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Abstract

Study of the stability of solutions of delay differential equations and delay dynamic
equations plays an important role in the qualitative analysis of differential equations and
dynamic equations. This thesis is devoted to using the fixed-point technique to prove the
existence and stability of solutions of a class of delay integro-differential equations and
to apply the Bohl-Perron theorem to prove the exponential stability of integro-dynamic
equations with delay.

Keywords: Delay intego-differential equations, Intego-dynamic equations, Fixed

point, Stability, Time scales, Bohl-Perron.
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Résumé

L’étude de la stabilité de solutions des équations différentielles a retard et des équa-
tions dynamiques a retard joue un role important dans ’analyse qualitative des équations
différentielles et des équations dynamiques. Cette thése est consacrée & utiliser la tech-
nique de point fixe pour prouver I'éxistence et la stabilité de solutions d’une classe des
équations intégro-différentielles avec retard et d’employer la théoreme de Bohl-Perron
pour prouver la stabilité exponentielle des équations intégro-dynamiques avec retard.

Mots-clés: Equations différentielles a retard, Equations intégro-dynamiques, Points
fixe, Stabilité, Echelles de temps, Bohl-Perron.
Mathematics Subject Classification: 34K20, 34K30, 34k40, 34N05, 45J05, 45D05.



Chapter

Introduction

The theory of fixed point is one of the most powerful tools of modern mathematics.
Theorem concerning the existence and properties of fixed points are known as fixed point
theorem. Fixed point theory is a beautiful mixture of analysis, topology and geometry. In
particular fixed point theorem has been applied in such field as mathematics engineering,
physics, economics, game theory, biology and chemistry etc. Classical and major results
in these areas are: Banach’s fixed point theorem, Schauder’s fixed point theorem and
Krasnoselskii’s fixed point theorem.

In 1886, Poincare [55] was the first to work in this field. Then Brouwer [21] in 1912,
proved fixed point theorem for the solution of the equation f(x) = x. He also proved
fixed point theorem for a square, a sphere and their n-dimensional counter parts which was
further extended by Kakutani [45]. Meanwhile Banach principle came into existence which
was considered as one of the fundamental principles in the field of functional analysis. In
1922, Banach [15] proved that a contraction mapping in the field of a complete metric
space possesses a unique fixed point.

In 1932, Krasnoselskii [57] studied a paper of Schauder on partial differential equations
and formulated the working hypothesis principle: the inversion of a perturbed differential
operator yields the sum of a contraction and a compact map. Accordingly, he formulated
an hybrid theorem known under its name.

The Bohl-Perron theorem test goes back to Bohl [32] and was formulated by Perron
[53] in the following form: if for any bounded forcing term f € C'([to, +00),R), the
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solution z € C* ([tg, +00) ,R) of the differential equation
) +AQ)x(t)=f(t) forté€ [ty,+0)
is bounded together with its derivative x’, then the trivial solution of the equation
)+ A@)x(t) =0 fort € [ty,+0)

is uniformly exponentially stable. After the publication of [53], there appeared a corres-
ponding paper [48] by Li, in which similar methods were used to find analogous results
for difference equations.

Halanay in [40], Dalec’kii and Krein in [32] are given a detailed discussion of this
criterion. The result was extended to the case of delay differential equations by Halanay
in [40].

In particular, the Bohl-Perron theorem was applied to deduce explicit stability condi-
tions, where different techniques are used to study stability of delay differential equations.

The theory of time scales was first introduced by Stefan Hilger [41] in 1988 in order
to unify continuous and discrete analysis. Many results concerning differential equations
carry over easily to the corresponding results for difference equations, while others seem
to be completely different in nature. However, some physical systems are modelled by
what is called dynamic equations because they are either differential equations, difference
equations or a combination of both. This talk will first give an introduction to the study
of time scales, and in particular, dynamic equations on time scales, which are studied to
unify and generalize many results for differential and difference equations. Hence, time

scales calculus provides a generalization of differential and difference analysis.

The study of Levin-Nohel equations brings the traditional research areas of differential
and difference equations. It allows one to handle these two research areas at the same
time, hence shedding light on the reasons for their seeming discrepancies. In fact, many
new results for the continuous and discrete cases have been obtained by studying the more
general time scales case (for example [2, 3, 5, 9, 14], [46]-[49]).

The Lyapunov direct method has been very effective in establishing stability results

and the existence of periodic solutions for wide variety of ordinary, functional and partial
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differential equations. Nevertheless, in the application of Lyapunov’s direct method to
problems of stability in delay differential equations, serious difficulties occur if the delay is
unbounded or if the equation has unbounded terms. In recent years, several investigators
have tried stability by using a new technique. Particularly, Burton and Furumochi [29],
Zhang [59] and others began a study in which they noticed that some of this difficulties
vanish or might be overcome by means of fixed point theory. The fixed point theory
does not only solve the problem on stability but has other significant advantage over

Lyapunov’s direct method.
The thesis is organized in five chapter as follows:

The second chapter presents elementary results, which are needed in this project, in
fixed point, delay differential equations, stability of delay differential equations, time scale

calculus and a brief survey of Lesbegue A-integral on time scales.

The third chapter introduces the results published in [6] and relates to study asymptotic
stability results about the zero solution using the contraction mapping theorem for the
following linear neutral Levin-Nohel integro-differential equation

t
2'(t) + /t_T(t) a(t, s)z(s)ds + c(t)2'(t — 7(t)) = 0.
An asymptotic stability theorem with a necessary and sufficient condition is proved. In
addition, the case of the equation with several delays is studied. The results obtained
here extend the work of Dung [36].

The fourth chapter provides the asymptotic stability and stability results about the

zero solution using Krasnoselskii-Burton’s fixed point theorem for the following nonlinear

neutral Levin-Nohel integro-differential equation

2 (t) + /t o a(t,s)g (z(s))ds + c(t)z'(t — 7(t)) = 0.

The results obtained here extend the work of Mesmouli, Ardjouni and Djoudi [52].

In the last chapter, we use Bohl-Perron theorem to establish new conditions for the
exponential stability of Levin-Nohel intego-dynamic equation with variable delay having

the form

t
z2(t) +/ a(t,s)x(s)As =0, for t € T*
t—r(t)
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The results obtained here extend the work of Dung [38].




Chapter 2

Preliminaries

The aim of this chapter is to introduce the basic concepts, notations, and elementary
results that are used throughout the thesis. Moreover, the results in this chapter may be
found in most standard books on functional analysis, for example ([19], [23], [25], [57],

[58])-

2.1 Fixed Point and Delay differential Equations

2.1.1 Fixed Point theorem

Definition 2.1 A pair (5, d) is a metric space if S is a set and d : S x .S — [0, 4+00) such
that when y, 2z, and u are in .S then

(a) d(y,z) >0, d(y,y) =0, and d (y, z) = 0 implies y = z,

(b) d(y,z) = d(zy), and

(¢) d(y,2) <d(y,u) +d(u,z).

The metric space is complete if every Cauchy sequense in (S, d) has a limit in S. A
sequence {x,} C S is a Cauchy sequence if for each € > 0 there exists N > 0 such that

n,m > N imply d (x,,z,) < €.

Example 2.1 Let ¢ : [a,b] — R" be continuous and let S be the set of bounded con-
tinuous functions f : [a,00) — R™ with f(t) = ¢ (t) for a <t < b. For f,g € S define

d(f,g) =sup,c;p |f (t) —g ()| = || f — gl . Then (S, ||.||) is a complete metric space.
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Let C' be space of continuous functions. Let
M={¢:[a,+0) =R\ ¢ € C,|o(t)| <1,¢(t) > 0ast— oo}

and
Q={¢:la,+00) =R\ ¢ € C,[p (1) < 1}.
Let ||.|| be the supremum metric and |.|, be a weighted metric defined by & : [0, 00) —

[1,400), h(0) =1, h(t) — oo monotonically, and for ¢ € M or ) then

NIG]
b=

Example 2.2 (M, |.||) and (@, |.|,) are a complete metric space.

Example 2.3 (M, ].|,) is not a complete metric space.

Proof. Let {¢,} be the sequence of functions such that
o, (1) =1,0<t<n,
¢, (1) =0,n+1<t< oo,
¢,, is linear and continuous on [n,n + 1] .
{¢,,} is a Cauchy sequence in this space.

Indeed, let € > 0 be given. We must find N such that n,m > N, t € R imply that

|0 () = @, ()] < B (1) (2.1)

Find T such that ¢h (T) > 2. Clearly, for all n,m and all ¢ > T we have (2.1). Find
N >T.Forn,m >N and 0 <t < N we have ¢, (t) = ¢,, (t) = 1 so (2.1) holds. Then,
{¢,} is a Cauchy sequence. But, ¢, (t) = 1asn — oo, and 1 ¢ M. m

Definition 2.2 (compact) We say that the set L in a metric space (5, d) is compact if

for each sequence {z,} C L has a subsequence with limit in L.

Definition 2.3 (uniformly bounded and Equicontinuous) Let U be an interval on
R and let {f,} be a sequence of functions with f,, : U — R™. Denote by |.| any norm on
R™.

(a) {fn} is uniformly bounded on U if there exists M > 0 such that |f, (t)] < M for
all n and all t € U.

2.1. Fixed Point and Delay differential Equations
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(b) {f.} is equicontinuous if for any ¢ > 0 there exists ¢ > 0 such that ¢, t, € U and
[ty — ta] < 6 imply | f, (t1) — fu (t2)] < € for all n.

Theorem 2.1 (Ascoli-Arzela, [22]) if {f,. (t)} is uniformly bounded and equicontinu-
ous sequence of real functions on an interval |a,b], then there is a subsequence which

converges uniformly on [a,b] to a continuous function.

Definition 2.4 A vector space (V,+,.) is a normed space if for each x,y € V there is a
nonnegative real number ||z||, called the norm of x, such

(@) [lz]| = 0 &z =0,

(1) ||ax| = || ||z]| for a € R, and

(@i1) [l +yll < =l + llyll -

A normed space is a vector space and it is a metric space with d (z,y) = ||z — y||. But

a vector space with a metric is not always a normed space.

Example 2.4 The space C ([a, b] , R"™) consisting of all continuous function f : [a,b] — R"

is a vector the reals.
Definition 2.5 A Banach space is a complete normed space.

Example 2.5 If || f|| = max,<¢<p |f (t)|, where |.| is a norm in R", then (C,].||) is a

Banach space.

Theorem 2.2 (Contraction Mapping, [57]) Let (S, d) be a complete metric space and
let P:S — S. if there is a constant o < 1 such that for each pair ¢,, ¢, € S we have

d(P¢y, Poy) < ad(¢q,¢,),

then there is one and only one point ¢ € S with Pp = ¢.

Definition 2.6 (Large contraction) Let (M,d) be a metric space and B : M — M. B
is a large contraction if for each pair ¢, v € M with ¢ # 1 then d (B¢, By) < d(¢,1))

and if for each € > 0 there exists § < 1 such that

[0, €M, d(¢,¢) = e] = d(Bg, By) < dd(9,9).

2.1. Fixed Point and Delay differential Equations
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Example 2.6 If ||.|| is the supremum metric, if
V3
M= {¢: 0.00) =R\ 6 e C, ol < 20

and if (Ho) (t) = ¢ (t) — ¢* (t), then H is a large contraction of the set M.
Proof. In the following computation, ¢,1) are evaluated at each t. We have D :=
|Ho — Hp| = |¢p— ¢* = +0°| = | — 4| |1 — (¢* + ¢ +¢?)|. Then for

o — 9" = " = 200 +9? <2 (0" +97)

and for %+ 1* < 1 we have

D = |o—o| (1+|pp| - (¢* +¢?))

2 2
= |e—9| (1+%—(s@2+w2)>

2 2
~ lo-vl(1-55%).

For a given € € (0,1), let p,9 € M with ||¢ —¢|| > €.

(a) Suppose that for some ¢ we have

< e (t) = @)

N ™

so that

or
e 2 2
=<0+,

For all such t we have

((Hep) (8) = (Hy) ()] < [ (t) =4 (1)] (1 - E—) :

(b) Suppose that for some ¢ we have |¢ (t) — ¢ (t)| <

((Hyp) (t) = (HY) ()] < o (1) = ()] < 5 le — 4|

Thus, for all ¢ we have
2

(17 0) - () ()] < win (5.1 7)o = 0.

2.1. Fixed Point and Delay differential Equations
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Theorem 2.3 (Schauder, [22, 57, 58]) Let M be a nonempty compat convex subset of
a Banach space and let P : M — M be continuous. then P has a fixed point in M.

Theorem 2.4 Let M be a nonempty convex subset of a normed space and let P : M — K

where K is a compact subset of Ml. Then P has a fixed point in K.

Krasnoselskii’s found the solution by combining the two theorems of Banach and that
of Schauder in one hybrid theorem which bears its name. In light, it establishes the

following result [57].

Theorem 2.5 (Krasnoselskii, [57]) Let M be a closed convexr nonempty subset of a
Banach space (S, ||.]|). Suppose that A and B map M into S such that

(i) Ax + By € M (Vz,y € M)

(17) A is continuous and AM is contained in a compact set,

(731) B is a contraction with constant o < 1.

Then there is a z € M with Az + Bz = z.

Proof. By (iii) we have

I(I=B)x—(I-B)y| = |(z—y)—(Bzx— By
< |z =yl + [[Bz — Byl
< e =yl +allz—yl
< (I+a)lz—yll,

in the otherwise, we have

I(I=B)x—(I—-B)yl| = |(x—y)—(Bz— DByl
> |z =yl - [|Bz — Byl
> o=yl —allz—y|
> (I—a)fz—yl.

Then
I-a)llz—yl[<{-B)z—I-B)yl|<(1+a)lz—yl.

2.1. Fixed Point and Delay differential Equations
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This shows that (I — B) : M — (I — B)M is continuous and bijective. Thus, (I — B)™"
exist and is continuous. Let U := (I — B)_1 A. Tt is clear that U is compact mapping,
because U is a composition of a continuous mapping with a compact. Under the theorem

of Schauder, U has a fixed point, i.e.
3z € M such that (I —B) ™' Az = 2.
This is equivalent to z = Az + Bz. m

Remark 2.1 Note that if A = 0, the theorem becomes the theorem of Banach. If B =0

then the theorem is not other than the Schauder theorem.

2.1.2 Delay differential Equations

Let a real number 7 > 0, R™ is an n-dimensional linear vector space over the reals with
norm |.|, C ([a, b] ,R™) is the Banach space of continuous functions mapping the interval
[a, b] into R™ with the topology of uniform convergence. Suppose C' = C ([—7,0] ,R™) and
designate the norm of an element ¢ in C' by |¢| = sup_,_g.o|® (0)| . Even though single

bars are used for norms in different spaces, no confusion should arise. If
teR, A>0 andeC([to_—T,to—i-A],Rn),

then for any ¢ € [to, o + A], we let z; € C' defined by z; (0) = z (t + 0) with —7 <0 <0.
Let a function ¢ : R x C' — R". A functional differential equation is given by the

following relation
w'(t) =g (tz), t = to, 22)
Ty = O,
Definition 2.7 z is said to be a solution of (2.2) if there are t; € R, A > 0 such that
x € C([ty. — 7,t0 + A] ,R™) and z satisfies (2.2) for ¢ € [tg,to + A]. In such a case we
say that x is a solution of (2.2) on [ty — 7,%y + A] for a given ¢y € R and ¢ € C, we say
that © = x (t,to, ¢) is a solution of (2.2) with initial value at t, or simply a solution of

(2.2) through (¢, ¢) if there is an A > 0 such that z (¢,y,¢) is a solution of (2.2) on
[to. — T, to + A] and x4, (£, 19, @) = .

2.1. Fixed Point and Delay differential Equations
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Equation (2.2) is a very general type of equation and includes ordinary differential
equations (7 =0).

We say Equation (2.2) is linear if g (t,2;) = L (t,¢) + h(t) where L (¢, ¢) is lenear in
¢, is homogeneous if h = 0 and nonhomogeneous if h # 0. We claim Equation (2.2) is

autonomous if g (t,¢) = f (¢).

Example 2.7 Let the following delay differential equations:

/

r(t)=x({)+Tz(t—2). (2.3)
The equation (2.3) is an linear autonomous delay differential equation with constant 7 = 2.
2’ (t) =cos(t)x (t) +sin(t) 2’ (t —1) + €. (2.4)

The equation (2.4) is nonhomogeneous, linear nonautonomous delay functional differential

equations.

2 (t) = / x(t+ s)ds. (2.5)

—T

The equation (2.5) is a delay linear integro-differential equation.

Lemma 2.1 ([39]) Let to € R and ¢ € C be given and g be continuous on the product
R x C. Then, finding a solution of equation (2.2) through (ty,¢) is equivalent to solving
t
x(t) = (to) —i—/ g (s,zs)ds, t >ty and x4y = .
to
Lemma 2.2 ([39]) Ifz € C([to. — 7,to + A],R™), then, x; is a continuous function of t
fort € [to,to + A].

Proof. Since z is continuous on [ty — 7,tp + A], it is uniformly continuous and thus
Ve >0, 3n >0, if |t — s| < n then |z (t) — z (s)| < €. Consequently for ¢, s in [tg, g + A],
|t —s| <mn, we have |z (t+0) —x(s+0)| <e, V8 € [-7,0]. m

Theorem 2.6 (Existence [39]) Let M be an open subset of R x C' and g : Ml — R" be

continuous. For any (to, ¢) € M, there exists a solution of equation (2.2) through (tg, ) .

2.1. Fixed Point and Delay differential Equations
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Theorem 2.7 (Existence and uniqueness, [39]) Let M be an open subset of R x C
and suppose that g : Ml — R™ be continuous and g (t,¢) be lipschitzian with respect to ¢
in every compact subset of M. If (to,¢) € M, then equation (2.2) has a unique solution
passing through (ty, ¢) .

2.1.3 Neutral delay differential equations

In order to define a general class of neutral delay differential equations (NDDESs) (or

neutral functional differential equations (NFDESs)), we need the definition of atomic.

Definition 2.8 Suppose 2 C R x C'is open with elements (¢, ¢). A function ® : Q@ — R”
is said to be atomic at § on € if ® is continuous together with its first and second Fréchet

derivatives with respect to ¢ and ®4, the derivative with respect to ¢, is atomic at 8 on

Q.

Definition 2.9 Suppose 2 C R x C' is open, f : Q@ — R", & : Q — R" are given

continuous functions with ® atomic at zero. The equation

d
Eq) (ta xt) = f (ta xt) ; (26)

is called the neutral delay differential equation NDDE(®, f).

Definition 2.10 A function z is said to be a solution of the NDDE(®, f) or Eq.(2.6), if
there are tg € R, A > 0, such that = € C([ty — 7,to + A),R"™), (t,2;) € Q, t € [to, o + A),
®(t, ) is continuously differentiable and satisfies Eq.(2.6) on [to,to + A). For a given
to € R, ¢ € C, and (ty,v) € Q, we say x(to, ¢) is a solution of Eq.(2.6) with initial value
¢ at ty, or simply a solution through (to, ¢) ,if there is an A > 0 such that z(to, ¢), is a
solution of (2.6) on [ty — 7,to + A) and x4, (to, ¢) = ¢.

Theorem 2.8 (Ezistence) if ) is an open set in R x C' and (ty, ¢) € €1, then there exists
a solution of the NDDE(®, f) through (to, ¢).

Theorem 2.9 (Uniqueness). If @ C R x C is open and f : Q@ — R" as Lipschitz in
¢ on compact sets of 2, then, for any (to,p) € €, there exists a unique solution of the

NDDE(®, f) through (to, ).

2.1. Fixed Point and Delay differential Equations
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For example

() = —a'(t-2),

D) = 2(t-1)+ (-5 +2,

are neutral delay differential equations.

2.1.4 Method of Steps

The method of steps is an elementary method that can be used to solve some DDFEs
analytically. This method is usually discarded as being too tedious, but in some cases
the tedium can be removed by using computer algebra. Consider the following general
DDE:

2'(t) = apx(t) + arx(t —wy) + ... + apz(t — wy), (2.7)

where z(t) = F(t) on the initial interval — max(w;) <t < 0. Let b = min(w;). Then it is
clear that the values of z(t — w,,) are known in the interval 0 < ¢ < b. These values are

F(t —wy,). Thus, for the interval 0 <t < b we have
() = apz(t) + aF(t —wy) + ... + an F(t — wy,),

and so
z(t) = /0 (aoy(v) + a1 F(v —w1) + ... + an F'(v — wyy,)) dv + y(0).

Now that we know z(t) on [0, b] we can repeat this procedure to obtain z(¢) on the interval

b <t < 2b. This is given by:

x(t) = /b (aoy(v) + a1 F(v —wy) + ...) dv + y(b). (2.8)

This process can be continued indefinitely, so long as the integrals that occur can be
evaluated without too much effort. It is this last restriction that usually causes people to
give up on this method, because the tedium and length of the method quickly overwhelms
a human computer. However, it turns out that for certain classes of problems, where the
phenomenon of "expression swell" is not too serious, we can take the method quite far,

with a computer algebra system to automate the solution of the tedious sub-problems.

2.1. Fixed Point and Delay differential Equations
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Example 2.8 For an example of this method we look first at a very simple DDFE
2 (t) = —x(t — 1),
with y(t) = F(t) = 1 for —1 <t < 0. The solution in the interval 0 <t <1 is given by:

() = /Ot Pz — 1)z +2(0) = 1 —t.

Now we can solve for the solution in the interval 1 <¢ < 2. This solution is given by:

() = /lt CF(t— 1)d + 2(1) = g —2t+g.

This method can be programmed in Maple using a simple for loop.

2.1.5 Concrete exemple of delay differential equations

In this subsection we give an example used to describe the dynamics of biological systems

in which two species interact, one as a predator and the other as prey.

Predator-prey population models (Lotka-Voltera)

Let z(t) be the population at time ¢ of some species of animal called prey and let y(t)
be the population of a predator species which lives off these prey. We assume that z(t)
would increase at a rate proportional to z(t) if the prey were left alone, i.e., we would
have z'(t) = ajx(t), where a; > 0. However the predators are hungry, and the rate at
which each of them eats prey is limited only by his ability to find prey. (This seems like
a reasonable assumption as long as there are not too many prey available.) Thus we shall
assume that the activities of the predators reduce the growth rate of z(¢) by an amount

proportional to the product z(t)y(t), i.e.,
'(t) = arw(t) — brz(t)y(t),

where b, is another positive constant.

Now let us also assume that the predators are completely dependent on the prey as

their food supply. If there were no prey, we assume y/(t) = —aoy(t), where as > 0, i.e., the

2.1. Fixed Point and Delay differential Equations
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predator species would die out exponentially. However, given food the predators breed at
a rate proportional to their number and to the amount of food available to them. Thus

we consider the pair of equations

d'(t) = aa(t) — b (t)y(t), (2.9)
y'(t) = —agy(t) + baw(t)y(t),
where aq, as, by, and by are positive constants. This well-known model was invented and

studied by Lotka [1920], [1925] and Volterra [1928], [1931].

Vito Volterra was trying to understand the observed fluctuations in the sizes of popu-
lations x(t) of commercially desirable fish and y(t) of larger fish which fed on the smaller

ones in the Adriatic Sea in the decade from 1914 to 1923 see [34].

The sunflower equation

Somolinos (1978) has considered the equation
2"+ (a/r)x’ + (b/r)sinz(t —r) =0,

and has obtained interesting results on the existence of periodic solutions. The study of
this problem goes back to the early 1800s and has attracted much attention. It involves

the motion of a sunflower plant see [22].

2.1.6 Stability of delay differential equations

We consider the system
o' (t) = f(t z),
f(t,0) =0,
where f : RxC — R", with C' = C ([—7,0],R"™) the Banach space of continuous functions

(2.10)

¢:[-7,0] = R", 7 > 0 with with the supremum norm ||@|| = sup_, ;- |¢|. We suppose
that f is continuous and is supposed to satisfy all the conditions which guarantee a

solution and we define

S(t)={¢:[t—7,t] = R", ¢ is countinuous} .

2.1. Fixed Point and Delay differential Equations



Chapter 2. Preliminaries 16

Definition 2.11 ([25]) The solution z (t) = 0 of (2.10) is

(7) Stable (in the sense of Lyapunov) at ¢ = ¢, if for any € > 0 there exists a § =
d (to,€) > 0 such that

[Cb S S(to), ||¢|| <dandt > to] - |l’ (t,t0,¢)| <ég,

(1) Uniformly stable if § of (i) is independent of ¢,
(731) Asymptotically stable if it is stable and if, V¢; > ¢y, 3n > 0 such that

e S(t1), |4l <nandt >t = |z (t,t1,0)] =0 as t — 4o0.

2.2 Time scale calculus

The aim of this chapter is to introduce the basic concepts, notations, and elementary
results that are used throughout the thesis. Moreover, the results in this chapter may be

found in most standard books on time scale, [17, 18].

Definition 2.12 A time scale T is an arbitrary nonempty closed subset of the real num-

bers.
Example 2.9 The sets R, N, [1,2] U [3,4], [1,2] UZ and
hZ = {hk : k € Z,h > 0}

are examples of time scales.

The sets Q, R\Q, C and (1, 3) are not a time scales.

Definition 2.13 Let T be a time scale. For ¢t € T we define the forward jump o : T — T
by
o(t)=inf{seT:s>t},

while the backward jump operator p : T — T is defined by
p(t)=sup{seT:s<t}.

Let @ denotes the empty set, we put inf @ = sup T (i.e.,0 (t) =t if T has a maximum t)

and sup@ = inf T (i.e.,,p (t) =t if T has a minimum ¢).

2.2. Time scale calculus
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Definition 2.14 we say that ¢ is :
(a) right-scattered, if o (t) > t,
b) right-dense, if o () = t,
) left-scattered, if p (¢) < t,

(

(c

(d) left-dense, if p (t) =t,
(

(

e) isolated, if p (t) <t < o (1),
f) dense, if p(t) =t =0 (t).

Definition 2.15 If T has a left-scattered maximum m, define T* = T— {m}. Otherwise,

T* = T. In summary,

T T\ (p(supT),supT] if supT < o0
T if supT = cc.

Finally, if f : T — R is a function, then we define the function f? : T — R by

Definition 2.16 The graininess function p : T — [0, 00) is defined by
w(t) =o(t) —t.
Example 2.10 (i) If T = R, then for any ¢t € R, we have

o(t) = inf{seR:s>t}=inf(t,00) =1,

p(t) = sup{seR:s<t}=sup(—o0,t)="t.
Hense every point t € R is dense. The graininess function u given by
uwt)y=o(t)—t=0.
(it) If T = hZ with h € R*, for any ¢t € hZ, we have

o(t) = inf{sehZ:s>t}=inf{t+h,t+2h,..} =t+h,

p(t) = sup{sehZ:s<t}=sup{..,t—2h,t—h}=1t—h.
Hense every point ¢t € hZ is isolated. The graininess function p is

uw(t)=o(t)—t=nh.

2.2. Time scale calculus
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(1) f T ={2":n € Z} U{0}, then for any ¢ € T, we have

o(t) = inf{seR:s>t}=inf {2"“,2"*27 } = 21,

t
p(t) = sup{s€Z:s<t}=sup{. 2" 22" "} = 5
Hense every point ¢t € T is isolated. The graininess function p is

p(t)=o(t)—t=t.

2.2.1 Differentiation

Now we consider a function f : T — R and define the so-called delta (or Hilger) derivative

of f at a point ¢t € T*.

Definition 2.17 Assume f : T — R is a function and let t € T*. Then we define 2 (¢)
to be the number (provided it exists) with the property that given any £ > 0, there is a
neighborhood U of t (i.e., U = (t — §,t + ) N'T for some § > 0) such that

(Fa @) = f(s) = fA(t) (0 (t) —s)| <elo(t)—s| forallsel.

We call f2 (t) the delta (or Hilger) derivative of f at .

Moreover, we say that f is delta (or Hilger) differentiable (or in short: differentiable)
on T* provided f2 (t) exists for all ¢ € T*. The function f2 : T¥ — R is then called the
(delta) derivative of f on T*.

Theorem 2.10 Assume f: T — R is a function and let t € T*.
the following:
(7) If f is differentiable at t, then f is continuous at t.
(12) If f is continuous at t and t is right-scattered, then f is differentiable at t with

Ay Jla@)—f()
o= pt)
(1it) If t is right-dense, then f is differentiable at t with

s—t t—s

2.2. Time scale calculus
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Example 2.11 We define the function f: T — R by f (t) = *:
(1) Let T = hZ, then

fA@):f"(t)—f(t) _ (t+h}):—t2 ot

(2) Let ¢ > 1 and T =¢” = {¢" : n € Z} , then o (t) = qt and

SO @) -

Theorem 2.11 Assume f,g: T — R are differentiable at t € T*. Then
(i) The sum f + g: T — R is differentiable at t € T* with

(f+9% @) =) +9° ).
(ii) For any constant o, af : T — R is differentiable at t € T* with
(af)™ (8) = af> (t).

211 e product T — 18 differentiable at t € wit
() The prod fg:T R is diff abl Tk with

(f9) (6) = F2 (D) g (0) + f7 () g™ (8) = f (1) g™ () + f2 (1) g” (1)

() If f(t) f (o (t)) # 0, then % is differentiable at t € T® with

AN ()
(f> =TT

(v) If g(t) g (o (t)) # 0, then 5 is differentiable at t € T* and

(j) (t):f gt)—fFH) g™ ()

9 g9(t)g (o (1))
Example 2.12 Let T = hZ, f(t) =t and g (t) = 1 then

fA() = 2t+h
1

(1) = Tttt h)

2.2. Time scale calculus
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2.2.2 Integration

Definition 2.18 A function f : T — R is called regulated provided its right-sided limits
exist (finite) at all right-dense points in T and its left-sided limits exist (finite) at all

left-dense points in T.

Definition 2.19 A function f : T — R is called rd-continuous provided it is continuous
at right-dense points in T and its left-sided limits exist (finite) at left-dense points in T.

The set of rd-continuous functions f : T — R will De denoted
CTd = CTd (T) = Crd (T7 R) :

The set of functions f : T — R that are differentiable and whose derivative is rd-

continuous is denoted by

Crld = Cﬁd (T) = Cﬁd (T> R) .

Definition 2.20 Assume f : T — R is a regulated function. Any function F is called
pre-antiderivative of f. We define the indefinite integral of a regulated function f by

/f(t)At:F(t)+C,
where C' is an arbitrary constant and F' is a pre-antiderivative of f. We define the Cauchy
integral by
b
/ f@t)At =F (b)+ F (a) forall a,be T.
In this case the function F' is called antiderivative of f.The infinite integrals are defined

as

[ sns=tim [ 1)

t—o00

Theorem 2.12 If f € C,; and t € T*, then

o(t)
() As = pu(t) f (2).

Proof. There exists an antiderivative function F' such that

o(t)
f(s)As = F(o(t) = F(1)

= () F2 (1)
= (@) f(1).

t

2.2. Time scale calculus
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Theorem 2.13 Ifa, bce T, a € R, and f,g € C,4, then
() [2(fF () +g@®)At= [V f(t)At+ [ g(t) At
i) [,(af () tzaf;’f@)m

(

(131) ff ——fba

(iv) ff t)A ff At+fcbf

() Ji f (o (t) ()Atz(fg)(b) — LA () g () At
(vi) [, f (1) g™ (t) At = (fg) (b) — (fg) (a —fafA g(o(t)) At
(vid) [T f(¢) AtzO.

2.2.3 The Exponential Function

Definition 2.21 We say that a function p : T — R is regressive provided
L+u(t)p(t)>0 forallte T
The set of all regressive and rd-continuous functions f : T — R will be denoted by
R=R(T)=R(T,R).
We define the set R of all positively regressive elements of R by
RT=RYT,R)={peR:1+put)p(t)>0,VteT}
The generalized exponential function e, (¢, s) is defined next.

Definition 2.22 Let p € R, then the generalized exponential function e, is defined as

the unique solution of the initial value problem
z2(t) = p(t)z(t), z(s) = 1, where s € T.

An explicit formula for e,(t, s) is given by
t
ep(t,s) = exp (/ Cur) (p(T))AT) , forall s,teT,

2.2. Time scale calculus
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with
log(l}j—hT) if h % 0

ain ={ | ,
T if h=20

where log is the principal logarithm function and (,(7) is called cylinder transformation.

Lemma 2.3 Let p € R, then
(1) eo(t,s) =1 and ey(t,t) =1,

(i) ep(o (t),s) = (L + u(@)p(t)) ep(t, 5),
(i17) ey (t,5) = p(t)ey(t. s),

(1) ep(ts op(t, ) with ©p = —F-,
() eplts5) = 3 7= cols)

(vi) ep(t, s)ep(s,r) = ep(t, 7).

Lemma 2.4 Ifp € R", then

0 < ep(t,s) < exp </:p(r)Ar> ,

for all t € [s,00)p. It follows from Bernoulli’s inequality that for any time scale, if the

constant A € R*, then

0< BOA(t to) > to.

1At —t) =
It follows that

tlim eoa(t, to) = 0.

Theorem 2.14 (Variation of Constants) Let to € T, p € R and xg € R. The unique

solution of the initial value problem
ot =—p(t)a” + f(t), x(to) =9
18 given by

x (1) = eop(t, to)zo + / eop(t,s)f (s) As.

to

2.2. Time scale calculus
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2.2.4 Lebesgue A-integral on time scales

First, denoting for every z,y € R, as [z,y) = {t € R, 2 <t <y}, we define a countably

additive measure m; on the set
ﬂ:{[a:j;) NT:3,beT,d gZ} ,
that assigns to each interval [Zi,g) NT € F; its length, that is,

ml([a,?;» S

Using my, they generate the outer measure mj on P (T), defined for each E € P (T) as

inf Yieq (P—a) €RY, ifb¢ B,
00, ifbe F,

m; () =

with
= {{[a3) nTe R} e, Be U ([a5) 1))
A set A C T is said to be A-measurable if the following equality

my (B) = mi (ENA) +mi (EN(T\A)),

holds for all subset £ of T.
Now, defining the family

M (mi) ={A CT: Ais A-measurable},
the Lebesgue A-measure, denoted by g, is the restriction of mj to M (m7).

Proposition 2.1 ([31]) The Lebesgue A-measure is defined over the Lebesgue measur-

able subsets of T, moreover, it satisfies the following equality:

A icr (0 (t) =) 0+ ppyy if M eT
A+ e (0 (t:) — ) e, if M ¢ T,

I € N, is the set of all right-scattered points of T, M is the supremum

Ha =
where {t;},c;,
of T, X\ is the Lebesgue measure, o, is the Dirac measure concentrate at t;, and iy, s a

degenerate measure defined as iy (A) =0 if M ¢ A and py, (A) = 400 if M € A.

2.2. Time scale calculus
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Definition 2.23 ([31]) Let R = [~o0, +00] .We say that f : T — R is A-musearable if

for every a € R, the set
fH(=o0,@)) ={teT: f(t) <a}
is A-musearable.

Definition 2.24 ([31]) We say that S : T — R is simple if it only takes a finite number

of values aq, ..., oy, all of them different.

IfA;={teT:S() = a,}, then

S = i O-/jXAja
j=1

with X4, : T — R the characteristic function of A;, i.e

1, ifte A
0, ifte T\A,.

X,y =

J

Definition 2.25 ([31]) Let £ C T be a A-measurable set and let S : T — [0, +00) be a

simple and A-measurable function with

S = i OéjXAj.
j=1

The Lebesgue A-integral of S on E it is defined as

[ Sa5=3 ajus (4).

Definition 2.26 ([31]) Let £ C T be a A-measurable set and let f : T — [0, +o0] be a

A-measurable function The Lebesgue A-integral of f on E it is defined as

[Ef<s>As:sup/Es<s>As,

where the supremum is taken on all simple A-measurable functions S such that 0 < S < f

in T.

2.2. Time scale calculus



Chapter 2. Preliminaries 25

Definition 2.27 ([31]) Let £ C T be a A-measurable set and let f : T — R be a A-

measurable function. We say that f is Lebesgue A-integrable on F if at least one of the

[rr@as o [ eas

is finite, where the positive and negative parts of f, where

elements

[T =max{f,0},
[~ =max{—f,0}.

In which case, we define the Lebesgue A-integral of f on F as

/Ef<s>As=/Ef+<s>As—[Ef<s>As.

Moreover, we define the Lebesgue A-integrable of |f| on E as

[lress= [ r@ast [ 1oas
E E E
Definition 2.28 ([31]) Let £ C T be a A-measurable set and let f : T — R be a

A-measurable function. We say that f belongs to L} (F) provided that

/ If (s)] As < oc.
[a,b)NE

Proposition 2.2 ([3]) Let E C T be a A-measurable set. If f : T — R is A-integrable
on E, then
[r@as= [ fodst X -t 7 6)+r (1),
E E i€l

where
pa (E).f (M), ifMeT

0, if M ¢ T,
I € N, is the set of all right-scattered points of T.

r(f, E) =

Ip:={icl:t;€ £} and {t;}

el

Definition 2.29 ([3]) Let A C T. A is called A-null set if pp (A) = 0. Say that a
property P holds A-almost everywhere (A-a.e) on A, or for A-almost all (A-a.a) t € A if
there is a A-null set £ C A such that P holds for all t € A\E.
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Definition 2.30 ([3]) Let £ C T be a A-measurable set and let p € R be such that
p > 1and let f: T —R be a A-measurable function. Say that f belongs to L} (E)
provided that either

/\f\pAs<oo if peR,
E

or there exists a constant C' € R such that
|If| <C A-ae. on E if p=+o0.

Now, let L (J°) spaces, where J = [a,b]NT, a,b € T with a < b, is an arbitrary closed
subinterval of T and J° = [a,b) N T.

Theorem 2.15 ([3]) Let p € R be such that p > 1. Then, the set LL (J°) is a Banach

space together with the norm defined for every f € LX (J°) as

([l £ ()7 ifpeR,

1fllzz =
Fa inf {C eR:|f|<C A-ae. onJ}, ifp=+occ.

2.2. Time scale calculus
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Stability in linear neutral Levin-Nohel

integro-differential equations

Keywords. Fixed points, neutral integro-differential equations, stability.

In this chapter we present a work publiched in [6], namely, K. Ali Khelil, A. Ardjouni
and A. Djoudi., Communications in Applied Analysis, 22, No. 1 (2018), 83-96.

We use, in this chapter, the contraction mapping theorem to obtain asymptotic sta-
bility results about the zero solution for the following linear neutral Levin-Nohel integro-
differential equation

t
2 (t) + /tT(t) a(t, s)x(s)ds + c(t)x'(t — 7(t)) = 0.
An asymptotic stability theorem with a necessary and sufficient condition is proved. In
addition, the case of the equation with several delays is studied. The results obtained

here extend the work of Dung [36].

3.1 Introduction

We consider the following linear neutral Levin-Nohel integro-differential equation with

variable delay

2 (t) + /t o a(t,s)x(s)ds + c(t)z'(t — 7(t)) = 0, t > to, (3.1)

27
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with an assumed initial condition

where ¢ € C' ([m (to) ,to] , R) and
m(to) =inf{t — 7 (t) : t € [ty,00)}.
Throughout this paper, we assume that
c € C* ([tg,0),R),

a € C ([tg,00) x [m (to),00),R)

and

T E 02 ([to, OO) ,RJr)

with t — 7 (t) as t — oo.

Our purpose here is to use the contraction mapping theorem (see [57]) to show the
asymptotic stability of the zero solution for Eq. (3.1). An asymptotic stability theorem
with a necessary and sufficient condition is proved. In addition, A study of the general
form of (3.1) with several delays is given. In the special case ¢ = 0, Dung [36] shows the
zero solution of (3.1) is asymptotically stable with a necessary and sufficient condition by

using the contraction mapping theorem.

3.2 Existence of solutions

For the convenience of the reader, let us recall the definition of asymptotic stability.
For each ty, we denote C(ty) the space of continuous functions on [m(ty), o] with the
supremum norm ||.||, . For each (to, ) € [0,00) x C(to), denoted by z(t) = x(t,t, ¢) the
unique solution of Eq.(3.1).

In order to be able to construct a new fixed mapping, we transform the Levin-Nohel
equation into an equivalent equation. For this, we use the variation of parameter formula

and the integration by parts.

3.2. Existence of solutions
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Lemma 3.1 Suppose that
'(t) # 1, Vt € [tg,0) .

Then z is a solution of equation (3.1) if and only if
2(t) = (6(to) + (o) Blto — (ta))) o X —y(t)a(t — (1))

_/t [La(s) — p(s)a(s — 7(s))] e 1 A% ds, > to,

where
L.(t) = /tT(t) a(t, s) (/S (/HT(H) a(u,v)x(v)dv — r(u)z(u — T(u))) du
+y(B)x(t —7(t) —y(s)x(s — 7(s))) ds
_ WA —7'(@) +7"()e(t) _ )
rlty = SO ) = 10
and

(@) +c@A@)A = 7'(1) + 7"()c(t)
(1—7(1)"

pu(t) =

Proof. Obviously, we have

Inserting this relation into (3.1), we get

2'(t) + /ttr@ a(t, s) (x(t) — /: x’(u)du) ds+c(t)x'(t — 7(t)) =0, t > to,

or equivalently

f@ywdw/t

t—7(t

After substituting =’ from (3.1), we obtain

' (t) + (t) /t_ o a(t,s)ds

+ /:T(t) a(t, s) (/: </u:(u) a(u,v)z(v)dv + c(u)z' (u — T(u))) du) ds

el (t—T(t) = 0, t > to.

)a(t, s)ds — /t;(t) a(t, s) </: x’(u)du) ds+ c(t)a'(t — 7(t)) =0, t > to.

(3.7)

3.2. Existence of solutions
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By performing the integration by parts, we have

— /: ) — (u))

1—7'(u)

=y @)zt —7(t) — v (s)x(s = 7(s)) — / r(u)z(u—7(u))du, (3.8)
where r and «y are given by (3.5). After substituting (3.8) into (3.7), we have
' (t) + A(t)x(t) + Lp(t) + c(t)2'(t — 7(t)) =0, t > to,

where A and L, are given by (3.6) and (3.4), respectively. By the variation of constants
formula, we get

2(t) = d(ty)e Jio A% _ / t [Lo(s) + c(s)'(s — 7(s))] e A@gs ¢ > 10 (3.9)

to

Letting

t t
c(8)2' (s — 7(s))e™ Js APz g — / 76(8) e Js ARGy (s — 1 (s)).
JRCECEEE) =" (5 7(s)
By using the integration by parts, we obtain

/t c(s)z!(s — T(s))e_fst ARz g

to

= T ) T et it o
- /t p(s)z(s — 7(s))e J ABEgg, (3.10)

where p is given by (3.6). Finally, we obtain (3.3) by substituting (3.10) in (3.9). Since

each step is reversible, the converse follows easily. This completes the proof. m

3.3 Asymptotic stablility
Theorem 3.1 Let (3.2) holds and suppose that the following two conditions hold:

t
lim inf/ A(z)dz > —o0, (3.11)
0

t—o0

3.3. Asymptotic stablility
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t
sup (10 + [ wlo)e £49%0s) —a <1 (312
0

>0

o= [~ s ([T [ fatw s ] dus o)+ )] ) dus o)

Then the zero solution of (3.1) is asymptotically stable if and only if
t
/ A(z)dz — o0 ast — 0. (3.13)
0

Proof. Sufficient condition. Suppose that (3.13) holds. Denoted by C' the space of
continuous bounded functions x : [m(ty),00) — R such that xz(t) = ¢(t), t € [m(to),to]. It
is known that C' is a complete metric space endowed with a metric ||z[| = sup;s ) [(%)]-

Define the operator P on C' by (Px)(t) = ¢(t), t € [m(to),to] and

(Pr)(t) = (6lta) +7(t0)(to — 7(t0))) eI AOE s ya(t — (1))
N / [La(s) — pl(s)a(s — 7(s)] e AO%ds, 1 > 1.

to

Obviously, Px is continuous for each x € C. Moreover, it is a contraction operator.

Indeed, let ,y € C
[(Pz)(t) — (Py)(t)|
< @] |t = 7(t) —y(t = 7(1))]
+ /tt [1La(5) = Ly(s)| + ()] |2(s — 7(5)) — y(s — 7(s)) ] e~ S ACME=qs.
Since z(t) = yo(t) — 6(t) for all t € [m(ty), k), this implies that
|La(s) — Ly ()

< (ol (7 ([ tetwldo-s ) dus )+ ) di) b=yl

Consequently, it holds for all ¢ > t; that

[(Pz)(t) — (Py)(?)]

< [pons [ ([ ot ([ ([ tatwolao+ i)

RS+ ) dw + [a(s)]) e AO=ds] o ).

3.3. Asymptotic stablility
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Hence, it follows from (3.12) that
[(P)(t) = (Py))| < allz —yll, t = to.

Thus P is a contraction operator on C'.

We now consider a closed subspace S of C' that is defined by
S={zeC:|zt)| —0ast— oco}.

We will show that P(S) C S. To do this, we need to point out that for each x € S,
|(Px)(t)] — 0 as t — oo. Let € S, by the definition of P we have
(P2)(t) = (lto) +(to)(to — T(to))) € S0 M9 — 5 (t)a(t — 7(1)
t
— [ L) = l)als = rlp)e S A,
to

= L+L+15 t>t.

The first term I; tends to 0 by (3.13) and I, tends to 0 by ¢t — 7(t) — oo as t — oco. For

any T € (to,t), we have the following estimate for the third term
/ (s)x(s —7(s))] e J: ARz g g

Jx(s —7(s))] e~ Js ARz g g

< / ( / | Jats.w) ( L[ ttwollala+ ewial, ) do

t Iv (5)] Ilcbllto + [y(w)| ll,,) dw + |u(s)] lo]l,,) e~ = A%=ds

S T(S (/w (/uum) la(u, )| |z(v)| dv + |r(w)] |z(u — T(u))|) du

- |7(8)| (s = ()| + ()] [a(w = (@) duw + [(s)] (s — 7(s)]) e A

|
<[ (e ([ ([ rora o

1)+ () dw + (s)]) e 5 AO%ds] ([ + 161l

i /T (/:T(S) la(s, w) ( /| ( / UT(U) la(us,0)| [£(0)] do + ()] (ot — T<u>>|) du

) (s = ()] + b atw = () dw + als)| (s = r(s))]) e A ds

= I3 + I3.

3.3. Asymptotic stablility
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Since t — 7(t) — oo as t — oo, this implies that u — 7(u) — 0o as T' — oo. Thus, from

the fact |x(v)| — 0, v — oo we can infer that for any € > 0 there exists 7} =T > t, such

t s s u
I3y < = (/ la(s,w)| (/ </ la(u,v)| dv + |r(u)|) du
2a Ty s—7(s) w u—r(u)

+7(8)] + |v(w)]) dw + |u(s)]) e~ fStA(z)dzdS’

that

and hence, I3, < 5 for all + > T;. On the other hand, ||z|| < oo because » € S. This
combined with (3.13) yields I3 — 0 as ¢ — 0o. As a consequence, there exists To > T}
such that I3, < £ for all t > T5. Thus, I3 < ¢ for all t > T5, that is, I3 — 0 as £ — oco. So
P(S) CS.

By the Contraction Mapping Principle, P has a unique fixed point z in S which is a
solution of (3.1) with x(t) = ¢(t) on [m(ty),to] and z(t) = x(t, tg,$) — 0 as t — oo.

To obtain the asymptotic stability, we need to show that the zero solution of (3.1) is

stable. By condition (3.11), we can define

K =supe” Jo AR < o (3.14)

t>0

Using the formula (3.3) and condition (3.12), we can obtain
fo z)az
()] < K (1+ (o)) [[¢ll,, e 4O% + alllz] + [[¢ll,,). ¢ = to,
which leads us to

K (14 [y(ty)]) e’ A= 4
11—«

2111, (3.15)

Thus for every, ¢ > 0, we can find 6 > 0 such that ||¢[|, < ¢ implies that ||z| < e. This

e <

shows that the zero solution of (3.1) is stable and hence, it is asymptotically stable.

Necessary condition. Suppose that the zero solution of (3.1) is asymptotically stable
and that the condition (3.13) fails. It follows from (3.11) that there exists a sequence {¢,},

t, — 0o as n — oo such that

tn
lim A(z)dz exists and is finite.

n—oo 0

Hence, we can choose a positive constant L satisfying

t’?L

— L < lim A(z)dz < L, ¥Yn > 1. (3.16)

n—oo 0

3.3. Asymptotic stablility
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Then, condition (3.12) gives us
tn
Cp = / w(s)elo ARzqg < aelo” AR < oL
0

The sequence {c¢,} is increasing and bounded, so it has a finite limit. For any 6o > 0,

there exists ng > 0 such that

tn s 5
/ w(s)elo AR=qs « 2y > py, (3.17)
where K is as in (3.14). We choose §p such that §y < W and consider the

solution z(t) = x(t, t,, ¢) of (3.1) with the initial data ¢(t,,) = do and |p(s)| < dg, 5 < ty,-
It follows from (3.15) that
2(t)] <1 — 8o, Yt >ty (3.18)

Applying the fundamental inequality |a — b| > |a| — |b| and then using (3.18), (3.17) and
(3.16), we get

[2(tn) +y(tn)2(tn — 7(t0))]

tn
) o iy AGE _ / w(s)e” S ARz g g
t?LO
tn A ng tn s
T Jing 50 —e fo A(z) z/ CU(S)@IO A(z)dZdS
tng
tn
tno Alz (50 )efo dzds)
l — tno A(z)dz > l 0’
2 - 2

which is a contradiction because x(t,,) + v (t,)z(t, — 7(tn)) — 0 as ¢, — o0o. The proof is
complete. m

Let ¢(t) = 0 we get the following corollary.
Corollary 3.1 Suppose that the following two conditions hold

t
lim inf/ Ap(2)dz > —o0, (3.19)

t—o00 0

t s s u
sup/ (/ la(s, w)|/ / la(u,v)| dvdudw) e i A@d g — o0 <1, (3.20)
t>0 Jo s—7(s) w Ju—7(u)

3.3. Asymptotic stablility
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where

Then the zero solution of

18 asymptotically stable if and only if

t
/ Ap(2)dz — 00 as t — oo. (3.21)
0

We give an example to illustrate the applications of Theorem 3.1.

Example 3.1 Consider the following linear neutral Levin-Nohel integro-differential equa-
tion with variable delay
t
T'(t) + / a(t,s)z(s)ds + c(t)z'(t — 7(t)) = 0, (3.22)
t—7(t)
10

where a(t, s) = 725, c(t) = 0.01, 7(¢) = 0.2¢t. Then the zero solution of (3.22) is asymp-

totically stable.

Proof. We have

t t 1 )
A(t) :/ a(t, s)ds :/ 5 gy ds = — ! :
0.8t oge 12+ 1 t“+1

/tA(z>dz — (2 + 1), 7(t) = 0.0125, r(t) =0, p(t) = 0.025t

241’
s 10 y “ 10 0.025s
= dv ) d 0.025 ) d
w(s) /0.8532+1</w (/0.8uu2+1 v) u+ ) Wt

1

=211 (—20 arctan s + 20 arctan 0.8s — 8s1n (s* + 1.0) + 8s1n (0.64s* + 1.0) + 4.075s) ,

and

t
/ w(s)e Js AP (g
0

B 1
241

t
/ (—20 arctan s + 20 arctan 0.8s — 8s1ln (32 + 1) + 8sln (0.6452 + 1) + 4.0755) ds
0

= o (6.0ln (t2 + 1) —6.251n (t2 + 1.5625) — 20t arctan t + 20t arctan 0.8¢

—4t%In (* + 1) + 4> In (0.64¢> + 1) + 2.0375¢* + 2.7893)
< 0.253.

3.3. Asymptotic stablility
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Then
t

sup (Iv(tﬂ + / w(s)e s A(Z)dzds) <0.265 < 1.
0

>0

It is easy to see that all the conditions of Theorem 3.1 hold for a = 0.265 < 1. Thus

Theorem 3.1 implies that the zero solution of (3.22) is asymptotically stable. m

3.4 Neutral Levin-Nohel integro-differential equa-
tions with several delays

Next we turn our attention to the following neutral Levin-Nohel integro-differential equa-

tions with several delays

‘I'Z/ dS—FZCk t—Tk )):O,tZto, (323)
t—Tp(t

where ¢, € C! ([tg,0),R), a, € C ([tg,00) X [m (ty),00),R) and 7, € C? ([tg, o) ,RT)
witht — 7 (f) ast — 00, 1 <k < M.

Lemma 3.2 Suppose that
TR(t) # 1, Vt € [tg,00), 1 <k < M. (3.24)

Then x is a solution of equation (3.23) if and only if

x(t) = <¢(t0) + 3 lto) ity - m(to») e fo A% N (et — (1))
k=1 k=1

|
3\“
| — |
=~
8
=
|
1

()2 (s —m(s»] Ay g,

where

Z/tw (/t (i/ﬂu(u) dv—zm o ))) du

=1

+Z% 2lt = 70) = > (s - n<s>>) ds,
G = 74(0) + it
G-n®y

3.4. Neutral Levin-Nohel integro-differential equations with several delays

cx(t)
1—7,(t)

Ti(t) = Vi (1) =
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and

) (A0 A0) 4 0), ) S [ s

(1= 74(1))° | past

The proof follows along the lines of Lemma 3.1, and hence we omit it.

Theorem 3.2 Let (3.24) holds and Suppose that the following two conditions hold

t
lim inf/ A(2)dz > —oo,
0

t—o0

and .
t —
sup (Z v (1) +/ w(5>e*fs A(Z)dzds> —a<1,
20 \ k=1 0
where
w(s) = Z/ lag (s, w)]| (/ (Z/ \aluv|dv—|—2|frl )
s—7k(s) u—

- Z e (5)] + Z v (t)l) dw + Z |1a(s)
k=1 k=1 k=1

Then the zero solution of (3.23) is asymptotically stable if and only if
t_
/ A(2)dz — o0 as t — o0.
0

The proof is similar to that of Theorem 3.1, and hence, we omit it.

3.4. Neutral Levin-Nohel integro-differential equations with several delays



Chapter I

Stability in nonlinear neutral Levin-Nohel

integro-differential equations with delay

Keywords. Fixed points, neutral integro-differential equations, stability.

In this chapter we present a work publiched in [7], namely, K. Ali Khelil, A. Ardjouni
and A. Djoudi, Korean J. Math. 25 (2017), No. 3, pp. 303-321.

In this chapter we use the Krasnoselskii-Burton’s fixed point theorem to obtain asymp-
totic stability and stability results about the zero solution for the following nonlinear

neutral Levin-Nohel integro-differential equation

Z'(t) + /t_ o a(t,s)g (z(s))ds + c(t)a'(t — 7(t)) = 0.

The results obtained here extend the work of Mesmouli, Ardjouni and Djoudi [52].

4.1 Introduction

We consider the following nonlinear neutral Levin-Nohel integro-differential equation with

variable delay

2 (t) + /t o a(t,s)g (z(s))ds+c(t)z'(t — 7(t)) = 0, t > to, (4.1)

with an assumed initial condition
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where ¢ € C ([m (ty) ,to] , R) and
m (to) =inf{t — 7 (t) : t € [tg,00)}.

Throughout this chapter, we assume that ¢ € C'([tg,00),R), a € C([tg,0) X
[m (tp),00),R;) and g : R — R is continuous with respect to its argument. We as-

sume that ¢ (0) = 0 and 7 € C? ([ty, 00) ,RT) such that
T (t) £ 1, t € [tg, ). (4.2)

Our purpose here is to use the Krasnoselskii-Burton’s fixed point theorem to show the
asymptotic stability and stability of the zero solution for (4.1). In the special case ¢ = 0,
Mesmouli, Ardjouni and Djoudi [52] show the zero solution of (4.1) is asymptotically stable
with a necessary and sufficient condition by using the contraction mapping theorem in a

weighted Banach space.

4.2 The inversion and the fixed point theorem

One crucial step in the investigation of an equation using fixed point theory involves the
construction of a suitable fixed point mapping. For that end we must invert (4.1) to
obtain an equivalent integral equation from which we derive the needed mapping. During
the process, an integration by parts has to be performed on the neutral term z'(t — 7(t)).
Unfortunately, when doing this, a derivative 7/(t) of the delay appears on the way, and so

we have to support it.
Lemma 4.1 Suppose that (4.2) holds. Then x is a solution of equation (4.1) if and only
if
2(t) = ((to) +7(to)d(to — 7(to))) e~ fo A
t s
+ / ( / a(s,u) (Gx) (u)du) e~ Js A= qs — oy (H)a(t — (1))
to s—7(s)

B / [La(s) — us)a(s — 7(s)] e~ £ A ds, > 1, (4.3)

to

4.2. The inversion and the fixed point theorem



Chapter 4. Stability in nonlinear neutral Levin-Nohel integro-differential equations
with delay 40

where

+y ()t —7(t)) —(s)x(s — 7(s))) ds (4.4)
)1 —7(t) + 7" (t)e(t) ct)
"= - (1) T )
(Go)(t) = x(t) — g(x(t)), (4.6)
and
_ () +c@AD)(A = 7'(1) + T"(H)e(t) [
p(t) = 0P At) = /tT(t) a(t, s)ds. (4.7)

Proof. Let = be a solution of (4.1). Rewrite (4.1) as

2 (t) + /t o a(t, s)x(s)ds

[l ) e ds e ) = 0.t 2 1

Obviously, we have

Inserting this relation into (4.1), we get

() + /ttr(t)a(t, ) <x(t)— / tx’(u)du) ds

— /t o a(t, s)(Gz) (s)ds + c(t)x'(t — 7(t)) = 0, t > to,

or equivalently

o' (t) + x(t) /t:(t) a(t, s)ds — /ttm) a(t, s) < / tx'(u)du) ds

After substituting 2’ from (4.1), we obtain

' (t) + (t) /t_ o a(t,s)ds

+ /:T(t) a(t, s) (/: (/u:(u) a(u,v)z(v)dv + c(u)z' (u — r(u))) du) ds

_ /t_ . alt, s)(Gz) (s)ds + c(t)2'(t — 7(£)) = 0, t > to. (4.8)

4.2. The inversion and the fixed point theorem
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By performing the integration by parts, we have
t
/ c(u)x' (u — 7(u))du

= tic(U) r\u — 17U
- [ s datu =)

=7 (Bt —7(t) =7 (s)x(s —7(s)) — / r(wa(u —7(u))du, (4.9)
where r and «y are given by (4.5). After substituting (4.9) into (4.8), we have
Z'(t) + A(t)x(t) + L(t)

t

—/ a(t, s)(Gz) (s)ds + c(t)x'(t — 7(t)) = 0, t > to,
t—7(t)

where A and L, are given by (4.7) and (4.4), respectively. By the variation of constants

formula, we get

x(t) = ¢(to)€7f:° ARz /t (/S a(s,u) (Gz) (U)dU> e~ IS AR g
s—7(s)

to

— /t [Lo(s) +c(s)2' (s — 7(s))] e Je AREgg ¢ > to. (4.10)

to

Letting

t t

/ c(s)a'(s — 7(s))e s ARG s = / —C(s,) e~ L AR (s — ().
to to 1 -7 (S)

By using the integration by parts, we obtain

/ c(8)2/ (s — 7(s))e ™ Js ARz

to

= _C(j_z(t)x(t —7(t)) — %x(to — 1(to))e” JE Alz)dz
— /tt wu(s)x(s —7(s))e” /L A2z g (411)

where p is given by (4.7). Finally, we obtain (4.3) by substituting (4.11) in (4.10). Since
each step is reversible, the converse follows easily. This completes the proof. m

Burton studied the theorem of Krasnoselskii and observed (see [27]) that Krasnoselskii
result can be more interesting in applications with certain changes and formulated the

Theorem 4.2 below (see [27] for its proof).

4.2. The inversion and the fixed point theorem
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Theorem 4.1 ([22]) Let (M, d) be a complete metric space and F' be a large contraction.
Suppose there is x € M and p > 0 such that d(z, F"z) < p for alln > 1. Then F has a

unique fized point in M.

Below, we state Krasnoselskii-Burton’s hybrid fixed point theorem which enables us to
establish a stability result of the trivial solution of (4.1). For more details on Krasnosel-

skii’s captivating theorem we refer to Smart [57] or [25].

Theorem 4.2 (Krasnoselskii-Burton) Let M be a closed bounded convex nonempty

subset of a Banach space (S, ||.||). Suppose that A, B map M into M and that
(1) for all z,y € M = Az + By € M,
(11) A is continuous and AM is contained in a compact subset of M,
(i4i) B is a large contraction.

Then there is z € M with z = Az + Bz.

Here we manipulate function spaces defined on infinite t-intervals. So for compact-
ness, we need an extension of Arzela-Ascoli theorem. This extension is taken from [[25],

Theorem 1.2.2, p. 20 | and is as follows.

Theorem 4.3 Let g : R, — Ry be a continuous function such that q(t) — 0 ast — oo.
If {¢, (1)} is an equicontinuous sequence of R™-valued functions on R with |¢,,(t)] < q(t)
fort € Ry, then there is a subsequence that converges uniformly on Ry to a continuous

function p(t) with [p(t)] < q(t) fort € Ry, where |.| denotes the Euclidean norm on R™.

4.3 Stability by Krasnoselskii-Burton’s theorem

From the existence theory which can be found in [25], we conclude that for each continuous
initial function ¢ : [mog, to] — R, there exists a continuous solution x(t, to, ¢) which satisfies
(4.1) on an interval [0, o) for some o > 0 and z(t, ty, ¢) = ¢(¢) for t € [mo, to).

We need the following stability definitions taken from [25].

Definition 4.1 The zero solution of (4.1) is said to be stable at t = ¢, if for each ¢ > 0,
there exists a > 0 such that ¢ : [mg,to] — (—9,0) implies that |z(¢, %, ¢)| < € for all

4.3. Stability by Krasnoselskii-Burton’s theorem
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tho.

Definition 4.2 The zero solution of (4.1) is said to be asymptotically stable if it is stable
at t = tp and 0 > 0 exists such that for any contunuos function ¢ : [my, tg] — (—0,6) the

solution x(t, to, ¢) with z(t,tg, @) = ¢(t) on [my, ty] tends to zero as t — oo.

To apply Theorem 4.2, we have to choose carefully a Banach space depending on the
initial function ¢ and construct two mappings, a large contraction and a compact operator
which obey the conditions of the theorem. So let S be the Banach space of continuous
bounded functions ¢ : [mg, o0] — R with the supremum norm ||.||. Let L > 0 and define

the set

Sy = {p € S:¢isLipschitzian, |¢(t)| < L, t € [mg, o),

o(t) = ¢(t) if t € [mog,to] and p(t) — 0 ast — oo} .

Clearly, if {¢,,} is a sequence of k-Lipschitzian functions converging to a function ¢ then

IN

|o(u) = @n(W)] + |@n (1) = (V)] + |9, (v) — @(v)]

< o=l +Elu—v|+ [l — o, -

|o(u) = (V)]

Consequently, as n — 0o, we see that ¢ is k-Lipschitzian. It is clear that Sy is convex,

bounded and complete endowed with ||.||.

For ¢ € S; and t > ty, define the maps A, B and H on Sy as follows

(AQ)(t) = —(t)plt — (1) / Ly(s)e I A=y

to

[ et — (o)A (4.12)

to

<B(‘0)<t) = (¢(t0) + ’Y(to)gﬁ(tg — T(t0)>> e_ftto A(z)dz
s a(s,u G w)du e*fst A(z)dzds’ 413
! /to (/S—T(s) (3,u) (G) (u) ) (4.13)

and

(He)(t) = (Ap)(t) + (Bp)(1). (4.14)

4.3. Stability by Krasnoselskii-Burton’s theorem



Chapter 4. Stability in nonlinear neutral Levin-Nohel integro-differential equations
with delay 44

If we are able to prove that H possesses a fixed point ¢ on the set Sy, then z(¢, to, ¢) = ¢(?)
for t > to, z(t,to, ®) = &(t) on [mo,to], x(t, o, @) satisfies (4.1) when its derivative exists

and z(t,ty,$) — 0 as t — oc.
Let

o) = [t ([ ([ tatwlas o o) + o ) s

and assume that there are constants ki, ks, k3 > 0 such that for to < t; < to,

to
/ A(z)dz S kl |t2 — tl‘ y (415)
t1
T(t2) — 7(t1)] < kafta — ta], (4.16)
and
[Y(t2) = v(t1)] < ks lta — ta] . (4.17)
Suppose for t > tg,
[u(t)] < GA(1), (4.18)
w(t) < AA(t), (4.19)
sup |7(t)| = ao, (4.20)
t>tg
and that
J(ag+A+0) <1, (4.21)
2
max (|G(=L)], [G(L)]) < —, (4.22)
where ag, 0, A\, J are positive constants with J > 3.
Choose p > 0 small enough and such that
3L
L +a(t))p+— < L. (4.23)

The chosen p in the relation (4.23) is used below in Lemma 4.3 to show that if ¢ = L and

if ||¢|| < p, then the solutions satisfy z (¢, to, ) < €.
Assume further that

t
t—71(t) — o0 as t — oo and / A(z)dz — oo as t — o0, (4.24)
0

4.3. Stability by Krasnoselskii-Burton’s theorem
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~y(t) — 0 as t — oo, (4.25)
% — 0 ast— oo, (4.26)
and
% — 0 ast — oo. (4.27)

We begin by showing that G given by (4.6) is a large contraction on the set S,. So,

we suppose that g : R — R satisfying the following conditions.
(H1) g : R — R is continuous on [—L, L] and differentiable on (—L, L),
(H2) the function g is strictly increasing on [—L, L],
(H3) supye(_p,y9'(t) < 1.

Theorem 4.4 ([1]) Let g : R — R be a function satisfying (H1) — (H3). Then the

mapping G in (4.6) is a large contraction on the set S,.

By step we will prove the fulfillment of (7), (i¢) and (éi7) in Theorem 4.2.

Lemma 4.2 Suppose that (4.18)-(4.21) and (4.24) hold. For A defined in (4.12), if
p € Sy, then |(Ayp) (t)| < L/J < L. Moreover, (Ap) (t) — 0 ast — oo.

Proof. Using the conditions (4.18)—(4.21) and the expression (4.12) of the map A, we

get
(Ap) ()] < Bl e(t— (1) + / L (5)] e~ ! AGHE g
# [ (s = el A

¢ t
< OéoL + L/ w(s)ef I A(Z)dzds + L/ |,U(5)| e~ I A(Z)dzds
to

to

to to

t t
< aoL+ )\L/ A(s)e Js A= gg 4 5L/ A(s)e™ Js A= g
<

L
7

< (Oéo+>\+5)L§ L.

So AS; is bounded by L as required.
Let ¢ € S, be fixed. We will prove that (Ap) (t) — 0 as ¢ — co. Due to the conditions
t—7(t) — oo ast — oo in (4.24) and (4.20), it is obvious that the first term on the right
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hand side of A tends to 0 as t — oo. That is

Y ()t —7(t))] < ao et —7(t))]| — 0 as t — oo.

It is left to show that the two remaining integral terms of A go to zero as t — oo. Let

e > 0 be given. Find T such that |p(t — 7(t))| < e for t > T. Then we have

t
/ L(s)e™ Js A@% g

to

T t
S/ |Ly(s)] e s A(z)dZdS—l—/ |Ly(s)] e s ARz
to T

T t
< Lef%A(z)dz/ W(S)efSTA(Z)dzds—l—a/ w(S)e*fstA(z)dzds

to T

< Le JrA®d= 4 )

and

/ | u(s)pls = 7(s))e” A ds

to

s/‘mwnww—fw»w<ﬁmmws

to

t
~+/|M@st—ﬂ$H€ﬁA@“@
T

T t
S Le—fTA(z)dz/ |M(S)| e—fSTA(z)dzds +5/ |M(S)| e—fs A(z)dzds
T

to

< Loe JrA@d | o5

The terms Le~ /1 A@% and Lie Jr ARz qre arbitrarily smalls as ¢ — oo, because of

(4.24). This ends the proof. m

Lemma 4.3 Let (4.18)—(4.22) and (4.24) hold. For A, B defined in (4.12) and (4.13),
if p, € Sy are arbitrary, then

| Ap + By < L.

Moreover, B is a large contraction on Sy with a unique fized point in S, and (By) (t) — 0

ast — oo.
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Proof. Using the definitions (4.12), (4.13) of A and B and applying (4.18)—(4.22), we

obtain

|(Agp) (1) + (BY) (¢)]
< [(Ap) (O] + [(BY) (1)]

t t
< ool + )\L/ A(s)e™ s ARM=gg 4 L/ \(s)| e s APy
to

to
2L

+ (L4 (t0)) o e o O 4 =

t
/ A(s)e™ Js ARz g
to

< (1 +v) ol + (g + A+ )L + 2L

J

L 2L

<(1 t -+ —
< (1) 6l + 5 + =,
by the monotonicity of the mapping G. So from the above inequality, by choosing the

initial function ¢ having small norm, say ||¢|| < p, then, and referring to (4.23), we obtain
3L
Me + Byl < (1 +9(t))p+ — < L.

Since 0 € Sy, we have also proved that |(B)(t)| < L. The proof that B is Lipschitzian
is similar to that of the map Ay below. To see that B is a large contraction on S, with a
unique fixed point, we know from Theorem 4.4 that G(¢) = ¢ — g() is a large contraction
within the integrand. Thus, for any ¢, from the proof of that Theorem 4.4, we have found

1 < 1 such that

[(By) (t) — (BY) (1)
< /t </5 la(s, u)| [(Gp) (u) — (GY) (u)] du) o L AG) g

—7(s)

t S
= n/ </ (s) a(s’u) H‘P - 'QDH du) e_fs A(z)dzds
to \Js—r(s

t
s¢/A@m¢—wwﬁﬂ@%m

to

<nle—-l.

To prove that (By) (t) — 0 as t — oo, we use (4.24) for the first term, and for the second

term, we argue as above for the map A. =m

4.3. Stability by Krasnoselskii-Burton’s theorem



Chapter 4. Stability in nonlinear neutral Levin-Nohel integro-differential equations
with delay 48

Lemma 4.4 Suppose (4.18)-(4.21) hold. Then the mapping A is continuous on Sg.

Proof. Let ¢,¢ € Sy, then

|(Ap)(t) — (Ay)(1)]

< aplp(t = 7(t) — ot — 7)) + /tt |Ly(s) = Ly(s)] e™d- A%
0
+ /tt ()| (s = 7(5)) = (s — 7(s))| e~ = AC M=
<aolp=ul+ I —ul [ (o) FAas
o=l [ IS4
<aalle = v+ Allo vl [ Al)e S A0as
0
Follp =l [ Ayt A
to
< (a0 + A+ ) llp — 9l < < g — .
Let € > 0 be arbitrary. Define n = ¢J. Then for || — ¢|| <7, we obtain
g — Avl < g — vl <.
Therefore, A is continuous. m

Lemma 4.5 Let (4.15)-(4.20) and (4.25)-(4.27) hold. The function Ay is Lipschitzian

and the operator A maps Sy into a compact subset of S,.

Proof. Let ¢ € Sy and let 0 <t; < ty. Then

|(Ap)(t2) = (Ap)(t1)]

< |y(t2)p(ta — 7(t2)) — y(t)w(ts — 7(t1))|

to to t1 t
+ / Lw(s)e_fs A(z)dzds—/ Ls@(s)e_fs ARz g
to to
to to t1 ¢
+ / pu(s)p(s — 7(s))e™ s A(z)dzds—/ w(s)(s — 7(s))e Js" AR (4.28)
to to
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By hypotheses (4.16)—(4.17), we have

[V (t2)p(t2 — T(t2)) — v(t1)e(ts — 7(t1))]
< [y(t2)] Jo(ta — 7(t2)) — p(ty — 7(t1))| + lp(ts — 7(t1))] [y (t2) — ¥(t1)]
S Oé()k |<t2 — tl) — (T(tg) — T(tl))| + Ll{?3 ‘tg — t1|

S (Oé()k + Oé()kkg + Lk3) ‘tg — t1| s (429)

where k is the Lipschitz constant of ¢. By hypotheses (4.15) and (4.18), we have

t1 t
/ o(s —7(s))e” J2 ARz gg / (1(s)p(s — 7(s))e I AR

to

<

" ()p(s — (e [ AG (e 7A@ — 1) as

tz to
+/ ,u(s)go(s—f(s))e_fs A2)dz g

t1
t1 . to .
/ SA(s)e™ st AR g 4 L/ |p(s)| e~ Js* ARz

to t1

<L5/t2A( )ds+L/ e )2 A dzd(/ (v |dv>
<L5/ ds+L{[ - I G /m |dv]1

+ [ ae s [ >|dvds}

t1 t1

to to ts ,
<16 [Cawas e [l (14 [ e 10 )
131 t1 t1

<L5/t2A( )ds+2L/t2| (v)] dv

<L5/ d8+2L5/

< 3L6ky [ty — 1] . (4.30)

<L )e‘fff Al)dz _q
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Similarly, by (4.15) and (4.19), we deduce

to . t1 .
/ Lw(s)e_ffA(z)dzds —/ Lw(s)e_fslA(z)dzds

to to

f t t to .
/ L¢<8>€7f81 A(z)dz (efftf A(z)dz 1) ds _'_/ Lw(s)ef [l A(Z)dzds

to t1

t1

<L effttlz A(z)dz

t t2 t
w(s)e Jst AP gg 4 L/ w(s)e™ Js* ARz

t1

t t1 ¢ to .
S L ‘6_‘[;:12 A(Z)dz _ 1‘ / )\A(S)e_fsl A(z)dzds + L/ (,U(S)e_fsz A(Z)dzds
to

t1

to to to S
gAL/ A@mz+L/ne<&A@Wd</c4mmD
t1 t1 t1
to . S to
< )\L/ A(z)dz+ L { [efszA(z)dz/ w(v)dv]
t1 t1 t1
to . S
+/ A(S)esz(z)dZ/ w(v )dvds}
t1
to to
< )\L/ dz+L/ w(v ( / A(s)e‘fs A(z)dzds)
t1
< )\L/ dz—|—2L/ w(v
t1
< )\L/ dz—|—2L)\/ A(v
t1

< BALk: |ts — 1] . (4.31)
Thus, by substituting (4.29)—(4.31) in (4.28), we obtain

|(A@)(t2) — (Ap)(t)]
S (Oéok + Oé()kkg + Lk3) ‘tg — tl‘ + 3L(5]€1 |t2 — tl‘ + ?)L)\kl ‘tg — t1|

<Kty — 1], (4.32)

for a constant K > 0. This shows Ay that is Lipschitzian if ¢ is and that AS, is
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equicontinuous. Next, we notice that for arbitrary ¢ € Sy, we have

(A1)
grwww@—fu»w+[WLA@wfﬁA@“¢
+ZWuwnww—T@»w-ﬁ“*%m

t t
< Liy(t)|+ L/ w(s)e s A@egg 4 L/ |pu(s)| e~ Js ARz
to

to

! W(S) — [ A(2)d= ' |M(S)| — [ A(2)dz
ngm+LLAmZ@eé M+LLA@A®65 is

= q(t),

because of (4.25)—(4.27). Using a method like the one used for the map .4, we see that
q(t) — 0 as t — co. By Theorem 4.3, we conclude that the set AS, resides in a compact

set. m

Theorem 4.5 Let L > 0. Suppose that the conditions (H1) — (H3), (4.2) and (4.25)-
(4.27) hold. If ¢ is a given initial function which is sufficiently small, then there is a
solution x(t, to, ) of (4.1) with |z(t,t9, ¢)| < L and z(t,ty,¢) — 0 ast — oo.

Proof. From Lemmas 4.2 and 4.5 we have A is bounded by L, Lipschitzian and (Ag)(t) —
0 ast — oo. So A maps S, into Sy. From Lemmas 4.3 and 4.5 for arbitrary, we have
0,9 € Sy, Ap+Bi) since both Ap and B are Lipschitzian bounded by L and (By)(t) — 0
as t — o0o. From Lemmas 4.4 and 4.5, we have proved that A is continuous and 4S5,
resides in a compact set. Thus, all the conditions of Theorem 4.2 are satisfied. Therefore,

there exists a solution of (4.1) with |z(t, tg, ¢)| < L and x(¢,t9,¢) — 0 ast — oco. ®

4.4 Stability in weighted Banach spaces

Referring to Burton [25], except for the fixed point method, we know of no other way
proving that solutions of (4.1) converge to zero. Nevertheless, if all we need is stability
and not asymptotic stability, then we can avoid conditions (4.25)—(4.27) and still use

Krasnoselskii-Burton’s theorem on a Banach space endowed with a weighted norm.
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Let h : [mg,00) — [1,00) be any strictly increasing and continuous function with

h(mg) = 1, h(s) — oo as s — oo. Let (S,].|,) be the Banach space of continuous
¢ : [mg,0) — R for which
p(t)
= sup |—=| < o0,
|90|h tznll::) h(t)
exists. We continue to use ||.|| as the supremum norm of any ¢ € S provided ¢ bounded.

Also, we use ||¢|| as the bound of the initial function. Further, in a similar way as Theorem
4.4, we can prove that the function G(¢) = ¢ — g(¢) is still a large contraction with the

norm |.|,.

Theorem 4.6 If the conditions of Theorem 4.5 hold, except for (4.25)-(4.27), then the

zero solution of (4.1) is stable.

Proof. We prove the stability starting at ¢5. Let ¢ > 0 be given such that 0 < ¢ < L,

then for |z| <e, find o with |z — g(x)| < o* and choose a number « such that

a+ o+ % <e. (4.33)

In fact, since © — g(x) is increasing on (—L, L), we may take a* = 2—; Thus, inequality
(4.33) allows a@ > 0. Now, remove the condition ¢(t) — 0 as t — oo from S, defined

previously and consider the set

E, = {p €S :p Lipshitzian, |¢(t)| <e, t € [mg,o0)

and (t) = ¢(t) for t € [mo,to]} .

Define A, B on E, as before by (4.12), (4.13). We easily check that if p € Ej, then
|(Ap)(t)] < e, and B is a large contraction on E4. Also, by choosing ||¢|| < « and referring
to (4.33), we verify that for ¢, € E,, |(Ap)(t) + (By)(t)| < € and |(By)(t)| < e. AE,
is an equicontinuous set. According to [[25], Theorem 4.0.1], in the space (S,|.|,) the

set AL, resides in a compact subset of E,. Moreover, the operator A : E, — Ej is
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countinuous. Indeed, for ¢, € Sy,

[(Ap)(t) = (AP) ()]
h(t)

{ @l et = () — vt —7(1))|

1
G
/ (Lo(5) — Ly(s)) e~ I 4=

to

<

+

t

h(s t
<agle =, + e - ¢|h/ w(s)ﬂe—fs A2)dz
to h(t)
t h(8_7-<8>) *ftA(z)dz
+|go—w|h/to o 2T s g
t
< ao\@—w\h+)\|<p—¢|h/ A(s)e™ s ARz g
to

t
+d|p— ¢|h/ A(s)e‘fs A(2)dz g
to

1
S(ao+)\+5)|<ﬁ—¢|h§7|§0—¢|h-
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Chapter 5

Exponential stability of linear Levin-Nohel

integro-dynamic equations on time scales

Keywords. Exponential stability, Levin-Nohel integro-dynamic equations, Bohl-Perron

theorem, time scales.

In this chapter we present a work publiched in [8], namely, K. Ali Khelil, F. Bouchela-
ghem and L. Bouzettouta, Int. J. Appl. Math. Stat., 56 (2017), No. 6, pp. 138-149.

In chapter, we use Bohl-Perron theorem to establish new conditions for the exponential
stability of Levin-Nohel intego-dynamic equation with variable delay. The results obtained

here extend the work of Dung [38].

5.1 Introduction

A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since we are
interested in oscillatory behavior, we suppose that the time scale under consideration is
not bounded above and below; i.e., it is a time scale interval of the form [a, by = [a,b]N'T

and we denote T = [tg, 00)p .
In [38], Dung has used the Bohl-Perron theorem to study the exponential stability of

Levin-Nohel integro-differential equation with delay having the form

Z'(t) + /t o a(t,s)z(s)ds =0, t € [ty, 00) . (5.1)

54
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The aim of this paper is to extend the theory established in [38] to Levin-Nohel integro-

dynamic equation on time scales. More precisely, we consider the equation

2 (1) + /t a(t,s)z(s)As =0, for t € TT (5.2)
with the following conditions, o

(A1). The delay r(t) is a Lebesgue A-measurable function satisfying r (¢) > 0 and
T = SUPyeft,00), I (1) < .

(Ag). The Kernel a : [tg,4+00)p X [-7,+00); — R is Lebesgue A-measurable
such that a(¢,.) are locally A-integrables for any ¢ and the function ¢ +—
f;r(t) la(t, s)| (o (t) — s) As is bounded on T™.

The 2 is called Hilger-derivative, when T = R we have the usual derivative and
the equation (5.2) becomes (5.1). If T = Z, we have the difference operator Ax (t) =
x (t+1) —x (t) and then the equation (5.2) becomes

t—1
Az (t) + Z a(t,s)x(s) =0, t € [ty, 00), .
)

s=t—r(t

The goal of this study is to employ Bohl-Perron theorem to show that under suitable

conditions the trivial solution of (5.2) is exponentially stable.

5.2 Existence and exponential stability

For each ty > 0, we consider the Levin-Nohel equation

t
a2 (t) + / a(t,s)z(s)As =0 (5.3)
t—r(t)
and the initial data
z(t) = (1), t <to, x(lo) = o, (5.4)

where ¢ : (=00, ) — R is a Borel A-measurable bounded function.

For the convenience we recall some fundamental concepts.

Definition 5.1 An absolutely rd-continuous function z : T* — R is called a solution of
Eq. (5.3) with initial data (5.4) if it satisfies equalities (5.4) for ¢t < ¢y and (5.3) for all

most t > 1.
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Definition 5.2 Let ¢y, > 0 and 2y € R. We say that the zero solution of the (5.3) and
(5.4) is exponentially stable if there exists a constant K € R™ and a A € R*such that for

any solution of (5.3) and (5.4) one has the estimate
lz(t)] < K ( sup  |o(s)] + |x(t0)|> eox(t,ty) forallt € TT.
s€(—oo,to)

(We notice that K, A do not depend on ty.)

Denote by LX (T") the space of all A-measurable essentially bounded functions on
T+ with the essential supremum norm HxHLoAO = es5SuP;y, |2(t)|, and by BC,q (TT) the
space of all rd-continuous bounded functions on T* with the supremum norm ||zl 5., , =

SUP>y, [2(t)], then

BC,y (T") = BCy (TT,R) = {93 € Crq (TH,R) : sup |z (t)| < oo} :

teT+

Let f € LX (TT), consider the equation
t
2 (t) +/ a(t,s)z(s)As = f(t), t € T, (5.5)
t—r(t)

with the zero initial data, i.e., z(t) = 0 for t < ¢y. The following lemma is a Bohl-Perron

type theorem.

Lemma 5.1 ([20]) Suppose that there exists ty > 0 such that for any f € LY (TT), the
solution of Eq.(5.5) with the zero initial data belongs to BCrq (TT). Then, Eq. (5.2) is

exponentially stable.

Theorem 5.1 Suppose assumptions (Ay) and (As) hold. Suppose that the ordinary dif-
ferential equation x°(t) + A(t)z° (t) = 0 is exponentially stable and that

lim sup (Sup / (s)eonlt. S)As> <1, (5.6)

u—o00 \ t>u

where A(z) = fir(z) a(z,8)As with A € RT and

s o(s) u
w(s) = / |a(s,w)|/ (/ la(u, v)| Av) AuAw.
s—r(s) w u—r(u)

Then, Eq. (5.2) is exponentially stable.

5.2. Existence and exponential stability



Chapter 5. Exponential stability of linear Levin-Nohel integro-dynamic equations
on time scales 57

Proof. For any ¢y > 0, let x(¢) be the solution of (5.5). Obviously, we always have the

relation

Inserting this relations into (5.5), we get

t o(t)
z2(t) —i—/t )a(t, s) (m"(t) —/ JIA<U>AU> As = f(t), t > to.

—r(t

After substituting z2 from (5.5), we obtain

t

22t + 27 (1) / alt, s)As (5.7)

t—r(t)

L ([ ([ o) )
= f(t) + /;@ a(t, s) ( / " f(u)Au> As.

For the simplicity, we put

s o(s)
g(s) = f(s) +/ )a(s,u) ( f(v)Av) Au

—r(s

and

Then, Eq. (5.7) can be rewritten as follows

(0 + A7)+ [ ;@ alt, ) ( / " (/ :(u) o(u.0)a ()0 ) Au) As = g(t)

which, by the variation of constants formula, gives us

x(t)+/t: ecalt,s) [/:T(S) a(s, w) (/:(8) </uur(u) a(u,z;)x(v)Av) Aw)

(5.8)
Consider the operator N defined by (Nz)(t) =0, t < to and for t > t,
t s o(s) u
(Nz)(t) = / ecalt,s) / a(s,w) / (/ a(u,v)x(v)Av) Aw | | As.
to s—7(s) w u—r(u)
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Then, we can rewrite (5.8) as follows
(I+N)z=h, (5.9)

where [ is the unit operator.

By the definition of the function g, we have
t
o) < g+ 1flg [ NEBICORRIS
t—r(t

= Wlis (14 [ Jaleale0-9as) reT

Hence, assumption (Aj) implies that | g|| Lx <ooorge Ly (T*) . Moreover, the equation
x2(t) + A(t)2° (t) = 0 is exponentially stable. This ensures that h € L (T") . Indeed, we

have

M) < (sup e alt,5)A ) Il

t>t0 tO

< (SUP Keox(t,5)A 5) ||9||L°A°

t>t0 tO

t>to )\

I
/—\

sup K (1 s <t,to>>) ol
K
5y 9]l Lo < o0

For the operator AV, we have the following estimate

(Nz)(t)] < /t:eoA(t, s) [ / :(S) a(s, w) ( /:(s) /u:(u) a(u,v)AvAw>
= ([ wtrecntas) el

t
< (sup/ w(s)esalt, s)As) 2l e > T € T+,

t>to Jtg

As HxHLvo

or equivalently

t
Wllg = (sup [ wohecatt s el

t>to to

Condition (5.6) means that there exists ¢y > 0 such that

t
sup/ w(s)esal(t,s)As :=a < 1.

t>to Jtg
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Consequently, [|[NV] < o < 1 in the space LR (T™), and hence, (I +N) " exists and
1

its norm is bounded by T—a We, therefore, can conclude that Eq. (5.9) has a unique
-«

solution which is given by

x=I+N)"h

It is clear that this solution is rd-continuous and ||z|| e < = |V L < 0. Sow €
BCT»d (T+) .

Now, we consider a special form of (5.2) that is the convolution equation of the form

™ (t) + /t a(t—s)x(s)As =0, (5.10)

where > 0, a : [0,7]; — R is Lebesgue A-measurable and we introduce the condition

[ = supysg  (t) < co. We have
A(z):/ a(z—s)As:/ a(z—s)As:/a(s)As::aozconst.
z—r(z) z—r 0

Hence, the equation 22 (t) + A(t)z? (t) = 0 is exponentially stable only if ag € R*. In this
case, the left hand side of (5.6) reduces to

[ ( [ el [ " ([ Jtwoian) Aqu) oalt )
U o ([ s
+/0t (/Hm |/:(S (/ a(u —v) |Av> Aqu) eon(t,$)As
_ /Ot (/_ w) ( u—v|Av) Aqu) Cou (t,5)As
([ rats- )|u(8)(/ als = 0 80 ) B0 ) e (1,51
_ (/ la(v |Av) (/ la(w |wAw>/eoaO(t,s)As
+( [ loto) Av) [ 06 ecatt s
< L ([ lawnao) ([ latwlwswu [ a)ae).

By applying Theorem 4.1, we get the following corollary.

5.2. Existence and exponential stability
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Corollary 5.1 Suppose that the kernel a : [0,7]; — R is Lebesque A-measurable such
that

0< [Catas < oo and ([Tl as) ([Clastas s [aras) < o) as
(

5.11)
Then, the zero solution of (5.10) is exponentially stable.

5.3 Levin-Nohel integro-dynamic equations with im-
pulsive effects

As an application of Theorem 5.1 we now establish a sufficient condition for exponential
stability of Levin-Nohel integro-dynamic equations with impulsive effects. Consider the

equation
t
.TA(t> + -/;fr(t) ao(t, 8>$<S)AS = 07 t Z tO, t # tk (512)
r(ty) — x(ty) = Mex(t), k=1, 2,...
where A\, k = 1,2, ...are constants, the impulsive moments satisfy

0=ty <ty <ty <..lim# =00 and z(t) = lim (t).
—0 t—t]

The kernel aq satisfies the following assumption.

(A}) The kernel ag : [tg,00)p X [=T,00); — R is Lebesgue A-measurable such that

ao(t,s) J] (14 A)~! are locally integrable in s for any ¢ and the function

s<tp<t

t —

/t aolt;s) T[ 1+ | (o) — 5) As

—r(t) s<tp<t

is bounded on T™.

If we denote by t; the first moment of time such that Ay = —1, then z(¢;) = 0 and so
we can infer that z(t) = 0 for all t > t;. Thus, in this case, the solution is exponentially
stable. In the sequel, it is more interesting to consider the case where )\, # —1 for all

k=1,2, ...

5.3. Levin-Nohel integro-dynamic equations with impulsive effects
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In order to be able to apply Theorem 5.1, we will transform Eq. (5.12) into an equation
without impulses. So, consider the substitution

e(t)= T[] @+ M)y),

0<tp<t

where we assume that a product equals unity if the number of factors is zero. We have

y(t) = T 0+ ).

0<tp<t

t

()= [ a+x) 220 =- ][ (1+>\k)‘1/ ao(t,s) [ (1+M)y(s)As,

0<tp<t 0<t<t t=r(t) 0<tp<s

or equivalently

t
VA (1) + /
t—r(t)

By applying Theorem 5.1 to Eq. (5.13), we get the following theorem.

y(s)As =0, t € T, (5.13)

ao(t,s) J] 1+ )7

s<tp<t

Theorem 5.2 Let assumptions (A1) and (A%) hold. Suppose that there exists a finite
number M > 0 such that
<M, teTT,

‘H (1+ )

0<tp<t

the ordinary differential equation x™(t) + Ay (t) 2°(t) = 0 is exponentially stable and that

t
lim sup <sup/ w,\(s)eoAk(t,s)As) <1, (5.14)
u—oo \ t>u Juy
where
Ay(z) = / ao(t, s) H (14 \p) *As
z—r(2) s<tp<z
and

ao(s, w) H (14 M)t

w<t<s

ao(u,v) H (14 )

v<t<u

Av) AuAw.

/s /cr(s) /u
s—r(s) w u—r(u)

Then, Eq. (5.12) is exponentially stable.

Proof. The result follows from the facts that Eq. (5.13) is exponentially stable and that
lz(t)]| < M |y(t)| for all t € T™. =

5.3. Levin-Nohel integro-dynamic equations with impulsive effects
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5.4 The Levin-Nohel equatons with several delays

The aim of this section is to investigate the exponential stability of Levin-Nohel equations

with several delays of the form
t n t
2B (1) + / a(t,s)z(s)As+ Y / bi(t,s)x(s)As =0, t € T+. (5.15)
We make use of the following assumptions:
(B1). The delays r;(t), i = 1, ..., n are Lebesgue A-measurable functions satisfying
7i(t) > 0 and 74(t) := sup;s, 7; (t) < 00.
(Bs). The kernels b; : [tg, 00)p X [—7;,00)p — R are Lebesgue A-measurable such that

b; (t,.) are locally A-integrable for any t.
We first observe that Eq. (5.15) can be rewritten as follows

t
2 (1) +/ A(t,s)x(s)As =0, t € TT, (5.16)
t—R(t)

where A(t,s) = a(t, s)Lis>i—r@)y (5) + Doiq bi(t, 8)Lis>t—r,} (s) with 1 is the indicator
function and R(t) = max {r (t),ri(t),...,r.(t)} .

Consequently, applying Theorem 5.1 to (5.16) gives us a stability condition for (5.15).
In the sequel, we try to provide a different condition for exponential stability of the

solution. To end this, we need to introduce some concepts and well known results.
Definition 5.3 For each s > tq, the solution Z(t, s) of the equation,
t
z(t) =0, t€(~00,8)p, x(s) =1, 2°(t) —|—/ a(t,s)x(s)As =0, [s,00)p, (5.17)
t—r(t)

is called the fundamental solution of (5.3).

The next lemmas show the role of the fundamental solution. The reader can consult

2] for more details.

Lemma 5.2 If Eq. (5.3) is uniformly exponentially stable, then there exist Ko > 0, \g €
R* such that
|Z(t,s)| < Koeay, (t,8), t>s>0 (5.18)

for any fundamental solution Z(t,s).

5.4. The Levin-Nohel equatons with several delays
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The main result of this section is formulated in the below theorem.

Theorem 5.3 Let assumptions (By) and (Bz) hold. Suppose that Eq. (5.2) is exponen-
tially stable, its fundamental solution satisfies estimate (5.18) and that there exist ty > 0
such that

sup/ (Koe@,\o (t,s Z/ (s,u Au) As:=a < 1. (5.19)
to ri(s)

t>to

Then, Eq. (5.15) is exponentially stable.

Proof. Let f € LY (T™"), consider the equation

™ () + /t_ o a(t,s)z (u) As + Z /t_ o bi(t,s)z (s)As = f(t), t € TH, (5.20)

with the zero initial conditions. Using Lemma 5.1, it is enough to verify that the solution

of Eq.(5.20) belongs to BC,.q (T").

By Lemma 5.2 and by variation of parameters formula we have

z(t) + /’ ts<§jlrw ﬂm>As:L:ﬂugﬂ@A&teTﬂ

which possesses the following form
(I+P)x=k,

with £ (t) = ftt) Z(t,s)f (s) As and the operator P is defined by (Pz) (t) =0, t < ¢y and

(Pz) (t) :/ (t,s (Z/s )Au) As for teT.

Since the fundamental solution Z(t, s) satisfies estimate (5.18) and f € LY (T"), those
imply & € LX (T™). Indeed, we have
O] < 1l [ Hueon 05) A = 320 = con (0.0 115
Ko

2| fllz < o0, tE T

Moreover, we have

|(Pz) (t)| < (/ Koeepy, (t,s (Z/ (s,u |Au> As) ||:U||LOAO, teTr.

5.4. The Levin-Nohel equatons with several delays
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It follows from (5.19) that the operator norm of P in the space LY (T™) is such that
P <a< 1.

The remaining of the proof is similar to one of Theorem 5.1. So we omit it here. m

5.5 Conclusion

We give certain sufficient conditions on time scale, which guarantee the exponential sta-
bility of linear Levin-Nohel integro-dynamic equations. By the defining a suitable Bohl-
Perron theorem, we prove a result on the topic. The method in this chapter can be applied
to prove the exponential stability of solutions of some other similar integro-dynamic equa-

tions.

5.5. Conclusion



Chapter 5. Exponential stability of linear Levin-Nohel integro-dynamic equations
on time scales 65

General Conclusion

In this work we prove the stability of Levin-Nohel integro-differential equations by
fixed points theorems and the stability of Levin-Nohel integro-dynamic equations by Bohl-
Perron theorem in functional spaces of infinite dimension.

This study can be used to show the stability of solutions of some problems contain
stochastic terms.

The research in time scales calculus is a new idea that we allow to generalize some

problems in delay differential equations, delay fractional differential equations,....

5.5. Conclusion
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