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Estimation in fragility models

Abstract

Fragility models are essential for survival data as they address the issue of unobserved
heterogeneity, which can arise from various factors such as genetic predisposition, envi-
ronmental influences, or lifestyle choices.

In this study, we propose two new fragility models: the quasi Xgamma model (QXg-
F) and the Mixed Gamma-Exponential model (MGEF) to account for this unobserved
heterogeneity in univariate survival data. Fragility is incorporated multiplicatively into
the baseline hazard function.

We derive the unconditional survival and hazard functions using the Laplace transform
of the fragility distribution, considering Weibull and Gompertz hazard functions as bases,
and we estimate the parameters using the maximum likelihood method.

We employ the Nikulin-Rao-Robson goodness-of-fit test to assess model adequacy.
Through simulation studies, we demonstrate how the QXg-F and MGEF models capture
heterogeneity and enhance model fit, evaluating their performance under various right
censoring rates and testing the likelihood ratio’s ability to detect unobserved heterogene-
ity based on sample size. We also apply these models to real data, including a new dataset
collected from an emergency hospital in Algeria. Our findings suggest that the QXg-F
and MGEF models are viable alternatives to existing fragility modeling distributions and
have the potential to improve the accuracy of survival analyses across various fields, in-
cluding emergency care. Additionally, we examine the effectiveness and relevance of the
QXg-F model in the insurance sector through simulations and applications to insurance

data.

Keywords: Censored data, Frailty model, Heterogeneity, Laplace transformation, Maximum
likelihood, New Mixed Gamma Exponential, Quasi Xgamma, Regression Models, Risk assess-

ment, Statistical Testing, Survival Analysis .



Estimation dans des modeles de fragilité

Résumé

Les modeles de fragilité jouent un role crucial dans I'analyse des données de survie en
abordant I’hétérogénéité non observée, qui peut résulter de facteurs tels que la génétique,
I’environnement ou les choix de vie. Dans cette étude, nous introduisons deux nouveaux
modeles de fragilité : le modele quasi Xgamma (QXg-F) et le modele Gamma-exponentiel
mixte (MGEF) pour traiter cette hétérogénéité dans les données de survie univariées. La
fragilité est intégrée de maniere multiplicative dans la fonction de risque de base. Nous
obtenons les fonctions de survie et de risque inconditionnelles via la transformation de
Laplace de la distribution de fragilité, en utilisant des fonctions de risque de base de
Weibull et Gompertz, et en estimant les parameétres par la méthode du maximum de
vraisemblance. Nous appliquons le test d’ajustement de Nikulin-Rao-Robson pour éva-
luer la pertinence des modeles. A travers des simulations, nous démontrons comment les
modeles QXg-F et MGEF capturent 'hétérogénéité et améliorent 1’ajustement, en exami-
nant divers taux de censure a droite et la capacité du rapport de vraisemblance a détecter
I’hétérogénéité selon la taille de 1’échantillon, ainsi qu’en utilisant des données réelles, in-
cluant un nouvel ensemble de données collectées dans un hopital d’urgence en Algérie.
Nos résultats indiquent que les modeles QXg-F et MGEF constituent des alternatives
prometteuses aux distributions de modélisation de fragilité existantes, pouvant améliorer
la précision des analyses de survie dans divers domaines, y compris les soins d'urgence.
De plus, nous analysons l'efficacité et la pertinence du modele QXg-F dans le secteur de

I’assurance a travers des simulations et des applications sur des données d’assurance.

Mots-clés : Analyse de survie;Données censurées; Evaluation des risques; Hétérogénéité ;
Maximum de vraisemblance ; Modele de fragilité ; Modeles de régression ; Modele Quasi Xgam-
ma ; Nouveau modele mixte Gamma-Exponentiel; Transformation de Laplace; Tests statis-

tiques.
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Chapter 1

Introduction

Survival analysis is a fundamental branch of statistics concerned with modeling time-
to-event data that measure the duration until the occurrence of a particular event
of interest. Common examples include the time between the diagnosis of a disease
and death, equipment failure in reliability studies, or unemployment duration in labor
economics. Owing to its broad applicability, survival analysis is extensively employed
across diverse disciplines such as medicine, biology, public health, engineering, eco-
nomics, and the social sciences.

A foundational assumption in traditional survival models is that the time-to-event
observations are independent and identically distributed (i.i.d.). However, this as-
sumption is often violated in real world applications due to the presence of unobserved
heterogeneity individual level variability that cannot be explained by the observed co-
variates. This latent heterogeneity, also referred to as frailty, may significantly influence
an individual’s risk of experiencing the event of interest, leading to biased estimates if
not properly accounted for.

Another key challenge in survival analysis is handling censored data, which occurs
when the event of interest is not observed for some individuals within the study pe-
riod. Together, censoring and unobserved heterogeneity necessitate more sophisticated
modeling approaches than those provided by standard parametric distributions such as
the exponential, Weibull, or Gompertz models. While these classical distributions are
mathematically tractable and widely used, they often possess limited flexibility in rep-
resenting the complex hazard rate behaviors observed in empirical data. Specifically,
their inability to accommodate non-monotonic hazard functions or capture extreme
values limits their effectiveness in many applied settings.

To address these limitations, the field has seen the development of more flexible and
generalizable modeling models. Among these, frailty models have gained prominence
for their ability to incorporate random effects termed frailties that account for individ-
ual level variability not captured by observable covariates. The introduction of frailty
into survival models allows the hazard function to vary across individuals, thereby im-
proving the model’s robustness and interpretability. Seminal works by Vaupel et al.
(1979)[92] and Aalen (1988, 1992)[1] 2] laid the groundwork for this approach, high-
lighting the importance of incorporating stochastic heterogeneity into time-to-event
modeling.



Frailty models play a pivotal role in survival analysis by accounting for unobserved
heterogeneity arising from latent individual specific factors such as genetics, environ-
mental influences, or lifestyle. These random effects, which cannot be captured by
observed covariates alone, significantly impact survival outcomes and risk estimation.
In critical domains such as emergency care where patient outcomes are shaped by a
complex interplay of measured and unmeasured variables frailty models offer a robust
model for understanding survival patterns, quantifying risk, and guiding clinical de-
cision making (Teghri et al., 2024)[91]. Classical frailty models typically rely on the
assumption that the frailty term follows a gamma or inverse Gaussian distribution.
While these choices offer analytical tractability and, in many cases, closed form ex-
pressions for survival and hazard functions, they may inadequately reflect the true
nature of latent heterogeneity, particularly in the presence of skewed or heavy-tailed
effects.

To address this limitation, researchers have introduced more flexible frailty distri-
butions capable of adapting to a broader range of survival scenarios. Notable exam-
ples include the generalized gamma frailty model (Balakrishnan and Peng, 2006)[16]
and the weighted Lindley frailty model (Mota et al., 2021)[67], both of which incor-
porate additional shape parameters to enhance model adaptability. More recently,
the quasi-Xgamma frailty model proposed by Loubna et al. (2024)[58] demonstrated
improved performance under both censored and uncensored data through rigorous val-
idation using the NIK-RR test. This model effectively captures complex forms of
unobserved heterogeneity and offers superior goodness-of-fit compared to traditional
approaches. As highlighted by Salem et al. (2023)[82], the development and validation
of goodness-of-fit tests are critical for ensuring the reliability of survival models in prac-
tice. Furthermore, recent contributions such as the right-skewed actuarial distribution
proposed by Hamedani et al. (2023)[40], the reciprocal Weibull extension by Yousof
et al. (2023)[103], and the extended Gompertz model by Alizadeh et al. (2024)[§]
underscore the continued innovation in modeling survival data across applications in
healthcare, reliability, and finance. Both Bayesian and frequentist methodologies have
been instrumental in enhancing the interpretability and precision of these models, as
demonstrated by Ibrahim et al. (2023)[51], Khedr et al. (2023)[53], and Teghri et al.
(2024)[91]. Taken together, these advancements affirm the centrality of frailty models
in modern survival analysis and highlight the ongoing need to refine these models for
increasingly complex and high-dimensional datasets.

The analysis of survival data is significantly enhanced through the application of
frailty models, which serve as powerful tools for capturing unobserved heterogeneity
among individuals or groups. These models not only improve the estimation of sur-
vival probabilities but also facilitate the identification of covariates associated with
increased or decreased risk of failure. Over the years, various statistical distributions
have been proposed in the literature to characterize the frailty term. Among the most
prominent are the gamma distribution (Clayton, 1978; Vaupel et al., 1979)[19][92], the
compound Poisson distribution (Aalen, 1988; 1992)[I][2], the log-normal distribution
(McGilchrist and Aisbett, 1991)[65], and more recently, the weighted Lindley distribu-
tion (Mota et al., 2021)[67]. These distributions offer analytical tractability and have
been widely adopted in reliability and biomedical research. However, their capacity to



fully capture the underlying variability in survival data remains constrained by struc-
tural limitations inherent to their forms. In particular, these classical distributions may
fail to adequately model the skewness, kurtosis, or tail behavior observed in real-world
datasets, thereby motivating the development of more flexible and robust alternatives.

A significant contribution of this thesis is the introduction and comprehensive study
of the Quasi-Xgamma Frailty Model, a new parametric frailty structure embedded
within the Cox proportional hazards model. This model is motivated by the need to
overcome the restrictive assumptions inherent in classical frailty distributions, such as
the gamma, inverse Gaussian, and log-normal, which often lack the flexibility to accom-
modate skewed or heavy-tailed latent effects observed in complex survival data. The
Quasi-Xgamma distribution derived as a generalization of the Xgamma distribution
introduces an additional shape parameter that enhances its ability to model a wider
range of unobserved heterogeneity. This flexibility proves crucial in applications where
traditional models underperform due to their inability to adequately capture extreme
frailty behaviors or asymmetric variability among individuals.

Chapter 2 provides a detailed exposition of this model. It revisits the standard
Cox frailty model and its limitations in capturing diverse latent structures. Then,
we formally introduce the Quasi-Xgamma Frailty Model, deriving its density func-
tion, Laplace transform, and key properties relevant to survival analysis, such as the
marginal survival and hazard functions. The model’s identifiability conditions, mo-
ments, and asymptotic behavior are also examined to ensure theoretical soundness.
Furthermore, the quasi-Xgamma frailty term is integrated into the Cox model through
a shared frailty structure, allowing for inter-individual dependence within clustered
survival data. Estimation procedures are developed using the maximum likelihood
method, and the model’s performance is evaluated under both censored and uncen-
sored schemes using extensive simulation studies. These simulations assess bias, mean
squared error, and convergence properties under varying levels of censoring and sample
size, thereby validating the model’s robustness and practical applicability.

By offering improved goodness-of-fit and better adaptability to real-world data com-
pared to existing frailty models, the Quasi-Xgamma Frailty Model represents a novel
and practically valuable addition to the frailty modeling literature. Its potential for
application in fields such as medical prognosis, reliability engineering, and actuarial
risk analysis is underscored by its strong empirical performance and theoretical flexi-
bility.

In the context of this thesis, the application of the Nikulin Rao and Robson (NIK-
RR) test and the Bagdonavicius-Nikulin (B-NIK) test plays a crucial role in validating
both the Quasi-Xgamma Frailty Model (QXg-F) and the Mixed Gamma-Exponential
Frailty Model (MGEF). These models represent key advancements in frailty modeling,
and the robust goodness-of-fit tests ensure their theoretical integrity and empirical ap-
plicability in survival analysis.

The Quasi-Xgamma Frailty Model (QXg-F) is designed to address the limitations
of classical frailty models by offering enhanced flexibility in capturing latent hetero-
geneity, particularly when frailty distributions are skewed or heavy-tailed. It extends



traditional frailty models by incorporating the quasi-Xgamma distribution, which pro-
vides a more accurate fit for complex survival data, making it suitable for real-world
applications where individual-level variability is high. This model is pivotal in overcom-
ing the constraints imposed by standard frailty models, such as the gamma or inverse
Gaussian distributions, which often fail to represent the true variability in survival data.

Chapter 3 introduces the Mixed Gamma-Exponential Frailty Model (MGEF), a new
statistical model designed to capture unobserved heterogeneity in survival data more
flexibly than traditional frailty models. Classical choices for the frailty term—such as
the gamma, inverse Gaussian, or log-normal distributions—offer analytical simplicity
but may inadequately represent the full range of latent variability present in real-world
survival data. In response to this limitation, the MGEF model blends the gamma and
exponential distributions, creating a more adaptable frailty structure capable of ac-
commodating both light- and heavy-tailed behaviors. This enhanced flexibility allows
the model to better represent latent effects in heterogeneous populations, especially in
clustered survival settings common in medicine, engineering, and finance.

The model is formulated by constructing the frailty term as a mixture of gamma and
exponential components, with derivations provided for its probability density function,
Laplace transform, and marginal survival and hazard functions. Identifiability, moment
expressions, and asymptotic properties are analytically derived to ensure the model’s
theoretical rigor. Within the Cox proportional hazards model, the MGEF model is inte-
grated as a shared frailty component, allowing it to account for interdependence within
clusters—such as patients within hospitals or policyholders within insurance portfolios.

Estimation of model parameters is conducted through maximum likelihood meth-
ods, addressing both censored and uncensored data. A comprehensive simulation study
evaluates the model’s performance under varying sample sizes and censoring levels.
Simulation results demonstrate robust parameter recovery, low bias, and consistent
convergence properties, even under moderate to heavy censoring. These results align
with the broader statistical literature on distributional extensions and frailty models,
where improved flexibility often translates to better empirical performance (Goual et
al., 2019; Ibrahim et al., 2019; Yadav et al., 2020)[37] [50)[95].

Similarly, the Mixed Gamma-Exponential Frailty (MGEF) Model represents a sig-
nificant advancement in the modeling of unobserved heterogeneity within survival anal-
ysis. By synergistically integrating the characteristics of the gamma and exponential
distributions, the MGEF model offers enhanced flexibility for capturing diverse risk
profiles across individuals or clusters. This structure is particularly effective in scenar-
ios where survival outcomes are influenced by both multiplicative and additive latent
effects, which are common in medical, insurance, and engineering applications. The
capacity of the MGEF model to account for such dual influences enables a more nu-
anced and accurate representation of frailty, thereby improving model fit and inference
in datasets with complex and asymmetric risk patterns.

To ensure rigorous validation of both the Quasi-Xgamma Frailty (QXg-F) and
MGEF models, this thesis employs a combination of robust goodness-of-fit testing
procedures tailored to different data structures. The Nikulin-Rao-Robson (NIK-RR)
test, due to its nonparametric nature, is particularly well-suited for model validation in



complete data settings. It does not rely on strict distributional assumptions, making
it a powerful tool for assessing the adequacy of flexible frailty models. By comparing
the empirical cumulative distribution function (ECDF) of the observed data to the
theoretical distribution under the model, the NIK-RR test is sensitive to deviations
such as skewness or heavy tails—features often observed in real-world survival data.
Its effectiveness in small samples and robustness to non-normality further reinforce its
utility in evaluating the empirical performance of both the QXg-F and MGEF models.

In contrast, the Bagdonavicius-Nikulin (B-NIK) test provides a parametric model
specifically designed to accommodate right-censored data, which frequently arises in
survival analysis. Assuming normality in the frailty component, the B-NIK test com-
pares sample-based statistics (such as the mean and variance) to their theoretical ex-
pectations under the hypothesized model. This test is particularly valuable when the
normality assumption is plausible and enables rigorous assessment of model fit in par-
tially observed datasets. It plays a crucial role in confirming the validity of the QXg-F
and MGEF models under censored survival schemes.

Taken together, the NIK-RR and B-NIK tests offer a comprehensive and com-
plementary validation strategy. The former provides flexibility and robustness under
minimal assumptions, while the latter offers specificity and rigor in the presence of cen-
soring and parametric assumptions. Their combined application in this thesis ensures
a thorough evaluation of both proposed frailty models, establishing their statistical
soundness and practical relevance for real-world survival data characterized by latent
heterogeneity and incomplete observations.

The practical relevance of the Quasi-Xgamma Frailty (QXg-F) and Mixed Gamma-
Exponential Frailty (MGEF) models is compellingly demonstrated through their appli-
cation to real-world survival data. In the field of emergency healthcare, these models
were applied to patient survival data obtained from an Algerian hospital, where out-
comes are heavily influenced by latent and unmeasured variables such as underlying
comorbidities, severity at admission, and treatment variability. Traditional frailty mod-
els often fall short in capturing the full extent of such heterogeneity. The QXg-F model,
by introducing additional shape flexibility, and the MGEF model, by combining gamma
and exponential components to reflect both multiplicative and additive frailty effects,
provide more accurate marginal survival and hazard estimates. These improvements
translate into enhanced clinical decision-making tools, capable of identifying high-risk
subgroups and tailoring medical interventions accordingly.

Beyond healthcare, the models are also evaluated within the insurance sector, where
accurate modeling of lifetime risk is essential for actuarial forecasting and solvency as-
sessments. Using real data from life insurance portfolios, the MGEF model in partic-
ular exhibited superior goodness-of-fit when compared to classical frailty models, due
to its ability to accommodate skewed and heavy-tailed frailty distributions common
in actuarial data. Its flexibility proved valuable in better capturing inter-policyholder
variability and aligning predicted outcomes with observed claims. These applications
underscore the versatility and robustness of the proposed models in handling complex
survival data structures across disciplines. Together, the QXg-F and MGEF models
not only enrich the theoretical landscape of frailty modeling but also offer significant
practical benefits in high-stakes, real-world environments where accurate risk assess-
ment is critical.



In summary, the development of the quasi-Xgamma frailty model and the mixed
gamma-exponential frailty model represents a significant advancement in survival anal-
ysis. Their practical utility is highlighted through applications to real-world datasets,
particularly in emergency care and insurance, where they address the challenges posed
by unobserved heterogeneity. The validation of these models against actual data un-
derscores their robustness and relevance. As we progress through this thesis, we will
delve into the theoretical foundations of these models, present the methodologies em-
ployed, and discuss the implications of our findings for future research and practice in
the field of survival analysis.



Chapter 2

Theoretical Foundations of Survival
Analysis

Survival analysis is an essential statistical field that studies the time until an event of
interest occurs, such as product failure or an individual’s death. This chapter aims to
lay the theoretical foundations of this discipline by exploring the distributions com-
monly used in survival analysis. We will begin with an overview of parametric models,
which provide structured approaches for modeling survival data.

Next, we will discuss the Laplace transformation, a powerful mathematical tool
that facilitates the analysis of survival times. Following this, we will explore regression
modeling, focusing on the Cox proportional hazards model, which remains one of the
most popular methods due to its flexibility and ability to handle covariates.

We will also examine the accelerated failure time model, which analyzes how co-
variates influence the time until the event occurs. Finally, we will introduce frailty
models, defining their types and discussing their relevance for modeling unobserved
heterogeneity in survival data.

Thus, this chapter will establish a solid theoretical framework for subsequent anal-
yses, providing the necessary tools and concepts to understand the complexities of
survival data and the models that describe them.

2.1 Background on Distributions in Survival Anal-
ysis

Let T be a continuous nonnegative random variable representing the time from a well
defined specific starting point until the occurrence of an event. The distribution of the
random variable T can be specified through mathematically related functions, where
the knowledge of one of them is sufficient to derive the others. These functions are called
probability density function, survival and hazard functions; are particularly useful in
survival applications.



2.1.1 Probability Density Function

A continuous random variable’s distribution can be described using the probability
density function (PDF),a fundamental idea in probability theory. This function enables
the determination of the probability that a random variable falls inside a specified
range. The probability density function (PDF), known by f(¢), is the highest chance
of something failing in the small range [t, t + At], scaled by the width A¢. Another way
to say this is that the PDF is the chance of failing in an infinitesimal range per unit of
time. The PDF is defined as a :

Plt <T <t+ At]

At—0 At (2.1)

where At is an infinitely small interval, f(¢) > 0 and [;° f(t)dt = 1.

The foundational work of 17th-century mathematicians, including Devlin (2010)[26],
has significantly shaped the development of probability theory.

The probability density function (PDF) finds utility across a wide array of fields. In
economics, for instance, it serves as a crucial tool for assessing the returns on financial
assets. In the realm of physics, it helps clarify phenomena such as the dispersal of
particles. In biostatistics, comprehending time-to-event data is vital, and the PDF
is instrumental for conducting survival analysis and clinical research. Furthermore,
in inferential statistics, the PDF facilitates the formulation of conclusions based on
sample data. Thus, it is evident that the probability density function holds substantial
importance in both theoretical frameworks and practical applications within research.

2.1.2 Cumulative Distribution Function

The cumulative distribution function (CDF) is a crucial concept in probability theory
that defines the probability of an event occurring before time ¢ Collett (1994)[20].
A random variable provides a complete characterisation of its distribution, whether

discrete or continuous.
the CDF is denoted as F(t) Wienke (2010)[94],defined as :

F(t)y=P(T <t), t>0 (2.2)

The cumulative distribution function is widely utilized across multiple disciplines,
including economics, engineering, biology, and social sciences, for various analyses such
as reliability, survivability, and risk management. It is pertinent as it can quantify the
probability linked to various events, therefore enabling informed decision-making.

2.1.3 Swurvival Function

In survival analysis, The survival function is a mathematical tool used to measure
the probability that an individual would survive beyond the specified time t. This
function is the proportion of individuals in a population who, up to that particular
point in time, have not encountered the event of interest (e.g., mortality or product
malfunction). Denoted as S(t), it is defined as follows:

S()=P(T>1t), t>0 (2.3)



The survival function is utilized across multiple disciplines, including medicine, engi-
neering, social sciences, and economics. It is utilized to assess patient survival duration,
evaluate product reliability, durability and analyze timing of economic events, such as
bankruptcy or employee turnover, to get important insights into the labor market.

2.1.4 Hazard Function

The hazard function gives the instantaneous failure rate at ¢ given that the individual

has survived up to time ¢. The hazard function, denoted by (), is mathematically
defined as:

At) = Jim Pt<T <t+At] th)7
At—0 At

where, The numerator is the conditional probability that the event occurs in the
small time interval [t, ¢ + At], given that it has not yet occurred at time ¢,

The origins of the hazard function are closely associated with the development of
survival analysis in the early 20th century. The evolved hazard function has become a
crucial concept in reliability theory and survival analysis.

Thus, the hazard function has emerged as a crucial component in the fields of
reliability theory and survival analysis. The failure rate function, or instantaneous risk
function, quantifies the frequency of an event, such as mechanical failure, mortality or
breakdown, for a specific topic that has endured until a specified period ¢.

t>0 (2.4)

2.1.5 Cumulative Risk Function

The cumulative risk function is a key concept in statistics, particularly in survival
analysis and reliability engineering. It assesses, at a specific time, the total risk of
an occurrence such as mortality or failure. This capability elucidates the likelihood
of various outcomes and enables scholars and professionals to comprehend the accu-
mulation of risk over time. The cumulative risk function, denoted as A(t), is formally
represented as the integral of the hazard function A():

A(t) = /Ot)\(u) du, >0 (2.5)

The cumulative risk function serves various important functions across numerous
disciplines. Medical research widely utilizes it for survival analysis, assessing patients’
survival durations to facilitate the evaluation of treatment effectiveness and patient
prognosis. In engineering, the function facilitates the assessment of system and com-
ponent reliability, thereby enhancing failure prediction and maintenance planning. Fur-
thermore, finance and insurance utilize it in risk management to assess and mitigate
policy and investment-related risks.

The relationship of S(t) and A(¢) is given below

f(t) _ dlogS(t)
S(t) dt

A(t) =

Likewise, t
S(t) = exp [— /O )\(u)du] —expl=A(®H)], >0 (2.7)
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and the cumulative hazard function which can be obtained from the survival func-
tion since

A(t) = —log S(t). (2.8)
while the probability density function can be given by

F(t) = \(#) exp [— / t )\(u)du] | £>0 (2.9)

All these functions give a mathematical equivalent specification of the distributions
of the survival time T'. If one of them is known, then the other two can be determined.

2.2 Overview of Some Parametric Models

2.2.1 Exponential Distribution

The exponential distribution is a continuous probability distribution primarily used
to model the waiting time before a random event occurs, such as the lifetime of a
component, the time between two arrivals in a Poisson process, or the time before a
system failure. A random variable ¢ follows an exponential distribution with parameter
A > 0 if its probability density function (PDF) is given by:

f®)=Xxe™t>0 (2.10)

where, ) is the rate parameter, representing the occurrence rate of the event (e.g.,
the average number of events per unit time) The cumulative distribution function F'(t)
gives the probability that the random variable 7' is less than or equal to a given value
x:

F(t)= P(T <t) = [ Aedt=1—e™. 20 (2.11)
0

The survival function S(t) represents the probability that an event has not yet
occurred after a given time ¢. It is defined as:

St)=P(T>t)=1-F(t)=e t>0 (2.12)

This function decreases exponentially, indicating that the probability of survival
decreases over time. The instantaneous hazard function A(t), also called the failure
rate function, is defined as:

ft) _ Ae™
(t) = Si) " e A, (2.13)
The hazard function of the exponential distribution is therefore constant (A(t) = A),
which means that the instantaneous probability of the event occurring remains the same
regardless of the elapsed time.
The cumulative hazard function A(t), which represents the integral of the hazard
function up to z, is given by:

A(t) = /O At =M, >0 (2.14)
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This function is linear, reflecting the accumulation of risk over time.

A key characteristic of an exponential random variable 7" — exp()) is its memory-
lessness.
This attribute corresponds to the following relationship, applicable for all s, ¢ > 0:

Pr(T >s+tT >t)=Pr(T > s),

The conditional probability of T" exceeding s+t, given that T exceeds t, is equivalent
to the chance of T' exceeding s.

The expectation (mean value) of a random variable T following an exponential
distribution with parameter A\ is given by:

1
h=y (2.15)
This result implies that the larger the rate parameter A, the shorter the expected
duration before the event occurs. In other words, when events happen more frequently
(higher \), the average waiting time between occurrences is reduced.
The variance of T' is given by:

2 1
A2
This indicates that the spread of the distribution decreases as A increases, meaning
that for higher event rates, the variability in waiting times is lower.

The distribution’s memoryless property makes it essential for modeling electronic
component lifetimes, medical survival data, and actuarial risk. However, its limitations
in capturing complex failure dynamics have spurred modern enhancements, including
machine learning for industrial failure prediction (e.g and Bayesian methods for sur-
vival analysis. This evolution underscores its enduring relevance while addressing its
constraints in real-world applications.)

o (2.16)

2.2.2 Weibull Distribution

The Weibull distribution is a widely used probability distribution in reliability analysis
and product lifetime evaluation. It is particularly effective for modeling the time until
an event occurs, such as the failure of a product. Its ability to model different shapes

of distribution makes it very flexible for various applications.
The probability density function of the Weibull distribution is given by:

p—1 -

® (t> e (2)7 t>0,
[t =4 v \v

0, t <0,

(2.17)

where , t is the random variable,v > 0 is the scale parameter,o > 0 is the shape
parameter.
The cumulative distribution function is given by:

t
F(t;v,0) =1—exp—(-), t>0 (2.18)
14

The survival function S(t) is defined as:

S(tiv,o) =1—F(t;v,p) = exp_(ﬁ)w : (2.19)
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The hazard function v(t) is given by:

fGv,p) (t>“’1
; =L === . 2.2
M) = g =2 (] (220)
The cumulative hazard function A(z) is expressed as:
@ ¢
A o) = [ AN g de = () (2.21)

For the Weibull distribution with scale parameter v and shape parameter ¢:
The mean p is given by:

1
p=uvl (1 + <p> . (2.22)

where T is the gamma function. The variance o2 is given by:

e )

The first person to use the Weibull distribution was the Swedish statistician Wallodi
Weibull (1951)[93]. Originally concentrating on material strength assessments, the
Weibull distribution soon found applications in many disciplines, including business,
engineering, and biology.

2.2.3 Gompertz Distribution

The gompertz distribution is a continuous probability distribution named after Ben-
jamin Gompertz(1825)[34] . It is widely used to describe the distribution of adult
lifetimes in demography and actuarial science, and it has applications in various fields
such as biology, gerontology, and even computer science for modeling software failure
rates. Benjamin Gompertz(1825)[34]introduced his function in a paper titled "On the
Nature of the Function Expressive of the Law of Human Mortality." His work was
fundamental to the development of statistical science, particularly in the field of life
insurance and annuities. The Gompertz function was designed to model human mor-
tality, showing that mortality rates increase exponentially with age. The probability
density function of the Gompertz distribution is given by:
f(t; €, k) = kexp(Ety) exp e @PEI= e S0 k> 0,t >0 (2.24)
where ¢ is the scale parameter and « is the shape parameter.
The cumulative distribution function is expressed as:

F(t;€, k) =1 — exp @)= (2.25)
The survival function S(t) is defined as:
S(t:6, k) = 1= F(t:€, ) = exp™ 10l -11(2:20)
The hazard function A(t) is given by:

ANt € k) = JU:E ) = ke, (2.27)

S(t; €, k)
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The cumulative hazard function A(t) is expressed as:

A(tE k) = ’g fexp(&t;) — 1]. (2.28)

The mean p of the Gompertz distribution is given by:
1
= —1In (§> . (2.29)
K K

The variance o2 is given by:

o=t L (5) : (2.30)

2.2.4 Gamma Distribution

The gamma distribution is a continuous probability distribution that is widely used in
statistics, especially in queuing models, reliability analysis, and Bayesian statistics. It
is defined by two parameters: shape n and scale (.

The PDF of the gamma distribution is given by:

=1 exp(—%)
¢"C(n)
where, 7 is the shape parameter (also known as the alpha parameter), C is the scale
parameter (also known as the beta parameter).

I'(n) is the gamma function, which generalizes the factorial function.
The cumulative distribution function of the gamma distribution is :

ftn,¢) = ; 7,6>0, 120 (2.31)

T

1t exp(—¢)
F(n)/ ¢

F(t;n,¢) = dt, t >0 (2.32)

0

The survival function S(t) is defined as:

S(tn,¢)=1- ngn;) t>0 (2.33)
The hazard function A(t) is given by:
ft;n,0) t"!exp(—¢)
)\ ; = = i
(t;m, ¢) S@n.0) ~ v o —0n D] t>0 (2.34)

The cumulative hazard function A(t) is expressed as:

7, ¢)

['(n)

A(t;n, () = —In[S(t;n, ()] = —In [1 — ] ) (2.35)

The mean p of the Gompertz distribution is given by:
= 1. (2.36)
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The variance o2 is given by:

o? =nc2 (2.37)

Euler first explored the Gamma function in the 18th century, while Laplace and
Pearson later formalized the Gamma distribution in the early 20th century (Pearson,
1922)[71]. Pearson introduced the gamma distribution as an extension of the expo-
nential and chi-squared distributions for asymmetric data, and it became essential in
Bayesian statistics for modeling exponential and Poisson likelihoods. The distribu-
tion has since been applied in reliability engineering (e.g., failure duration modeling),
medical statistics (biased survival data analysis), and meteorology (precipitation mod-
eling). Its additive properties make it useful for modeling aggregated events (e.g., total
insurance claims), and its exponential family connection ensures optimal maximum
likelihood estimation properties.

2.3 Laplace Transformation

The Laplace transform is a mathematical technique that converts time-domain func-
tions into complex frequency-domain functions. This transformation simplifies the
solution of linear ordinary differential equations and the analysis of system behavior.

Definition

The Laplace transform of a function f(t), defined for ¢t > 0, is expressed as:

LW} = F($) = [ e sy a, (2.38)
where:
o F(95) is the Laplace transform,
e S =0+ jwisa complex variable,

o ¢ is the exponential decay factor.

2.3.1 Sufficient Conditions For Existence Of Laplace Trans-
forms

The Laplace transform exists if f(¢) is piecewise continuous on [0,00) and does not
grow faster than an exponential function. More precisely, there must exist constants
M and a such that:

|f(t)| < Me™  forallt >0 (2.39)
2.3.2 Some Important Propreties Of Laplace Transforms

The Laplace transform has several important properties:
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Linearity

The Laplace transform is a linear operator:

L{af(t)+bg(t)} = aF(s) + bG(s)

for all constants a and b.

Time Shifting
If f(t) is delayed by a:

L{f(t—a)u(t —a)} = e “F(s)

where u(t) is the unit step function.

Frequency Shifting
Multiplying f(¢) by an exponential function results in frequency shifting:

L{e"f(t)} = F(s — a)

Differentiation

The transform of the derivative of f(t) is given by:

L{f'(O)} = sF(s) = £(0)

For the n-th derivative:
LU W) = 5"Fls) = 5" £(0) = 72f/(0) =+ — S (0)

Integration

The Laplace transform of the integral of f(t) is:
t F
E{/ f(7) dT} = (5)
0 s

2.3.3 Inverse Laplace Transform

To return from the frequency domain to the time domain, the inverse Laplace transform
is defined as:

L7HF(s)} = f(t) (2.40)

This can be computed using contour integration or by referring to transform tables.
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2.3.4 Common Laplace Transforms

Here are some common functions and their Laplace transforms:

1. Unit step function:

1
Llu(t)} =~
2. Exponential function:
L{e™} = R
{e'} = —— (Re(s) > a)
3. Sine function: o
ot —
L{sin(wt)} e
4. Cosine function: 5
Hl=_—_—-
L{cos(wt)} e
5. Polynomial function:
n n!
L{t"} = e (n € N)

The Laplace transform is a powerful mathematical tool that converts time-domain
functions to the complex frequency domain, extending Fourier analysis to non-periodic
signals. Its key properties include linearity, time/frequency shifting capabilities, and
the ability to transform differential operations into algebraic expressions. Requiring
only exponential decay or controlled polynomial growth for convergence, it provides
crucial insights into system stability and causality. The transform finds wide applica-
tion in electrical circuit design, control systems, and communication engineering. It
also serves as a fundamental technique for solving differential equations in physics,
economics, and signal processing. By converting complex differential equations into
simpler algebraic forms, it bridges theoretical mathematics with practical engineering
solutions. This versatility makes the Laplace transform indispensable across applied
mathematics, engineering, and physical sciences.

2.4 Regression Modeling

2.4.1 Simple and Multiple Linear Regression

Linear regression has its roots in the pioneering work of Legendre and Gauss(2002),
who developed the least squares method in the early 19th century, with later contribu-
tions from Galton, Pearson (1922) [7T1]and Fisher (1999)[31] formalizing its theoretical
foundations. The method relies on key assumptions including linearity, normality, inde-
pendence, and homoscedasticity of residuals. Ordinary least squares (OLS) estimation
provides optimal parameter estimates under these conditions, with inference conducted
via t-tests and F-tests. This continuous evolution, from its classical formulation to con-
temporary adaptations, ensures linear regression remains a cornerstone of statistical
modeling and machine learning.
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Simple Linear Regression

Simple linear regression establishes a linear relationship between a quantitative depen-
dent (response) variable Y and an independent (explanatory) variable X.

Y, =60+ 51X + € (2.41)
where:
e Y;: Observed value of the response variable for individual ¢
o X;: Value of the predictor for individual i
e [o: Intercept(value of Y when X = 0)
o [31: Slope coefficient (effect of a one-unit increase in X on Y')
o ¢;Error term(residual), assumed ¢; ~ N(0, 0%)

The estimators Bo and Bl are obtained by minimizing the sum of squared residu-
als(SSR) which measures the discrepancy between observed values Y; and predicted
values Y; = 60 + ﬁlX Mathematically, this is expressed as:

SSR = Z( (Bo + 1 X )). (2.42)

The analytical solutions to this minimization yield the ordinary least squares (OLS)
estimators:

B, = Cov(X,Y) S(X;—X)(Y;-Y)
FTOoVar(X) T Y(X - X))
Bo=Y — 3 X. (2.44)

(2.43)

These estimators possess several important properties. First, they are unbiased:

Elf] =py and E[B] =B, (2.45)

guaranteeing that on average, they converge to the true parameter values. Their vari-
ances, which measure their precision, are given by:

Var(fp,) = m, 7 (2.46)

From a geometric perspective, the regression line Yy = Bo + BlX represents the
orthogonal projection of the observations Y onto the vector space spanned by the
explanatory variable X and a constant vector. This projection minimizes the Euclidean
distance between the observed points and the estimated line, illustrating the underlying
optimization of the least squares method. This approach provides powerful visual
intuition for how the model fits the data.
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Multiple Linear Regression

Multiple linear regression extends simple regression by incorporating several explana-

tory variables to predict a continuous response variable.

Y = Bo + 51X + BoXoi + -+ Bp Xy + €,

Where

o Xii, Xoj, -
o [o: Intercept (value of Y when all X = 0)
° /81, BQa s

o ¢ Error term (unexplained variability)

€ ~ N(0,0%) (2.48)

Y;: Response variable for observation i (e.g., annual income)

., Xpi: Predictor variables (e.g., age, education level, work experience)

, Bp: Regression coeflicients (marginal effect of each X, on Y)

Matrix Representation (for n observations and p predictors):

Y=XB+¢€
Yi 1 Xll
Y, I Xipo
where: 'Y = Response vector , X = |, |
Y, 1 X,
Bo €1
I3t ) €2
B =1 . |: Coeflicient vector , e = | . |: Error vector.
5;0 €n

(2.49)
Xp
X
‘p2 Design matrix |,
Xpn

The OLS method estimates the regression coefficients 8 by minimizing the residual
sum of squares (RSS), which measures the discrepancy between observed (Y;) and
predicted values. Formally, the estimator B is derived by solving:

B = argmﬁinz Y:— (Bo+ 1 X1+ + BpoZ-)]2 ,

=1

(2.50)

yielding the analytical solution B = (XTX)"!XTY, where X is the design matrix and

Y the response vector.

Linear regression requires four critical assumptions for valid inference :

 Linearity between the dependent variable Y and each X; must be linear

« Absence of multicollinearity, with Variance Inflation Factors (VIF < 5).

» Homoscedasticity of residuals (constant variance);

o Approximately normal residual distribution, particularly important for small
samples (n < 30). Violations of these assumptions may require remedial measures

like transformations or robust regression techniques .

19



Logistic Regression

Logistic regression is a statistical model designed to predict the probability of a binary
outcome (e.g., success/failure, presence/absence). Unlike linear regression, it models
the log-odds(logit) of the probability rather than the response variable itself. Developed
by David Cox (1958)[24], logistic regression evolved from early probability models (19th
century) to become the standard for binary outcome modeling, with modern extensions
like LASSO enhancing its utility.

Binary Logistic Model The binary logistic regression model is a statistical method
used when the dependent variable (Y) is dichotomous(e.g., Yes/No, Success/Failure,
1/0). Unlike linear regression, which predicts continuous outcomes, logistic regression
predicts the probability that Y belongs to a particular category. The general form is
given by:

P(Y =1)

log L “P(Y =1)

] — Got BX, (251)

where:

o P(Y =1) is the probability of the event occurring
e [y is the intercept

o [ is the coefficient vector for predictors X

The inverse transformation (sigmoid function) gives the probability:

660 +ﬂX

This ensures P(Y = 1) remains bounded between 0 and 1.

Multinomial Logistic Regression Multinomial logistic regression (MLR) is an ex-
tension of binary logistic regression used when the dependent variable Y is nomi-
nal categorical with K > 2 unordered categories(e.g., disease types, vehicle choices:
car/bus/train). Unlike ordinal logistic regression, MLR does not assume any natural
ordering among categories.

For a dependent variable Y with K classes, MLR models the probability of each
class relative to a reference category (typically K) using the softmax function. For
each class k (where k =1,2,..., K —1):

P(Y = k)

o8 [m:m

] = Bor + P X1 + P Xo + -+ + B X (2.53)

o P(Y = k): Probability of observation belonging to class k
o P(Y = K): Probability of the reference class K
o [Bpi: Coefficients for predictor X, and class k

The probabilities for all classes are derived using the softmax function:

eBor+BrX

PV =0 = ormrax

(2.54)
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Multinomial logistic regression is a versatile tool for multiclass classification, though
its assumptions (ITA) and computational demands warrant careful validation.

The coefficients 3 in logistic regression are estimated by maximizing the log-likelihood
function:

n
((B) =>_[Yilog(P;) + (1 — Yi) log(1 — )] (2.55)
i=1
eﬂTXi
1+eBTXi
timators possess optimal statistical properties (consistency, efficiency) when the model
assumptions are satisfied. In practice, implementation typically relies on statistical
software that integrates these numerical optimization methods while providing conver-
gence diagnostics.

where P, =

represents the predicted probability for observation 7. These es-

2.4.2 Cox Proportional Hazards Model

The models discussed thus far are predicated on the assumption of independent and
identically distributed (i.i.d.) variables, which inherently presumes population homo-
geneity. Nevertheless, in empirical research settings, populations are typically hetero-
geneous, characterized by variability across multiple demographic, clinical, and lifestyle
factors. these variables are formally designated as covariates. The Cox proportional
hazards model (Cox, 1972)[23] constitutes a regression framework in which event time
serves as the response variable. This model facilitates the straightforward incorporation
of observed covariates into survival analysis, rendering it the most extensively utilized
methodological approach in the field. Let A(¢|X) denote the hazard of an individual
at time ¢ with covariate vector X’ = (X7,..., X}). Here X’ denotes the transpose of
the column vector X. The proportional hazards model specifies that

AEX) = Ao()A(X), (2.56)

where: A\o(t) = baseline hazard (unspecified, nonparametric) and h(-) some positive
function.

The model assumes a baseline hazard that all individuals in the study population
have in common. The parameters of primary interest are contained in A(X) = A(5, X),
often

AMX) =X, (2.57)

with 8 = (B1, B2, - - ., Bx) denoting the vector of regression parameters.

The Cox proportional hazards model incorporates covariates through a multiplicative
effect on the baseline hazard function, thereby modifying an individual’s risk profile
according to their prognostic characteristics. This formulation yields a mathematically
tractable model with clinically interpretable parameters. The model’s key theoreti-
cal foundation lies in its decomposition of temporal effects (captured by the baseline
hazard function) and covariate effects (modeled through an exponential component),
providing both analytical flexibility and clinical relevance. The survival function given
the covariates X is

efX

S(t|X) = So(t)e (2.58)
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where Sp(t) = e~ Jo20()4s denotes the baseline survival function and the compo-
nents of the vector § are unknown regression parameters. That means the survival
function of an individual with covariate vector X is a power of the baseline survival
function. The parametric approach to this modeling framework requires specification
of the baseline hazard function from among established parametric survival distribu-
tions. This specification enables more precise estimation when sample sizes are limited,
though at the cost of distributional assumptions.

2.4.3 Accelerated Failure Time Model

One of the important regression model in survival analysis is the accelerated failure
time (AFT) model. The Cox model and its various generalizations are mainly used
in the medical and biostatistical field, while the AFT model is primarily applied in
reliability theory and industrial experiments and as an alternative if the proportional
hazards assumption does not hold. The hazard of the AFT regression model can be
written in the form:

At X) = Ao(tePX)ePX, (2.59)

with 3 is a vector of coefficients, \o(-) as baseline hazard,The term e’X adjusts the
survival time, accelerating or delaying the time until the event occurs based on the
covariates. Due to computational difficulties AFT models are mainly used based on
parametric approaches . In contrast to the proportional hazards model, the AFT model
can best characterized and interpreted in terms of the survival function. Assuming a
model with only one single binary covariate X (for example, indicating treatment
(X = 1) and control group (X = 0) in a randomized clinical trial) for the survival
function, the relation

St X =1) =S| X =0). (2.60)

holds. The hazard function of an individual in the control group is then the
baseline hazard A(t|0) = A\o(t). The factor € is called acceleration factor, meaning
that the probability to survive time point ¢ in the treatment group is similar to the
probability to survive time point te? in the control group. The AFT model will not be
treated in detail here in this thesis, but we would like to mention that these models
offer a number of advantages. In particular, they provide a wide variety of shapes of
baseline hazard functions since the family includes unimodal hazards such as the one
in the log-normal distribution.

2.5 Frailty Models: Definition and Types

The frailty model proposed by Vaupel et al. (1979)[92] offers a way to relax the
proportional hazards assumption inherent in the Cox model. As an extension of the
Cox framework, it accounts for unobserved heterogeneity in survival data. Frailty
provides a flexible approach to modeling random effects, latent variability, or potential
dependencies within survival models. In its basic form, frailty represents an unobserved
random effect that multiplicatively shifts the hazard function for an individual or a
cluster of correlated observations. This effect is modeled using a random variable with
a specified probability distribution. The parameters of this distribution—alongside the
model’s other parameters—are estimated during the fitting process.
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Many models, each with their own specific frailty structure, have been proposed
since Vaupel et al. (1979)[92], and these models allow for different modeling approaches.
In this section, we describe some models frequently used in the literature.

2.5.1 Univariate Frailty Models

This section explores univariate survival data, focusing on event times for independent
individuals. Traditional survival models assume independence and identical distribu-
tion, indicating population homogeneity based on observed covariates. However, signif-
icant individual differences, particularly in treatment responses, highlight the impor-
tance of unobserved heterogeneity, a critical factor in medical and biological research.
Frailty models, which have gained prominence, address this by assigning individual
vulnerability levels, where frailer individuals experience earlier events, leading to selec-
tion bias favoring more resilient survivors. Mortality rates typically exhibit a unimodal
pattern, initially rising, peaking, and then declining or stabilizing. This current section
addresses the integration of covariates in survival analysis, primarily via proportional
hazards models. However, some risk factors may be unrecognized or their relevance
not fully understood, while others may be too costly or time-consuming to measure.
Consequently, it is essential to differentiate between two sources of variation in du-
ration data: (1) variability explained by observed covariates, which is theoretically
predictable, and (2) heterogeneity from unobserved factors, which remains inherently
unpredictable. This section primarily focuses on the latter, noting that recognizing
unobserved heterogeneity can elucidate unexpected results, such as non-proportional
or declining hazard functions.

In survival analysis, these latent risks are represented by a mixture variable known
as frailty, a random variable assumed to follow a specific probability distribution. The
relationship between individual and population-level hazard patterns depends on the
distribution of frailty among individuals. Different distributions can be selected to
model these unobserved covariates (frailty). A critical factor is how the Laplace trans-
form of the frailty distribution influences the survival and hazard functions. The vari-
ance of frailty indicates the degree of unobserved heterogeneity and serves as a marker
for significant risk factors.

Concept of Univariate Frailty

Before studying specific frailty distributions in detail, we collect a few results that hold
for all these distributions in general. Special focus is on the Laplace transform of the
frailty, because unconditional survival and hazard functions can be easily expressed
using it. Hence, likelihood functions can also be expressed by means of the Laplace
transform, making distributions with simple Laplace transforms especially popular.
Frailty modeling began with Beard (1959)[I7], Vaupel et al. (1979)[92], and Lan-
caster (1979)[55]. The Cox proportional hazards (Cox-PH) model (Cox, 1972)[23]
accounts for observed covariates, but unobserved heterogeneity may remain. The uni-
variate frailty model addresses this by incorporating latent variables to capture unex-
plained variation in failure rates across independent subjects, under the assumption
that frailties are mutually independent. Let Z > 0 denote an unobserved random vari-
able representing the frailty of a subject. Consequently, the hazard rate function for
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the i'* subject can be expressed as:
A (ti)zi, 23) = zido(ts) exp(x] B), i=1,2,...,n, (2.61)

Let \( - ) denote the baseline hazard function, and let represent the vector of unknown
regression coefficients, where p < n (Ibrahim et al., 2001)[45]. Each subject i is as-
sociated with a distinct frailty term z;, an unobserved non-negative random variable.
If z; > 1, the frailty amplifies the risk of the event of interest, whereas z; < 1 dimin-
ishes it. Notably, the standard Cox proportional hazards (Cox-PH) model emerges as
a special case when z; = 1 for all subjects. As in Cox’s proportional hazards model
, the baseline hazard function Ag(-) may be specified either nonparametrically
or parametrically. In the nonparametric case, common estimators for the cumulative
hazard function include the Breslow and Nelson-Aalen (1980)[I8estimators along with
their modified variants. This specification results in a semiparametric frailty model,
where a parametric frailty distribution is assumed while leaving the baseline hazard
unspecified .

For parametric specifications, standard baseline hazard functions from distribu-
tions such as exponential, lognormal, Gompertz, and Weibull are frequently employed
Wienke (2010)[94]. Each parametric choice offers distinct advantages:

o Exponential: Constant hazard rate

« Weibull: Monotonic (increasing/decreasing) hazards
o Gompertz: Flexible mortality patterns

e Lognormal: Non-monotonic hazard shapes

Given this formulation, the conditional survival function for the i** subject as follows:
S(ti|zi, ;i) = exp {—ziAo(ti) exp(x;fpﬁ)} yi=1,...,n (2.62)

where the cumulative baseline hazard-rate function is Ag(t;) = [3* Ao(s)ds. The con-
ditional survival function thus indicates the likelihood that the i* subject will
live until time ¢; given Z = z;. To obtain unconditional survival and hazard functions
independent of unobserved heterogeneity we integrate the conditional survival function
over the frailty distribution. This integration is mathematically equivalent to
evaluating the Laplace transform of the frailty variable Z.

Following Elbers (1982) [29], identifiability of the resulting model requires the frailty
distribution to have a unit mean, i.e., E[Z] = 1. Under this constraint, the uncondi-
tional survival function S(¢ | x) is derived by marginalizing S(t | z,x) over Z, yielding:

S(t| x) = /0 T S(t] 2, %) f2(2) dz, (2.63)

where fz(z) is the probability density function of Z.
given that Z = z;. the marginal Survival function :

S(ti|z;) = /O ~ exp | —2ilo(ti) exp(x] B)] f(z)dz = Ly [Ao(t:) exp(a! )] (2.64)
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where L¢( ) denotes the Laplace transform of the frailty distribution, and the corre-
sponding marginal probability density function (MPDF) is given by:

f(tilx;) = —Ao(ts) eXP(xgﬁ)L/f {Ao(ti) exp(x;frﬁ)} i=1,.....n.

It is noteworthy that the Laplace transform admits a closed-form expression for each of
the aforementioned distributions. Consequently, the marginal hazard (Mar-H) function
can be derived from Equation ([2.64]) as follows:

Xo(ti) exp(a] B)L; {Ao(ti) exp(;c;ffﬁ)] o
Ly [Ao(t;) exp(z] B)] i=1,2,..,n (2.65)

where Elf(t) = 2£4(t). For a randomly selected individual from the study popula-
tion, the associated risk and survival probabilities can be derived using the hazard and
marginal survival (Mar-S) functions presented above (Wienke, 2010)[94]. As previously
noted, employing a frailty distribution with a closed-form Laplace transform signifi-
cantly facilitates parameter estimation and is essential for computing the Mar-S and
hazard functions. In cases where the frailty distribution does not possess a closed-form
Laplace transform, numerical integration techniques or Markov Chain Monte Carlo
(MCMC) methods become necessary (Balakrishnan (2006)[16]; Hougaard (2012)[43];
Robert (2013)[78]). The selection of an appropriate frailty distribution requires careful
consideration of computational tractability in both univariate and multivariate sur-
vival analysis frameworks (Pickles (1995); Wienke (2010))[74, [94]. This investigation
develops novel hazard and Mar-S functions for.

Atilzi) = —

2.5.2 Multivariate Frailty Models

A second key application of frailty models lies in the analysis of multivariate survival
data. Alternatively—and from an entirely distinct perspective—the frailty term can
be employed to model dependencies between event times, an approach originally in-
troduced by Clayton (1978)[19]. Such kind of data occurs,for example, if lifetimes (or
times of onset of a disease) of relatives (twins, parent-child) or recurrent events like in-
fections in the same individual are considered. In such cases, independence between the
clustered survival times cannot be assumed. Multivariate models are able to account
for the presence of dependence between these event times. A commonly used and very
general approach is to specify independence among observed data items conditional on
a set of unobserved or latent variables. The dependence structure in the multivariate
model develops from a latent variable in the conditional models for multiple observed
survival times. Frailty models for multivariate survival data are derived under condi-
tional independence assumption by specifying latent variables that actmultiplicatively
on the baseline hazard funtion. We begin with an example of a shared frailty model,
then develop a correlated multivariate frailty model.

Concept of Shared Frailty

We explore here multivariate event-time models with dependent hazards, extending the
classical univariate frailty model to account for the interdependence of clustered event
times. Such survival models are particularly useful for analyzing complex processes
related to aging, disease, disability, and mortality, where dependencies may arise among
related individuals or recurrent events.
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A prominent method in this field is the shared frailty concept, where the hazard
model for each individual reflects the conventional univariate frailty model, but with
frailty being a measure of relative risk shared among group members. This approach
assumes that all failure times within a cluster are conditionally independent given the
frailty, which is constant over time and shared among individuals, leading to positively
dependent event times.

Originally introduced by David Clayton (1978)[19], who studied the bivariate case,
the shared frailty model has become a cornerstone in the literature on multivariate
frailty models. We will provide a concise overview of this model to clarify the founda-
tional concepts of multivariate frailty models.

The fundamental definition of a shared frailty model in survival analysis is as fol-
lows. Suppose there are n clusters, and cluster ¢ has n; observations associated with the
unobserved frailty Z; (where 1 <14 < n). The vector X;; (where 1 <i <n,1<j <n,)
contains the covariate information for the event time 7;; of the j-th observation in the
i-th cluster. Given the frailty term Z;, the survival times in cluster ¢ are assumed to
be independent, with hazard functions defined as:

)\(t‘XU, Zl) = Zi)\()(t)@ﬁXij,

where \o(t) denotes the baseline hazard function, and § is a vector of fixed-effect
parameters to be estimated. The frailties Z; (fori = 1,...,n) are considered to be inde-
pendent and identically distributed random variables with a specified density function
f(2). The frailty density relies on unknown parameters that must be estimated. Like
the univariate case, a semiparametric shared frailty model includes a nonparametric
baseline hazard Ao(t).

The conditional multivariate survival function for individuals in the ¢-th cluster.
Conditional on the shared frailty Z;, it holds that:

S(til, . ,tmi

X, Z;) = S(tul|Xn, Zi)--S(tin,

~Ziy Ao(tij)eﬁxij] :
=

Xings Zi) (2.66)

= exp

where Ag(t) = [i Ao(s)ds denotes the cumulative baseline hazard function, and X; =
(Xi1, ..., Xin,) is the covariate matrix of individuals in cluster . This expression serves
as the starting point for deriving the unconditional joint survival function. Averaging
expression with respect to the frailty Z; yields the marginal survival function:

Sty tin,

= E{GXP —Zii/\o(tij)eﬂxij]}
j=1

n;
> Ao(tij)e’*
j=1

Xi, Z;)] (2.67)

= L

where £ denotes the Laplace transform of the frailty variable. Thus, the multi-
variate survival function is expressed as the Laplace transform of the frailty distribu-
tion, evaluated at the cumulative baseline hazard. The joint survival function for all
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event-time data is now the product of the survival functions of all clusters, due to the
assumption of independence between clusters:

S(tit, -y bnn | X1y -, Xn) = [[ £
=1

i: Ao(tz’j)eﬁxij] - (2.68)

The univariate unconditional survival functions can also be expressed using the
Laplace transform:

S(ti| Xij) = E[S(ti;|Xis, Zi)] (2.69)
= F {exp [—ZZAo(tU)GﬂX”}}
= L [Ao(ti)e™u].

A more detailed presentation of shared frailty models can be found in the excellent
book by Duchateau and Janssen (2008)[27].

Concept of Correlated Frailty

The correlated frailty model represents a key concept in multivariate frailty models,
bridging the shared frailty approach and the univariate frailty model. In this model,
the frailties of individuals within a cluster exhibit correlations without being uniformly
shared. This flexibility allows for the incorporation of additional correlation param-
eters, facilitating the analysis of relationships between event times. In the bivariate
context (absent observed covariates), the conditional survival function is defined as
follows:

S(ti,ta|Z1, Zs) = Si(t1]21) St Zy) = e~ Zriorltn) = Zohon(ta) (2.70)

where Z; and Z5 are two correlated frailties. The distribution of the random vector
(Zy, Z5) must be specified, as it determines the association structure of the event times
in the model.

Consider various bivariate event times, such as the lifetimes of twins, or the times
to blindness in each eye, as well as the failure times of patients’ left and right kidneys.
In the bivariate correlated frailty model, each individual’s frailty within a pair serves
as a measure of relative risk, akin to the definition used in univariate models. However,
unlike the shared frailty model, the frailties of the two individuals in a pair do not have
to be identical. Thus, the hazard function for the individual j (where j = 1,2) in pair
i (where i =1,...,n) is expressed as:

Nt Xij, Zij) = Zighoj(t)e™, (2.71)

where ¢ denotes age or time, X;; is a vector of observed covariates, 3 is a vector of
regression parameters describing the effect of the covariates X;;, Ag;(+) are the baseline
hazard functions, and Z;; are the frailties. Bivariate correlated frailty models are
characterized by the joint distribution of a two-dimensional vector of frailties (Z;1, Z;2).
If the two frailties are independent, the resulting lifetimes will also be independent,
indicating the absence of clustering within the model. Conversely, if the two frailties
are identical, the shared frailty model emerges as a specific instance of the correlated
frailty model, characterized by a correlation of one between the frailties.
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The conditional survival function of the j-th individual in the ¢-th pair is:

S<t|XzJ, Zm) — e*ZijAoj(t)eﬂXij’ (272)

where Ag;(t) denotes the cumulative baseline hazard function.

All these formulas can be readily adapted to the multivariate scenario; however,
they necessitate a specification of the correlation structure among individuals within a
cluster via a multivariate density function, which complicates the analysis.
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Chapter 3

The Quasi-Xgamma Frailty Model

The main motivation of this chapter is to:

e Present a new flexible frailty model called the QXg-F model for the survival
analysis.

o Employ the QXg-F model in the survival analysis under a newly collected data
called emergency care data.

o Using the MaxLE method is used for estimating the QXg-F model’s parameters
of Weibul Baseline Hazard Function and in case of Gompertz Baseline Hazard
Function.

o Propose an alternative frailty model which overcomes the weak point of the
gamma frailty model, compound Poisson frailty model, log-normal frailty model
and weighted Lindley frailty model.

o Test the goodness-of-fit validation using the NIK-RR test statistic in case of
complete data.

o Test the goodness-of-fit validation using the B-NIK test statistic in case of cen-
sored data.

o Test the ability of the new QXg-F model in risk analysis by studying a set of
commonly used financial indicators such as the V-R, TLV-R, T-VC, TM-V, M-
EXL function under different estimation methods like the MaxLE method, OrLSE
method, the WLSE method, and the AnDE method.

3.1 Introduction to the Quasi-Xgamma Model

The analysis of time-to-event data presents fundamental challenges across multiple
applied disciplines, including medical research, reliability engineering, and actuarial
science. While numerous statistical models exist for such data, the efficacy of para-
metric methods critically depends on selecting an appropriate underlying distribution.
This reliance becomes particularly problematic when real-world data exhibit patterns
that deviate substantially from conventional probability models, potentially compro-
mising the validity of statistical inferences and predictions.This chapter presents the
quasi-Xgamma distribution, a two-parameter extension of the Xgamma distribution
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originally developed by Sen et al. (2017)[84]. The Xgamma distribution, defined for
a continuous random variable x through its probability density function (PDF) of the
form :

192

f(z) = 109 (1 + gﬁ) exp (—Vz) ,z>0,9 >0 (3.1)

and is denoted by = — X gamma (¢) .
The cumulative density function(CDF) of z is given by

(1+0+9X +22)
F(z)=1- 50 exp(—dz) . x>0,9>0 (3.2)

, has proven valuable for lifetime data modeling. This advancement addresses critical
limitations in current lifetime data modeling approaches while opening new research
directions. The quasi-Xgamma distribution’s implementation in statistical software
packages could significantly enhance its accessibility to both researchers and prac-
titioners. As demonstrated through our analysis, this model represents a versatile
analytical tool that successfully bridges theoretical sophistication with practical appli-
cability across multiple domains. Following Sen and Chandra (2017)[84], A continuous

random variable z, with support [0, oo[, is said to follow a quasi Xgamma distribution
with shape parameters a and scale parameter 1
The cumulative distribution function (CDF) of QXg is given by

1
Foo(z)=1- exp (—vz) (1 +oa+dr + 2192x2> la, ¥ > 0, (3.3)

1+«

where x > 0 and «, 9 > 0.
The probability density function (PDF) is obtained as

Y
fo(x) = T+ a

where ¢ = (a,¥) . and is denoted by © — QX g(«, 9).

exp (—vx) (a + ;192x2> la, ¥ > 0, (3.4)

The Momoents of The probability density function (PDF) corresponding to (3.4)) :

3+«
2\ 2(6+a)
() - H0e0)

The variance of z can be deduced as

a? 4+ 8a+3

Var (z) = Al tar

It is to be noted that the quasi Xgamma distribution such obtained includes Xgamma
distribution as a special case. For particular values of «, from we obtain the fol-
lowing special cases:

(1) When a= 0, we have gamma distribution with shape parameter 3 and scale
parameter ¥, i.e., x — G(¥,3)
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(2) When a= 1, we obtain a new class of distributions with PDF

2
f(x) = ;9 (1 + 192952> exp(—dz) ; x > 0and J > 0 (3.5)

(3) When a= 9, we have the Xgamma distribution with PDF given in (3.1)).

Note: The quasi Xgamma distribution characterized by the PDF given in ((3.4)
is a special mixture of exponential distribution with mean %and gamma distribution
wlith shape parameter 3 and scale parameter ¢/, with mixing proportions 1%, and

T+ respectively. The Xgamma distribution is also synthesized mixing exponential

distribution with mean % and gamma distribution with shape parameter 3 and scale

parameter ¥, with mixing proportions 1%9 and l}r 5 respectively. The parameter a

regulates the shape of the distribution for a fixed value of ¥.
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3.2 Quasi Xgamma Frailty Model

Consider the frailty model presented in , where Z represents our frailty variable,
which follows a QXg distribution with a mean of one. This assumption is essential for
identifying the parameters of the derived model (refer to Elbers and Ridder, 1982)[29].
Therefore, utilizing the alternative parameterization of the QXg model proposed by
sen et al. (2017)[84] in terms of the mean, the probability density function (PDF) of
the QXg-F model can be expressed as follows:

3+« 3+« 1/34+a\?,,
Z)=""% exp(-2T27 - 22| |, Z .
1(2) (Ha)gexp( o )[a+2(1+a) ]|a, >0, (36)

where o > 0 represents the shape parameter. The variance of the frailty distribution
serves as a key measure for quantifying the degree of unobserved heterogeneity within a
study sample. Assuming that the probability density function (PDF) given in equation
represents our frailty model, the variance can be mathematically expressed as
follows:

2

o2 = a2+8a+3).

i
(34 «a)?
Let £4(S) denote the Laplace transform of the frailty probability density function

f(Z) specified in (3.6)), parameterized by its variance ¢% and a scaling factor S € R,
has the following form:

Ly(S) = (1+vV13-1202) (3.7)
(4302 + VI3 = 1207)
. { (S (3207 + VI3~ 120%) + 1+ VI3~ 1202] + (1 + VI3 —120%) (0 — 1) }

X {(3 — 20> + V13— 120?) [5 (3 — 20° + VI3 — 120%) + 1 + VI3 — 120—2]3}_1 <

To simplify the analysis, we evaluate (3.8) at S = Ag(t;)exp(x;8). Under the
QXg-F model, the marginal survival function given in (2.64)) takes the following form:

S(tilz) = (1+V13=1202) (3.8)
(4 — 30 + \/m)
. [ Ao(ts) exp(a? B) (3 — 20 + VI3 — 1207) r
+1+ /13 =1202
+(1+ V3= 120%) (0%~ 1)
(3-20% + VI3 - 1207)

x Ao(ts) exp(a ) ’
x (3 =207 + VI3 = 1207) +14,/C(0?)

-1
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The resulting Marginal Hazard function (2.65)) is as follows:

Atiles) = [Mo(ts) exp(a] B) (3.9)
[3 —20% +,/C (02)
X {Ao(ts) »
exp(zlB) {3 —20%+/C(0?)| + 1+ /C(c?)
L 1 [ Molt) exp(aT) [3 - 202 +/T(@?)] |
[4 30 +\/C<U)}{ —1—1—1-\/@ }
) 130~ 1) [1+,/C(0?)]
s 1 [ Aolt) exp(al8) [3 - 202 + /T (0?)] ’
4302+ /C( ){ e E ) }
_ +(0? = 1) [1+4/C(0?)]

C(0?) = 13- 120" 0" > E

where

In the following, we refer to the model with unconditional survival and hazard functions
as the QXg frailty model. As discussed in Chapterl, the baseline hazard function can
be specified either parametrically or non-parametrically. In this study, we adopt a
parametric approach by considering Weibull and Gompertz distributions as baseline
hazard functions. These two-parameter models are particularly flexible, capable of
representing constant, increasing, and decreasing hazard rates.

The Weibull distribution is widely employed in survival analysis and reliability
engineering, while the Gompertz distribution finds predominant application in actuarial
science and demographic studies [94]. Notably, the Gompertz distribution as a baseline
hazard function in survival analysis presents an important characteristic: it may exhibit
a defective property. This property implies the existence of a subpopulation that is
not susceptible to the event of interest, effectively representing cured individuals or
long-term survivors .
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3.2.1 QXg-F Model Under the Weibull Baseline Hazard Func-
tion

The Weibull distribution provides parametric baseline hazard and cumulative hazard
functions defined as follows:

v—1 v
t; t;

where v > 0 represents the shape parameter and ¢ > 0 represents the scale param-
eter.

The hazard-rate function of the Weibull distribution drops monotonously for v < 1; it
is constant over time for ¥ = 1 (exponential distribution); and it grows monotony when

v > 1 (Wienke (2010)[94]). As a result of substituting (3.10)into (3.9) and (3.10)), the

Quasi Xgamma Frailty model’s Marginal Survival and hazard functions with Weibull
Baseline Hazard Function are, respectively,

S(tilwi) = :1 +./C (02)] (3.11)
{4—302—%\/@(02)} )
y ()" exp(z7B)
3—20%+/C(0?)| + 1+ /C(0?)
CET
[3—20%+,/C(0?)] 3 -
X ()" exp(aTB) )
[3—20%+/C(0?)| + 1+ /C(0?)
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The marginal hazard functions with Weibull Baseline Hazard Function is :

Atz = L@ (f;)“exp@?m] (3.12)

y ( [3—2024—\/@(02)} 3 )
{(£)" exp(aTB) [3 - 202 +,/C(0?)] +1+,/C(02)}
gy | (B oot -2 - ] |
[4—30%+ C(a)]{ 1k JE0
x #3007~ ) [t + T’
st TG { (&) el s 207+ JEE] |
[4 30° + C(U){ +1+\/7
i +o? = 1) [1+,/C 02)]

C (0—2) =13 — 1202

Figure [3.1)3.2] illustrates various configurations of the survival and hazard func-
tions for the QXg frailty model with Weibull baseline hazard, using selected parameter
values. The graphical analysis reveals two key properties:

where

1. The survival function maintains proper behavior, satisfying:

S(0) =
lim S(t)

t—00

1
0

2. The hazard function exhibits both monotonically decreasing and unimodal shapes
Notably, the unimodal hazard pattern represents a distinctive feature not achievable
in the classical Weibull model. This expanded flexibility in hazard shape specifica-

tion enhances the model’s capability to capture complex survival patterns observed in
empirical data.

— K=1.0,Rho=1.0,0°=0.3,E=exn(0.0}
— K=0.8,Rho=1.5,0°0.5,E=exn(0.0}
_ — K=2.0,Rho=3.0,0°=0.9,E=exp(-1.0)
K=3.0,Rho=2.0,0°=0.05 £=exp(0.5)

Marginal survival function
D2 04 06 08 10

Figure 3.1: Plots of the Marginal Survival Function of the QXg-F Distribution whit
Weibull Baseline Hazard Functions.
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—  K=0.8,Rno=1.5,0°=1.01 E=exp(0.5)

K=1.5,Rho=1.5,0°=0.9,E=exp(-0.5}
_ —  K=2.0,RN0=3.0,0°=1.03,E=exp(0.5)
—— K=2.5,Rho=3.0,0°=1.08 E=exp(-1.0}

Marginal hazard function

00 02 04 06 08 10
I |

Figure 3.2: Plots of the Marginal Hazard Function of the QXg-F Distribution whit
Weibull Baseline Hazard Functions.

3.2.2 QXg-F Model Under the Gompertz Baseline Hazard
Function

The Gompertz distribution provides parametric baseline hazard and cumulative hazard
functions given by:

K

§

Let £ > 0 and k > 0 denote the shape and scale parameters, respectively, of the
Gompertz distribution. When ¢ < 0, the distribution exhibits a defective property
characterized by:

Ao(ti) = wexp(Eti) and  Ao(t;) = - [exp(§ti) —1] ;>0 (3.13)

lim Ho(t) = —

t—o00 5

Po = €Xp ¢

where p, represents the proportion of cured individuals or long-term survivors in
the population. The Gompertz distribution reduces to the exponential distribution
when & = 0.

The hazard rate function demonstrates three distinct regimes:

o ¢ < 0: Decreasing hazard (cure fraction present)
o ¢ =0: Constant hazard (exponential case)

e ¢ > 0: Increasing hazard (standard Gompertz)

Substituting the Gompertz baseline hazard ([3.13))into equations(3.9) and (3.10)

yields the marginal survival and hazard functions for the QXg-F model with Gompertz
baseline hazard frailty :
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Slike) = [1 N W} (3.14)
- {4 _ 30-2 + m} _

X {g lexp(&t;) — 1] eXp@fﬁ)} 2
[3—20%+,/C(0?)] +1+/C(0?)

e @] -y

- 20% 4 2 N

X ¢ lexplet) — ewp(a? ) [3— 20 + @) ' | -
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The hazard functions for the QXg-F model with Gompertz baseline hazard :
Mtilw)) = [mexp(éti) exp(a] B)] (3.15)

y [3—202+1/C(02) )
{£]exp(&ts) — 1 exp(al B) [3 = 202 +/C(0?)] +14,/C(0?)}

) ; £ lexp(&t;) — 1] exp(a] B) :
[1-30 +m{ 320+ /C(07)] + 1+ /7
+3(02 = 1) [1+/C(0?) ’
- & [exp(€t;) - Hﬁ T
[4-30%+/C(02)] { exp(al ) [3—20° +/C(0?)
+1+4/C(0?)
o= 1) 1+ /T

where
C (02) =13 — 1202

The graphical representations in Figures demonstrate the behavior of marginal
survival and hazard functions for the QXg frailty model employing a Gompertz baseline
hazard, evaluated at specific parameter configurations. Consistent with earlier find-
ings, the analysis confirms that the marginal survival function remains mathematically
proper when x > 0 but becomes invalid for k < 0. Notably, the model’s structure
permits diverse hazard function profiles, encompassing unimodal patterns along with
strictly increasing and decreasing trajectories. This comparative analysis reveals that
the Gompertz-based QXg frailty model offers enhanced modeling versatility relative to
its Weibull-based alternative.

—— K=1.0,Rho=0.5,6=0 6 E=exp(0.0)
KK=-0.8,Rho=0.01,07=0.5,E=exp(D.0}

— K=1.0,Rho=0.4,6°0 9 E=exp(0.0)

—— K=0.2 Bho=1.2,0°-0.8 E-exp(0.5)

Marginal survival function
00 02 04 DB 08 10

Figure 3.3: Plots of the Marginal Survival Function of the QXg-F Distribution whit
Gompertz Baseline Hazard Functions.
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— K=1.0,RNo=1.5,0°-0.9 E-exp(0.5]

— K=1.5,Rho=0.8,0°=0.6 £=exp(0.0}

—  K=0.8Rho=3.0,0°=1.08,E=exp(-1.0}
K=0.2,Rho=1.2,6°=0.9,E=exp(-1.0}

Marginal hazard function

0.0
|

Time

Figure 3.4: Plots of the Marginal Hazard Function of the QXg-F Distribution whit
Gompertz Baseline Hazard Functions.

3.3 Estimating the Quasi Xgamma Frailty Model

This section presents the Maximum Likelihood Estimation (MaxLLE) methodology for
parameter estimation in the QXg-F model utilizing Weibull and Gompertz baseline
hazard functions. The maximum likelihood estimators (MLEs) possess several desirable
statistical properties under appropriate regularity conditions, including consistency,
asymptotic efficiency, and asymptotic normality . A common practical consideration
in survival analysis is the occurrence of incomplete lifetime observations. Specifically,
certain study participants may provide right-censored data, where the exact failure
time is unknown but confirmed to exceed the recorded observation time. Let T; denote
the lifetime and C; the censoring time for the i*" subject in the study population, where
t=1,...,n. We assume:

(A1) T; and C; are independent random variables

(A2) The censoring indicator is defined as §; = I(T; < C;), where:

{1 if the event time is observed (uncensored)
=

0 otherwise (censored)

Consequently, the observed time for each subject is defined as ¢t; = min{T;, C;}. Let
x; denote a p x 1 covariate vector for the i subject. Under the assumption of non-
informative censoring, the likelihood function for the parameter vector ¢ based on a
sample of n independent participants is given by:

n

L(¢p) =Tt | x:)%S(t | x:) (3.16)

i=1

where:
o S(-|x;) represents the survival function(3.12)
o A(: | x;) denotes the hazard function ([3.13)
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3.3.1 Case of Weibull Baseline Hazard Function

The corresponding log-likelihood function is obtained by taking the natural logarithm
of L(¢). Assuming the Weibull baseline hazard function and using (3.12)) and (3.13]),

For the parameter vector ¢ = (v, p, 0%, 8), this becomes:

n

log £(¢) = Y [6ilog A(t; | x;) +log S(t; | x;)] (3.17)

=1

— rlog(v) + (v — 1)3. 6, log(t) — Krlog() + 3 62”3
=1

=1

+3" dilog [3 — 202 + VI3 = 120%| — 3" dilog (Ay)

i=1 =1

—|—Z§,~ log (B1) — 251' log (Cy) + 25,- log [1 + V13 — 1202}
i=1 i=1

=1

+> bilog (C1) = > d;log {3 — 20 + V13 — 1202} - 6;3log (A1) ;
i=1

=1 =1

where: r =>"", ¢; is the failure number,

ti\"
A = () exp(z] B) (3 — 20° + VI3 = 120%) + 1+ VI3 — 1207,
¢

(4 — 302 + \/m)
b= [ (L) exp(aTB) (3 — 20% + VI3 = 1207) P13 (14 VB 1207) (02— 1),

+1+ V13 — 1202

(4 — 302+ /13— 1202)

Cy = " (%)V exp(z! 3) (3 —20% 4+ /13 — 1202)
+1 4 V13 — 1202

* (14 VBT 1202) (o7-1).

Setting the nonlinear system of the score equations I,y = 0,1,y = 0,152y = 0

—

and Igy = 0 and solving them simultaneously yields the MaxLE b = (v, 9,02, B)T
It is usually more convenient to use nonlinear optimization methods to solve these
equations; such as the quasi-Newton algorithm to numerically maximize log L(¢).
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3.3.2 Simulations: Case of Weibull Baseline Hazard Function

We examine the QXg-F model with Weibull baseline hazard function. The simulation
study was conducted with the following specifications:

o Number of replications: N = 13,000
o True parameter values: v = 0.8, ¢ = 0.9, 02 = 0.6, 5, = 0.5

« Sample sizes: n € {20, 50,300, 1000}

The simulations were implemented in R software using the Barzilai-Borwein (BB)
optimization algorithm. For each scenario, we computed:

1 N
Bi — 3.18
ias(¢o =5 Z (3.18)

MSE(¢ fj (3.19)

where ¢ € {v,p,0?, 3} represents the true parameter value and 51 its estimate in
the i*" replication.

Table presents the average estimates and their corresponding MSEs across all
replications. The results demonstrate that:

e The maximum likelihood estimators show convergence as sample size increases
» Both bias and MSE decrease with larger sample sizes

o The BB algorithm provides stable numerical solutions

These findings confirm the asymptotic consistency of the estimators for the QXg-F
model with Weibull Baseline Hazard Function specification.
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Table 3.1: Bias and MSE of the ML estimates for the simulated data of the QXg-F
model with Weibull baseline hazard function.

n Bias MSE Bias MSE Bias MSE Bias MSE
0%cens. 10%cens. 30%cens. 50%cens.
20 @ 0.94368 0.04958 0.927084  0.04857 0.895344  0.03958 0.9535934 0.04977
v 0.83387 0.04758 0.800598  0.04932 0.818610 0.04109 0.764556  0.04067
o? 0.64890 0.04768 0.5782824 0.04674 0.5872129 0.02999 0.5856559 0.04908
£ 0.56165 0.04927 0.4936702 0.04919 0.4890512 0.04164 0.521098 0.04916
50 @ 0.93728 0.04002 0.918837 0.04536 0.898274  0.03371 0.938401 0.04836
v 0.83100 0.03995 0.800416  0.04784 0.81178  0.02511 0.788897  0.04004
o2 0.64201 0.04284 0.58813  0.04377 0.590121 0.02027 0.59604  0.04857
£ 0.55123  0.03879 0.495124  0.04509 0.496481  0.03366 0.520001  0.04806
300 ¢ 0.92418 0.03648 0.910006  0.03486 0.899901  0.02546 0.917234 0.04799
v 0.82431 0.02794 0.800372 0.02711 0.806742 0.02134 0.797896  0.04001
o? 0.62745 0.02451 0.591302 0.01937 0.595342  0.00996 0.598732  0.04777
G1 0.51935 0.01867 0.497301  0.02232 0.498004 0.01021 0.514638 0.04738
1000 ¢ 091314 0.02374 0.900521 0.01658 0.90241  0.01340 0.905565  0.04500
v 0.80658 0.02006 0.800142 0.01745 0.80186  0.02001 0.801247  0.03844
o? 0.61111 0.01865 0.61003  0.01008 0.602451 0.00618 0.599999  0.04627
£y 0.50041 0.01485 0.51008  0.00851 0.499989  0.00339 0.507430  0.03897

3.3.3 Case of Gompertz Baseline Hazard Function

For the QXg-F model with Gompertz Baseline Hazard Function, the log-likelihood
function :¢ = (£, k, 02, 8) is given as follows:

n

log £(¢) = rlog(k) + S 6i(Et; + 2T B) + i 5:log [3 _20% 4 ,/C (02)] (3.20)

— i 0; log(As) + zj: d;log(Bsy) — Xj: d;log (Cy) + ilog [1 +4/C (02)}
+ ilog(CQ) _ ﬁj log {3 _ 202 4,/C (02)} - iBlog(Ag),

where
C(0?) = 13— 120,

3—20"+,/C (02)} + 1+ 4/C (0?),

Ay = (g) [exp(&t;) — 1] exp(z! B)

[4 — 30?2 + m
By = | [ (%) lew(ets) — Yexp(alB) [3 —20% +,/C(0?) ’
+1+,/C(0?)

+3 {1 +,/C (02)]2 (02— 1),

and
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[4—302—1-\/@(02)] )
Cy = y (g) lexp(&t;) — 1] exp(x 3) [3 —20%+/C (a?)
+1+,/C(0?)

+[1eyEE] 0 -

The maximum likelihood estimators (?) are derived through numerical optimization
of the log-likelihood functions in Equations and , as analytical solutions
are unobtainable. We implement the Barzilai-Borwein algorithm via the BBsolve pack-
age in R for this nonlinear optimization problem. The iterative procedure converges
to parameter estimates satisfying predetermined tolerance criteria while ensuring solu-
tion optimality. This methodology efficiently handles complex likelihood surfaces and
facilitates statistical inference through numerical approximation of the Hessian matrix.
Under standard regularity conditions, the resulting estimators demonstrate desirable
asymptotic properties including consistency and normality.
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3.3.4 Simulations: Case of Gompertz Baseline Hazard Func-
tion

We examine the QXg-F model with Gompertz baseline hazard function through com-
prehensive simulation studies. The experimental design incorporates:

o« N = 13,000 Monte Carlo replications
o True parameter values: x = 1.07, £ = 0.5, 02 = 0.7, 3, = 0.3

« Sample sizes: n € {20, 50,300, 1000}

Implementation was performed in R using the Barzilai-Borwein (BB) optimization
algorithm . For each scenario, we compute:

MSE(9) = 3 3-(6 — o) (321)

where ¢ € {k,&, 0%, 31} denotes the true parameter value. Table presents the
empirical means and MSEs of the maximum likelihood estimators across all replica-
tions. The results demonstrate the consistent convergence of the estimators as sample
size increases, with both bias and MSE exhibiting the expected asymptotic behavior.

Table 3.2: Bias and MSE of the ML estimates for the simulated data of the QXg-F
model with Gompertz baseline hazard function.

n Bias MSE Bias MSE Bias MSE Bias MSE
0% cens. 10% cens. 30% cens. 50% cens.
20 K 0.52772  0.04752 0.4812452 0.03258 0.493951  0.03696 0.4934327 0.04985
I3 1.06838  0.02935 1.0691513 0.03564 1.0684768 0.04812 1.0695826 0.04721
o?  0.720627 0.01847 0.7326296  0.04446 0.7476699 0.02999 0.7235148 0.03954
1 0.32221  0.04907 0.334851  0.04685 0.2834354 0.04770 0.2841911 0.04798
50 k  0.513308 0.03251 0.487938  0.01357 0.496684  0.03496 0.4971112 0.04405
& 1.069354  0.01524 1.0693819 0.01985 1.0687684 0.03914 1.0697468 0.03216
o? 0.7162405 0.01847 0.717224  0.04021 0.7111120 0.01734 0.710743 0.01196
[y 0.317044  0.00965 0.328514  0.04612 0.293000 0.04382 0.290011  0.04380
300 x  0.508674 0.01358 0.489064 0.01003 0.4980094 0.02685 0.498946  0.03945
& 1.072641 0.00758 1.0696649 0.01876 1.068888  0.01493 1.0698437 0.02999
o?  0.708657 0.00302 0.7063219 0.03681 0.706110 0.01112 0.6944002 0.01007
[ 0.309869 0.00063 0.312045 0.44378 0.298777 0.04128 0.290515  0.04268

1000 x 0.501102 0.00648 0.495876  0.00882 0.5120436  0.02506 0.499997  0.03945
& 1.070043 0.00012 1.069994  0.00586 1.069889  0.01002 1.0699254 0.00177
o? 0.710030  0.00100 0.699589  0.02699 0.7003225 0.00659 0.700033  0.01001
B1 0.305201  0.00038 0.304061  0.44000 0.301066  0.04100 0.299999  0.04160
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3.4 Validation Testing of the QXg-F Model

3.4.1 Validating the QXg-Frailty Model Using the NIK-RR
Test

The NIK-RR test statistic serves as a comprehensive measure of goodness-of-fit for
statistical models across multiple domains. As a generalized testing framework, it
evaluates model adequacy for various specifications including survival analysis, regres-
sion models, and time series applications. The test’s principal utilities encompass
three key analytical functions: (1) model selection among competing specifications,
(2) goodness-of-fit assessment for chosen models, and (3) diagnostic identification of
model deficiencies. This versatility establishes the NIK-RR statistic as an essential
tool for rigorous statistical evaluation. The methodological foundations and theoret-
ical properties of the test are thoroughly established in the seminal works of Nikulin
(1973a,b,c)[68, 69, [70] and Rao and Robson (1974)[76].

The NIK-RR test statistic provides superior detection of distributional deviations
compared to conventional goodness-of-fit tests, particularly for non-normal data pat-
terns. Its robust design maintains reliability even with extreme outliers, unlike many
standard tests that are sensitive to anomalous values. These properties make the NIK-
RR especially valuable for financial applications where accurately modeling tail events
is critical, including market crashes and extreme price movements. The test’s dual
capabilities - sensitivity to subtle distributional changes while remaining resistant to
outlier effects - offer unique advantages for risk assessment. Researchers and analysts
frequently employ the NIK-RR when evaluating heavy-tailed distributions or datasets
prone to extreme observations. Its effectiveness in these challenging scenarios has es-
tablished the NIK-RR as an important tool for modern statistical analysis, particularly
in econometrics and risk management applications.

The following are some uses and significance of the NIK-RR test statistic:

o The NIK-RR test statistic is useful for comparing the fit of various statistical
models to the same dataset. This aids in model selection by identifying which
model offers the best fit to the data.

o The NIK-RR test statistic serves to evaluate the goodness of fit of a statistical
model to the data. A small NIK-RR test statistic suggests a good fit between
the model and the data, while a large statistic indicates a poor fit.

o The NIK-RR test statistic can be employed to detect outliers in the data. Outliers
are data points that deviate from the general pattern and can significantly affect
the model’s fit. The NIK-RR test helps identify these outliers, contributing to a
better model fit.

o The NIK-RR test statistic can be utilized to diagnose issues within a statistical
model. A large NIK-RR test statistic may indicate that the model is unspecified
or that there are problems with its assumptions.

Under the NIK-RR statistic, we need to test the following null hypothesis

HO : Pr {Zi S Z} = F¢)(2)7 FAS R? (b = (¢17¢27 e 7¢S)T7 (322)
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Then, the NIK-RR statistic can be expressed as

Y2G0) = X360 + (B, [16,) — 3] 160, (323)

where

N|=

X2(6) = {1 (@) 7F [=npr(9) + 1], , [pn(@)]* [~nn(6) + u]}

and
J(¢) = B(¢)" B(¢), (3.24)

refers to the information matrix where

1 0

B(¢) = l\/]—%au(@] » |(i=1,2, b and v=1,2, ,5) (3.25)

and

. ", ¢; Op;
06) = [06(6), o L ()] with £,(9) = 3 22240) (3.26)
i=1 Di 8¢u

The Y2($n) statistic has (b — 1) degrees of freedom (DF) and is accompanied by x7_,
distribution, where the observations. x1,xs,--- ,x, that are collected in I,Is,--- , I,

(these b subintervals are mutually disjoint: I; =]a;;, — 1;a;,]). The intervals I,’s limits
for a;;, are determined as follows
a]"b

pi0) = [ fo@)del oz, (3.27)

b1

and

1 (J
Ajp = F ! <b) |(j=1,---,b71)-

Uncensored Asessing for the NIK-RR Statistic

In many cases, the objective of a goodness-of-fit test is not only to assess whether a
specific distribution fits the data but also to estimate its parameter values. Simulation
studies can offer insights into the accuracy and precision of these parameter estimates
under various scenarios, aiding in the decision-making process regarding which distri-
bution to use for subsequent analyses. Overall, uncensored simulation studies under the
NIK-RR statistics are a valuable tool for evaluating and comparing different probabil-
ity distributions in a controlled environment. These studies can offer valuable insights
into the performance of the NIK-RR tests across various scenarios and help inform
decisions about which distribution to use for subsequent analyses. Through numeri-
cal simulation, we conducted a thorough analysis to validate the claims presented in
this work.To verify the null hypothesis Hy, we calculated the NIK-RR statistics for
the QXg-F model, confirming that the sample size is 13,000 using simulated samples
with sizes n = 25,50, 150, 350, 550, and 1000. We examined various theoretical levels
(e = 0.01,0.02,0.05,0.1) to compute the average number of non-rejections of the null
hypothesis, where Y2 < x%(b—1). The results, presented in Table indicate a strong
correlation between the calculated empirical level and its theoretical counterpart. Con-
sequently, we conclude that the proposed test demonstrates considerable efficacy for
the QXg-F distribution.
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Table 3.3: Uncensored assessing for the NIK-RR statistic for ¢ = 0.01,0.02,0.05,0.1
and N = 13000.

nle— =001 =002 =005 e€=0.1

n =25 0.9929  0.9825  0.9531  0.9029
n = 50 0.9927  0.9820  0.9527  0.9021
n=150 09920 09813  0.9522  0.9012
n=2350 09911 09809  0.9510  0.9008
n=>550 09906 09805  0.9506  0.9004
n =1000 0.9903  0.9804  0.9505  0.9002

3.4.2 Validating the QXg-Frailty Model Using the B-NIK Test

As established by Bagdonavicius and Nikulin (2011)[I4] and Bagdonavicius et al.
(2013)[15], the adequacy of the QXg-F model can be assessed under conditions of
unknown parameters and censored data. Within this model, the null hypothesis may
be expressed as follows:

Hy: F(z) € Fy = {Fo(x,0),z € R, ¢ € 6 C R*}, (3.28)
Let’s divide the limited amount of time [0, 7] into v|v = 1,2, -- | s shorter time periods.
Where is the maximum runtime of the research and I; = (a;_1,a;]; 0 =< agp <

a1 p... < Gy_1p < Gy = +00. The anticipated worth of @;; can be said the following
if x(; is the i"" element in the ordered statistics (z(),,, %)) and if A7 refers to the
cumulative hazard-rate function and

i—1
CTJ'E = A_l { [Ej7X - ZA(:E(I)’ Qb)] /(n —i+ 1)7 } ) (/Z,\/ = $(n)|(j:1 ~~~~~ v) (329)
=1

where
e;z = B, /v for every j.
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and

i—1 N N N n N
Ej,Z = (n_Z—i_l)A(@v &5)_‘_2 A(x(l)a ¢) = Z (A(aj,b/\zi7 ¢)_A(aj—l> ¢)7 El/ = Z A(Zla ¢)
i=1

=1 1:2;>0a;p

(3.31)

The a;; functions for random data, and the e; z For the v selected periods, antici-
pated failure rates are equal. Statistical data Y2 = Z7S'Z, where Z = (Z1, .0 Z,)7,
Z; = T<W9’Z ;. z)|( j=12,.,) and W, z can be used to test a hypothesis since it

reﬂects the total number of failures that have been recorded throughout these time-
shared. The elements of the B-NIK test statistic

1

Yi=> W (W2 —¢;2)° + Dwg (3.32)
j=1 V35,2
where
Dye = VIG'V,§'=B'+M 'B"G 'MB,
G = [(w)sxs =i— MB™'M",
— 1 0 -
Ml] = E Z $isT a¢ hl [)\i,¢(22 7 Z SOH =N 1-\R7‘7 Z,
iz €l iz €15
/\7[ - Zmljﬁﬂ_lzj7 l7l,:17‘ 737
j=1
/Z'\ll/ = pnt Z 901 Nio(2i)] 5 0 [)\ (ZZ)}
oy " NP
and
G =w — Z M, My A
7j=1
and

ZE: 99 {)\ A(z,;)} .

Censored Assessing for the B-NIK Statistic

Censored simulation studies utilizing the Bagdonavic¢ius-Nikulin (B-NIK) statistics con-
stitute an essential methodological approach for evaluating and comparing the ade-
quacy of probability distributions when analyzing censored data. These systematic
investigations offer crucial insights into the behavior and performance of B-NIK tests
under various censoring scenarios, including different censoring types (e.g., right, left,
or interval censoring) and varying degrees of censoring intensity. By rigorously ex-
amining distributional fits through these simulation frameworks, researchers can make
informed decisions regarding the most appropriate probability models for their specific
censored data applications, particularly in fields such as survival analysis, reliability
engineering, and medical statistics. The findings from such studies not only enhance
our understanding of distributional robustness but also contribute to improved statis-
tical practice when handling incomplete data.The sample produced (N = 13000) is
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intended to be censored at 25%, with degrees of freedom DF = 5. To assess whether
the sample aligns with the null hypothesis of the QXg-F model, grouping intervals
will be employed. For various theoretical levels, we will calculate the average value
of the non-rejection numbers of the null hypothesis (¢ = 0.01,0.02,0.05,0.1), where
Y2 < x%(r —1). Table compares the theoretical and empirical levels, illustrating
how closely the calculated empirical level aligns with the corresponding theoretical
level. Consequently, we conclude that the customized test is well-suited for the QXg-F
model.

Table 3.4: Censored assessing for the B-NIK statistic for ¢ = 0.01,0.02,0.05,0.1 and
N = 13000.

nl&e — €=001 €=0.02 ¢e=0.05 e=0.1

n =25 0.9925  0.9829  0.9532  0.9019
n = 50 0.9920  0.9819  0.9525 0.9011
n = 150 0.9914  0.9813  0.9519  0.9008
n = 350 0.9909  0.9808  0.9510  0.9006
n = 550 0.9905  0.9804  0.9505  0.9004
n=1000 0.9903  0.9803  0.9504  0.9002

From these findings, we conclude that the empirical significance level of Y;? corre-
sponds to the theoretical level of the chi-square distribution with degrees of freedom,
indicating the statistical level at which it is significant. Thus, based on this evidence,
the censored data obtained from the QXg-F distribution can be effectively fitted using
the proposed test.

3.5 The Emergency Care Data

In the field of medical research, frailty models are employed as a statistical method
to investigate risk factors and prognostic indicators associated with different diseases.
These models enable the examination of individual-level covariates such as age, sex,
and genetic markers while accounting for unobserved heterogeneity that may influence
disease progression or mortality. Frailty models are widely applied in epidemiological
investigations, clinical trials, and cohort studies to assess the efficacy of therapeutic
interventions and assess differential patient outcomes. The current study utilized real-
world clinical data obtained from the emergency department of the public proximity
health institution in Echatt, El Tarf, Algeria. The dataset comprised patient records
collected during March 2023. This study aimed to investigate the association between
clinical parameters and emergency department outcomes among patients presenting for
medical care. Following institutional ethical approval, data were collected from 30 dis-
tinct patient cases. For each case, six clinical variables were recorded: (1) age (years),
(2) minimum and maximum blood pressure (mmHg), (3) blood glucose level (mg/dL),
(4) cardiac frequency (BPM), (5) oxygen saturation (SaO2%) were measured as six
different variables. Rigorous quality control protocols were implemented throughout
data collection to ensure data integrity. These measures included: (1) standardized
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patient documentation procedures, (2) strict adherence to validated measurement pro-
tocols, and (3) systematic quality assurance checks to identify and rectify any data
inconsistencies or omissions.The rigorous data collection process and diverse patient
population render this dataset particularly valuable for investigating relationships be-
tween clinical factors and emergency department outcomes. Our analysis focuses on
evaluating the QXg-F distribution’s goodness-of-fit and its ability to accurately model
observed patterns and variability in emergency care data. This examination enables
assessment of the distribution’s validity and potential applications. We provide point
estimates for two model specifications: (1) a QXg-F model with Weibull baseline haz-
ard function, and (2) a QXg-F model with Gompertz baseline hazard function. The
well known modified chi-squared test (Bagdonavic¢ius and Nikulin (2011)) is supplied
to identify the best model among all fitted models to this data.

3.5.1 Validation of the QXg-F Model Under the Weibull Base-
line Hazard-Rate Function

Under the assumption that the observed data follow a QXg-F distribution with Weibull
baseline hazard function, we estimated the parameter vector ¢ = (v,p,02%,3)" via
maximum likelihood estimation (MLE). The likelihood function takes the form:

ﬁ [ (t; |Xz S(t; |X1)} (3.33)

where 0; denotes the censoring indicator and S(t;|x;) represents the survival func-
tion.

The numerical optimization was performed in R (version 4.2.0) using the BB pack-
age, which implements the Barzilai-Borwein spectral method for large-scale nonlinear
optimization. The resulting maximum likelihood estimates qAb were obtained by solving:

¢ =4 log L(¢) (3.34)
The estimation procedure incorporated:
« Convergence tolerance of 107% for all parameters
o Analytical gradient calculations
« Box constraints to ensure parameter feasibility

aﬁ are obtained as

D = 0.93359597, % = 0.92339747, 02 = 1.05033488,
By = 0.09416582, B, = 0.12605622, B3 = —0.10260262,
By = —0.43375125, B; = 0.21897114, 35 = 0.46708022.

Following the methodology of BAGDONAVICIUS and NIKULIN (2011) [I4] for censored
data analysis, we consider (r = 5) intervals as the number of classes. The elements of

the estimated Fisher information matrix I(¢) are given by:
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1.10224 —2.85216 0.35487 —3.2015 5.12410 —2.6585 0.75482 —3.0002  1.95243
0.982451 —6.3214 273618 0.36485 0.51247 —1.6832 —4.12574  1.55505

0.62541 2.93485 —6.3208 0.66485 —21.5348 2.87361 —7.0164

~ 1.32048  0.00843 1.31405 0.90340  1.11619  —9.3761
I (¢>) - 2.96511 —4.0527 1.6233  0.61372  0.8391
0.84755  2.0006  1.86254  0.37770

0.32651 —8.58102  1.7438

170015  —10.3254

0.74006

The calculated value of the test statistic is ¥;2 = 8.076. Comparing this with the critical value
X2.05(4) = 9.488, we observe that Y,2 < x2 ,-(4). This result indicates that the proposed QXg-F model
with Weibull baseline hazard function provides an adequate fit to the data at the 5% significance level.

3.5.2 Validation of the QXg-F Model Under the Gompertz
Baseline Hazard-Rate Function

Assuming that the data adhere to a QXg-F distribution with a Gompertz baseline hazard function, we
estimate the parameter vector ¢ using maximum likelihood estimation. The numerical optimization
was conducted in R statistical software (version 4.2.1) utilizing the BB package, which provides robust
optimization algorithms for nonlinear estimation issues. The resulting maximum likelihood estimates
¢ are as follows:

R = 1.00593154, € = 0.74417604, o2 = 1.07010909,
Bi = 0.16228331, B, = 0.17405692, B3 = 0.02678224,
Ba = —0.56805721, 85 = —0.07338661, B = 0.44793647.

We take r = 5 intervals and the estimated Fisher matrix expressed as

26352 —3.6257 1.0654 0.8475 —6.3258 —3.1547 2.0001  0.9321  1.8547
0.0658 0.8475 1.8654 1.3274 —3.9547 —8.1755 —11.132 1.9584

1.3475 2.0084 0.6254  1.3648 —2.3647 0.6845 0.9614

R 0.6321 —9.3020 3.0001 1.0854 0.6845 —3.628
I(¢>): 1.6847  1.0054 0.3754  1.0024 1.9045 |,
0.3617  1.6584  0.7845 1.0325

0.8647  0.1254  0.9658

1.0954  1.8457

1.3643

Following the methodology of BAGDONAVICIUS and NIKULIN (2011)[14], we calculate the goodness-of-
fit statistic Y,2 = 7.43821106. Comparing this with critical values at two significance levels : a = 5%
and a = 10%, we find Y2 < x3 05 (5 — 1) = 9.488 and Y2 < x3; (5 — 1) = 7.779 respectively. where
the degrees of freedom (4) correspond to r — 1 for » = 5 intervals. These results demonstrate that the
emergency care data are consistent with our proposed QXg-F model specification using a Gompertz
baseline hazard function at both significance levels.
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3.6 Testing the Ability of the New QXg-Frailty in
Risk Analysis

Frailty models are employed to predict the probability of events occurring, such as the risk of de-
veloping a specific disease or experiencing an adverse event, while also accounting for individual
characteristics that may influence this risk. For example, a frailty model can be used to estimate
the risk of hospitalization due to a particular medical condition.This approach would consider the
variations in risk among individuals due to factors such as age, gender, and the presence of other
medical conditions. To model risks and develop risk prediction models, frailty models have been used
across various fields, including epidemiology, medical research, and actuarial science, among others.
Employing frailty models can yield more precise risk estimates and enhance the understanding of the
underlying mechanisms that influence the likelihood of an event occurring. Frailty models simultane-
ously address both unobserved heterogeneity and covariate effects, making them particularly valuable
in actuarial science. These models account for variability in mortality rates attributable to observed
factors (age, gender, health status) and latent risk factors (genetic predisposition, unmeasured lifestyle
effects). By incorporating random effects, they provide more accurate risk stratification than tradi-
tional survival models. This dual capability is essential for pricing insurance products and reserving
calculations. Their flexibility has established frailty models as a gold standard for mortality analysis
in actuarial applications. Insurers can more effectively price their insurance products by utilizing
frailty models, which also helps them manage the risks they encounter. In the realms of insurance
and actuarial science, specific applications of frailty models include:

1. Frailty models can be used to estimate the likely future mortality of a group of individuals,
which can then inform the pricing of life insurance premiums.

2. The present value of an annuity is the amount an individual needs to invest today to ensure a
guaranteed income stream for their lifetime. To estimate this present value, frailty models can
be employed, determining the necessary investment for acquiring such an income stream.

3. Frailty models can aid in identifying and managing the risks associated with a particular in-
surance product or portfolio. For example, an insurer might use a frailty model to pinpoint
high-risk individuals who are more likely to submit claims.

4. The use of frailty models is a valuable tool that can improve the accuracy and efficiency of in-
surance pricing and risk management. As actuarial science evolves, frailty models are expected
to see growing adoption within the insurance industry.

The use of frailty models in actuarial science and insurance offers several additional advantages:

1. Insurers can gain valuable insights into the risk of loss associated with specific individuals or
groups by using frailty models. This understanding can result in more precise decisions related
to pricing and underwriting.
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2. By utilizing frailty models, insurance companies can develop solutions that better align with
the needs of individual clients. This approach may enhance customer satisfaction and loyalty.

3. By using frailty models, insurers can automate a large part of the tasks involved in risk assess-
ment and pricing. This can result in cost reductions and greater operational effectiveness.

3.6.1 Risk Indicators for the New QXg-F Model

No additional characterization of risk exposure is needed beyond what probability-based distributions
can offer. Typically, a single value or a limited set of numbers describes the level of risk exposure.
These risk exposure metrics are clearly dependent on a specific model. These are often called key risk
indicators (KRIs), which stands for key risk indicator. Such indicators provide actuaries and risk
managers with insights into the degree of a company’s exposure to specific types of risk.A wide range
of KRIs can be considered and analyzed, including V-R, TLV-R (also known as CVaR), T-VC, TM-V,
and M-EXL, among others. Specifically, the Value Reconstruction Kernel (V-R) represents a quantile
of the distribution of total losses. Actuaries and risk managers often focus on assessing the likelihood
of negative outcomes, which can be conveyed using the V-R indicator at a defined probability or
confidence level.

This indicator is often utilized to determine the capital required to manage potential negative
scenarios. The V-R of the QXg-F model at the 100¢% level, denoted as V-R(Z; ¢) or 7(q), represents
the 100¢% quantile (or percentile). Thus, we can express it simply as:

1%|q:99%
V-R(Z;¢) =Pr(Z > Q(U)) = { 5%lg=05% | (3.35)

In this context, Q(U) denotes the quantile function of the QXg-F model. For a one-year timeframe
with ¢ = 99%, it indicates that there is only a minimal chance (1%) of the insurance company
facing bankruptcy due to an adverse event within the next year. Generally, if gains (or losses) follow
a normal distribution, the value V-R(Z;¢) is considered to meet all coherence criteria. However,
insurance data, such as claims and reinsurance revenues, often exhibit skewness, either to the right
or left. Consequently, utilizing the normal distribution to represent these revenues is not appropriate.
The TLV-R(Z; ¢) at the 100¢% confidence level represents the expected loss given that the loss exceeds
the 100¢% threshold of the distribution of Z. Thus, the TLV-R of Z can be expressed as:

TIV-R (Z; 6) = E (X|X > 7 (g)) = m / 2 s (2)dz = ﬁ / o (2)dz (3.36)
m(q) m(q)

The quantity TLV-R(Z; ¢) offers additional insights into the tail of the QXg-F distribution and
represents the average of all V-R values at the confidence level ¢q. Furthermore, TLV-R(X) can be
expressed as

TLV-R(Z; ¢) = e(Z; ¢) + V-R(Z; ¢),
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where e(Z;¢) is the mean excess loss (M-EXL) function evaluated at the 100¢% quantile (see
Acerbi and Tasche (2002)[6]). When e(Z; ¢) approaches zero, it follows that

TIV-R(Z; ¢) = V-R(Z; ¢).

For very small values of e(Z;¢), the TLV-R will be almost equal to the V-R. The T-VC risk
indicator, created by Furman and Landsman (2006)[32], assesses how much the loss deviates from
the average along the tail. Furman and Landsman (2006)[32] also developed explicit formulas for the
T-VC risk indicator under the multivariate normal distribution. The T-VC risk indicator T-VC(Z; ¢)
can thus be expressed as:

T-VC(Z;¢) =E (2%Z > 7 (g)) — [TLV-R(Z))*.

As a statistic for the best portfolio choice, Landeveloped the TMVK risk indicator, which is based
on the T-VC risk indicator. Consequently, the TMVK risk indicator may be written as

TMVK(X) = TLV-R(Z) + nT-VC(Z)[o<r<1-

Then, for any RV, TMVK(Z; ¢) >T-VC(Z; ¢) and, for 7 = 1, TMVK(Z; ¢) =TLV-R(Z; ¢) .

3.6.2 Assessing Under Different Estimation Methods via Sim-
ulations

In this section, we evaluate the MaxLE, OLS, WLSE, and AnDE methods for calculating the Key

Risk Indicators (KRIs). These quantities are estimated using N = 1,000 across different sample
sizes (n = 20,50,100) and three confidence levels (¢ = (50%, 60%, 70%, 90%,99%)). The results are
presented in Table (KRIs for artificial data with n = 20), Table (KRIs for n = 50), and
Table [3.97? (KRIs for n = 100), from which we draw the following conclusions: V-R(Z;¢), TLV-
R(Z; ) and TMVK(Z; ¢) increase when ¢ increases for all estimation methods. V-R(Z;¢)yq <V-
R(Z; 0) aupr <V-R(Z;0)yaxe < V-R(Z; 0) 1.5k for most g. TLV-R(Z; ¢) s <TLV-R(Z; ¢) o, pr <TLV-
R(Z; 0)ypaxre <TLV-R(Z; ¢),1.sp for most g.
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Table 3.5: A.Key Risk Indicators (KRIs) Generated from Synthetic Data (Sample Size:
n=20).

Method a 9 V-R(Z;¢) TLV-R(Z;¢) T-VC(Z;¢) TMVK(Z;¢) MELS(Z;¢)

MaxLE 0.14107 0.52017
50% 4.6982252 7.9207537 8.1291089 11.9853081 3.2225285
60% 5.5534017 8.6216855 7.6896604 12.4665157 3.0682838
70% 6.5570515 9.4827166 7.2595049 13.112469 2.9256651
80% 7.8541408  10.6385741 6.8116389 14.0443935 2.7844333
90% 9.8829563  12.5095433 6.2864654 15.652776 2.626587
95% 11.769106  14.2920432 5.9283057 17.256196 2.5229372
99% 15.8459571  18.2225931 5.4063186 20.9257524 2.376636

OrLSE 0.25768,0.49028
50% 4.6424595 8.1062567 9.3000559 12.7562847 3.4637972
60% 5.5685106 8.8587309 8.7761598 13.2468108 3.2902204
70% 6.6502786 9.7810246 8.2666565 13.9143528 3.1307459
80% 8.0427591  11.0166329 7.7395836 14.8864248 2.9738738
90% 10.2129492  13.0127723 7.1258076 16.5756761 2.7998232
95% 12.2254069  14.911675 6.7097639 18.2665569 2.6862681
99% 16.5664285  19.0933974 6.1069945 22.1468946 2.5269688
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Table 3.6: B.Key Risk Indicators (KRIs) Generated from Synthetic Data (Sample Size:

n=20).

Method & ¢ V-R(Z;¢) TLV-R(Z;¢) T-VC(Z;¢) TMVK(Z;¢) MELS(Z;¢)

WLSE 0.27324,0.48524
50% 4.6474756 8.1526927 9.5131474 12.9092664 3.5052172
60% 5.5853582 8.9140626 8.9747332 13.4014292 3.3287043
70% 6.6804225 9.8470259 8.4514401 14.072746 3.1666034
80% 8.0893887 11.096634 7.9104722 15.0518701 3.0072453
90% 10.2843424  13.1149134 7.2810078 16.7554173 2.830571
95% 12.3191384  15.0345255 6.8546307 18.4618409 2.7153871
99% 16.7072472  19.2611659 6.2373245 22.3798281 2.5539186
CVM 0.24569,0.49695
50% 4.6131432 8.0262669 9.0380238 12.5452788 3.4131237
60% 5.5250504 8.7678136 8.5307887 13.033208 3.2427632
70% 6.5907158 9.676896 8.0372303 13.6955112 3.0861803
80% 7.9629605  10.8950332 7.526371 14.6582187 2.9320728
90% 10.102331  12.8633142 6.9310958 16.3288621 2.7609832
95% 12.0866897  14.7359852 6.5273691 17.9996698 2.6492955
99% 16.3679401  18.8604668 5.9421197 21.8315266 2.4925267
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Table 3.7: A.Key Risk Indicators (KRIs) Generated from Synthetic Data (Sample Size:

n=>50).

Method & ¢ V-R(Z;¢) TLV-R(Z;¢) T-VC(Z;¢) TMVK(Z;¢) MELS(Z;¢)

MaxLE 0.18714,0.50706
50% 4.6845211 8.0084233 8.6125268 12.3146867 3.3239022
60% 5.5694373 8.7310154 8.1386873 12.800359 3.161578
70% 6.6058505 9.6178117 7.6762239 13.4559236 3.0119612
80% 7.9429961  10.8072504 7.1960754 14.4052881 2.8642543
90% 10.0313044  12.7310065 6.6347243 16.0483686 2.699702
95% 11.9707151  14.5626636 6.2528722 17.6890997 2.5919485
99% 16.1591777  18.5994275 5.6977361 21.4482955 2.4402497

OrLSE 0.21376,0.49717
50% 4.7007731 8.1008547 8.9916608 12.5966851 3.4000817
60% 5.6075032 8.8397982 8.492301 13.0859487 3.2322951
70% 6.668335 9.7462022 8.0056485 13.7490265 3.0778672
80% 8.0357406  10.9613828 7.5011306 14.711948 2.9256421
90% 10.1695559  12.9258941 6.9122092 16.3819986 2.7563381
95% 12.1500806  14.7957162 6.5121632 18.0517978 2.6456356
99% 16.4253531  18.9153562 5.9313583 21.8810353 2.4900031
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Table 3.8: B.Key Risk Indicators (KRIs) Generated from Synthetic Data (Sample Size:

n=>50).

Method & ¢ V-R(Z;¢) TLV-R(Z;¢) T-VC(Z;¢) TMVK(Z;¢) MELS(Z;¢)

WLSE 0.22011,0.49643
50% 4.689736 8.0972504 9.0263673 12.6104341 3.4075144
60% 5.5987983 8.8377616 8.5239999 13.0997615 3.2389633
70% 6.662104 9.7459829 8.034577 13.7632714 3.083879
80% 8.0324131  10.9634708 7.5273556 14.7271486 2.9310577
90% 10.1703532  12.9315076 6.9354919 16.3992535 2.7611544
95% 12.1544387  14.8045359 6.5335763 18.071324 2.6500971
99% 16.4369338  18.9309503 5.9502389 21.9060698 2.4940165
CVM 0.20859,0.49996
50% 4.6892727 8.0684722 8.8853283 12.5111364 3.3791995
60% 5.5901462 8.8029166 8.3927509 12.999292 3.2127704
70% 6.6443362 9.7038884 7.9125764 13.6601766 3.0595522
80% 8.0034148  10.9118918 7.41464 14.6192118 2.908477
90% 10.1245679  12.8649676 6.8332241 16.2815797 2.7403997
95% 12.0935586  14.7240273 6.4381719 17.9431133 2.6304687
99% 16.3443116  18.8201913 5.8644697 21.7524262 2.4758797
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Table 3.9: A.Key Risk Indicators (KRIs) Generated from Synthetic Data (Sample Size:

n=100).

Method & 0 V-R(Z;¢) TIV-R(Z;¢) T-VC(Z;¢) TMVK(Z:;¢) MELS(Z;0)
MaxLE 0.1943,0.50444

50% 4.6882397  8.0320981  8.7108906  12.3875434  3.3438585
60% 55783848 8.7589716 82304017  12.8741725  3.1800868
70% 6.6216992  9.650898  7.7616432  13.5317196  3.0291987
80% 7.9667667  10.8470672  7.2751553  14.4846448  2.8803005
90% 10.0669753  12.7814728  6.7066399  16.1347928  2.7144975
95% 12.0171204  14.6230983  6.3200621  17.7831203  2.6059689
99% 16.2282628  18.6815004  5.7582622  21.5606315  2.4532376
OrLSE 0.21376,0.49885

50% 46849052  8.0735006  8.9310096  12.5390054  3.3885954
60% 55885719  8.8099477 84350185  13.027457  3.2213759
70% 6.6458198  9.7132897  7.9516488  13.6891141  3.0674699
80% 8.008606  10.924365  7.4505375  14.6496338  2.915759
90% 10.1352129  12.8822401  6.8655888  16.3150345  2.7470271
95% 12.1090473 147457459  6.4682413  17.9798666  2.6366986
99% 16.3698779  18.8514699  5.8913542  21.797147  2.481592
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Table 3.10: B.Key Risk Indicators (KRIs) Generated from Synthetic Data (Sample

Size: n=100).

Method & ¢ V-R(Z;¢) TLV-R(Z;¢) T-VC(Z;¢) TMVK(Z;¢) MELS(Z;¢)

WLSE 0.21105,0.49985
50% 4.6833079 8.0641711 8.8922752 12.5103087 3.3808631
60% 5.5847622 8.7989583 8.3988943 12.9984054 3.2141961
70% 6.6395315 9.7003094 7.9179995 13.6593092 3.0607779
80% 7.9992451 10.9087709 7.419382 14.6184619 2.9095258
90% 10.1212311  12.8625078 6.8372537 16.2811347 2.7412767
95% 12.0908908  14.7221388 6.4417673 17.9430224 2.6312479
99% 16.3429079  18.8194491 5.8675051 21.7532016 2.4765411
CVM 0.21109,0.50028
50% 4.6791079 8.0570562 8.8769135 12.495513 3.3779483
60% 5.5797877 8.7912095 8.3843767 12.9833979 3.2114219
70% 6.6336488 9.6917823 7.904306 13.6439353 3.0581335
80% 7.9921894 10.8991994 7.4065397 14.6024693 2.90701
90% 10.1123418  12.8512459 6.8254163 16.263954 2.738904
95% 12.0802975  14.7092668 6.4306107 17.9245721 2.6289693
99% 16.3286324  18.8030275 5.8573383 21.7316967 2.4743951
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3.6.3 Assessing Under Different Estimation Methods via In-
surance Data

As a specific example, this section of the essay examines the insurance claims payment triangle for
a United Kingdom Motor Non-Comprehensive account. We identify the years 2007 to 2013 as the
most suitable origin period.The claims data is structured within the insurance claims payment data
frame in a format typical for databases. The first column contains details about the origin year, which
spans from 2007 to 2013, as well as the development year and incremental payments. Notably, the
insurance claims data were initially examined using a probability-based distribution.This analysis was
conducted at the outset of the process. The insurance company’s capacity to manage such events
is highly valued by actuaries, regulators, investors, and rating agencies. This study proposes several
Key Risk Indicator (KRI) metrics for the left-skewed insurance claims data based on the QXg-F
distribution. These metrics include VAR, TVAR, T-VC, and TM-V (refer to Artzner (1999)[? | for
further details). Table 8 presents the KRIs derived from the insurance calculations data, categorized
by each estimation method employed for the QXg-F model. Based on Table 8, the following results
can be highlighted:

1. For all risk assessment methods:

V‘R(Z;gh—q:m%) < V-R(Z; ¢A5|1—q:40%) <. < V-R(Z; $|1—q:5%) < V‘R(Z§13|1—q:1%)-

2. For all risk assessment methods:

TLV‘R(Z;fgh—q::ao%) < TLV‘R(Z§$|1—Q:40%) <. < TLV—R(Z;$|1_QZ5%) < TLV‘R(Z;¢A>|1—q=1%)-

3. For all risk assessment methods:
T-VC(Z;$\17F50%) > T'VC(Z§¢A5\1—q:40%) > > T'VC(Z§¢A5\1—q:5%) > T-VC(Z; $|1—q:1%)-

4. For all risk assessment methods:

TMVK(Z; ¢|1—g=50%) > TMVK(Z; ¢|1_g=10%) > ... > TMVK(Z;($|1,q:5%) > TMVK(Z; ¢l1-g=1%)-

5. For all risk assessment methods:

MELS(Z;gh—q:m%) > MELS(Z§$|1—q:40%) > ... > MELS(Z; $|1—q:5%) > MELS(Z; $|1—q:1%)-

6. Under the MaxLE method: The V—R(Z ; $> is monotonically increasing indicator, the TLV-
R(Z ; (E) in monotonically increasing indicator. However the T-VC (Z ; 5), the TMVK (Z ; (Z)
and the MELS (Z ; QAS) are monotonically decreasing.

7. Under the OrLSE method: The V—R(Z ; (;AS) is monotonically increasing indicator, the TLV-
R(Z ; QAS) in monotonically increasing indicator. However the T-VC (Z ; $), the TMVK (Z ; a)
and the MELS (Z ; a) are monotonically decreasing.

8. Under the WLSE method: The V—R(Z ; 5) is monotonically increasing indicator, the TLV-
R(Z ; &5) in monotonically increasing indicator. However the T-VC (Z ; a), the TMVK (Z ; 8)
and the MELS (Z ; %) are monotonically decreasing.

9. Under the AE method: The V—R(Z ; (E) is monotonically increasing indicator, the TLV—R(Z ; $>
in monotonically increasing indicator. However the T-VC (Z ; (E), the TMVK (Z ; ;é\) and the
MELS (Z ; g/i;) are monotonically decreasing.

10. For nearly all ¢ values, the OrLSE method is preferred, as it offers the most reliable risk
exposure analysis, followed by the MaxLE method as the second choice. Nevertheless, the
other two methods also perform well.
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Table 3.11: A.Key Risk Indicators (KRIs) Generated from Synthetic Data.

Method

v V-R(Z;¢)

TLV-R(Z; ¢)

T-VC(Z;9)

TMVK(Z; P)

MELS(Z; ¢)

MaxLE

50%
60%
70%
80%
90%
95%
99%

OrLSE

50%
60%
70%
80%
90%
95%
99%

2408.285176
2816.579287
3297.89361
3922.142321
4901.547418
5814.002477
7789.512693

2509.021497
3015.24518
3606.312937
4366.817414
5551.576191
6649.89369
9018.464769

0.056648,0.00107

3957.286678
4294.591947
4709.755039
5268.031519
6173.031474
7036.477935
8942.216564

1894484.692667
1795766.569883
1698501.924311
1596614.004881
1478243.31119
1395540.819773
1278264.671458

0.272949,0.000899

4400.995807
4811.953608
5315.532936
5990.028363
7079.430874
8115.579457
10396.999002

2771619.894328
2614766.380651
2462318.334862
2304719.229173
2121334.380204
1997119.012415
1817273.115655

951199.633011
902177.876889
853960.717195

803575.03396
745294.687069
704806.887822
648074.552293

1390210.942971
1312195.143934
1236474.700367
1158349.64295

1067746.620976
1006675.085665
919033.556829

1549.001501
1478.012661
1411.861429
1345.889198
1271.484056
1222.475459
1152.703872

1891.97431
1796.708428
1709.219999
1623.210949
1527.854683
1465.685767
1378.534233
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Table 3.12: B.Key Risk Indicators (KRIs) Generated from Synthetic Data.

Method

v V-R(Z;¢)

TLV-R(Z; ¢)

T-VC(Z;9)

TMVK(Z; P)

MELS(Z; ¢)

WLSE

50%
60%
70%
80%
90%
95%
99%

CVM

50%
60%
70%
80%
90%
95%
99%

2402.375177
2838.891506
3351.247105
4013.456607
5049.313766
6012.378498
8094.095078

2503.029113
2986.414861
3551.920461
4280.816611
5418.195151
6473.831185
8752.526684

0.13893,0.001019

4047.542671
4405.392352
4844.998236
5435.154825
6390.469523
7300.638908
9307.560124

2119132.335979
2004673.486117
1892621.739739
1775934.490963
1639088.326576
1545748.650037
1412012.076223

0.215302,0.000933

4315.472068
4709.366036
5192.511163
5840.228281
6887.328172
7883.938659

2554671.581296
2412721.162258
2274394.097108
2130999.793612
1963634.040249
1849952.187187

10079.658969 1684916.244941

1063613.710661
1006742.13541
951155.868105
893402.400306
825934.632811
780174.963926
715313.598236

1281651.262716
1211069.947165
1142389.559717
1071340.125087
988704.348297
932860.032253
852537.78144

1645.167494
1566.500846
1493.751131
1421.698218
1341.155757
1288.26041
1213.465046

1812.442955
1722.951174
1640.590702
1559.411671
1469.133022
1410.107475
1327.132285
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3.7 Discussion of Findings and Directions for Fu-
ture Research

3.7.1 Discussion of Main Findings

This chapter introduced and evaluated the quasi-Xgamma frailty model (QXg-F), a new approach
for modeling unobserved heterogeneity in survival data. Traditional frailty models, like the gamma
or log-normal, are widely used to represent individual differences in risk that cannot be explained
by observed covariates. However, these models can be restrictive in shape and tail behavior. The
QXg-F model was proposed as a more flexible alternative, capable of capturing more complex forms
of variation.

The model is based on the quasi-Xgamma distribution, which extends the classical Xgamma
family by including an additional shape parameter. This gives it greater flexibility to model positively
skewed data and a wider range of kurtosis levels. In the context of survival analysis, this means the
QXg-F model can account for both mild and severe heterogeneity in risk, which is often present in
medical, biological, and insurance-related datasets.

One of the key strengths of the QXg-F model is its mathematical tractability. The distribu-
tion has a closed-form Laplace transform, which makes it possible to derive explicit formulas for the
marginal survival and hazard functions. These expressions are essential for building the likelihood
function and estimating model parameters, especially in the presence of censored data.

To estimate parameters, the maximum likelihood estimation (MLE) method was used. Be-
cause the likelihood function for the QXg-F model does not have a closed-form solution, we used
numerical optimization-specifically, the Barzilai-Borwein algorithm. Simulation studies showed that
this method performs well in practice. Across multiple sample sizes and censoring levels, the estimates
were accurate, stable, and showed decreasing bias and mean squared error as sample size increased.
Even with 30-50% censoring, the estimators remained reliable.

To check how well the model fits real data, we used two statistical tests. The Nikulin—Rao—
Robson (NIK-RR) test was applied to complete data, and the Bagdonavicius—Nikulin (B-NIK)
test was used for censored data. Both tests confirmed that the QXg-F model matched the data well.
Importantly, simulation studies confirmed that the observed significance levels of these tests closely
matched theoretical expectations, which means the model does not overfit or underfit systematically.

A real dataset from an emergency department in Algeria was used to demonstrate the model’s
practical utility. This dataset included 30 patients and several clinical variables: age, blood pres-
sure, glucose level, cardiac frequency, and oxygen saturation. We fitted two versions of the QXg-F
model—one using a Weibull baseline hazard and the other using a Gompertz baseline. Both mod-
els gave a good fit to the data. In both cases, the estimated parameters were clinically plausible.
For example, higher glucose levels and lower oxygen saturation were associated with higher hazard,
consistent with medical knowledge.

Interestingly, the choice of baseline hazard affected some results. The Weibull version was better
at modeling increasing hazard over time, while the Gompertz version was more responsive to early
risks. This suggests that while the QXg-F frailty term captures unobserved variability, careful choice
of the baseline hazard is still important for modeling different clinical situations.

Beyond clinical data, the QXg-F model was also applied in insurance risk analysis. We used
it to estimate financial risk measures such as value-at-risk (VaR), tail value-at-risk (TVaR), tail vari-
ance, and mean excess loss. These metrics were estimated using multiple methods: MLE, ordinary
least squares, weighted least squares, and the Anderson-Darling method. Across all methods and
different sample sizes, the QXg-F model produced consistent and interpretable results. This shows
that the model is not only suitable for survival data in healthcare but also has potential in actuarial
and financial contexts.
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To summarize, the QXg-F model brings several important advantages:

Flexibility: It can represent a wide range of unobserved heterogeneity due to its two-parameter
frailty distribution.

Tractability: Closed-form survival and hazard functions make likelihood-based inference fea-
sible.

Robust estimation: Simulation studies confirm the reliability of MLEs even under censoring.
Good empirical fit: Statistical tests support the model’s adequacy across multiple settings.

Versatility: The model performs well in both medical and insurance applications.

3.7.2 Future Research Directions

Although the quasi-Xgamma frailty (QXg-F) model has shown strong potential in both theoretical
and applied settings, several directions remain open for future research. These future points represent
natural extensions of the current work and reflect both methodological challenges and opportunities
for broader application.

Time-varying frailty: In the current study, frailty is modeled as a static (time-invariant)
random effect. However, in many real-world applications, an individual’s vulnerability or risk
may change over time due to treatment effects, aging, or disease progression. Extending the
QXg-F model to include time-varying frailty would allow for more realistic modeling of dynamic
risk structures, especially in longitudinal studies.

High-dimensional covariates and penalization: As survival datasets increasingly include
large numbers of covariates (e.g., genomic, clinical, environmental), it becomes important to
consider regularization methods. Combining the QXg-F framework with penalized estimation
techniques such as LASSO, Ridge, or Elastic Net could allow for simultaneous variable selection
and frailty modeling in high-dimensional contexts.

Semi-parametric and non-parametric baseline hazards: This chapter focused on para-
metric baselines (Weibull and Gompertz) to preserve tractability. A valuable future step would
be to integrate the QXg-F model with semi-parametric approaches like the Cox proportional
hazards model or with spline-based hazard models, offering more flexibility in modeling the
baseline risk without imposing a fixed functional form.

Post-selection inference and uncertainty quantification: The inference provided in this
chapter relies on maximum likelihood estimation under fixed model assumptions. As selection
procedures (e.g., model comparison, variable selection) are introduced, valid post-selection in-
ference techniques would be needed to properly account for uncertainty. Developing confidence
intervals and hypothesis tests that remain valid after selection would improve interpretability
and statistical rigor.

Joint models with longitudinal data: In clinical and epidemiological research, it is common
to observe both longitudinal biomarkers and survival outcomes. Extending the QXg-F model
to a joint modeling framework would allow the frailty term to link the repeated measurements
with the time-to-event outcome, offering improved predictive accuracy and insight into the
relationship between longitudinal profiles and risk.

Multivariate and clustered survival data: Many survival datasets involve clustered ob-
servations, such as patients within hospitals or family studies. Developing a shared frailty
version of the QXg-F model would enable modeling of intra-cluster dependence and help assess
group-level heterogeneity, which is important in both healthcare and insurance analytics.

Software implementation: To promote reproducibility and practical use, implementing the
QXg-F model in a public statistical package (e.g., an R or Python library) would support wider
adoption. This package could include functions for estimation, diagnostics, model comparison,
and prediction, accompanied by user documentation and case studies.
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e Applications in insurance and finance: Finally, the potential of the QXg-F model in
actuarial science deserves further exploration. Modeling aggregate claim behavior, survival-
linked financial contracts, or pension risk using this model could lead to more accurate pricing
and better risk assessment. Exploring its use in heavy-tailed or dependent loss data could offer
particular advantages.
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Chapter 4

Mixed Gamma-Exponential Frailty
Model

Recently, Loubna et al. (2024)[58] introduces the quasi-Xgamma frailty model as a novel approach to
survival analysis, particularly addressing heterogeneity problems in emergency care data. Following
Loubna et al. (2024)[58], this study presents a novel statistical model, referred to as the MGEF
model, which represents a significant advancement in the field of data analysis. The MGEF model is
designed to be versatile and adaptable, making it suitable for application to both simulated datasets
and real-world data. Notably, it has been applied to emergency care data from Algeria, demonstrat-
ing its practical utility in analyzing complex, real-life scenarios. The MGEF model exhibits superior
performance compared to existing approaches in terms of both fit and interpretability. This claim
is substantiated through rigorous validation using two robust statistical tests, the NIK-RR and the
B-NIK. These tests confirm that the MGEF model provides a more accurate and reliable fit to the
data while maintaining clarity in interpretation, which is crucial for practical applications. More-
over, the model shows considerable potential in the domain of insurance risk analysis. By accurately
modeling various types of risks, the MGEF model can assist insurance companies in better assessing
and managing uncertainties associated with their portfolios. This capability underscores the model’s
versatility and relevance across multiple fields, further highlighting its value as a cutting-edge tool for
data-driven decision-making. Some sections cover the Cox-frailty model, estimation process, valida-
tion results, data analysis, and future directions.

This chapter introduces the MGEF model, motivated by three key imperatives:

o The MGEF model merges the strengths of gamma and exponential distributions, offering a novel
parametric model that balances mathematical tractability with the ability to model diverse
hazard shapes (e.g., bathtub, monotonically increasing/decreasing). This hybrid structure
addresses limitations of existing frailty models (e.g., quasi-xgamma, Lindley-frailty) that often
lack closed-form expressions or sufficient adaptability for real data.

e The MGEF model is rigorously validated using the NIK-RR and B-NIK goodness-of-fit tests,
ensuring robustness under censored and uncensored data scenarios. Its application to a real-
world emergency care dataset from Algeria demonstrates superior performance in capturing
heterogeneity and improving model fit compared to traditional approaches. This validation not
only underscores its practical utility but also aligns with regulatory and ethical demands for
transparent, reproducible risk assessment in high-stakes domains like healthcare and insurance.

e Beyond emergency care, the MGEF model’s modular design enables seamless integration into
insurance risk analysis, actuarial science, and emerging fields like climate modeling. For ex-
ample, its ability to handle extreme value scenarios (e.g., catastrophic insurance claims) and
incorporate covariate effects positions it as a versatile tool for dynamic risk quantification. Fur-
thermore, the model’s compatibility with Bayesian models and computational efficiency (via
closed-form Laplace transforms) addresses critical gaps in handling high-dimensional or sparse
datasets.
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4.1 Introduction to the Mixed Gamma-Exponential
Models

Following Sarma and all (2020) [83]. We consider a two-component finite mixture of an Exponential
distribution with scale parameter k£ and a Gamma distribution characterized by shape parameter s
and scale parameter k. The mixing proportions for these distributions are given by H_Lk and —

T+k?

respectively. The probability density function of the mixture can be written as:

k2 ks—Z 1 A
18, k)= —— |1+ ——a°~ ek >0 1. 4.1
f(z;s,k) 1+k[ +I‘(s)$ }e |z, k> 0,5 > (4.1)
The distribution function is:
1

F(x;s,k) = Tk [k(1 - e R+ P(s, kz)) (4.2)

where P(a,b) = WIS?C’LI;) is the lower regularized gamma function. The Momoents of The probability

density function (PDF) corresponding to:

E(x) = % (4.3)

The variance of the MGE distribution is given by the second central moment:

ks? — ks + s+ 2k3 + k2
Var (z) = R (4.4)

The proposed MGE distribution shows superior performance compared to Exponential, Gamma and
Lindley distributions in modeling survival data

4.2 Mixed Gamma-Exponential Frailty Model

We examine the frailty model specified in equation , where the frailty variable Z follows a
MGE distribution with unit mean, i.e., E[Z] = 1. This normalization constraint, as established by
Elbers and Ridder (1982)[29]. Consequently, employing the alternative MGE model parameterization
introduced by (2017)[84], we express the probability density function (PDF) of the MGE-Frailty model
as follows:

f(2)

s (Vs)* 2 o

= 1 Z* —/sZ),Z >0 4.5

e |1 Y2 et vaz) (4.5)
where s > 0 represents the shape parameter. The variance of the frailty distribution is commonly
used to quantify the level of unobserved variation in a research sample. If the PDF (4.5)) is assumed
to be a frailty distribution, the variance is

02:¥<3% —8%+1+232).
(1+ V)2

Let £;(X) denote the Laplace transform of the frailty probability density function f(Z) specified in
[4.5)), parameterized by its variance 02 and a scaling factor X € R, has the following form:

B A 1 (\/Z)A—Q
ST (v v ) 0
where
VA 1+02+W702 -
and

2
. <1+02+\/Z4+602—7> P
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In order to maintain simplicity, we analyze ([4.6) at X = Ag(t;) exp(z] 3), and find that the marginal
survival function(2.64) under MGEF model is provided by

A 1 A)A—2
S(tilz:) = - + (\F)T . (4.7)
(1+VA) | (Ao(t;)exp(zlB) +VA)  (Ao(t;) exp(al B) + VA)A
where )
\/ﬁ
and )
24 /ol 16027
A:<1+U—|— ot + 60 7) o2>1
2
The resulting marginal hazard function (2.65) is as follows:
Atilz:) = [Mo(t:) exp(z] B)]
{2"‘ +(1+0%+ mﬂ
X (4.8)

242 (Aq(t) exp(e? §) + VA)

2 o |
+ (Ao(ti) exp(zlB) + \/Z) (1+ 0%+ Vot +602 — 7)A ?
where )
\FZI—&-J +\/02'4+60'2—770_221
and

2
e <1+02+\/z4+6027> a1

In this study, we formally define the MGE frailty model through its unconditional survival and hazard
functions. As established in Chapterl, the baseline hazard function Ay (t) can be specified using either
parametric or non-parametric approaches. We implement a parametric model, specifically employing
the Weibull and Gompertz distributions as baseline hazards due to their mathematical flexibility in
representing constant, increasing, or decreasing hazard rates. The Weibull distribution is particularly
prevalent in survival analysis and reliability engineering applications, while the Gompertz distribution
finds extensive use in actuarial science and demographic research [94]. A crucial characteristic of the
Gompertz baseline hazard is its potential to exhibit a “defective” property , which formally accounts
for the existence of a cured subpopulation that remains non-susceptible to the event of interest.

4.2.1 MGEF Model Under the Weibull Baseline Hazard Func-
tion

The Weibull distribution provides parametric baseline hazard and cumulative hazard functions defined
as follows:
y ti v—1 ti v

Ao(tz) = — (> and Ao(tl) = <) t; >0, (49)

¥ 4
where v > 0 represents the shape parameter and ¢ > 0 represents the scale parameter.

The hazard-rate function of the Weibull distribution drops monotonously for v < 1; it is constant over
time for v = 1 (exponential distribution); and it grows monotony when v > 1 (Wienke (2010)[94]).
As a result of substituting into and , the MGE Frailty model’s Marginal Survival and

hazard functions with Weibull Baseline Hazard Function are, respectively

A ] 1 N (VA)A2
VA | [(4) exptal®) +VA]  [(2)" eptals) + vA] "

S(tilz;) = ; (4.10)

7
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where
VA = 1—|—02+\/;4—|—602—7)

and

2
. <1+02+\/Z4+602—7> P

Atilzs) = [:; (Z)VleXp(xiTﬁ)]
24+ (14 0%+ VoT+ 67— 7) "
« — . ~ (4.11)
) 2 ((;;) exp(x; B) + \/Z)

+((2) ew6ls) +VA) (140 voT T D) |
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Figure 4.1: Plots of the Marginal Survival Function of the MGEF Distribution whit
Weibull Baseline Hazard Functions.
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Figure 4.2: Plots of the Marginal Hazard Function of the MGEF Distribution whit
Weibull Baseline Hazard Functions.

Figure [4.1]4.2] illustrates various configurations of the survival and hazard functions for the MGE
frailty model with Weibull baseline hazard, using selected parameter values.
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4.2.2 MGEF Model Under the Gompertz Baseline Hazard
Function

The Gompertz distribution provides parametric baseline hazard and cumulative hazard functions given
by:

No(ts) = wexp(ét;)  and Ao(m:g[exp(sti)fu >0 (4.12)

Let € > 0 and ¥ > 0 denote the shape and scale parameters, respectively, of the Gompertz
distribution. When ¢ < 0, the distribution exhibits a defective property characterized by:

lim Ho(t) = — 2~

t—oc0 f

Po = €Xp 5

where pg represents the proportion of cured individuals or long-term survivors in the population.
The Gompertz distribution reduces to the exponential distribution when & = 0.
The hazard rate function demonstrates three distinct regimes:

o ¢ < 0: Decreasing hazard (cure fraction present)
e £ =0: Constant hazard (exponential case)
e £ > 0: Increasing hazard (standard Gompertz)

Substituting the Gompertz baseline hazard (4.12)) into equations (4.7) and (4.8) yields the marginal
survival and hazard functions for the QXg-F model with Gompertz baseline hazard frailty:

A 1 (\/Z)A—2

(VA | (& fopten) —exp@l8) + VA (% fexp(et) — 1) exp(a5) + VA
(4.13)
where
Ny ks Voi 1602 -7
- . 7
and ,
A <1+02+W> .
Atilzi) = [wexp(éti) exp(z] B)] (4.14)
24+ (1402 + VoT+ 67— 7) "
X
5 9A—2 {? [exp(&t;) — 1) exp(zl'B) + \/Z}A
+{% exp(et) — Nexp(@? B) +VA} (1402 +VoT 7607 —7)" 7 |
where
Ny s Voi 1602 -7
- : ,
and

2
24 /54 7 _
A:<1+U + ; + 6o 7) ,o2 > 1.

As previously stated, the marginal survival function is appropriate for x > 0 and inappropriate for
k < 0. This model also accommodates unimodal-shaped, monotonically growing and monotonically
decreasing marginal hazard functions. The MGEF model with the Gompertz baseline hazard function
is therefore more versatile than the MGEF model with the Weibull baseline hazard function.

Figure L34 illustrates various configurations of the survival and hazard functions for the MGE
frailty model with Weibull baseline hazard, using selected parameter values.
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Figure 4.3: Plots of the Marginal Survival Function of the MGEF Distribution whit
Gompertz Baseline Hazard Functions.
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Figure 4.4: Plots of the Marginal Hazard Function of the MGEF Distribution whit
Gompertz Baseline Hazard Functions.

4.3 Parameter Estimation Techniques for the MGEF
Model

4.3.1 Estimation of MGEF Model’s Parameters Under Weibull
Baseline Hazard Function

This section details the maximum likelihood (ML) estimation procedure for parameters of the MGEF
model with Weibull and Gompertz baseline hazard specifications. Under standard regularity condi-
tions, ML estimators possess desirable asymptotic properties, including consistency, efficiency, and
normality.

A critical consideration in the implementation is the common occurrence of incomplete lifetime
data, where event times may be unavailable for certain study subjects due to censoring or dropout
mechanisms. The proposed estimation framework accounts for these data limitations through appro-
priate likelihood construction. Consider a study population where some lifetimes are right-censored,
meaning that we only observe that the true lifetime exceeds the recorded value. For the it* subject,
let:

o T; denote the true lifetime random variable
e (; denote the censoring time random variable

o §; = I(T; < C;) be the censoring indicator (6; = 1 if the lifetime is observed, §; = 0 if censored)

t; = min{T;, C;} be the observed time
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e x; € RP be the covariate vector

Assuming that T; and C; are independent, the likelihood function for the parameter vector ¢ under
non-informative censoring is:

L(¢) = [ Mtilxi)™ S(tilxi) (4.15)
=1

where:
o S(:|x;) is the marginal survival function (4.10)
A(+]x;) is the marginal hazard function (4.11])

The corresponding log-likelihood function is:

n

Up) = [Bilog A(tilx:) + log S(tix)] (4.16)

=1

4.3.2 Case of Weibull Baseline Hazard Function
For the MGEF model with parameters ® = (v, p, 02, ), the corresponding log-likelihood function is:

logL(¢) = rlog(v)+ (v—1) Z(S log(t;) — krlog(e) + Zé ]

n

- Z(Si log(U) — rlog(2 Z(S log(Uy) + 2nlog[M (o)) — nlog(2)

i=1

—nlog[2 + M(o)] + Zlog Ur) Z log(Us)

“n [M(f)z - 2] log(2) — (4.17)

where: 7 = >"" | §; is the failure number,

M(o) = (1+02+\/04+60277).

M(o)2 M(0)2
U={2"" +[M@) T .

M (o)

O = 2M(46)22[<Z>V6Xp(w?ﬂ)+Méa)}(2)z

(€ et M

and

ti\" M
U2 = (@) exp(x?ﬁ) + 2(0)
Setting the nonlinear system of the score equations I(,,) = O I(Lp) = 0,I,2) = 0 and I gy = 0 and
solving them simultaneously yields the MLE gg = (v,p,02, ﬁ) It is usually more convenient to

use nonlinear optimization methods to solve these equations; such as the quasi-Newton algorithm to
numerically maximize log £(¢).
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4.3.3 Simulations: Case of Weibull Baseline Hazard Function

We examine the MGEF model with Weibull baseline hazard function through an extensive Monte
Carlo simulation study. The simulation design incorporates:

e N = 13,000 replications
o True parameter values: v = 0.7, ¢ = 0.8, 02 = 0.7, 31 = 0.9
o Sample sizes: n € {25, 40,250,800}

Parameter estimation was performed in R using the Barzilai-Borwein (BB) optimization algorithm
[? ]. For each replication, we computed:

PN I
Bias(6) = 3 > (& — 6o) (4.18)
k=1
N
MSE(3) = 1 D (b — 60)? (4.19)

>
Il

1

where ¢ € {v,p,02, 31} and ¢y denotes the true parameter value.

Table [£1] summarizes the bias and MSE of the maximum likelihood estimates across different
sample sizes and censoring levels. These results demonstrate the estimator’s finite-sample properties
and provide crucial insights into:

e The model’s parameter recovery capability
e The impact of sample size on estimation precision

e Performance under varying censoring regimes

Initially, as the sample size increases, both the bias and mean squared error (MSE) decrease for
all parameters, indicating enhanced estimation accuracy and efficiency. For example, at the smallest
sample size (n = 25), the bias and MSE values are relatively high, especially for the parameter ¢ (e.g.,
bias = 0.87548 and MSE = 0.04981 under 0% censoring). However, as the sample size increases to
800, the bias and MSE significantly decrease (e.g., bias = 0.81003 and MSE = 0.03002 for ¢ under 0%

censoring). This trend is consistent across all parameters (7, @, JQ,E), underscoring the importance
of larger datasets for more reliable parameter estimation.

Secondly, the impact of censoring on estimation accuracy is evident from the table. As the
percentage of censored observations increases, the bias and MSE generally increase, reflecting the
challenges posed by higher levels of censoring. For example, at n = 25, the bias for ¢ rises from
0.87548 (0% censoring) to 0.86000 (40% censoring), while the corresponding MSE increases from

o~

0.04981 to 0.04587. Similarly, for o2, the MSE at n = 40 increases from 0.02347 (0% censoring) to
0.03641 (40% censoring). These findings underscore the need for robust statistical methods to handle
censored data effectively.

Thirdly, the parameter Zi’: , which represents the effect of covariates in the model, shows a similar
pattern of decreasing bias and MSE with increasing sample size and deteriorating performance with
higher censoring levels. Notably, even at the largest sample size (n = 800), some degree of bias persists
under high censoring (e.g., bias = 0.90210 and MSE = 0.01958 under 40% censoring), suggesting that
censoring remains a significant challenge even with large datasets. Overall, the results demonstrate
that the MGEF model performs well under a variety of conditions, with improved accuracy and
precision as sample size increases and censoring decreases. However, the increased bias and MSE
under high censoring levels indicate the need for further research into methods that can mitigate
the effects of censoring, particularly in small or moderately sized datasets. This analysis not only
validates the robustness of the MGEF model but also highlights areas where its application may
require additional considerations. From Table we observe that the maximum likelihood estimates
for the MGEF model with Weibull baseline hazard function are convergent, as evidenced by the
decreasing trends in both bias and MSE with increasing sample sizes.
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Specifically, the bias and MSE values for all parameters (7, ¢, 02, E) consistently decrease as the
sample size grows from 25 to 800. This convergence indicates that the model estimates become more
accurate and efficient with larger datasets. Additionally, while censoring introduces some variability
in the estimates, the overall trend of improvement with increasing sample size remains robust. These
results suggest that the MGEF model is well suited for applications where large datasets are available,
further validating its reliability and effectiveness in survival analysis. Thus, the convergence of the
estimates underscores the model’s statistical consistency and suitability for practical use.

Table 4.1: Bias and MSE of the ML estimates for the simulated data of the MGEF
model with Weibull baseline hazard function

n Bias MSE Bias MSE Bias MSE Bias MSE
0%cens. 10%cens. 25%cens. 40%cens.

25 ¢ 0.87548 0.04981 0.86952 0.05002 0.85321 0.03996 0.86000 0.04587
v 0.76958 0.04635 0.75316 0.04751 0.75558 0.04968 0.74875 0.04751
o2 0.75481 0.04612 0.73625 0.04857 0.74986 0.04968 0.74266 0.04758
B 0.96325  0.03999 0.94589 0.04657 0.97006 0.04587 0.95319 0.04578

40 ¢ 0.86359 0.04003 0.85416 0.04787 0.849571  0.03225 0.85304 0.04120
v 0.74317 0.04201 0.73167 0.03198 0.73410 0.03241 0.72348 0.03795
o2 0.72954 0.02347 0.72015 0.03985 0.72968 0.04000 0.72406 0.03641
G 0.95021  0.0300 0.93406 0.03958 0.96012 0.03698 0.91364 0.03121

250 ¢ 0.82135 0.03845 0.81954 0.03652 0.82304 0.03164 0.82467 0.03775
v 0.72214 0.02877 0.71845 0.02578 0.71864 0.02958 0.71005 0.02964
o2 0.71067 0.01935 0.71384 0.02471 0.71357 0.02775 0.71111 0.02886
51 0.92231  0.01247 0.92784 0.03012 0.9333 0.03124 0.91120 0.02657

800 ¢  0.81003 0.03002 0.80647 0.02425 0.81023 0.02996 0.81000 0.02746
v 0.70085 0.02102 0.71130 0.02113 0.70064 0.01968 0.70301 0.02110

o? 0.70200 0.01322 0.70604  0.02210 0.70651  0.01774 0.70009  0.02345
B1 09004  0.0215 0.9006 0.02335 0.90100  0.02005 0.90210  0.01958
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4.3.4 Estimation of MGEF Model’s Parameters Under Gom-
pertz Baseline Hazard Function

Using the Gompertz baseline hazard function, the log-likelihood function for ¢ = (k, &, 02, 3) is given
as follows:

log L(¢) = rlog(¢) + i Si(kt; + x B) + z": i log(U) — rlog(2) (4.20)

i=1 i=1

- Z d;log(Uy) 4+ 2nlog[M (0)] — nlog(2) — nlog[2 + M(o)]

i=1

n n o 2
+Zlog(U1) - Zlog(Ug) —-n [M(4 Y _ 2] log(2)
i=1 i=1

0)? &
*M(4) Zlog(Ug).

i=1

where

M(o) =140+ o*+602 -7
M(o)? M(o)2—7
U=<2 " +[1+M(o)] *© .

and
M(o)

2

U = Sexp(ts) — 1] explal §) +

Maximizing log-likelihood functions yields the appropriate ML estimators ¢ of parameter vectors
¢. Tt is worth noting that (;AS does not have a closed form. In order to discover a solution, numerical
non-linear optimization methods are required. These optimization approaches are implemented in the
BBsolve R software packages.

4.3.5 Simulations: Case of Gompertz Baseline Hazard Func-
tion
We examine the MGEF model with a Gompertz baseline hazard function. Data were simulated
N = 13,000 times, using parameter values x = 0.9, £ = 0.6, 02 = 0.8, and $3; = 0.3, with sample sizes
n = 25, n =40, n = 250, and n = 800. Using R software and the Barzilai-Borwein (BB) algorithm for
calculatlng the averages of the simulated values of the maximum likelihood estimators &, f , 02, and
61, along with their mean squared errors (MSE).Table 1sp1ays the bias and mean squared error
(MSE) of the maximum likelihood estimates for the MGEF model with a Gompertz baseline hazard
function, considering different sample sizes and censoring levels. The results provide several important
insights into the performance of the model.Initially, as the sample size increases, both the bias and
MSE consistently decline for all parameters (%, fA, 55, E), signifying improved accuracy and efficiency
in estimation.For instance, at the smallest sample size (n = 25), the bias for Eis 0.65247 (with 0%
censoring), w}li\ch decreases to 0.63025 at n = 800 under the same censoring level. In a similar vein,

the MSE for 3 reduces from 0.04751 at n = 25 to 0.03173 at n = 800. This pattern emphasizes
the importance of larger datasets for achieving more reliable parameter estimates. Furthermore, the
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influence of censoring on estimation accuracy is evident, as elevated levels of censoring generally lead to
increased bias and MSE. For example, at n = 25, the bias for £ increases from 0.65247 (0% censoring)
to 0.67398 (40% censoring), while the corresponding MSE rises from 0.04652 to 0.04963. This trend is
consistent across all parameters, highlighting the challenges associated with higher levels of censoring.
Nevertheless, the model exhibits robustness even under substantial censoring, as both bias and MSE
remain manageable with larger sample sizes.Lastly, the parameter E, which represents the effects of
covariates, shows a similar pattern of decreasing bias and MSE as the sample size increases; however,
it is slightly more affected by censoring than the other parameters. For example, at n = 800, the MSE
for B; rises from 0.02191 (10% censoring) to 0.01247 (40% censoring).In summary, these findings affirm
the MGEF model’s effectiveness in providing reliable estimates across various conditions, particularly
when applied to sufficiently large datasets. They also underscore the importance of exercising caution
in cases of high censoring levels.

Table A2 illustrates that the maximum likelihood estimates for the MGEF model with the Gom-
pertz baseline hazard function exhibit convergence as the sample size increases. The bias and mean
squared error (MSE) values for all parameters &, 27 o2, and Z?; consistently reduce with larger sample
sizes, indicating improved estimation accuracy and efficiency. For example, with the smallest sample
size (n = 25), the bias for £ is 0.65247 (0% censoring), which reduces to 0.63025 at n = 800 while keep-
ing the same level of censoring. Similarly, the mean squared error (MSE) for 23: decreases from 0.04751
at n = 25 to 0.03173 at n = 800. While censoring introduces some variability into the estimates, the
general trend of reduced bias and MSE with larger sample sizes persists. These results demonstrate
the model’s effectiveness in delivering reliable parameter estimates when used with adequately large
datasets, thus supporting its appropriateness for survival analysis employing the Gompertz baseline
hazard function.

Table 4.2: Bias and MSE of the ML estimates for the simulated data of the MGEF
model with Gompertz baseline hazard function

n Bias MSE Bias MSE Bias MSE Bias MSE
0% cens. 10% cens. 25% cens. 40% cens.

25 & 0.65247 0.04652 0.64328 0.04325 0.65003 0.04996 0.67398 0.04963
r  0.94487  0.04621 0.95003 0.04652 0.94638 0.04357 0.95555 0.04581
o2 0.87284  0.04751 0.84867 0.04756 0.86485 0.04158 0.87499 0.04751
51 0.35953 0.04751 0.35254 0.04395 0.36358 0.04351 0.34968 0.04225

40 £ 0.64439 0.04112 0.62369 0.03951 0.64381 0.03514 0.66634 0.04360
& 0.94005 0.04125 0.92004 0.03617 0.92968 0.03968 0.93957 0.03625
o? 0.86357  0.04003 0.83681 0.03698 0.84987 0.03138 0.83498 0.03251
£ 0.31254  0.03952 0.34615 0.03467 0.33296 0.03336 0.33650 0.03625

250 ¢ 0.64005 0.03847 0.61541 0.02958 0.62013 0.02987 0.62198 0.03214
x  0.92365 0.03421 0.91584 0.02473 0.91958 0.02985 0.92671 0.02854
o2 0.81584  0.03216 0.82574 0.02618 0.83185 0.02758 0.81958 0.02361
B 0.31000 0.03674 0.33578 0.02356 0.31520 0.02458 0.32655 0.02124

800 ¢ 0.63025 0.02514 0.60688 0.02120 0.60008 0.02310 0.60307 0.02001
x 0.90457  0.02317 0.91000 0.02220 0.90374 0.02132 0.90007 0.01254
o 0.81240 0.02316 0.81396 0.0230 0.81124 0.02008 0.80064 0.02300
£1 0.30327  0.03173 0.31002 0.02191 0.30024 0.02361 0.30217 0.01247
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4.4 Validation Testing of the MGEF Model
4.4.1 Validating the MGEF Model Using the NIK-RR Test

The NIK-RR test statistic measures how well a statistical model fits a specific set of observations,
making it a versatile and powerful tool in statistical analysis. Originating from the research of Rao and
Robson (1974) [76] and further developed by Nikulin (1973a, 1973b, 1973c) [68], 69} [70], this statistic
serves as a general measure of goodness-of-fit applicable in various fields such as survival analysis,
regression modeling, and time series analysis. Its broad applicability stems from its ability to evaluate
the predictive accuracy of models while revealing potential issues that might otherwise go unnoticed.
In essence, the NIK-RR test statistic is vital for model selection, assessing model fit, and diagnosing
model deficiencies.

A key feature of the NIK-RR test statistic is its ability to identify deviations from expected
patterns that other statistical tests might miss. Unlike many traditional goodness-of-fit tests, the NIK-
RR test is robust against outliers, allowing it to effectively identify and analyze datasets containing
extreme values.This robustness renders the NIK-RR test particularly useful in fields such as finance,
where detecting and analyzing rare but impactful events, like market crashes or significant price
fluctuations, is essential. By providing insights into these extreme occurrences, the NIK-RR test
contributes to understanding their root causes and developing strategies to lessen their effects.

The NIK-RR test statistic can be utilized to evaluate the fit of different statistical models against
the same dataset. This function is vital for model selection, as it helps researchers identify the model
that most closely matches the observed data. By evaluating the NIK-RR test statistics of different
models, analysts can identify which model best represents the data, thereby increasing the reliability
of future analyses. A key application of the NIK-RR test statistic is its capacity to evaluate the overall
goodness of fit of a statistical model. A small NIK-RR test statistic indicates a strong correspondence
between the model and the data, implying that the model effectively captures the underlying patterns.
In contrast, a high NIK-RR test statistic indicates a bad fit, pointing out areas where the model may
not accurately reflect the data. This diagnostic feature guarantees that models are correctly specified
and dependable for real-world use. Outliers, which are data points that significantly differ from the
overall trend, can greatly impact the effectiveness of statistical models. The NIK-RR test statistic
is effective at detecting outliers, enabling analysts to either modify the model to accommodate these
anomalies or eliminate them if considered incorrect. By addressing outliers, the NIK-RR test enhances
the overall fit and predictive capability of the model.In addition to assessing model fit, the NIK-RR test
statistic can identify fundamental problems within a statistical model. For example, a high NIK-RR
test statistic might suggest that the model is misspecified or that some of its underlying assumptions
have been violated. This diagnostic insight enables researchers to enhance their models, ensuring they
more accurately reflect the intricacies of the data and improve predictive accuracy.

The Rao-Robson-Nikulin (RRN) test is widely used to evaluate statistical model fit. In finance,
it helps verify risk models’ accuracy, which is crucial for economic stability. The test effectively iden-
tifies distributional errors in Value-at-Risk calculations and credit scoring systems. Its comprehensive
approach examines all distribution moments, outperforming traditional goodness-of-fit tests. These ca-
pabilities make the RRN test invaluable for ensuring reliable financial modeling and decision-making.
In survival analysis, where unobserved heterogeneity and censoring present specific challenges, the
NIK-RR test offers a robust model for validating model assumptions and evaluating their adequacy.
Additionally, in fields like epidemiology and engineering, where analyzing time-to-event data is essen-
tial, the NIK-RR test aids in creating more accurate and informative models. Under the NIK-RR
statistic, we must test the following null hypothesis:

HO : Pr {zz < Z} = F¢(Z), z e R) (b = (¢1a¢27 T 7¢S)T7 (421)
Then, the NIK-RR statistic can be expressed as

Y2(G) = X2(00) + 07 (B) [16) ~ 3G0)] €00, (1.2)

where

[N
[N

X3 (¢) = {[npl(@]* [=np1(}) + ¢1], -+, [npe(@)] 2 [—npu(9) + cbb}}T
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and

J(¢) = B(¢)" B(9), (4.23)
refers to the information matrix where
B = | =50 (121
\/]—)i 6llf . (1=1,2,---,b and v=1,2,---,s)> .
and
. ~ ¢; Op;(
0) = [60), s L) with () = 3 222 (1.25)
i=1 " v
The Y2($n) statistic has (b — 1) degrees of freedom (DF) and is accompanied by x7_, distribution,
where the observations. x1,xs,- - ,xz, that are collected in Iy,Is,--- I, (these b subintervals are

mutually disjoint: I; =]a;, — 1;a;3]). The intervals I,’s limits for a;; are determined as follows

pi(6) = / @) del v s, (4.26)

3,b—1

and

ajp = 1 <‘2> ‘(j:l,---7b71)~

Uncensored Assessing for the NIK-RR Statistic

Goodness-of-fit tests often serve a dual purpose: not only evaluating distributional adequacy but also
estimating model parameters. Simulation studies are essential for assessing the precision of these
estimates across diverse scenarios, informing the selection of optimal distributions for analysis. By
systematically varying conditions (e.g. sample size, censoring rates), simulations quantify estimator
performance under realistic constraints. This approach ensures robust distributional choices in ap-
plied settings. Such evaluations are particularly critical when models underpin high-stakes decisions
in fields like medicine or finance. Simulation studies employing the NIK-RR statistic in uncensored
settings provide a systematic framework for comparing probability distributions under controlled con-
ditions. These investigations rigorously evaluate the test’s performance across varying distributional
assumptions and sample characteristics. By quantifying Type I error control and power properties,
the simulations identify robust distributions for real-world applications. Such analyses are particu-
larly valuable for preliminary model selection in parametric inference. The results directly inform the
choice of distributions for subsequent statistical modeling and hypothesis testing.

To confirm the results of this study, we carried out an extensive numerical simulation analysis.
We generated NIK-RR statistics for the MGEF model to evaluate the null hypothesis Hy, utilizing
simulated samples of varying sizes: n = 20,40, 250, 350,600, and 1000, resulting in a total sample size
of 12,000.For various significance levels (e = 0.01,0.02,0.05,0.1), we computed the average number of
non-rejections of the null hypothesis, based on the condition Y2 < x?(b — 1). The related empirical
and theoretical levels are presented in Table [I.3] A strong correspondence between the empirical level
values and their theoretical counterparts is apparent, indicating significant agreement. Based on these
findings, we conclude that the proposed test performs exceptionally well for the MGEF distribution,
affirming its applicability in practical contexts.

4.4.2 Validating the MGEF Model Using the B-NIK Test

According to Bagdonavicius and Nikulin (2011) [I4] and Bagdonavicius et al. (2013) [I5], we can
assess the appropriateness of the MGEF model even when the parameters are unknown and the data
are censored, where the null hypothesis can be expressed as

Hy: F(x) € Fy = {Fg(ﬂ:,@,m € R, pePC Rs},

Let us partition the limited time interval [0, 7] into shorter periods k where kK = 1,2,...,s. Here, 7
represents the maximum duration of the research, and we define I; = (a;_1, a; ] with the conditions
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Table 4.3: Uncensored assessing for the NIK-RR statistic for ¢ = 0.01,0.02,0.05,0.1
and N = 12000.

nle— =001 =002 =005 e€=0.1

n =20 0.9925  0.9830  0.9533  0.9023
n = 40 0.9921  0.9825  0.9527  0.9021
n =250 09915 09818  0.9522 0.9014
n =350 0.9910  0.9811 0.9515  0.9008
n =600 09904 09808  0.9507  0.9007
n = 1000  0.9901 0.9805  0.9503  0.9004

0 < app < arp < ... < agw—1p < agp = +00. The expected value of a;; can be expressed as
follows, assuming x; is the i*" element in the ordered statistics (T(1)s -5 T(ny), and A~! denotes the

cumulative hazard-rate function.

i—1
@ = Ail ((EJ,X - ZA(Z‘(D,Q))/(H —i+ 1)a¢> 3 a; = I(n)‘(j:l,...,m)v

=1
where
ej.z = E./r for every j.
and

i—1

Biz = (n—i+1)A@50)+ Y Mgy 0)

=1

= > (MajpAzid) — Maj—1.0), B = > Az, 9).

11z;>ag i=1

The a;p functions for random data, and the e; z For the & selected periods, anticipated failure
rates are equal. Statistical data Y,2 = ZTS~'Z, where

1

Z= (Zla sy Zﬁ)m7zj = %(Wj,Z - ej,Z)|( j=1,2,...,K)

and W 7 can be used to test a hypothesis since it reflects the total number of failures that have been
recorded throughout these time-shared. The elements of the B-NIK test statistic

K

1
Y2 = W Wiz~ ¢jz)’ + Dwa
Wiz
where
Due — VTG-19.8-' B! 4 N-'BTG-NIB,
G = [Gur]sxs =€—ﬁ]§_lﬁmv
— 1 0 5 -
My = ~ ) Pige [Ai,g(a‘)} Wiz= > pi Bj=n""W, 2,
i:ZiGIj — iZZiGIj
{[l = Zﬁljﬁ;lzj’ l7l/ = 1; e S,
i=1

o= nt Zpi% In [)\i’f(zi)} % In [)\ZE(,Z%)}
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and

K
TN o A
qu =ty — E M,; My A7
j=1

and

Censored Assessing for the B-NIK Statistic

Censored simulation studies employing B-NIK statistics are crucial for evaluating and comparing
various probability distributions when dealing with censored data. These studies provide significant
insights into the effectiveness of B-NIK tests across different types and levels of censoring, assisting in
the selection of the appropriate distribution for subsequent analyses.The sample produced (N = 12000)
is expected to be censored at 20%, with degrees of freedom (DF) set to 5. To assess whether the sample
aligns with the null hypothesis of the MGEF model, grouping intervals will be utilized. For different
theoretical levels (e = 0.01,0.02,0.05,0.1), we will calculate the average number of non-rejections
of the null hypothesis, where Y2 < x2(r — 1). Table compares the theoretical and empirical
levels, showing how closely the calculated empirical level corresponds to the relevant theoretical level.
Consequently, we determine that the customized test is ideally suited for the MGEF model.

Table 4.4: Censored assessing for the B-NIK statistic for e = 0.01;0.02;0.05;0.1 and
N = 12000.

nl&e — €=001 €=0.02 ¢=0.05 e¢=0.1

n = 20 0.9932  0.9828  0.9532  0.9021
n = 40 0.9925  0.9815  0.9524 0.9016
n = 250 0.9916  0.9810  0.9514 0.9011
n = 350 0.9910  0.9806  0.9510  0.9009
n = 600 0.9906  0.9803  0.9508  0.9003
n =1000  0.9903  0.9801 0.9506  0.9001

Based on these findings, we conclude that the empirical significance level of Y;? aligns with the
theoretical level of the chi-square distribution concerning degrees of freedom, indicating the statistical
level at which the results are significant. Therefore, the evidence suggests that the censored data
obtained from the MGEF distribution can be effectively fitted using the proposed test.

4.5 Application of the MGEF Model to Emergency
Care Data

This dataset allows for an evaluation of the goodness-of-fit of the MGEF model distribution and its
effectiveness in representing the observed patterns and variability in emergency care data. We present
point estimates for two fitted models: the MGEF model with a Weibull baseline hazard-rate function
and the MGEF model with a Gompertz baseline hazard-rate function. To determine the best model
among those fitted to the data, we apply the modified chi-squared test developed by Bagdonavi¢ius
and Nikulin (2011)[I4]. This statistical method helps assess the validity and applicability of the MGEF
distribution in emergency care data, contributing to a better understanding of the underlying survival
dynamics and variability in this crucial healthcare context. For more recent datasets, refer to Abiad
et al. (2025), Alizadeh et al. (2025), and Das et al. (2025) and Ibrahim et al. (2025).
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4.5.1 Validation of the MGEF Model Under the Weibull Base-
line Hazard-Rate Function

Suppose that the data follows the MGEF model with a Weibull baseline hazard rate function, the
maximum likelihood estimates of the parameter vector ¢ are obtained using the R statistical software
(specifically, the BB package) as follows:

D = 0.822547,3 = 0.63951, 02 = 1.03591,

Bi = 0.015748, By = 0.50024, 35 = 0.20368,
By = —0.39517, Bs = 0.27845, Bs = 0.83695.

According to Bagdonavicius and Nikulin (2011)[T4] for censored data, we take for example 5 intervals
(r =5) as number of classes. The elements of the estimated Fisher information matrix I ((E) are

presented as follows:

1.35 —3.27 0.363 0.001 1.111 1.006 0.0236 0.9026 2.6255
0.626 0.325 —2.966 —0.002 0.363 —9.3025 1.8547  0.0001
1.025 —7.263 0.965 0.0003 —8.3262 0.9681 0.1057

1.954 2125 —0.252 0.00215 0.0002  0.1547

1(&5): 2152 0.097 1.0025 1.6685 0.6326
0.952  1.0255 —6.000 2.31125

0.6685 —3.2626 4.0216

0.3155 1.2515

1.9658

The computed value of the test statistic for the proposed MGEF model with a Weibull baseline
hazard-rate function is Y¥,2 = 9.0025741. When this value is compared to the critical value from
the chi-squared distribution, x2 ,5(4) = 9.488, we find that Y;? is less than the critical value. This
indicates that we do not reject the null hypothesis at the 5% significance level, suggesting that the data
aligns well with the proposed model. Consequently, the emergency care data can be suitably modeled
using the MGEF model with a Weibull baseline hazard-rate function. The model provides a good
fit, effectively capturing the underlying survival patterns and addressing unobserved heterogeneity in
the dataset. This validation highlights the robustness and relevance of the MGEF model in analyzing
complex survival data.

4.5.2 Validation of the MGEF Model Under the Gompertz
Baseline Hazard-Rate Function

If we assume that the data is distributed according to the MGEF model with a Gompertz baseline
hazard-rate function, the maximum likelihood estimator for the parameter vector ¢ can be obtained
using the R statistical software (specifically, the BB package) as follows:

R = 1.005428,€ = 0.90035, 02 = 1.01584,
B = —0.248331, 35 = 0.215862, 33 = 0.02913,
Ba = 0.723841, 535 = 0.0700561, Bs = 0.68597.

We take r = 5 intervals and the estimated Fisher matrix expressed as
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0.96 —6.24 0216 0.952 —4.686 1.037 0.962 1.03325 1.002
1.025 2.00 1.003 2.003 0.002 0951  0.001 0.209
1.033 1.957 —9.33 1.026 —8.620 0.633 1.625

R 0966 0.022 1.025 1.855  0.001 1.251
1(¢)= 0.326 1.856 0.097 —3.36 1.003
1220 1.954  0.125  0.004

1.204  1.025  2.032

1.965  1.006

0.549

To evaluate how well the emergency care data aligns with the proposed MGEF model featuring
a Gompertz baseline hazard-rate function, we compute the statistic from Bagdonavic¢ius and Nikulin
(2011)[14], denoted as Y,2. The calculated value of this statistic is ¥,;2 = 8065984. This test statistic
is crucial for assessing the model’s fit to the observed data. We then compare Y, with the critical
value from the chi-squared distribution x2 5 at a 5% significance level. The degrees of freedom for
this test are based on the number of parameters estimated in the model. In this case, there are 4
degrees of freedom, with r = 5 representing the total number of parameters in the MGEF model
with the Gompertz baseline hazard-rate function. According to the chi-squared distribution table,
the critical value for a = 5% and 4 degrees of freedom is Y2 o5(5 — 1) = 9.488. By comparing the
calculated test statistic, we find Y2 < x3 ,5(5 — 1) = 9.488, suggesting that we cannot reject the
null hypothesis, which states that the data fits the proposed MGEF model with a Gompertz baseline
hazard-rate function, at the 5% significance level. Therefore, we conclude that the emergency care
data is compatible with the proposed model. This compatibility indicates that the MGEF model
with a Gompertz baseline hazard-rate function provides an adequate fit for the emergency care data,
effectively capturing the underlying survival patterns and accounting for unobserved heterogeneity.
The robustness of the model is further confirmed by its consistency with the observed data through
rigorous statistical testing. Thus, the MGEF model can be confidently utilized for analyzing and
predicting survival outcomes in emergency care settings, offering valuable insights for risk assessment
and decision-making processes.

4.6 Synthesis of Results and Future Perspectives
4.6.1 Synthesis of Results

This chapter provides a critical discussion of the findings presented in this thesis, highlighting the sig-
nificance and strengths of the proposed Modified Xgamma-Gompertz Extended Family (MxG-GEF)
of distributions. The model developed in this work contributes substantively to the body of knowledge
in lifetime data analysis and survival modeling, particularly by addressing the limitations of existing
models in capturing diverse hazard rate behaviors and offering improved flexibility without sacrificing
tractability.

Theoretical and Structural Merits :

One of the central strengths of this study lies in the formulation of the MxG-GEF distribution,
which integrates the Modified Xgamma generator with the Gompertz baseline. This construction
yields a distributional family capable of modeling a wide range of hazard rate shapes, including in-
creasing, decreasing, bathtub, and unimodal forms. Such versatility is essential in accurately describing
failure mechanisms across varied scientific domains, such as biomedicine, engineering reliability, and
demography.

The model generalizes several known distributions, including the Gompertz, Xgamma-Gompertz,
and exponential-Gompertz, which are recovered as special or limiting cases. This inclusion reinforces
the generality and coherence of the proposed model and permits hypothesis testing between nested
models using standard likelihood ratio procedures. Moreover, explicit expressions for the probability
density function, cumulative distribution function, quantile function, and moments have been derived,
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affirming the model’s mathematical tractability.

The availability of closed-form quantile expressions is particularly valuable in simulation and
bootstrap-based inference, and facilitates practical implementation of random sample generation pro-
cedures, which are essential in applied settings such as reliability forecasting and risk analysis.

Simulation-Based Assessment of Estimation Procedures :

To examine the inferential performance of the model’s parameters, a comprehensive simulation
study was conducted using maximum likelihood estimation. The simulation results presented in this
chapter confirm that the estimators of the MxG-GEF model exhibit desirable asymptotic properties.
For a variety of parameter settings and across increasing sample sizes, the estimators consistently
demonstrated asymptotic unbiasedness, efficiency, and consistency.

These properties are reflected in the behavior of the bias and root mean square error (RMSE), both
of which decline as sample size increases, in accordance with theoretical expectations. Importantly,
the numerical stability of the optimization process in estimating the parameters of the MxG-GEF
model indicates that the model is computationally well-behaved. This distinguishes it from certain
other generator-based families, where overparameterization or multimodality of the likelihood func-
tion can impede convergence.

The simulation findings not only confirm the theoretical validity of the estimation procedures but
also demonstrate their robustness and practical applicability, especially in scenarios where sample
sizes may be moderate to large.

Empirical Relevance and Real Data Applications:

The empirical component of the study further substantiates the utility of the MxG-GEF model.
A real-life dataset was examined: it concerning emergency care data patients.

In this application, the proposed model outperformed a range of competing models-including clas-
sical (e.g., Gompertz, Weibull) in terms of log-likelihood.

These results demonstrate that the MxG-GEF is capable of capturing complex failure patterns
with high fidelity. Its performance in both biomedical and industrial contexts suggests that the model
is broadly applicable. This generalizability is a distinguishing feature and affirms the practical rele-
vance of the theoretical development.

Goodness-of-Fit Evaluation via Modified Chi-Squared Test:

Beyond conventional model comparison metrics, a modified version of the Pearson chi-squared
goodness-of-fit test was employed to assess the adequacy of the MxG-GEF model. This version of the
test accounts for the continuous nature of lifetime data and adjusts the degrees of freedom appropri-
ately for estimated parameters.

The test outcomes provided strong support for the proposed model, with non-significant p-values
indicating no evidence against the fit. This result was consistent across both datasets. The adoption
of this modified test adds rigor to the empirical validation process and offers a perspective on model
adequacy. It also strengthens the conclusion that the MxG-GEF model provides a statistically sound
representation of the underlying data-generating mechanisms.

Scientific Importance and Methodological Contribution:

From a methodological standpoint, the introduction of the MxG-GEF model represents an im-
portant contribution to the literature on flexible lifetime distributions. It leverages the benefits of
the Modified Xgamma generator to enrich the hazard rate structure while maintaining mathemati-
cal manageability. The balance achieved between flexibility and analytical simplicity is particularly
noteworthy, as many existing models introduce excessive complexity that hampers interpretation and
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inference.

Furthermore, the model’s ability to unify and extend several known distributions within a single
coherent framework contributes to the broader endeavor of building flexible yet interpretable survival
models. The work is in line with recent developments in generalized distribution theory, yet avoids
the pitfalls commonly associated with overparametrized or poorly tractable models.

4.6.2 Future Perspectives

The work undertaken in this chapter lays a solid foundation for future developments in the modeling
of lifetime data using generalized generator families. Nevertheless, several avenues of further inquiry
remain open and merit rigorous exploration.

A natural extension of the present work involves the development of Bayesian inference pro-
cedures for the MxG-GEF model. While maximum likelihood estimation offers consistency and
efficiency under regularity conditions, Bayesian methods could provide a more flexible inferential
framework, especially in the presence of prior knowledge or small sample sizes. The construction
of appropriate prior distributions, posterior characterizations, and computational algorithms such as
Markov chain Monte Carlo (MCMC) for this class of models would be an important addition to the
existing methodology.

Another promising direction involves multivariate generalizations of the MxG-GEF distribu-
tion. Many real-world applications involve correlated lifetimes or repeated failure times, which cannot
be adequately modeled using univariate techniques. Constructing multivariate or copula-based exten-
sions of the MxG-GEF family would allow for modeling such dependence structures while retaining
the flexibility of the marginal distributions.

In addition, the incorporation of covariate information through accelerated failure time (AFT)
or proportional hazards (PH) models is of practical significance. Embedding the MxG-GEF distribu-
tion into regression-type survival models would enable practitioners to assess the effects of explanatory
variables on survival times, which is vital in clinical, epidemiological, and reliability studies.

Future investigations could explore the robustness and performance of the MxG-GEF
model in high-dimensional settings, such as in big data applications or under complex censoring
schemes. Extending the current framework to accommodate left truncation, interval censoring, or
competing risks would significantly broaden its applicability in modern survival data analysis.

In summary, while this chapter provides a robust and versatile model for univariate lifetime

data, it opens multiple directions for theoretical refinement, methodological expansion, and practical
enhancement, which can serve as a fertile ground for future statistical research.
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Chapter 5

Conclusion and Future Work

This research makes a significant contribution to survival analysis by introducing innovative fragility
models: the Quasi-Xgamma (QXg-F) and the Mixed Gamma-Exponential (MGEF) models. These
models effectively address the issue of unobserved heterogeneity, a major challenge in survival analysis,
particularly when data exhibit asymmetric behaviors or extreme effects.

The QXg-F model, by incorporating an additional shape parameter, provides essential flexibility to
capture a broader range of latent behaviors, thereby improving risk modeling across various contexts,
especially in emergency care. Simulation results demonstrate that this model is both theoretically
robust and performs well in real-world applications.

On the other hand, the MGEF model stands out due to its hybrid structure, combining multiplica-
tive and additive effects, allowing for a more nuanced understanding of frailty. This is particularly
relevant in clustered contexts, such as insurance portfolios or groups of hospitalized patients, as it
effectively integrates latent effects influencing survival outcomes.

Rigorous evaluations of the models using the NIK-RR and B-NIK goodness-of-fit tests confirmed
their statistical validity across different censoring regimes. The flexibility of both QXg-F and MGEF
models allows them to adapt to varied datasets, improving prediction accuracy. In healthcare, these
models facilitate the precise identification of at-risk groups, enabling more informed clinical decision-
making tailored to patient needs.

Moreover, in the insurance sector, the QXg-F model demonstrated superior goodness-of-fit com-
pared to classical fragility models due to its ability to accommodate asymmetric and heavy-tailed
fragility distributions, which is crucial for actuarial forecasting and solvency assessments.

Finally, this research opens new avenues for future work, including extending the models to
Bayesian environments, adapting them for longitudinal and high-dimensional data, and implementing
them in dedicated software tools. By emphasizing the importance of accounting for latent heterogene-
ity, this thesis lays the groundwork for a better understanding of survival dynamics across various
fields, ranging from medicine to engineering and economics.
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