| : t € [0, 1]}.

It is easy to verify that Cy_,[0,1] € C(0,1] N L*(0,1), for all a € (1,2].

2.3 Study of the Green’s function

This section is devoted to the study of the main properties of the related Green’s function
to problem (2.2).

Along the chapter we will use the following notation

eNt =127 By o(A %), (2.4)

Before obtaining its exact expression, we determine the eigenvalues of problem (2.3). To

this end, by Theorem 2.1, we know that the general solution of equation (2.3) is given by

u(t) = Crep! + Cot* 2 Ey o1 (MY). (2.5)

As a consequence

27 u(t) = C1t By oA ?) + Co Eg 01 (Mt9).
Since

0= lim 2~ u(t) = Cy Bao1(0) = — 2
Jim 7 u(l) = O Baams(0) = 5=,

we conclude that Cy = 0.

Moreover, u(1) = 0 implies that

ClEa,a(A) - O

So A is an eigenvalue of problem (2.3) if and only if

Eoa(\) = 0. (2.6)

25



2.3. Study of the Green’s function

a | 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

A1 | -5.1005 -4.5672 -4.5183 -4.7080 -5.0754 -5.6096 -6.3223 -7.2403 -8.4042 7

Table 2.1: The eigenvalues A; of Problem (2.3)

It is very well known that for o = 2 there is a sequence of eigenvalues A\, = —(nm)?

n=1,2,.... However in [6] it is showed that equation (2.6) has a finite number of real roots
for all € (1,2). According to the definition of the Mittag-Leffler function E, 5, such zeros
must be negative.

So, we denote by A; the first negative eigenvalue of problem (2.3). The graph in Figure

2.1 shows the values of A\; for 1 < o < 2. Some particular values are compiled in Table 2.1.

L e B B RN

-10 -9 -8 -7 -6 -5 -4

Figure 2.1: Graph of A; of problem (2.3) for 1 < o < 2.
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2.3. Study of the Green’s function

In the sequel, we obtain the expression of the related Green’s function to problem (2.2).

Theorem 2.3. Given y € C(0,1] N LY (0,1), 1 < a <2 and X € R, such that E, ,()\) # 0.

Then problem (2.2) has a unique solution u € Co_,[0,1], given by the expression

1
ult) = [ Glt.s)us)ds,
0
where
eg‘feg‘,(l_s), 0<t<s<l1
G(t,s) = — (2.7)
eg‘feé(lfs) — eg\leé(tfs), 0<s<t<1

and el is defined in (2.4).

Proof. From Theorem 2.2, we have that the solutions of problem (2.2) are given by the

following expression
t
() = Cre 4 Cot™ 2B 1 (M7) — / M=y (5)ds, (2.8)
0

for some adequate real constants C7 and Cj.
Now, since limy_,o+ t* *u(t) = 0 we have Cy = 0. Moreover, the condition u(1) = 0

implies that
1
C = —/ N9y (5)ds
0

A
€

and the solution u satisfies

ol t
u(t) = —O‘/ ey (s)ds — / M=)y (5)ds.
0 0

A
€

As a consequence, we arrive at the following expression
1 -5 —s 1 —s
ult) == fot(egteé(l b ereaNy(s)ds + - I eMea"y(s)ds
e) e
1

_ / G(t, s)y(s)ds. a

0

This completes the proof. O

Remark 2.1. Notice that, in both expressions (2.5) and (2.8), since Cy = 0 and eX|—o = 0,
we get that u is a continuous function on [0,1] and w(0) = 0. In other words, the Dirichlet
boundary conditions in (2.1), (2.2) or (2.3) are equivalent to u(0) = u(1l) = 0 and we can
look for solutions on C[0,1].
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2.3. Study of the Green’s function

The following result is a direct consequence of expression (2.7).

Lemma 2.1. Let G be the Green’s function related to problem (2.2), which is given by the
expression (2.7). Then, for all a € (1,2] and A € R that does not satisfy (2.6), the following

properties are fulfilled:
(1) G(0,s) = G(1,s) = G(t,0) = G(t,1) =0 for all t, s € [0,1].
(i) G is a continuous function on [0, 1] x [0, 1].

Notice that it is immediate to verify that, for all 0 < ¢ < s < 1, the following equality
holds

a )\(1—5)

Ca a—2 a
EG(t, S) = 6—)‘t Ea7a,1()\t )

«

In particular

0
aG(t, S)’t:() - +OO,

and the Green’s function attains always positive values at some points of [0,1] x [0,1]. In
particular, there is no A € R for which the Green’s function is negative on (0,1) x (0, 1).
In the next result we characterize the set of the real parameters A\ for which the Green’s

function has a constant sign.

Lemma 2.2. Let G be the Green’s function related to problem (2.2) and )\ be the first
negative root of Eq o(N\) = 0. Then, for all a € (1,2], the following property holds

G(t,s) >0  forall t,s € (0,1).
if and only if A > A1.
Proof. Assume, to the contrary, that there are Ay > A\; and (tg, s0) € (0,1) x (0, 1) such that
G, (to, s0) = 0,

where G, denotes the Green’s function related to problem (2.2) for A = Xs.

Next, we define function v : [0,1] — R, as

v(t) = Gy, (t, so)
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2.3. Study of the Green’s function

Suppose, first that sq > to. From expression (2.7), we know that v(¢) Z 0 on the interval
[0, to].
From the definition of the Green’s function, it is immediate to verify that v is a solution
of problem
Du(t) — Au(t) =0, 0<t<ty,
v(0) = v(ty) = 0.

(2.9)

Arguing as in the beginning of this section, one can verify that the eigenvalues A, of

problem (2.9) are characterized by the expression
Eoo(Anty) =0.

Since \; is the greatest negative zero of E, ,(\), we deduce that

A
)\1 = —1
t5

is the first eigenvalue of problem (2.9).
So, we conclude that (Ag,v) is an eigenvalue-eigenvector couple of problem (2.9) and
Ay > A > 5\1, which contradicts the fact that 5\1 is the first eigenvalue.

If sp < to, we know that v(t) Z 0 on the interval [ty, 1] and it satisfies

DaU(t) — )\21)(75) =0, to<t <1,
v(ty) = v(l) =0.

(2.10)

In this case, the eigenvalues satisfy

Ea,a()‘n (1 - to)a> =0

and
_ M\
A= ——.
(1 = )

The arguments hold in the same way.

Thus for any A > A; the Green’s function G has no zeros in (0,1) x (0, 1).

The fact that it is strictly positive holds from the continuity of function G with respect
to the parameter A and the fact that for A =0,

Go(s,s) = s (1 —5) >0

1
()
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2.3. Study of the Green’s function

for all s € (0,1).
Consider now A < Ay such that E,,(\) # 0. In particular the Green’s function exists.

Let sg be small enough such that
)\(1 — So)a < i,

then we have that E, ,(A(1 — s)®) changes its sign on [so, 1]. As a result, for ¢t =ty < s,
the function G, (o, s) changes its sign on [so, 1].

The result is proved. 0

As a direct consequence of the previous result we deduce the following property of the

Green’s function of a Dirichlet problem on any arbitrary bounded interval [a, b].

Corollary 2.1. Let a < b and « € (1,2] be arbitrarily fized real values, and \; be the first
negative root of Eqo(\) = 0. Lety € C(a,b]NL*(a,b) and G be the Green’s function related
to problem

Dgu(t) = Au(t) +y(t)

limy_q- (t — a)> *u(t)

0, a<t<b,
(b) = 0.

I
g

Then
G(t,s) >0  forall t,s € (a,b).

if and only if

Now, we prove two additional inequalities for the Green’s function G. Such properties,
together with the previous ones given above, will be fundamental to ensure the existence of

solutions, of the nonlinear problem (2.1), that will be proven in the next section.

Lemma 2.3. Fizx 1 < a < 2 and A > \;. Let G(t,s) be the Green’s function related to
problem (2.2), given by expression (2.7). Then there exist a positive constant M and a
function m € C[0,1] such that m(t) > 0, for all t € (0,1), m(t) > 0 on (0,0), for some
d >0 and m(0) = m(1) =0, for which the following inequalities hold:

Gt
m(t) < seT(;)S) <M, forallt, s € (0,1). (2.11)
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2.3. Study of the Green’s function

Proof. 1t is clear that the function

t27*G(t, s)

A(1—
sea( 5)

h(t,s) :=

is continuous on [0, 1] x (0, 1), moreover, for all ¢ € [0, 1] the limits

t2—o¢ At 3(1_5)
L(t) =limh(t,s) = lim—a
51 51 egsea( —s)

Eq o(AtY)

= ¢
Euooa(N)

and

lg(t)zig%h(t,s) = lim

Boa(N) Eaaet(M) =t By ot (N) Eaa(A9)
(Eaa(A))? ’

exist and are finite, so h has removable discontinuities at s = 0,1, and we can extend it
continuously to a function & on [0,1] x [0, 1].
As a consequence

m(t) = min (At )}

is a continuous function, such that

0 <m(t) < h(t,s) < M,
for all ¢, s € [0,1] and m(0) = m(1) = 0, where

M= max h(t,s).
(t,9)€[0,1]x[0,1]

Since 14 (t) > 0, for all ¢ € (0,1] and I, is a continuous function such that

1

L(0) = Eool(a—1)

> 0,

we can ensure that there exists § > 0 for which m(¢) > 0 on (0, 9).
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2.4 Existence of Positive Solutions

This section is devoted to the proof of the existence of a positive solution to the nonlinear
boundary value problem (2.1). To this end, we use a new existence theorem given in [30],
which is obtained by applying the Guo-Krasnoselskii fixed point theorem [37] for a certain
cone structure.

Let E be an ordered Banach space with an order cone £, . An ordered interval is defined
as

[,y ={z€ F:2xz<z<y}

For any r > 0, we denote Q, = {u € E : ||u|| < r}. We define now the subcone P, in the

Banach space E as follows

Pay = {u € By u > Jlulluo} (2.12)

where ug € F, is such that [Jug|| < 1.

The following theorem will be used to prove our results.

Theorem 2.4. [30, Theorem 2.1] Assume E be an order Banach space with the order cone
E.. Let 0 <wug < ¢ be such that ||uo|| < 1 and ||¢|| = 1, satisfying the following condition:

if uweEylull <1 then u<ep. (2.13)

If there exist positive numbers 0 < a < b such that T : P, N (Q \ Qa) — P, is a completely

continuous operator and the conditions
1T tlluciang.ap) < @ and T wllueppuo ) =

or

”TUHuG[auo,aap] 2 a and HTu”’U,G[buo,b(p] S b

are fulfilled, then the operator T has at least one fized point u € [aug, by).

Define now the operator T : Cy_,[0,1] — C5_,[0,1] as

Tu(t) ::/0 G(t,s)f(s,s* *u(s))ds, (2.14)

with G defined in (2.7).
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Considering the following assumption:
(f) f:1]0,1] x [0,00) — [0, 00) is a continuous function.

It is clear, from Theorem 2.3, that the fixed points of operator T coincide with the so-
lutions of problem (2.1). That is to say, the existence of a solution to the nonlinear Volterra
integral equation
1
u(t) = / G(t,s)f(s,s* “u(s))ds, (2.15)
0
coincide with the existence of a solution to the problem (2.1).

Let E := Cy_4[0,1] be the Banach space endwed with the norm || - ||o—,. Now define

. pa—2 (t)
Uo(t) =1 7,

where m(t) and M were introduced in Lemma 3.2. We have uy € E and

[uoll2—a < 1,

therefore the cone P,, C C5_,]0, 1] takes the form

P, = {u € Oy o[0,1], u(t) > 0forall t € (0,1], > *u(t) > %t)ﬂuﬂg_a, for all ¢ € [0, 1]} :
(2.16)
Set
o=t {0 g =t { g S
and

u—0t | te[0,1] u u—oo | tel0,1] U

fO = lim {max M}7 foo — lim {max f(t,u)}

Now, we are in a position to prove the main result of this section.

Theorem 2.5. Assume that condition (f) holds coupled with one of the two following con-

ditions:
(i) (sublinear case) fo = oo and f> = 0.
(ii) (superlinear case) f© =0, fo = 00.

Then, for all a € (1,2] and A > Ay, problem (2.1) has a positive solution that belongs to the
cone P,, defined in (2.16). Moreover v € C0,1].
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Proof. Firstly, we prove that T": P,, — P,, is completely continuous.
From the continuity and the non negativeness of functions G and f on their domains of
definition, we have that, if u € P,, then T'u € Cy_,[0,1], and T u(t) > 0, for all ¢ € [0, 1].
Let’s prove that T'(P,,) C P,,.
Take u € P,,, then, for all ¢ € [0,1], by using Lemmas 2.1 and 2.3, the following

inequalities are satisfied
1
7 Tu(t) = / 27 G(t,s) f(s,5* *u(s))ds
0
1
> m(t) / seX179) f(s, s u(s))ds
0

> M/0 max {t* “G(t,s)} f(s,s* “u(s))ds

M te[0,1]

m(t) oa [* o m(t)
> —= o @ = — [T ulla—q.
ET ggg{t /OG(t,s)f(s,s u(s))ds A 1T ullz—a

In view of the continuity of functions G' and f, the operator 7' : P,, — P,, is continuous.

Let Q C P,, be bounded, i.e., there exists a positive constant N > 0 such that ||u||a_s <
N, for all u € Q.

Define now

L= max |f(t,z)|+ 1L

0<t<1,0<z<N

Then, for all u € €, it is satisfied that

1 1
[t Tu(t)] < L/ t*7*G(t, s)ds < LN/ ser179ds = R < oo, (2.17)
0 0

that is, the set 7'(€2) is bounded in Cy_,]0, 1].
Now we prove that {Tu : u € 2} is an equicontinuous family of Cy_, [0, 1].

For each t1,ty € [0, 1], and u € 2, we have

tTu(t,) — tg_aTU(tQ)‘ = ‘ /1 Gt 5) f(s, 8" u(s)) — t57*G(ta, ) f(s, 5" “u(s))ds
0
1

<o
0

The result holds from the uniform continuity of function t*~*G(t, s) on [0,1] x [0, 1].

t1G(ty, s) — 15 *G(ta, s)| ds.

Now, from the Ascoli-Arzela Theorem we conclude that 7'(2) is compact, i.e. T': P,, —

P,, is a completely continuous operator.
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Let (t) = t*72, it is clear that
0 <up <o, |l@ll—a=1

and that the condition (2.13) is fulfilled. Consider now the first situation
(i) Sublinear case (fo = oo and f>* =0).
Since fp = oo, then there exists a constant p; > 0 such that

ft,u) > d1u

for all 0 < u < py, where §; > 0 satisfies

- 2—o > . .
Mtrélgolc{t /m d}_l (2.18)

Take a = py, then for u € [aug,ap] and from the expression (2.18), we deduce the

following inequalities

ITuljs—a = max {ti’—a /01 G(t,s)f(s,s2_"‘u(s))ds}

te(0,1]

1

2—a 2—a
0 %637}1% {t /0 G(t,s) s“ “u(s) ds}
51— ma t2_a/1 (s)G(t,s)d
M ieion o I

> a.

v

v

Moreover, from the continuity of the function f, we can define the following function:

fltu) = max {f(t,2)}

z€[0,u]

Clearly f(t,-) is a nondecreasing function on [0, 00) for any ¢ € [0, 1] fixed.

Moreover, since f> = 0, it is obvious, see [68], that

lim {max f(t,v) } =0,
u—oo | t€(0,1] U

and then, there exists a constant ps > p; > 0 such that

f(t, u) < dhu

for all u > py, where d5 > 0 satisfes

1
Jy max {tQ_O‘/ G(t, s) ds} <1 (2.19)
0

t€[0,1]
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2.4. Existence of Positive Solutions

Let b = pg%, where M = maxeo,1] m(s) > 0.
If we take u € [bug, by] then b > ||u||a—o > po2 and, from the expression (2.19), we deduce

the following inequalities

ITullw < nmx{ﬁ‘i/ Glt,s) f (@ﬁk}

tel0,1

< max {t2 a/ G(t,s) f(s,||ulla—a) ds}
te(0,1]
Mwbamw{ﬁa/ G@Q@}
te(0,1] 0

< b

IN

Thus, by the first part of Theorem 2.4, we conclude that problem (2.1) has at least one
positive solution u such that u € [aug, by].
Consider now the second case (i).
Let d;, > 0 be given as in equation (2.19). Since f° = 0, then there exists a constant
r1 > 0 such that
ft,u) < dau

for all 0 < wu <. Take b = rq, then for u € [bug, bp] we deduce the following inequalities

e | 1 Git.5) (5,5 *u(s) ds

t€(0,1]

1
2—«
52||U||2—at6m[3>1<]{t / G(m)ds}

< b

IN

Now since m(t) > 0 on (0, ) we can ensure the existence of the constants ¢y, o, 3 such

that 0 < ¢; < ¢ < 1, satisfying

3 oo [
-2 o > 1. .
v tem[guff] {t / m(s) G(t,s) ds} >1 (2.20)

C1

Since f,, = oo then there exists a constant ry > r; > 0 such that

f(t,u) > dsu
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2.5. Lower and Upper Solutions

M .
for all uw > ry. Let a = raser where M = mingepe, ;) m(s) > 0. If we take u € [aug, ap] we

deduce the following inequalities

e = s {70 [ 69 .0t

t€[0,1]
> max {tza/ G(t, s)f(s,sQau(s))ds}
t€[0,1] o
c2
> 03 max {tz_a/ G(t,s) s “u(s) ds}
tel0,1] 1
> 5L m tQ_O‘/CQ (5) G(t, 5)d
= SMte[(E)L,)l(] i m(s ,S)as
> a.

Thus, by the second part of Theorem 2.4, we conclude that problem (2.1) has at least

one positive solution u such that u € [aug, by]. O

Remark 2.2. In order to improve our results in Theorem 2.5, we can replace (respectively)

the conditions (i) and (ii) by the following ones:
(%) fo > 51 and foo < 52.

(11) O < 8y and fs > 6.

2.5 Lower and Upper Solutions

This section is devoted to the employment of the lower and upper solutions method for the

study of the non-homogeneous Dirichlet problem

Dou(t) — Mu(t) + f(t, > *u(t)) =0, 0<t<1, (2.21)
limg o+ 27 u(t) = A, u(l) = B,
for A > A\, 1 <a <2, f acontinuous function and A, B € R.
This method is very well known for Ordinary and Partial Differential Equations (see

[16, 17, 41]) and allow us to ensure the existence and location of at least one solution of the

considered problem. We introduce the concept of such functions as follows.
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2.5. Lower and Upper Solutions

Definition 2.1. Let v € E be such that D*y € C(0,1] N L*(0,1). We say that v is a lower
solution of problem (2.21) if it satisfies

Doy(t) — My(t) + f(t,272(t)) >0, 0<t <1,

(2.22)
limg o+ 270 9(t) <A, y(1) < B

where § will be an upper solution of problem (2.21) if the reqularity assumptions are fulfilled

and the reverse inequalities hold.
The existence result is the following one

Theorem 2.6. Suppose that there is v < 0 a pair of lower and upper solutions of problem

(2.21). Then problem (2.21) has at least one solution lying between v and & on (0, 1].

Proof. Consider the following modified problem:

Du(t) — Mu(t) + f(t,p(t, > “u(t))) =0, 0<t<1,

(2.23)
lim; o+ 7 u(t)A = u(l) = B,

where p(t, r) = max {t*~*~(t), min {z, t*=*6(¢)} }.
We point out that u, v and ¢ are continuous functions on (0, 1].

Let u be any solution of problem (2.23). By the definition of v and ¢ we obtain that
(1) <u(l) < 6(1)

and

lim 27 ~(t) < lim * “u(t) < lim t** ().

t—0+ T t—0t t—0+
If there exists tg € (0, 1) such that u(ty) < (o) then, by the continuity of both functions

in (0, 1], there exists a sub-interval (¢, d) C (0,1) where v > u on (¢, d) and

In such a case, using the linearity of the Riemman-Liouville derivative, denoting by
v =y — u, we have that

Pt ult)) =t (1)
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2.5. Lower and Upper Solutions

for all t € (¢,d) and, as consequence
0 < D(t) — Mo(t) + f(t, 27 (t)) — f(t, 2 “p(t,u(t))) = Dv(t) — Mv(t), c<t<d.

It is important to note that, due to the regularity imposed in function -, we have that
D% — Av is a continuous function in [¢,d]. Now, since v(c) = v(d) = 0, and A > A\ >

A1/(d — ¢)* we have, by Corollary 2.1, that
v>0 on(cd),

which contradicts the existence of ¢,.

So, arguing in a similar way with J, we conclude that any solution u of the truncated
problem (2.23) is lying between v and ¢ on (0, 1].

So, to conclude the proof, we only must verify that problem (2.23) has at least one
solution in E. To this end, we take into account that the solutions of such a problem

coincide with the fixed points of the operator F : E — FE, defined as
1
Fu(t) = / G(t,s)f(s,s*%u(s))ds + Avy(t) + Buy(t), 0<t<l1. (2.24)
0

Here G is the Green’s function related to problem (2.2) and defined in (2.7), v; is the

unique solution of problem

D%y (t) — My (t) =0, 0<t<l,
1(t) = Av(t) (2.25)
limt_>0+ t2_a (%1 (t) = Ul(l) = 1,
and vy is the unique solution of problem
D%uy(t) — Aug(t) =0, 0<t<,
2 (8) = Xoat) 026,

limy_o+ 2« Ug(t) = UQ(].) =1,

Using Theorem 2.1, we see that v; and v, follow the general expression (2.5). So,
substituting on such expressions in the non-homogeneous boundary conditions, and arguing

as at the beginning of Section 2.3, we have that

EOC a— A a— a
v1(t) = —I'(a — 1)E;Tz/(\)>ei‘f +T(a—1)t*? By 1(At?)
and
et
Ug(t) = Ema()\)



2.6. Examples

It is obvious that there is a constant K > 0 such that
max{A [[vi|a—a + B [Jval2-a} < K,

moreover, since u, v and § belong to E, then p(¢,t>"“u(t)) is a continuous and bounded
function on [0,1]. As a consequence, the continuity of the function f tell us that we can

define a positive constant L > 0 such that

L= t, 127t 1.
Ogtgl,gle%):—a[o,l] |f(t, u(®)l +

So, arguing as in the proof of Theorem 2.5, we conclude that operator F is a compact
operator that maps the space E in to the closed ball centered at 0 and radius R + K. The
result holds from the Schauder’s fixed point Theorem [76]. O

2.6 Examples

In this section we present examples in order to illustrate our results. The first example and
the second one are chosen such that the conditions (i) and (i7) are satisfied, respectively. The
last one is delivered to the construction of a lower and an upper solution for the considered

problem.

Example 2.1. Let consider the fractional differential equation (2.1) with

ft,u(t)) = ul(t) +t.

It is clear that for all u > 0

min = —
te[0,1] U U
and
1
o f) Vut
tel0,1] U U

By a direct calculation, we obtain fo = oo and f*° = 0. From the first part of Theorem

2.5, we conclude that the problem (2.1) has a positive solution if and only if X > A;.

Example 2.2. Consider the fractional differential equation (2.1) with

flt,u(t)) = u(t) + tu(t).
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2.6. Examples

Clearly, for every u > 0 it is verified that

- f(t,u)
min =
tel0,1] U
and
t
max J(tw) = u+ u’
te0,1]

Obviously, f® =0 and f, = co. From the second part of Theorem 2.5, we conclude that

the problem (2.1) has a positive solution if and only if X > A;.

Example 2.3. Consider the fractional differential equation (2.21) with
c
f(t, l’) = §tEa7a()\ta) — X,

A=0and B> E,()\), where

2}

B
czmaX{E o

Now let v = e and § = ce)l, it is very easy to verify that

o’

D™(t) = M(t) + F(£7°9(1) = (5 = 1)t EaalX?) > 0

and

DOS(t) — Mo(t) + f(t, 1275(t)) = —gtEw()\t“) <0,

then obviously v < § are lower and upper solutions of the problem (2.21). Hence, by Theorem

2.6, the problem (2.21) has at least one solution lying between vy and § on [0,1].
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Chapter 3

Nonlinear fractional differential
equations with integral boundary

value conditions

3.1 Introduction

To be concise, in this chapter we are concerned with the study of the existence of
solutions of the following nonlinear fractional differential equations with integral boundary

value conditions

D%u(t) + f(t,u(t)) =0, 0<t<1, (3.1)

1
w(0) =4/ (0) =0, wu(l)= )\/ u(s)ds. (3.2)
0
where 2 < a < 3, 0 < A\, A # «, D is the Riemann-Liouville fractional derivative and
f:]0,1] x R* — R is a continuous function.
In a first moment we obtain the exact expression of the Green’s function related to the

linear problem

Du(t)+y(t) =0, 0<t<l, (3.3)

coupled with the integral boundary conditions (3.2).
Once we have obtained such an expression, we study the values of A for which the Green’s
function is positive in (0, 1) x (0, 1). Moreover we deduce some suitable properties that relate

the expression of G(t,s) and G(1,s). These properties will be fundamental to construct a
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3.2. Study of the Green’s function

suitable cone in the spaces of the continuous functions and so, under additional conditions
on the behavior of a function f at 0 and at oo, we deduce the existence of positive solutions
of problem (3.1)—(3.2).

In some sense, the results given in this work follow similar steps to the ones obtained in

[23] for the problem

CDeu(t) + f(t,u(t) =0, 0<t<l,

w(0) = u”(0) =0, u(l) =\ [ u(s)ds,
where 2 < a < 3, 0 < A < 2, “D* is the Caputo fractional derivative and f : [0, 1] x
[0,00) — [0, 00) is a continuous function.

The results presented in this chapter have been published in [22]

3.2 Study of the Green’s function

In this section, we obtain the exact expression of the Green’s function related to the linear
fractional differential equation with integral boundary value conditions (3.3)-(3.2). The

result is the following

Theorem 3.1. Let 2 < a < 3 and X\ # a. Assume y € C[0,1], then the problem (3.3)-(3.2)

has a unique solution u € C*(0,1], given by the expression

mwzlcwﬁw@@,

where
(=) a A+ ) — (a = A)(E =9
(o — M)I(a) , 0<s <t <,
ot = (3.4)
(1= s)* (o= A+ Xs)
\ (a— \T(a) ’ 0<t<s<l.

Proof. Tt is very well known, see [39, Lemma 2.5], that the equation (3.3) is equivalent to

the following integral equation

t a—1
u(t) = — / uy(s)ds et ept T et
o T(o)
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3.2. Study of the Green’s function

Since u(0) = u/(0) = 0, we deduce that

u(t) = —/0 %y(s)ds + eyt

Finally, condition u(1) = A fo s)ds implies that

¢ = /01 %y(s)ds + A/Ol u(s)ds.

Hence, we have the following form
t —1 1 —1 1
(t—s)* ~1 / (1—s)* ~1 /
ut:—/ ——y(s)ds + t* ———y(s)ds + A\t* u(s)ds. 3.5
0= [ Srue) s (s @9

Let fo s)ds = A, then, from the previous equality, we deduce that

A

/ / e [
S)Qy(S) 4= ( )ds + )\A
0 aF(a) r( )

So, conditions (3.2) imply that

1 [t(1—s) 1 (=gt
A= e )\/0 T(a) y(s)ds + - /\/o o) y(s)ds.

Replacing this value in (3.2), we arrive at the following expression for function wu:

u(t) — - /0 %y(s)dstto‘_l /0 % (s)ds —%t“ 1 /0 “F?a‘s))ay(s)ds

L1 —s)e?
a— A 0 ['(«) y(s)ds

= — /Ot =9 S>a71y(s)d3 + ! / (1—s)" ot Als 1>)y(s)ds

(3.6)

o1 e+ 2 1) — (0 )
T A o
+ /t (a — AI(a) yls)ds

= [ G(t,s)y(s)ds.

0

This complete the proof. ]
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3.2. Study of the Green’s function

Example 3.1. Consider the problem

DPu(t) - ZvVt=0, 0<t<l,

w(0) =u'(0) =0, u(l)=2 [ u(s)ds,
By using Theorem 3.1, we obtain that u(t) = t3 is the unique solution of this problem.

A careful analysis of the Green’s function G allows us to deduce the following result:

Lemma 3.1. Let G be the Green’s function related to problem (3.3)-(3.2), which is given

by the expression (3.4). Then, for all o € (2,3] and X > 0, the following properties are
fulfilled:

(i) G(0,s) = G(t,1) =0, for all t, s € [0,1] and A # a.

(1) G(1,s) =0, for all s € (0,1), if and only if A = 0.
(iii) (o — N)G(1,8) >0, for all s € (0,1), if and only if X # a.
(iv) G(t,0) =0, for all t € [0, 1].

(v) G(t.s) < xr@y, for allt,s € [0,1] and A € [0, ).

(vi) G(t,s) is a continuous function, for all t,s € [0,1] and X # «.

Now, we prove two additional inequalities of the Green’s function G. Such properties,
together with the previous ones given above, will be of fundamental interest to ensure the

existence of solutions of problem (3.1)- (3.2) that will be proved in the next section.

Lemma 3.2. Fiz2 <a <3 and 0 < XA < a. Let G(t,s) be the Green’s function related to

problem (3.3)-(3.2) given by the expression (3.4). Then the following inequalities hold:

t* 1 G(1,5) <Gt s) < ~G(1,5), forallt, s € (0,1). (3.7)

> Q

Proof. Assume in a first moment that 0 < ¢ < s < 1. In such a case:

G(t,s) t* T (a—A(1-23))
_ _ < .
h(t, s) G(Ls) s : forall 0<t<s<1

45



3.3. Existence of Positive Solutions

Now, it is immediate to verify the following inequalities:

a— A
s

po-l < gonl (1 n ) = h(t,s) < t“—lAi; < t"_Q% < XO‘ forall 0<t<s<1.

On the other hand, if 0 < s <t < 1 we have that

(1= o= A= s) — (= A) (t = 5!

hlt,s) = As (1 — s)o‘f1

, forall 0<s<t<l,

and since s > t s we obtain

1 —s)*Ha—-A(1—-35)— (a—=N)]

. s) As (1 — s)a_l

v

ta—l

As in the previous case, it is not difficult to verify that h(¢,s) < /A whenever 0 < s <
t < 1. Now, by Lemma 3.1, (7i7), the inequalities (3.7) are fulfilled. O

As a corollary of the previous result and Lemma 3.1, we deduce the following:

Corollary 3.1. Let G be the Green’s function related to problem (3.3)—(3.2), which is given
by the expression (3.4). Then, for all a« € (2,3] and X > 0, the following property holds:

G(t,s) >0, forallt,s € (0,1) and all X € [0, cv).

3.3 Existence of Positive Solutions

This section is devoted to prove the existence of a positive solution of the nonlinear boundary
value problem (3.1) — (3.2). To this end, we will use the Guo-Krasnoselskii fixed point
theorem [37].

Define now the operator T : C[0,1] — C[0,1] as

Tu(t) ::/0 G(t,s)f(s,u(s))ds, (3.8)

with G defined in (3.4).
It is clear, from Theorem 3.1, that the fixed points of operator 7" which are solutions to

the nonlinear Volterra integral equation

u(t) = /0 G(t, 5)f (s, uls))ds. (3.9)
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3.3. Existence of Positive Solutions

coincide with the solutions of problem (3.1)—(3.2).

Let E = C|0, 1] be the Banach space endowed with the usual supremum norm || - ||, and

suppose the following assumption:
(f) f:10,1] x [0,00) — [0,00) is a continuous function.

Define now the cone P C E as follows

7t 1
P = {u € E, ut)>0 foralte|0,1], wu(t)> - |lu||, forallte [5, 1]} . (3.10)

Set
fo= lim < min J(t,u) foo = lim < min J(t,u)
u—0+ | tef0,1] ’ u—oo | t€0,1] U ’
and
%= lim { max fitu) £ = lim < max f(t,w) :
u—0t | te0,]]  u ’ u—oo | tef0,l] U

Now, we are in position to prove the main result of this chapter.
Theorem 3.2. Assume that condition (f) holds coupled with one of the two following con-
ditions:
(1) (sublinear case) fo = oo and f> = 0.
(ii) (superlinear case) f0 =0, fo = 0.

Then, for all o € (2,3] and X € (0,«), the problem (3.1)-(3.2) has a positive solution that

belongs to the cone P defined in (3.10).

Proof. Firstly, we prove that T': P — P is completely continuous.

From the continuity and the non negativeness of functions G and f on their domains of
definition, we have that if uw € P, then Tuw € E and T u(t) > 0, for all ¢t € [0, 1].

Let’s prove that T'(P) C P.
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3.3. Existence of Positive Solutions

Take u € P, then, for all t € [0, 1], by using Lemmas 3.1 and 3.2, the following inequalities

are satisfied

Tu(t) = / G(t,5) (s, u(s))ds

v

t*” / G(l s) f(s,u(s))ds

0

A max {G(t,s)} f(s,u(s))ds

o o t€[01]
ta—l)\ 1
o imax {/0 G(t, s)f(s,U(S))dS}

tei)
= T ul].

v

v

In view of the continuity of functions G and f, the operator T': P — P is continuous.

Let 2 C P be bounded,that is to say there exists a positive constant M > 0 such that
||u||oo < M, for all u € Q.

Define now

L= max |f(t,u)|+ 1.

0<t<1,0<usM

Then, for all u € €, it is satisfied that

Tu(t)| < L/1 G(t, s)ds < m for all t € [0, 1], (3.11)
that is, the set T'(2) is bounded in E.
For each u € €2, we have
/ o t(t_s)a2 s lta21_s o= A+ As) s,u(s))ds
Tl -| /1 oy /0w s+ [ A s (s
< m/ (t — )72 f (s, u(s))|ds
+ (Oz—)\)%‘(a—l)/ 721 — 8)* Ha — X4 As)|f(s,u(s))|ds

a—2 al ' a-1
_F%a—l / t—s) dS+(a—A)T(a—1)/O(1_S) ds

ST(@  (a- A>r<a> -

As a consequence, for all t1,t; € [0,1], t; < t2, we have

|(Tu)(t2) = (Tw)(t1)| < / 2 |(Tu)'(s)|ds < N(t2 — t),

t1
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3.3. Existence of Positive Solutions

and the set T'(Q2) is equicontinuous in .

Now, from the Arzela-Ascoli Theorem we conclude that 7(2) is compact, i.e. T': P — P
is a completely continuous operator.

Consider now the first cas:

(i) Sublinear case (fo = oo and f> =0).

Since f; = oo, then there exists a constant p; > 0 such that f(t,u) > du, for all
0 < u < p;, where §; > 0 satisfies

1
0 A max {/ sV G(t, s) ds} > 1. (3.12)

a telo,1]

Take u € P, such that ||u|]| = p1, then, from the expression (3.12), we deduce the

following inequalities

il = max{ [ 6.9 st s

te(0,1]

1
o trél[gf] {/% G(t,s) u(s) ds}
A 1
01 ||u|| — max / s* TGt s)ds
« t€[0,1] %

lll-

v

v

v

Since f(t,-) is a continuous function on [0, 00), we can define the following function:

f(t,u) = max {f(t, 2)}.

z€[0,u]

Clearly f(t,-) is nondecreasing on [0, c0), moreover, since f> = 0 it is obvious that (see

68). )
lim {max f(t,u)} =
u—oo | t€[0,1] U

Choose 9, > 0 satisfying the following property:

02
R (3.13)

Therefore, there exists a constant ps > p; > 0 such that f (t,u) < dou, for all u > po.




3.3. Existence of Positive Solutions

Let now u € P be such that ||u| = po, then, from the definition of f, equation (3.13)

and property (v) in Lemma 3.1, we attain at the following inequalities:

te(0,1]

1
t.s)f d
mx { [ @t s }
1
< b Jlull max { JR ds}
t€l0,1] (Jo

J
(a— AN T(a—1)
< ul.

T = mm{llamgf@w@»@}

IN

IN

[

Thus, by the first part of Guo-Krasnoselskii fixed point theorem, we conclude that prob-

lem (3.1)—(3.2) has at least one positive solution u such that
p1 < lull < po.

Consider now the second case (7).
Let 0, > 0 be given as in equation (3.13). Since f° = 0, there exists a constant r; > 0
such that f(t,u) < dou, for 0 < u < 71y.

Take u € P, such that ||u|| = ;. Then we have

il = m{ [ 609 5650t s (314

t€[0,1]
1
<
__5MWH2%§{A G@ﬁﬁh}
< LI (3.15)
— (a=NT(a—1) '
< ull (3.16)

Consider now §3 > 0 satisfying

1
52“%52[3?]{/ G(t,s)d } (3.17)

The fact that f,, = oo says us that there exists a constant 75 > 71 > 0 with 727! >

r1 A such that f(t,u) > dzu, for all u > rs.
Let now u € P be such that |lu|| = r;$ 2*7!. Notice that from the definition of the cone

P, we have that u(t) > ry, for all t € [1/2,1].
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3.4. Generalization of results for arbitrary «

So, condition (i7) gives us the following properties:

il = ma{ [ 6.9 st as

t€[0,1]

1
trél[(?,)l(] {/é G(t, s)f(s,u(s))ds}
1
6352[3}1(} {/é G(t, s) u(s) ds}
> G2 ful m /Gt
= a1y Y teoa)l(] ¥

>l

v

v

Therefore, by the second part of Guo-Krasnoselskii fixed point theorem, we can conclude

that problem (3.1)—(3.2) has at least one positive solution. O

Remark 3.1. It is important to point out that, since G(0,s) = 0, in order to ensure the
existence of Ty in case (ii) of the previous theorem, it is necessary to reduce the interval of
definition [0, 1] to the smaller one [1/2,1]. In fact, given two real constants 0 < a < b < 1,

by redefining

Jo= lim {min M} and  foo = lim {min f(t,U)}’

u—07t | t€la,b] u u—oo | t€la,b] U
it is immediate to verify that Theorem 3.2 remains true in the cone

b\

P = {u e E, u(t) >0 foralltel0,1], u(t)> \|lull, forallt € la, b]} . (3.18)

3.4 Generalization of results for arbitrary «

In this section, we consider more general fractional boundary value problems of arbitrary
order and give a generalization of our results. The proofs are analogous to those already

given, so we will omit them. The results are the following:

Theorem 3.3. Giveny € C"(0,1), 1 <n < a <n+1, and X\ # «, the nonlinear fractional

differential equations with integral boundary value conditions

Dou(t) +y(t) =0, 0<t<l,
u(0) =0, 0<i<n—1 ,u(l)=A[ u(s)ds
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where D 1is the Riemann-Liouville fractional derivative of order o has a unique solution

given by 1
u(t) = /0 G(t, s)y(s)ds,
where
¢ ta*1(1 — S)afl(OZ - A+ )\S) — (a — )\)(t _ S)afl
(v — NI (a) , 0<s<t<l,
s (3.19)
1 —5)* o — A+ As)
\ (O‘—A)F(a) ’ 0<t<s<l1

The only difference between the Green’s function from (3.19) and the Green’s function
from Theorem 3.1 is in the value set for a. Because of that, the following theorem is obvious,

as a consequence of Theorem 3.2 and Remark 3.1.

Theorem 3.4. Given two real constants 0 < a < b < 1. Assume that one of the following

hypotheses is satisfied:

(i) fo=lim {minerey 282} and =0
u—0t

(ii) f°=0 and fs = lim {minte[a,b} ! (2“)} —0.
U—ro00

Then, for A € (0,«), the problem

Du(t) + f(t,u(t)) =0, 0<t<l,

u®(0)=0, 0<i<n—1 ,u(l)=A[, u(s)ds,

has at least one solution that belongs to cone

el )
>

P= {u € E,u(t)>0 foralltel0,1], wu(t)> |ull, for allt € [a, b]} . (3.20)

3.5 Examples

We now give two examples to illustrate our results. The first example and the second one

are chosen such that the conditions (z) and (ii) are satisfied, respectively.
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Example 3.2. Let consider the fractional differential equation (3.1)—(3.2) with

f(tu(t)) = Vul(t) +log (tu’(t) +2).
One can easily see that for all u > 0

fltu)  u+log2

min
t€(0,1] (v U
and
t 2
e f(t,u) _ Vu +log(u —|—2).
te[0,1] U U

By a direct calculation, we obtain fo = co and f> = 0. From the first part of Theorem

3.2, we conclude that the problem (3.1)—(3.2) has a positive solution.

Example 3.3. Consider the fractional differential equation (3.1)~(5.2) with
fltu®) =u?(t) —u(t) +t (e —1).

Clearly, for every u > 0 it is verified that

t
min 1w =u—1,
tefo,l]  u
and
t v —1
maxf(’u):u—l—i—e .
tej0,l] U U

Obviously, f® =0 and f, = co. From the second part of Theorem 8.2, we conclude that
the problem (3.1)-(3.2) has at least one positive solution.
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Chapter 4

Multiplicity results for integral
boundary value problems of fractional

order with parametric dependence

4.1 Introduction

Since only positive solutions are meaningful in many applications, in this chapter we dis-
cuss the existence and multiplicity of positive solutions of a nonlinear fractional differential
equation with integral boundary conditions and parameter dependence. More precisely, we

consider the following problem

Do (t) + 1 g(t) f(u(t)) = 0, 0<t<1,

(4.1)
w(0) = u/'(0) = 0,u(1) = A [, u(s)ds, 0<\<a,

depending on the real parameter > 0. Here D* denotes the Riemann-Liouville fractional
derivative of order a € (2,3] and f and g are appropriate functions to be specified later.

In some sense, the results given in this chapter follow similar steps to the ones obtained
in [18] and [19] for second order differential and difference equations with periodic boundary
value conditions. The main difference in our approach is that in this work the Green’s
function vanishes at t = 0 and s = 0,1, which makes the main properties of the Green’s
function used in those references not valid here.

The results presented in this chapter have been published in [21]
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4.2 Preliminaries

In this section we recompile the fundamental properties of the Green’s function related to

problem (3.3)—(3.2). Such properties has been proven in [22].

Theorem 4.1. [22, Theorem 2.1] Let 2 < a < 3 and X\ # «. Assume y € C[0,1], then
problem (3.3)-(3.2) has a unique solution v € C*(0, 1], given by the expression

MﬂzK:GWQM@%,

where
(=) a A+ ) — (a = A)(E =9
(@ —AI(a) , 0<s<t<1,
oo = (4.2)
7 (1= 5)* Ha = A+ As)
| (a— \T(a) ’ 0<t<s<l1.

In the next result, are showed the fundamental properties of the Green’s function G,

that will be used to prove our main results.

Lemma 4.1. [22, Lemmas 2.2 and 2.3] Let G be the Green’s function related to problem
(8.3)—(3.2), which is given by the expression (4.2). Then, for all a € (2,3] and X\ > 0, the

following properties are fulfilled:
(i) G(0,s) = G(t,1) = 0 for all t, s € [0,1] and \ # a.
(ii) G(1,s) =0 for all s € (0,1) if and only if X = 0.
(iii) (o — \)G(1,8) > 0 for all s € (0,1) if and only if X # a.
(iv) G(t,0) =0 for all t € [0,1].

(v) G(t,s) < % for allt,s € [0,1] and X € [0, ).

@
(vi) G(t,s) is a continuous function for all t,s € [0,1] and X # «.

(vii) t* 1 G(1,s) < G(t,s) < $G(L,s), for allt, s € (0,1).

As a corollary of the previous result and Lemma 4.1, we deduce the following:
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Corollary 4.1. Let G be the Green’s function related to problem (3.3)—(3.2), which is given
by the expression (4.2). Then, for all a € (2,3] and X\ > 0, the following property holds:

G(t,s) >0 forallt,s € (0,1) and all X € [0, cv).

4.3 Main result

In this section we consider the nonlinear problem with parameter dependence (4.1). We
will prove some existence, nonexistence and multiplicity results for some suitable values of
the positive real parameter p. In order to do so, we use the well known Guo-Krasnoselskii
fixed point Theorem [37] in cones. We recall that a cone P is a subset of a Banach space
which is nonempty, nontrivial, convex and closed. Moreover p P C P, for all p > 0, and
Pn(—P)={0}.

Let £ = (0, 1] be the Banach space of continuous functions endowed with the usual

supremum norm || - ||, and we assume the following hypotheses:

(H1) p >0,

(H2) g € L'[0,1], g (t) > 0 for a.e. ¢t € [0,1] and f11/2g (s)ds >0,

(H3) f:]0,00) — [0,00) is continuous. Moreover f(z) > 0 for all z > 0.

In view of Theorem 4.1, we define the operator 7" : C[0,1] — C[0, 1] as follows,

Tat) = [ Glt.s)g(o) Flals) ds (43)

with G defined in (4.2).

It is clear that the fixed points of operator 7}, coincide with the solutions of problem
(4.1).

Define now the cone P C E as follows,

a—1

AP 1
P = {u € E, u(t) > 0forall t € [0, 1], u(t) > ||lul|, for all ¢ € {5, 1] } . (4.4)

Let’s prove that T, (P) C P.
It is obvious that for 7}, (v) > 0 for all w € P and p > 0.
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4.3. Main result

If u € P then, due to Lemma 4.1 and the fact that G(¢,s) is continuous, the following

inequalities are satisfied, for all ¢ € [0, 1]:

Tot) = [ G99 fuls)ds

> e [ 60,990 St s

> w2 s (6090 6) Tats)) s
> 1 1)\trélg>1<{ [ 6tt.906) stuts) s}
= P

It is not difficult to show that 7, : P — P is completely continuous. Next, in order
to apply the Guo-Krasnoselskii’s fixed point theorem, we introduce a series of preliminary

results depending on the value of the positive parameter pu.

We denote
f(x)
e 1 _—
fO x—>r(I)1+ X
and
_ f(x)
Joo = lim ==
We have

Lemma 4.2. Assume that the hypotheses (H1), (H2) and (H3) hold. Then, for every R > 0,
there exists po (R) > 0 such that for every 0 < pu < po (R), we have

Tuu| < vl for allw e P with |ju| =

Proof. Fix R > 0, and let u € P with ||u|]| = R. Let x> 0 be such that

R(a—NT(a—1)
maxqe[o,R] {f (U)} f()1 g (S) ds

Notice that from (H3) we know that max,cpr {f (u)} > 0 for all R > 0. Moreover

(H2) implies that
1
/ g(s) ds>0.
0

0<p<po(R)=

(4.5)
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4.3. Main result

Then, for all ¢ € [0, 1], the following inequalities hold:
1
Toult) = u [ Glts)g(s) Sluls)ds
0

(o — /\)lli(a —1) /0 g(s) flu(s))ds

L 1
(a—=XN)T(a—-1) ue[(?’}%]{f )}/0 g(s) ds

= [lull,

IA

and so | T,ul| < [|ul]. O

Lemma 4.3. Assume that the hypotheses (H1), (H2) and (H3) hold. Then, for each r > 0,
there exists po (r) > 0 such that, for every u > po (r), we have

ITyull > ull, for u € P with [lu]] =1
Proof. Fix r > 0 and let u € P with |lu|]| = r. Let

o(r) = L ) 0. 4.6
to (7) min —_— {f(u)}f% G(l,s)g(s)ds> (4.6)

uel a=rr]

We point out that conditions (H2) and (H3) warrant that pg (r) is well defined.
Thus

Tl > Ta)) = [ GOL9)(6) luls)) s
> / G(1,5) g (s) f(u(s))ds.
Now, since u € P and s € [1/2, 1], the last expression is greater than or equal to
L min }/ (1,8)g(s)ds >r=|lu|,
ie., [|Tuull = [lull O

Lemma 4.4. Assume that conditions (H1), (H2) and (H3) are satisfied. Then if fo = oo

there exists ro (1) > 0 such that, for every 0 < r <y (u), we have

| Tyl > |lull, forue P with |ul| =r.
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4.3. Main result

Proof. Since fy = oo, then there exists a constant ry (1) > 0 such that f(u) > Lu, for all
0<u<ry(u), where L = L () > 0 is defined by

oY
) [ GQ,s)g(s) s 'ds

L= L)

Y

L it is well defined by virtue of the condition (H?2).
Fix 0 <r <rg(p), and let w € P be such that ||u|| = r. Then, for all ¢ € [0, 1] we have
that

Tout) = e [ G0 0(5) fuls) ds

As a consequence

> s {7 G906 ftuto)as )

tel0,1]

. / G(1,5) g (s) f(u(s)) ds

Vv

,uL/ G(1,s) g (s) u(s)ds

0

v

,uL[ G(1,s) g (s) u(s)ds

2

v
=
~
[
=
@
—
\‘}—‘
z
s}
—
»
~—
V2]
Q
i
U
»

]

Lemma 4.5. Assume that the hypotheses (H1), (H2) and (H3) hold. Then, if fo = 0, there

exists o (1) > 0 such that, for every 0 <r <ry(u), we have
Tl < |lull, forue P with ||ul| =r.

Proof. Since fy = 0, for
(= MNT'(a—1)

iy 9(s)ds
there exists 7o (1) > 0 such that f (u) < eu, for each 0 < r <y (u).

e=c¢(p) =

Y
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4.3. Main result

Fix 0 <7 <719 (i), and let u € P with ||ul]| = r. Then, for every ¢ € [0, 1], it is fulfilled
To) = n [ Gl9)a(s) )
M 1
< oo ) o) e as
“ 1
= (a—)\)F(a—l)/ 9(s) culs)ds

i
<
~ (a=N)T(a- e|]u||/
= ull-
As consequence, we conclude that ||T,u|| < ||ul. O

Lemma 4.6. Assume that conditions (H1), (H2) and (H3) are satisfied. Then if foo = 00

Y

there exists Ry (1) > 0 such that, for every R > Ry (i), we have
| Tu| > |lull, forue P with ||u| =

Proof. Since f,, = oo, for

a
L=1L = >0
() p 1 G(1,5) g (s) s* 'ds

there exists Ry (u) > 0 such that f (u) > Lu, for each u > Ry ().

Define now
201y

Ry (p) := 3

Ry (p) > Ry ()

Fix R > Ry (p), and let w € P with [|u]| = R. Then, for all t € [0, 1], the following

inequalities hold:

> mas {1 G906 ftulo)as)

t€[0,1]

- /Gls 5) f(u(s))ds
> / G(1,5) g (s) flu(s))ds.

1

2

60
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Note that, for all s € [%, 1} we have

)\ 1 a—1
> a—l_ > - -
u(s) 2 512 uf 2 (2) 2 ul

and so

[Tl = uL [ G5 g(s) uls)ds

O

Lemma 4.7. Assume that conditions (H1), (H2) and (H3) are satisfied. Then if foo =0

then, there exists Ry (1) > 0 such that for every R > Ry (1) , we have
Tl < |lul|, forue P with ||u| = R.

Proof. Since f,, =0, for
(=N T(a—1)

24 fol g(s)ds
there exists Ry (u) > 0 such that f (u) < eu for each u > Ry (u).
Let

€(n) =

20 1y

o () = max {2 R )20 .

where

= H max u 1 s)as
V= e ) [ o)

ue [O,Rl]

Note that Ro(p) > Ry(u).
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Fix R > Ry (u), and let u € P with ||u|| = R. Then, for any t € [0, 1] we obtain

T,ult) = p / G(t,5) g (s) f(u(s)) ds

U
: (a—=A)T(a—1) weloR) {f(u }/
1
U
< oot Ly, 000+ s, 61) [ ot
1
U
= @ N1 (ue%l%f{(un Ulw + ER) /0 g (s)ds
< v+ E < E + E
o 2 2 2
= R=llul,
and thus ||T,ul|| < [Jul. .

Now, after these technical lemmas, we are in a position to prove the following existence,
non existence and multiplicity result for problem (4.1). We refer to a positive solution of

problem (4.1) any solution u of such a problem with u(t) > 0, for all ¢ € (0, 1].

Theorem 4.2. Assume that conditions (H1), (H2) and (H3) are satisfied. Then, the fol-

lowing results hold:

1. If fo > 0 and fo > 0 then there exists oy > 0 such that problem (4.1) has no positive

solutions for all > .

2. If fo =00 or foo = 00, then there exists pg > 0 such that problem (4.1) has a positive

solution for every 0 < p < pg.

3. If foo =0, then there exists g > 0 such that problem (4.1) has a positive solution for

every [ > .
4. If fo =00 and foo =0, then problem (4.1) has a positive solution for every p > 0.

5. If fo = 00 and fo = 00, then there exists g > 0 such that problem (4.1) has two

positive solutions for every 0 < p < pyg.

6. If fo=0 and fo = 00, then problem (4.1) has a positive solution for every p > 0.
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7. If fo = 0 and foo = 0, then there exists py > 0 such that problem (4.1) has two

positive solutions for every p > .

Proof. First, note that any solution u of problem (4.1) satisfies, in virtue of Lemma 4.1

(vii), the following inequalities for all ¢ € [0, 1]:
1
ut) =Tout) = u [ Glt.s)g(s) Fluls))ds
0

> / G(1,5) g (s) f(u(s))ds
= t* ' T,u(l) =t*"Tu(l).

On the other hand, if v € P, then
u(l) > Aful|/o.
In particular, any solution u € P of problem (4.1) satisfies
u(t) >t X\ |ul| /o, for all ¢ € [0, 1],

and, if it is nontrivial on [0, 1], then it is strictly positive on (0, 1].

As a consequence, since in all the considered situations in the statements, the solutions
of problem (4.1) are obtained as nontrivial fixed points of operator 7, in the cone P, we
deduce that all of them are strictly positive in (0, 1].

Let’s prove the first assertion of the result.

Since fp > 0 and fo > 0 there exists L > 0 such that f(u) > Lu ,for all u > 0.

Define
a
[ = . 4.7
a L) [i G(1,8)g(s)soVds (47)

Consider p > . If there is a nontrivial solution u € P of problem (4.1) we have that
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il = ) = s fo [ Gle.0) o) S50 ds

tel0,1]

> (e [ 60190006) ) s

tel0,1]

. / G(1,5) g(s) f(u(s)) ds

v

wlL /0 G(1,s) g(s)u(s)ds

Vv

wlL [ G(1,s)g(s)u(s)ds

2

Y
=
~

)\ 1
> [ s g5 ul ds

> ),

which is a contradiction.
The rest of the cases follow by combining Lemmas 4.2 - 4.7 together with Theorem 1.1
one or twice. The proofs use similar arguments to the ones given in [18, Theorem 2.14] and

we omit them. O

Remark 4.1. [t is immediate to verify that, instead of condition (H2), we can assume the

weaker one:
(H2’) g € L'[0,1], g (t) > 0 for a.e. t € [0,1] and there is a € (0,1) such that falg (s)ds > 0.

The proofs follow by a direct adaptation of the ones given here. In this case the solutions

belong to the cone:

tozfl

P = {u € E, u(t) >0 for allt € [0,1], u(t) > )\Hu||, for all t € |a, 1]} :

«

4.4 Examples

To illustrate our results we shall give three examples where we apply Theorem 4.2. We point
out that we are able to get some estimates of the values o mentioned in Theorem 4.2. In

all those cases it is immediate to verify that conditions (H1), (H2) and (H3) are fulfilled.
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Example 4.1. Consider the following integral boundary value problem

Diu(t) + pg(t) f(u(t)) = 0 O<t=<l (4.8)
u(0) = u'(0) = 0,u(1) = 2 [ u(s)ds,
where
f(z) =V +log (2% + 1)
and

g(t) = t*.
By a direct calculation, we obtain fo = oo and foo = 0. From Theorem 4.2, part 4, we

conclude that problem (4.8) has a positive solution for every p > 0.

Example 4.2. Consider the fractional differential equation (4.8) with

f(z) = eV (V7 +sinz)

and

g(t) = 10V/t.

It is not difficult to verify that fo = 0 and foo = 0. In consequence, Theorem 4.2, part
7, 1s applicable and we can ensure the existence of two positive solutions of this problem for
w large enough.

Moreover, we can deduce sharper results, in the sense that it is possible to get estimates
on the values of the parameters for which the multiplicity result holds. To this end, letr; = 1

and ro = 2. By evaluating such values in (4.6) we obtain that
po(1) =~ 38.1972 and po(2) ~ 4.10508.
Now, Lemma 4.3 tell us that
[Tuull = lull, i llull=r;  for all p = po(r:), i = 1,2.
Now, from Lemma 4.5 we have that for any p > 0 given, there is ro(u) > 0 for which

[Toull <l ifllull =7 for all v < ro(p).

65



4.4. Examples

In particular, from Theorem 1.1, we have that for any p > 38.1972 there is a positive
solution uy of problem (4.8) that satisfies

0 < flu <1.

Using now Lemma 4.7 we deduce that if u > 4.10508 then problem (4.8) has a positive
solution ue such that

2 < lug.
Obuviously we can ensure the existence of two solutions for p > 38.1972.

Example 4.3. Consider the integral boundary value problem (4.8) with

flx)=¢€"
and
g(t) = %

Clearly, fo =00 and fo = 0.

As consequence, part 1 of Theorem 4.2 ensures that for u large enough there is no solution
of the considered problem. Moreover Theorem 4.2, part 4 implies that this problem has two
positive solutions for positive and small enough L.

Since

f(x)/x>e forallz >0,

we obtain that the expresion (4.7) remains i &= 25.3927. As a consequence, we have that for
> 25.3927 problem (4.8) has no positive solution.
On the other hand, let Ry =1 and Ry = 2. So

po(1) =~ 0.978074 and p(2) ~ 0.719627

in (4.5). Thus, from Theorem 1.1 and Lemma 4.4, we deduce, for all p < po(1), the

existence of a positive solution uy such that

Analogously, from Lemma 4.6 we have that if n < po(2) then problem (4.8) has a positive
solution us satisfying

2 < lugl-
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As consequence, we can ensure the existence of the two positive solutions u; and us for all

1 < 0.719627.
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Conclusion

In this thesis we have developed new theoretical results on the existence of solutions for some
classes of nonlinear fractional differential equations. In Chapter 1 we introduced necessary
tools from functional analysis that enabled us to carry out our study.

In Chapter 2 we considered a class of nonlinear fractional differential equations coupled
with Dirichlet boundary conditions. The left-hand side of the equation is linear and depends
on a parameter \. First, we studied the sign of the Green’s function of the associated linear
problem; namely, we have proved that it is positive if and only if the parameter A is in
the interval (A, 00), where A\; is the first eigenvalue of the linear homogeneous problem.
The proof is not elementary because in this case the Green’s function is expressed in terms
of Mittag-Leffler functions. Next, we proved more additional inequalities for the Green’s
function. Such properties are fundamental in the construction of a suitable cone in the space
of the solutions. Finally, under two different conditions on the behavior of the function f at
u = 0 and u = 0o, we proved the existence of at least one positive solution via a particular
fixed point theorem [30]. In the case of non-homogeneous Dirichlet problem, we used the
method of lower and upper solutions, to prove that if there are v < ¢ a pair of lower and
upper solutions, then the non-homogeneous Dirichlet problem has at least one solution lying
between v and 9.

In Chapter 3 we considered a nonlinear boundary value problem of fractional differential
equation with integral boundary conditions. In this problem the related Green’s function
is more complex than in the case of usual boundary conditions. Besides, it depends on
the parameter of the integral boundary condition. We made an exhaustive study of the

properties of the Green’s function. These properties enabled us to define the suitable cone
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for which we applied the Guo-Krasnoselskii’s fixed point theorem. The existence result was
obtained under some usual conditions.

The considered problem in Chapter 4 is similar to the previous one, except that the
fractional differential equation in this problem depends on the parameter p. With almost
similar arguments. Various existence and multiplicity results for positive solutions were

derived depending on different values of the parameter pu.
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