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Abstract

It is well known that the theory of integral inequalities plays an essential role in the
qualitative study of certain classes of differential equations. The aim of this thesis
is, in a first step, to establish the qualitative analysis of perturbed dynamic equa-
tions on time scales. Secondly, we establish the practical stability of parametric time-
scale systems via Lyapunov methods. Lastly, we study the existence, uniqueness and
Ulam stability of certain classes of second-order nonlinear dynamic equations on time
scales and applications.

Keywords: Existence, Time scales, Gronwall inequality, Practical h-stability, h-stability,
Perturbed systems, Uniqueness.



Résumeé

Il est bien connu que la théorie des inégalités intégrales joue un rble essentiel dans
I'étude qualitative de certaines classes d’équations différentielles.

Lobjectif de cette thése est, dans un premier temps, d’établir I'analyse qualitative
d’équations dynamiques perturbées sur des échelles de temps. Dans un deuxiéme
temps, nous établissons la stabilité pratique de systémes paramétriques sur échelles
de temps via des méthodes de Lyapunov. Enfin, nous étudions I'existence, l'unicité
et la stabilité d’'Ulam de certaines classes d’équations dynamiques non linéaires du
second ordre sur des échelles de temps, ainsi que leurs applications.

Mots-clés : Existence, Echelles de temps, Inégalité de Gronwall, h-stabilité pratique,
h-stabilité, Systemes perturbés, Unicité.
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General Introduction

Unification and simplification are two key concepts in mathematics. A major approach
to unifying continuous and discrete analysis is Time Scales Theory. This innovative
theory was introduced by Stefan Hilger in his PhD dissertation in 1988. It provides a
unified framework for studying differential and difference problems in dynamic equa-
tions.

Time Scales Theory is applicable in any field where dynamic processes are mod-
eled by discrete, continuous time, or a combination of both. Examples include macroe-
conomic models, radioactive decay dynamics, and the agronomic cycle of seasonal
plants. Researchers Martin Bohner and Allan Peterson further developed Hilger's
foundational work, incorporating the results of many other contributors in this field.
Their two influential books are comprehensive resources on this broad theory.

The mathematical theory of control has seen significant development, and its
range of applications now spans numerous fields, including industry, economics, bi-
ology, and automation. This theory employs a variety of mathematical tools and is
based on a wide range of models. These theoretical tools allow for both prediction
and the practical application of its concepts to meet objectives that are directly related
to it.

In other words, we have systems governed by partial differential equations, inte-
gral equations, or integro-differential equations when the characteristic variables of
the process to be studied are functions of the spatial variable. Systems are math-
ematically represented by differential equations or finite difference equations when
processes are described by a finite number of quantities. Systems are stochastic
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when random phenomena are involved.

One of the key themes of this theory is the verification of a system’s stability, which
is a crucial point in the development of the control law. To paraphrase, it even appears
that all techniques for constructing control laws are closely linked to stability consid-
erations. In the case of linear systems, this stability problem has been extensively
studied, and a complete theory is available in the literature (see [56]). For nonlinear
systems, the problem remains largely open, and results are still limited to particular
classes of systems.

In general, a system’s stability is verified by constructing a function V" : D —
R, positive definite and has a total time derivative that is negative definite, where
D is a domain in R™. In concrete problems, although this condition is necessary
and sufficient for asymptotic stability, it is often very difficult to find such a function.
This motivates the establishment of sufficient (and necessary) conditions to guarantee
asymptotic stability without requiring knowledge of a Lyapunov function.

In this thesis, we focus on the h-stability and practical h-stability of abstract dy-
namic equations on time scales by using Lyapunov’s technique and the Gronwall—
Bellman inequality.

The approach of Gronwall-Bellman inequality allows us to develop results that
adhere to the following principle:

"If the original abstract equation behaves well and the perturbation is sufficiently
small, then the perturbed abstract equation will also maintain good behavior.”

This thesis is divided into four chapters as follows:

In Chapter 1, we introduce definitions, basic properties of time scales theory and
some important inequalities.

The aim of Chapter 2 is to study the h-stability of the following perturbed dynamic
equation:



() = Az(t)+ f(t,z), teT,, (1)
.I'(to) = .CE()ED(A),

where f € C,, and A is the generator of a Cy-semigroup {7'(t) : t € T} C L(X)
where X is a Banach space, 0 € T C R, is a time scale which is an additive semi-
group with the property that « — b € T for any a,b € T such that a > b, and D(A) is the
domain of A.

Chapter 3 treats the concept of practical stability of dynamic equations on arbitrary
time scales that incorporates a small perturbation parameter. By employing Lyapunov
functions, we derive sufficient conditions ensuring practical stability of the perturbed
system:

22 (t) = Az(t) + f(t,z(t), ).

In Chapter 4, we investigate the existence, uniqueness and Ulam stability of the
following system:

xﬂwzg@un+e@mméﬁw@agmg,tejh @)

where J := [a,b] N T with a time scale T C R, a,b € Twitha < b, z:1—R"is
an unknown function to be determined, z° = = o o, z2 is the delta derivative of z,
Q@ : T — R is regressive and rd-continuous, G : I x R" x R" — R" is rd-continuous in
its first variable and continuous in its second and third variables, 2 : I x I x R" — R"
is rd-continuous in its first and second variables and continuous in its third variable. In
addition, both G and ‘H are assumed to be nonlinear functions.



Chapter 1

Preliminaries

In this chapter, we introduce fundamental concepts essential to the theory of time
scales. We briefly recall key notions and definitions related to stability and semi-
groups. Additionally, we outline some important inequalities that will be useful through-
out this work. For further details, readers may consult references [[20], [21], [19], [22]].

1.1 Basic Notions on Time Scales

The concept of time scales was initiated by Stefan Hilger [[48], [49]] in his doctoral
thesis in 1988 to develop a new theory that unifies discrete and continuous analysis.
He introduced the concept of the A-derivative, which led to time scale equations,
resembling differential equations or their approximations. For example, a first-order
equation with the usual derivative (u') is replaced by the A-derivative (u?).

We will see later that when T = R, the A-derivative coincides with the classical
derivative, making time scale equations equivalent to differential equations. When T =
Z, these become finite difference equations. The latter has gained significant interest
in recent years for explaining various discrete phenomena, especially in economics,
psychology, engineering, and computer science. The theory of time scale equations
first seeks to unify results obtained in differential and difference equations. Secondly,



it enables the study of phenomena that model both discrete and continuous behaviors
simultaneously.

1.1.1 Terminology

Definition 1 A time scale T is a non-empty closed subset of R.

Example 2 Sets suchasR, Z*, [-1,0]U[1, 2], ¢Z
and Cantor sets are examples of time scales.

{¢" 1k €Z, ¢ >1}U{0}, [0,1JUN,

Example 3 Sets like Q, R\Q, C, and (0,1) are not time scales.

Remark 4 The topology of T is induced by that of R.

1.1.2 Jump Operators and Point Classification

¢ Forward Jump Operator o: For ¢ € T, the forward jump operator o : T — T is
defined by
o(t)=inf{s e T:s >t} (1.1)

¢ Backward Jump Operator p: For ¢t € T, the backward jump operator p : T — T is
defined by
p(t) =sup{s € T : s < t}. (1.2)

Using o and p, points in a time scale T are classified as follows:

» Right-dense (Left-dense): ¢ is right-dense (left-dense) if o(t) = t (respectively
p(t) =1).

» Dense: ¢ is dense if it is both right-dense and left-dense.

* Right-scattered (Left-scattered): ¢ is right-scattered (left-scattered) if o(t) > ¢
(respectively p(t) < t).

10



* Isolated: ¢ is isolated if it is both right-scattered and left-scattered.

» Graininess Function: The graininess function . : T — R, is defined by
p(t) =o(t) —t. (1.3)

The distance between consecutive time scale points is measured by the forward
graininess operator . Also, we define the set of all non-degenerate points of T by

(1.4)

- T\ (p(supT),supT] if supT < o0,
T if supT = oo.

1.1.3 Derivatives on Time Scales

We start by recalling the definition of the A-derivative, also known as the Hilger deriva-

tive.

Definition 5 Let f : T — R. The function f is A-differentiable att c T* if there exists
a number f~(t) such that for every = > 0, there exists a neighborhood U oft such that

F(0(0) = £()) — FA(0)lo(t) — s]| < e lo(t) — s (1.5)

forall s € U. If f is A-differentiable at every pointt € T*, then the function f* : TF — R
is called the A-derivative of f on T*.

Theorem 6 Let f : T — R be a function andt € T*.
(i) If f is A-differentiable att, then f is continuous att.

(i) If f is continuous att and t is right-scattered, then f is A-differentiable at t, and

moreover,
FA() = == (1.6)

11



(iii) Ift is right-dense, then f is A-differentiable at ¢ if and only if

lig 7 = 7(5) (1.7)
s—>t t— s
exists and is finite. In this case,
o f) = f(s)
A1) = Tim == — (1.8)
(iv) If f is differentiable at t, then
Flo(®)) = f(1) + u(t) f2 (). (1.9)

« If T = R, then by (iii) of the previous theorem, the function f : R — R is A-
differentiable at ¢ € R if and only if

(1.10)

exists, and moreover, f2(t) = f'(t).
» If T = Z, by (ii), the function f : Z — R is A-differentiable at ¢t € Z and we have

o)
o()

@) _ f+1) - f(#)

FA) :t = . = ft+ 1) — () = Af(1). (L1

Theorem 7 If f,g : T — R are A-differentiable att € T*, then

(i) f + g is A-differentiable att, and
(F+9)2(1) = F2(1) + g>(1). (1.12)
(ii) of is A-differentiable att for all o« € R, and

(af)2(t) = af>(t). (1.13)

12



(iii) fg is A-differentiable at t, and

(f9)2(t) = f2(g(t) + f(o(t)g™(D)

= f(t)g™(t) + f2(B)g(o(1)).

@v) If f(t)f(o(t)) # 0, then 1 is A-differentiable att, and

f
1N A
(f) S OGO

(v) Ifg(t)g(o(t)) # 0, then g is A-differentiable at t, and

9

N AW - F0gA ()
() ) JOglo)

(1.14)

(1.15)

(1.16)

Theorem 8 Let g : T — R be A-differentiable on T* and f : R — R be continuously

differentiable. Then there exists c € [t,o(t)] such that

(fog)2(t) = f'(g(c) g°(1).

(1.17)

Definition 9 A function f : T — R is said to be rd-continuous if it is continuous at

every right-dense point of T and its left-hand limit exists and is finite at every left-

dense point of T.

Remark 10 The set of all rd-continuous functions is denoted by C.., or C,4(T).

Remark 11 The set of all functions that are both A-differentiable and rd-continuous

is denoted by C, or C},(T).

13



1.1.4 Integration over Time Scales

Definition 12 A function F : T — R is called a primitive of f : T — R if it satisfies
FA(t) = f(t) forallt € T*.

Theorem 13 Every rd-continuous function f : T — R has a primitive F : T — R, and
we denote
/r F(t) At = F(r) — F(s) forallr,s e T. (1.18)

Theorem 14 If f € C,4(T) andt € T*, then
o(t)
| AT =pnf(). (119)

Theorem 15 Leta,b,c € T, A € R, and f, g € C,4(T). Then

b b b
W [1O+g®)at= [ ar+ [ g ar

b b
(i) / (Af(£)) At = )\/a () At.

b a

Giiy [ f(t) At = — / £(1) At.

a b

(vi) If|f(t)| < g(t) on|a,b]r, then

I3 £() At| < f2 g(t) At.

Proposition 16 e ForT =R,

/abf(t) At = /abf(t) dt. (1.20)

14



e ForT =17,

b—1
> () ifa <b,
t=a
/bf(t) At=4 0 ifa =0, (1.21)
@ a—1
=Y f(t) ifa>b.
t=b

* If[a,b] contains isolated points, then

S uf(5)  ifa<b,

tela,b]

/bf(t)Atz 0 ifa =b, (1.22)
— > u@)f) ifa>b.

telbal

Proposition 17 Integration by parts formulas:

[ #7000 S = 1001 - [ £ 0)gt0) A,
[ 709> 1 = [N~ [ £ 00970 A

a

Lemma18 Leta € TF, b € T, and L : T x T* — R be continuous at (t,t) fort € T*,
t > a, and L~ (t,-) be rd-continuous on [a,c(t)]. Suppose that for any ¢ > 0, there
exists a neighborhood U of t independent of T € [a, o(t)] such that

L(o(t),7) = L(s,7) = LA, 7)(o(t) = s)| < eo(t) = s|, VseU, (1.23)
where L* denotes the derivative with respect to the first variable. Then
t t
g0) = [ Lt AT = g0 = [ LA@) AT+ Lio(0). 1), (1.24)
and

h(t) :/tbL(t,T) AT = hA() :/tbLA(t,T) AT — L(a(t),1). (1.25)

15



1.1.5 Exponential Function

Definition 19 Let h > 0. The set of Hilger complex numbers is defined as
1
Ch:{ze(@:z;ﬁ—h}. (1.26)
Definition 20 For h > 0, we define the set
th{zecz—” <Im(z) < ”}, (1.27)
h h
and for h = 0, we setZ, = C.

Definition 21 For h > 0, the cylindrical transformation &, : C,, — 7Z,, is defined by

En(z) = ;LLog(l + zh), (1.28)

where Log is the principal logarithm. For h = 0, we sety(z) = z for all = € C.

Definition 22 Letp: T — R. The function p is said to be regressive if it satisfies
L+ pu(t)p(t) #0 forallt € T". (1.29)

Remark 23 The set of regressive and rd-continuous functions is denoted by R.

Definition 24 The set of all positive regressive functions is defined by
RE={peR:1+u(t)p(t) >0 forallt e T"}. (1.30)
Theorem 25 Assumep € R andt, € T is a fixed point. The initial value problem
y>(t) = p(t)y(t), ylto) =1, (131)
has a unique solution on T.

16



Definition 26 Letp € R. The exponential function is defined as the solution of prob-

lem (1.7) and we have

y(t) = exp </t§ Euin (p(7)) AT) , titoe T, (1.32)

which is often denoted as

t
ep(t,to) = exp (/t Euiny ((7)) AT) , titoeT, (1.33)
0
where ¢, is the cylindrical transformation.

Proposition 27 Letp,q € R andt,ty,s € T. Then
1. eolt,to) =1 ande,(t,t) =1,
2. e,(a(t),to) = (1+ p(t)p()ey(t, o),

3. e,y(t,to)ey(to, s) = eyt s),

4' 6p(t>t0) = e (to t>’
D )

5. eyt to)eq(t, to) = epaq(t,to), Where (p & q)(t) = p(t) + q(t) + p(t)p(t)q(t) for all
t € T*.

For more details, the reader can refer to |15, 16].
Example 28 Letp € R, t,to € T witht > t,.
« IfT =R, then e,(t,ty) = exp ([ p(7) dr).
« IfT=R andp(t) = a, then e,(t, ty) = e*(t=t0),
« If T =Z, then e,(t, to) = [1:_;, (1 + p(7)).

« IfT = hZ withh > 0 and p(t) = o, then e,(t,to) = (1 + ah) 7.

17



1.2 Fundamental Notions of Stability

In mathematics, stability theory deals with the qualitative behavior of solutions of dif-
ferential equations and trajectories of dynamical systems under small perturbations
of initial conditions. The first study of stability on time scales was carried out in 1992
using the Lyapunov method, and the definitions of stability for systems on time scales
are obtained by a slight modification of their standard definitions for ordinary differen-
tial equations.

In this section, we illustrate the different types of stability on time scales, in partic-
ular Lyapunov stability. The results that we will develop in Chapter 3 will rely on these
concepts to demonstrate stability properties of the perturbed systems under study.

1.2.1 Definitions of Different Types of Stability

Hamza [44], Dacunha [33], Choi and Koo gave some generalized characterizations
of various types of stability for solutions of dynamic systems on time scales.
Consider a dynamic system defined on a time scale T

2 (t) = f(t,z),  x(to) = w0, (1.34)

where t € T and f : T x R* — R" is an rd-continuous, regressive function, with
1, 0)| < fo < co. Also, suppose that the conditions for the existence of a unique
solution of system (1.34) on T} are satisfied for every initial condition (¢, zo) € T x R™.
Denote this solution by x(t) = x(¢, t, o).

We note that the stability of any solution is closely related to the stability of the zero
solution of the corresponding variational equation (1.34). Suppose first that f(¢,0) = 0;
this indicates that the origin is an equilibrium point for system (1.34).

Definition 29 The dynamic system (1.34) is said to be stable if for every t, € T and
every > 0, there exists a finite constant § = (e, ty) > 0 such that every solution x(t)

18



satisfies
||I<t0)|| <0 — HI’(t,to,l’())H <eg, t > t. (135)

Definition 30 The dynamic system (1.34) is said to be uniformly stable if there exists
a finite constant > 0 such that for every t, € T and z(t,), every solution x(t) satisfies

lz@I <Allzo)ll, = to (1.36)

Definition 31 System (1.34) is said to be exponentially stable if there exists A > 0
with —\ € R+ such that for every t, € T, there exists v = ~(ty) > 1 such that every
solution x(t) satisfies

|lz(®)|| < vllx(to)|le—x(t, to), for allt > t,. (1.37)

Definition 32 The dynamic system (1.34) is said to be uniformly exponentially sta-
ble if there exists A > 0 with —\ € ®* and v > 1 independent of the initial point t,,
such that for every t, € T and x(t,), every solution x(t) satisfies

lz(®)]] < Yllz(to)le_r(t.to),  forallt > t. (1.38)

Definition 33 Let h : T — R be a positive and bounded function. Equation (1.34)
is h-stable if there exists a constant v > 1 such that any solution xz(t) = x(t, o, x¢)
satisfies

[ (t, to, zo)[| < Vllwoll A(E) A(to) ™, t > to, (1.39)

where h(t)™' = ;5.

Definition 34 Equation (1.34) is said to be globally practically uniformly h-stable
if there exist~ > 1 and p > 0 such that for allt > t, and z, € R",

2t to, o) || < Allaoll (1) hlte) " +p, = to. (1.40)

19



Remark 35 If X =R" and f : T x R® — R" is rd-continuous in t, locally Lipschitz in
x, and regressive (i.e., the function I + u(t)f(t,-) : R* — R" is invertible), we obtain
the following implications:

globally practically uniformly h-stable < h-stability
€ uniform exponential stability
€ uniform Lipschitz stability

€ uniform stability.

For more details on the different types of stability, refer to [[?]]. For more details on the
different types of stability, refer to [44).

The stability analysis of non-autonomous linear systems can be fully characterized
in terms of the resolvent of the studied system. Indeed, consider the problem

z2(t) = A()x(t), x(ty) = I, (1.41)
where x € R", t,ty € T, and A : T — R™*" is an rd-continuous, regressive matrix

depending on t.

Definition 36 The matrix function A : T — M, (R) is called regressive if for allt € T
the square matrix I + 1(t)A(t) of size n x n is invertible, where I is the identity matrix.

The class of all regressive and rd-continuous functions A from T to M, (R) is de-
noted by C,,R(T, M, (R)).

Definition 37 For t, € T, the solution of problem (1.41) is called the exponential of
the matrix function, denoted by ¢ 4(t, ty), where A € C.;R(T, M, (R)).

Consequently, the function ¢ 4(t, ty) has the following two properties:

@5 (t,to) = A(t)palt, to), (1.42)
dalto, to) = In.
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This matrix function is called the transition matrix, and our assumption on A(¢) shows

that the transition matrix exists and is unique.

Theorem 38 Letr,s,t € T and A, B € C.z®(T, M,(R)). Then the transition matrix
has the following properties:

(1) qu(t, T)¢A(T7 S) = ¢A(t7 S)'
(i) pa(o(t),s) = (I + pt)At))pa(t,s).
(iii) /fT =R and A is constant, then ¢ 4(t, s) = ex(t,s) = eAt=9),

t—s

(iv) If T = hZ with h > 0 and A is constant, then ¢ 4(t,s) = (I + hA) = .

1.2.2 Lyapunov Stability

Lyapunov stability analysis consists of studying the trajectories of the system when the
initial state is close to an equilibrium state. This subsection exhibits the general no-
tions and mathematical tools that allow us to analyze Lyapunov stability for dynamical
systems.

Definition 39 (Class K function). A continuous function « : [0,a) — [0, 00) is said to
be of class K if it is strictly increasing and «(0) = 0. It is said to be of class K. if, in

addition, a = oo and a(r) — oo asr — oo.

Definition 40 (Class KL function). A continuous function /3 : [0,a) x [0,00) — [0, c0)
is said to be of class KL if for every fixed s, the mapping r — ((r, s) is of class KC, and
for every fixed r, the mapping s — [(r, s) is decreasing and 3(r,s) — 0 as s — oo.

Definition 41 A continuous functionV : R, x R™ — R, is said to be:
1. Positive definite if there exists a function o of class IC such that

Vt >0, Ve e R",  V(t,x) > a(||z|). (1.43)
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2. Positive definite and radially unbounded (or proper) if the preceding inequal-
ity holds for every x € R™ with a function « of class K.

3. Bounded or decrescent if there exists a function ~ of class K such that

¥t >0, Vo e R, V(t,z) < (]l (1.44)

Definition 42 (Lyapunov function). Consider system (1.34). Let U(0) be a neighbor-
hood of zero and V : R, x U(0) a continuous and differentiable function on U(0).

- We say that V' is a Lyapunov function in the broad sense at 0 if it satisfies:
i. V' is positive definite.
ii. V(t,x) <0 foreveryz € U(0).
- We say that 'V is a strict Lyapunov function at 0 if it satisfies:
i. 'V is positive definite.
ii. V(t,x) <0 foreveryz e U(0)\ {0}.

The use of these functions provides criteria that allow us to conclude the stability of an
equilibrium point without needing to integrate the equations of the considered system.
For proofs and more details, the reader may refer to [56].

To apply these theorems to system (1.34), we assume that the time scale T = R.

Theorem 43 Consider system (1.34). If the system admits a Lyapunov function in the
broad sense on U(0), then the origin x = 0 is a stable equilibrium point. If, in addition,
V' is decrescent, then x = 0 is a uniformly stable equilibrium point.

Theorem 44 Letx = 0 be an equilibrium point of system (1.34) and U(0) = {x € R™ :
|z|| < r}. LetV : R, x U(0) — R be a C* function, and suppose there exist functions
aq, g, ag Of class IC defined on [0, r) such that for allt > t, and x € U(0),

ar(flzf) <Vt z) < ao(llzl), VIt 2) < —as(][=]])- (1.45)
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Then = = 0 is a uniformly asymptotically stable equilibrium point. If U(0) = R™ and
oy, aq are of class K., then x = 0 is a globally uniformly asymptotically stable equilib-

rium point.

Theorem 45 Consider system (1.34). Suppose that this system admits a Lyapunov
function V (t, x) and that there exist constants cy, cs, c3, ¢4 > 0 such that for all z € U(0)
andt > to,

oV
allel? < V(t,2) < callall, vwws—mw%\%gmws@mw (1.46)

Then x = 0 is an exponentially stable equilibrium point. If U(0) = R, then the origin
is a globally exponentially stable equilibrium point.

1.2.3 Lyapunov Stability on Time Scales

The stability of dynamical systems requires good tools for approximating solutions.
Among the most effective techniques, we find the Lyapunov analysis approach to eval-
uate trajectory behaviors through an energy function. For more details see [[20], [79]].

Lyapunov Function

Let us present the Chain Rule theorem, which will be very useful for our study in
Chapter 4. This theorem is due to Christian Potzsche [79], who first derived it in
1998.

Theorem 46 [20] Let p : R — R be continuously differentiable and suppose that
q : T — R is delta differentiable. Thenpo q: T — R is delta differentiable, and

a1 = ([ (a0 + b (0) dn) ¢ 1) (1.47)
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Definition 47 We call vV : R" — R a "type I” Lyapunov function when
V(z) = Vi(z:) = Vi(z) + - + Va(zn), (1.48)

i=1

where each V; : R — R is continuously differentiable.

Definition 48 Suppose that V : R — R is a "type I” Lyapunov function. Then the
derivative of V (x(t)) is computed as follows

[ay

= Xn: VI (xi(t) + hu(t) fi(t, 2(8)) dh fi(t, z(t))

= [ VV(a(t) + hu()f(t,2(1)) - f(t2(0)) dh.

whereV = (a%, . %) is the gradient operator. This leads us to defineV : TxR" —
R by
. 1
V(t,z) = / YV (z + hu(t) f(t,z)) - f(t, ) dh. (1.49)
0

If u(t) = 0, then we simply obtain
V(t,z) =VV(x)- f(t z). (1.50)

Example 49 LetV(z) = S, z}/? forz € D, where

i=1 T
D={zeR":2;>0, & + pu(t)fi(t,z) >0,i=1,2,...,n}. (1.51)

Then .
V(t, T) = Z filt,z)

. 1.52
=i+ ) fit,x) + /3 (152
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Remark 50 The scalar product on R" is the function (-,-) defined by
() =z + -+ apy, forx=(1,...,2,)", y=(y1,...,yn) €R"™ (1.53)

For each vector x € R"™, the norm of z is defined as

lz]| = /(z,2) = VaTa. (1.54)

1.3 C, Semigroups and Their Generators on Time Scales

In the sequel, we introduce some definitions of strongly continuous semigroups (Cp-
semigroups) 7' = {T'(t) : t € T} C L(X) and their generator A, where 0 ¢ T C R, is
a time scale which is an additive semigroup with the property that a« — b € T for any
a,b € T such that a > b.

Definition 51 Let L(X) be the space of bounded linear operators on a Banach space
X. A Cy-semigroup T on X is a family of bounded linear operators {T'(t) : t € T} C
L(X) satisfying

1. T(t+s)=T(t)T(s) foreveryt,s € T (semigroup property),
2. T(0) = I (I is the identity operator on X ),
3. lim T'(t)xr =z (ie., T(-)x : T — X is continuous at0) for each x € X.

t—0+

If in addition lirgl+ |T(t) —I|| =0, thenT is called a uniformly continuous semigroup.
t—

Definition 52 A linear operator A is called the generator of a Cy-semigroup T if

Az = lim T(p(t))r —T(s)x
s—0+ ,u(t) — g

) z € D(A), (1.55)

where the domain D(A) of A is the set of all v € X for which the above limit exists

uniformly in t.
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For more details about the properties of a Cy-semigroup 7" and its generator A, we
refer the reader to [[44], [43]].

Remark 53 For more properties of a Cy-semigroup T' and its generator A in the case
T =R., we refer to [74].

1.4 Some Important Inequalities

In this section, we provide a brief reminder of some classes of functions as well as
useful inequalities for this study.

Definition 54 [8] A function g : R, — R, is said to belong to class § if it satisfies the
following conditions:

g(x) > 0 is nondecreasing and continuous for z > 0, (1.56)

1 x
ag(x) < g<a> fora > 0. (1.57)

For example, if g(x) = a? withp > 1, then g(x/a) = (z/a)? > aP/a = g(z)/a for
€ (0,1]). The following nonlinear integral-type inequalities on time scales are useful
in our studly.

Definition 55 [8] Let g be a positive, continuous function on R . g is said to belong to
class T if it satisfies

1
ag(x) > g<x> forallz > 0 anda > 1. (1.58)

a

Lemma 56 Assumea > 0,p>q>0andp # 0. Then

a’? < 5+ P ar forallk > 0. (1.59)
P P
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Lemma 57 e Leta,b>0andp > 1. Then

(a+b)P < 2071 (aP 4 bP). (1.60)

e Leta,b>0andp < 1. Then

(a+0)P <a’+ 1. (1.61)
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Chapter 2

Qualitative Analysis of Perturbed

Dynamic Equations on Time Scales

In this chapter, we study global practical h-stability for nonlinear perturbed abstract
dynamic equations on time scales by using the Gronwall type inequality and Lyapunov
functions.

The chapter is organized as follows: Section 2 provides a brief review of semigroup
theory on time scales by using the concept of Laplace transform on time scales and
we present some integral inequalities which play an important role in our analysis.
Section 3 contains the statements and proofs of our main results. Section 4 shows
the applicability of the theoretical results by numerical examples.

2.1 Statement of the Problem

In this chapter, we discuss practical h-stability for the following abstract dynamic equa-

tion on a time scale:

e®(t) = Ax(t)+ f(t,x), te€T, t>t, (2.1)
.T(t()) = I‘()ED(A),
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in terms of the h-stability of the homogeneous equation:

e2(t) = Ax(t), teT, t>t, (2.2)
l‘(to) = l'oGD(A),

where = € X, Ais the generator of a Cy-semigroup 7', f : T x X — X is rd-continuous
with f(¢,0) = 0 and z* is the delta derivative of z : T — X, X is a Banach space and
assume sup T = +oo. We derive sufficient conditions for practical h-stability notion of
certain classes of abstract dynamic perturbed equations on time scales using time

scale versions of some Gronwall type inequalities.

2.2 Some Important Inequalities

The following lemmas are very useful in our main results.

Lemma 2.2.1 [8] Suppose that z,u, 0,7, g € C,4(T,R,). Then

o(t) < 8(6) + o(1) | "(0(s)a(s) + u(s) As, t € T,

to
implies

t

z(t) < 8(t) + g(t) /t ((5(5)19(3) + u(s)) exp (/U

to

( )ﬂ(T)g(T)AT)) As, teTy.

Lemma 2.2.2 [8] Suppose that z,u, 0,79, g € C,q(T,R,). If

(t) < (1) + g(t) /t (I(s)2%(s) + u(s)) As, teTF, ae(0,1),

to

then we have

z(t) < 6(t) + g(t) /tj L(s)exp (/;(8) M(T)AT) As, teTf,
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where

L(t) = 9(t) (ad(t) +1—a) +ult),
M(t) = ad(t)glt).

Lemma 2.2.3 [22] (Stachurska’s inequality) Assume f, q, p are rd-continuous and
nonnegative on T. Let « € N\{1}. If f/p is nondecreasing on T, then each function x
satisfying

(1) < F(t) + p(t) /:q(s)x(s)%s for all t > t,

satisfies

a(t) < /) : 23)

{1+ @=n femrnmas) ™

on [to, t.,) wheret,, is the first point for which the denominator on the right-hand side
of (2.3) is nonpositive.

Now, we present the concepts of h-stability.
We consider the dynamic equation defined on a time scale T as below:

2 (t) = f(tx), teT, t>t, (2.4)
x(to) = .CE()GD(A)CX,

where X is a Banach space and f : T x X — X is rd-continuous in the first argument.

Definition 2.2.4 [13] Equation (2.4) is called globally uniformly h-stable if there exist
a nonincreasing bounded rd-continuous function h : T}, — R’ and a constant ¢ > 1

(independent of t,) such that any solution x (t) = x (t, ty, o) Of equation (2.4) satisfies

Iz (¢, to, 20) || < cllzolli () (A (1)) ", t €Ty, (2.5)
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here (b (t))"" = 45 and ||hl| = sup | h(t) | .

A precise definition of the practical uniform h-stability is given as follows, which will
be used in subsequent main result.

Definition 2.2.5 [34] Equation (2.4) is called globally practically uniformly h-stable if
there exist c > 1 and p > 0 such that for all t € T}, and z, € R" we have

¢ lzoll A(1)

20l <

+ p. (2.6)

The stability behavior of the origin as an equilibrium point for the linear time-varying
system (3.2) can be completely characterized in terms of T'(t — t):

x(t) = T(t — to)xo, t 2 to, teT.

Definition 2.2.6 [68] If f € C,4, then any solution of (2.1) with initial value x, € D(A)

is given by:
x(t) =Tt —to)xo+ | T(t—0c(s))f(s,z(s))As.

to

2.3 Main results

Now, we obtain some results about the practical h-stability of perturbed equation in
the following theorems.

Theorem 2.3.1 Assume that the homogeneous equation (3.2) is globally uniformly
h-stable and suppose that

1F(Ez@) < BE) (@] +p(t), teT, 2.7)

where 5.p € C,4(T,R,) such that
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oo p(s)
L wewp?
)

/+°° h(s)B(s
o h(o(s))

Then the perturbed equation (2.1) is globally practically uniformly h-stable.

IA

My, M, >0, (2.8)

As < M, My,>0, teT.

Proof 1 Letx(t) be the solution of equation (2.1). Then

t

x(t) =Tt —to)zo+ | T(t—o(s))f(s,z(s))As,

to

where T'(t — to)x is the solution of the homogeneous equation (3.2).
Thus, from the global uniform h-stability of system (3.2) and the condition (2.7), we
obtain

[[zoll tB(s) [|z(s)]| + p(s)
J2(0)] < 3,0 RO + () /t oGy A

Putv(t) = 1551 We get

M) ) 219

0(0) < cilto) +c | ( ho(s) " ho(s))

By applying Lemma (2.2.1), we obtain for all t > t,

M) | e B
o0 <ot v [ (o4 oty ) e (<L gy &) &

~—

From conditions (2.8), we have
I(t) < (ed(to)(1 + ecMy) + cMy) exp(cMy),

we deduce that, for allt € T} and all z, € R", the solution of system (2.1) satisfies

kol A (t)

() < RS
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where k = ¢ (1 + cMs) exp(cMy) > 1 and p = cM; exp(cMs) |||, > 0. Therefore the
perturbed equation (2.1) is globally practically uniformly h-stable. m

Theorem 2.3.2 Assume that the perturbation term f of equation (2.1) satisfies the
following condition:

Lf(EzO) < g (B =@ +p®), VEeT, 0<a<l, (2.9)

where [ and p are non-negative rd-continuous functions on T, and g : R, — R,
is a differentiable increasing function on (0,+o00) with continuous nonincreasing first

derivative ¢’ on (0, +oo) with

@
w

/+°° g'(p(s))
to h(d(s)

oo (1 —a)g'(p(s))5(s) + 9(p(s))
/to h(o(s)) As < My, M;>0, teT.

If the homogeneous equation (3.2) is globally uniformly h-stable, then the perturbed

As < M, M >0, (2.10)

equation (2.1) is globally practically uniformly h-stable.

Proof 2 Let x(t) be the solution of perturbed equation (2.1). Then

2(#) = Tt — to)zo + | T(t— o(s))f (s, 2(s)) As,

to

where T'(t — ty)xo is the solution of the homogeneous equation (3.2). Thus, from the
global uniform h-stability of the homogeneous equation (3.2) and the condition (2.9),
we obtain

llzoll . L9 (B(s) lz(s)[I" + p(s))
h(to)h<t)+ h(t) \ ho () A

Applying the Mean Value Theorem for the function g, then for any y > = > 0, there

lz(t)]| < c s. 2.11)

exists k € (x,y); such that



then
g (B(s) lz(s)I* +p(s)) < g'(p()B(s) [lx(s)[|* + g(p(s)), (2.12)

hence, from (2.11) and (2.12), one gets that

SOAE) | o gD
( mo(s) 17l +h(o—<s>>>A' @13

o
(1)) < i hit) + chit) |

to

By applying Lemma (2.2.2), we obtain for all t > t,

[=(2)]]

HﬂioH t(g(p(s)B(s) [ ol 9(p(s))
_ch 750 t)+ ch(t /to h(o(s)) (cah(to)h(s)+1—a> +h(a(s))>
woxo [ea [ I @PTNBIAT) (Y A,

o / o) a8

from conditions (2.10), we obtain

lx(t)]] < H(OQ (t) (1 + caly) exp(cally) + (1 — o) My exp(caMy) ||R|| .,

we deduce that, for all t > t, and all z, € R", the solution of the perturbed equation
(2.1) satisfies

la ()] < ’W .

where k = c¢(1 +calM;) > 1 and p = c¢(1 — o) My exp(caMy) ||h||, > 0. We can see
that the perturbed equation (2.1) is globally practically uniformly h-stable. The proof

is complete. m

Theorem 2.3.3 Assume that the perturbation term f of system (2.1) satisfies the fol-

lowing condition:

L& 2@ < n@) =@ + o(t), V20, a>1, (2.14)
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where n and o are non-negative rd-continuous functions on T such that

t o(s)
to h(a(s))AS < M, M, >0, (2.15)
and
h(S)n(S)AS - 1 - 016
o o) 77 (@~ 1yentt (ool 4 a,)

If the homogeneous equation (3.2) is globally uniformly h-stable, then the perturbed
equation (2.1) is globally practically uniformly h-stable.

Proof 3 Let x(t) be the solution of the perturbed equation (2.1). Then

2(t) = Tt — to)zo + t:T(t — o(s) f(5, () As,

where T'(t — ty)x is the solution of the homogeneous equation (3.2). Thus, from the
global uniform h-stability of (3.2) and the conditions (2.14), (2.15), we obtain

e < <L),y IV k),

Then

la(t)]| < chit) (ll?tool\) + Ml) + ch(t) /tt hg’;%) la(s)][* As.

By applying Lemma (2.2.3), we have for all t > t,

ch(t) (L2l 4 ap,
le(t)ll < t i ) .
(s) a—1 a—l
L+ (a=1) ] (@ G (ch(t) (feek + a1y) ) )As}
Since or = ; +; > —r for allr > 0 and by condition (2.16), we obtain that
ch(t) zoll 1 pgy
lz(®)] < ( i ) :



which implies that
o]

h(to)

where k = (C—)E > 1, with |||, = sup {h(t)}. We deduce that, for allt > t, and all
teT

[ < ke—=h(t) + k|2l M,

c—1
€
xg € R™, the solution of perturbed equation (2.1) satisfies

kol 2 (2)

(0]l <~

where p = kM, ||L||,, > 0. This finishes the proof. m

Remark 1 In [33], the authors discussed the practical h-stability of the system (1) in
the case T = R.

2.4 Applications
In this section, we give two illustrative examples to highlight the utility of our results.

Example 2.4.1 Let us consider the following perturbed equation:

1
z2(t) = Az(t) +e_s(t,0)x(t) + tito €T =32y, t>t, (217)

$<t0) = X,

_4 4
where Z.. is the set of positive or zero integers, x € C,q(T;,,R?), A = ( 3 ) €
My(R) and f : T x R* — R? such that

e_2(t,0)

ft,x(t)) = 6_%(1570):70(75) + (t3—|- ek

It is easy to see that the matrix A is the generator of the following Cy semigroup:

T(t) = (I + pA)?* = (1 + ;A>2t ,

36



then

O Wi
o |
[\]
\_/
&

and

O Wil
|

< [\]
\_/
[N
-
L
NS

|

Therefore,

(t—t0) 2(t—to)

1 2(t—to 1 _6

T(tt0)< _<3> (0 0 ) '
1

I —to)l = VB () = VAR (tt0).

by taking ¢ > /37 and h(t) = e_a(t,0), we get

3

IT(t = to)]] < V3Te_y(t,0)e_y(0,t0) = ch(t)h(to)

which ensures the h-stability of the homogeneous equation of the form z2(t) = Ax(t).
Furthermore, we have

also
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All statements of Theorem (2.3.1) are approved. So, we deduce that equation (2.17)
is globally practically uniformly h-stable.

Example 2.4.2 Let us consider the following perturbed problem:

Aty = A 1 i LG 2.1
A0 = a0 e (e 40060+ 1), e
1
t,tOGT:§Z+,
.Z‘(t()) = Xy, tzto

1 —6
where Z, is the set of positive or zero integers, x € C,4(T},R*), A = ( ) €
M,(R) and f : T x R* — R? such that

(&

N
win

_|_

&0 +1>.

(t+1)?

Fita(0) =10 (50,0 ol0)
It is easy to see that the matrix A is the generator of the following C, semigroup:
1 2t
T(t) = (I +pA)* = (I + 2A> :

then

and

O nw
=
[GN]
\_/
)
i~
|
o~
N>
|
/|\
DO W
~__
o
=
L
N
~
o |
—_
(@)
\_/
o
i~
|
o~
N

Tt —to) = (



Therefore,

2(t—to)
17— 1) =V5(5) = VBaltw)

by taking c > /5 and h(t) = e(t,0), we get
| T(t — to)|| < V/5er(t, 0)er(0,t0) = ch(t)h(ty) ™",

which ensures the h-stability of the homogeneous equation of the form z2(t) = Ax(t).

Furthermore, we have
1 3
o (1)) = e1(a(t),0) = (1 o 1) e_3(t,0) = Sea(t,0).

The perturbation satisfies condition (2.10) of Theorem (2.3.2) with g(x) = In(1+z),z >
0, which is a differentiable increasing function on (0, co) with continuous nonincreasing

first derivative.

I 2@ = (e_st0) o0} +e_3(t,0) +1) 2.19)
= g (B =@ + 1)),
B) = eg(t,0), pl)=c3(10), a=1.

w

We have

. ho(s) A 5 0)(1+e_2(50))
2 [+e 2 12
< — 4 As < = —
<3/ 6_5(8,0) 3_3 ( ) < 00
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/+oo (1= a)g (p(s))B(s) + 9(p(5)) 5 ,
’ h(o(s))

Ze,é (570)

W —+ ln(€7%<3, O) + 1)

/+oo (1+67%
to

o

S 3 +
3 /1 2s 4 2s
<y (() +(5) ><oo.
seZs 4\3 9
All statements of Theorem (2.3.2) are approved. So, we deduce that equation (2.18)
is globally practically uniformly h-stable.
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Chapter 3

Practical Stability of Parametric
Time-Scale Systems via Lyapunov
Methods

This chapter is devoted to the study of stability criteria for parametric dynamic systems
defined on time scales. In this context, particular attention is given to the influence of
parametric perturbations on the qualitative behavior of solutions. Small variations in
system parameters may significantly affect stability properties, making their analysis
essential for both theoretical understanding and practical applications. To address this
problem, we adopt the Lyapunov functional approach, which provides a powerful and
systematic method for investigating stability without requiring explicit solutions of the
system.

3.1 Statement of the Problem

Let T be a time scale. The delta derivative 2 (¢) generalizes the derivative in continuous-

time and forward difference in discrete-time.
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Consider the time scale dynamic equation:
z2(t) = A(t)a(t) + f(t,x(t),e), teT, 3.1)
in terms of the h-stability of the homogeneous equation:

() = Ax(t), teT, t>t, (3.2)

l’(to) = Xy,

where z(t) € R", A(t) € R™" is rd-continuous and uniformly regressive (i.e., I +
wu(t)A(t) is invertible forall ¢ € T), f : T x R® x R — R™ is rd-continuous, and ¢ > 0 is
a small scalar parameter.

3.2 Some Important Inequalities

The following lemmas are very useful in our main results.

Lemma 3.2.1 Let T be a time scale with t, € T. Suppose a € R,, and u,b €
Cra([to, t1]T, Ry) (rd-continuous, nonnegative functions).
If
u(t) <a+ tb(s)u(s) As, t € [to, t1]r,

Jto

then
U(t) § a@b(t,to), t e [to,tlh‘,

where e,(t, ) is the time-scale exponential function.

Now, we present the concepts of h-stability.
Consider the dynamic equation defined on a time scale T as follows:

(3.3)



where x € R", t,to € T, and A : T — R™" is an rd-continuous, regressive matrix
depending on t.

Definition 3.2.2 Fort, € T, the solution of the problem (3.3) is called the exponential
of the matrix function, denoted by ¢ 4(t, t), where A € C.qR(T, M, (R)). Consequently,
the function ¢ 4(t, ty) possesses the following two properties:

¢%(t to) = A(t)palt, to),
dalto, to) = In.

(3.4)
This matrix function is called the transition matrix, and our assumption on A(t)
shows that the transition matrix exists and is unique.

Definition 3.2.3 The system (3.3) is uniformly exponentially stable if there exist con-
stants M > 0, A > 0 such that its transition matrix ® 4(t, t,) satisfies:

DAt to)|| < Me_a(t,ty), Vt>to €T,

where e_,(t,t,) denotes the exponential function on time scales.

Definition 3.2.4 The system (3.3) is said to be locally uniformly exponentially sta-
ble if there exist v > 1, independent of ty, A > 0 with —\ € R*, and w > 0 such
that:

[zol] <6 = [lz(@)|| < ve-x(t,to)*[lzoll, Vt€T. (3.5)

Definition 3.2.5 The system (3.3) is said to be uniformly exponentially stable if
relation (3.5) holds vz, € R".

Definition 3.2.6 The system (3.3) is said to be uniformly practically exponentially
stable if there existy > 1, A > 0 with —\ € R*, w > 0, and r > 0 such that:

lz()|| < ye_x(t,to)?||zol| +7, VteT. (3.6)
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Definition 3.2.7 The system (3.3) is said to be uniformly practically stable if for
every n > 0, there exists 6 > 0 such that if ||z(ty)|| < 9§, then ||x(t)|] < n for all
t >ty € T, provided e is sufficiently small.

3.3 Main Result

3.3.1 Practical Stability via Lyapunov Method

Theorem 3.3.1 Consider the system (3.1). Suppose that:
- The matrix function A(t) is uniformly regressive and rd-continuous.
- The unperturbed system (3.2) is uniformly exponentially stable.
- There exists a Lyapunov function V : T x R® — R, and class K., functions

aq, e, a3, @nd a positive function ay(e) with lim._,o ay(e) = 0, such that:
ar(flzl]) < V(E, ) < aa(]=]]),

VA (t,2) < —as([lz]) + au(e).

Proof 4 Letn > 0 be given. Since a3 is class K, it is strictly increasing. Choose
r > 0 such that:
az(r) = 2ay(e).

Then for any ||x|| > r,

VA x) < —as(]z]]) + cule) < —au(e) <0,

which means that the Lyapunov function decreases whenever ||z(t)|| > r. Hence,
trajectories are attracted to and remain inside the ball of radius r centered at the
origin.

Now, for any initial condition ||z(to)|| < 6 small enough such that a»(5) < ay(r), we
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have:
V(to,l’(to)) < 061(7"),

which implies that ||z(t)|| < r for allt > t,.

By choosing r < n, we ensure ||z(t)|| < n for allt > t,, i.e., practical stability is
achieved. m

The above theorem applies to both continuous-time systems (when T = R) and
discrete-time systems (when T = Z). It is particularly useful for hybrid and switched
systems modeled naturally by time scale calculus.

We have established a Lyapunov-based practical stability result for dynamic sys-
tems on arbitrary time scales under small perturbations. The method provides a uni-
fied tool applicable to both continuous and discrete systems, highlighting the power
and flexibility of time scale theory in the study of real-world dynamical systems.

Now, we study the practical stability of dynamic systems on time scales under
Lipschitz continuous perturbations. Assuming the linear part is uniformly exponentially
stable, we prove that the perturbed system remains practically stable if the Lipschitz
constant is sufficiently small. The result is proved using a Lyapunov-like approach
and the Gronwall inequality on time scales, thereby generalizing known continuous
and discrete results.

3.3.2 Practical Stability with Lipschitz Perturbation

In this section, we discuss practical stability with Lipschitz perturbation equation on a

time scale:

e®(t) = Ax(t)+ f(t,x), te€T, t>t, (3.7)

l'(to) = X,
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in terms of the h-stability of the homogeneous equation:

e2(t) = Ax(t), teT, t>t, (3.8)

l‘(to) = Xy,

where x € R™. The matrix A(t) € R"*" is rd-continuous and uniformly regressive. The
perturbation f : T x R™ — R" is rd-continuous.

Theorem 3.3.2 If f € C,,, then any solution of (3.7) with initial value x, € R™ is given
by:

£(t) = Dalt,to)a(te) + [ Balt,o(s))f(s,2(s))As. (3.9)

to

Theorem 3.3.3 Assume that the homogeneous equation (3.8) is uniformly expo-
nentially stable and the perturbation f : T x R™ — R" is rd-continuous and satisfies
a Lipschitz condition:

If(¢ o)l < Lz, VteT, zeR"

for some constant L > 0, and further assume:

A
L< 2.
Y,

Then the perturbed equation (3.7) is uniformly practically stable.

Proof 5 Let x(t) be a solution of the system. By the variation of constants formula on
time scales:

x(t) = Pa(t, to)x(to) + tCIDA(t, a(s))f(s,z(s))As.

to

Taking norms and applying assumptions:

[ < (1At to) [l (to) +/t: [@a(t, o ()]l - IS (s, 2(s))[| As.
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Using:
[Palt, to)| < Me_x(t,t0),  [lf(s,2(s))I| < Lllz(s)]l,

we get:
(o)) < Meoa(t )2l + ML [ e st o)) (o) As.
Define y(t) = |[()||. Then:
y(t) < Me_y(t. to)y(to) + ML t; e_x(t,0(s))y(s)As.

By the Gronwall inequality on time scales, we obtain:
y(t) < Me_x(t,to)y(to) - emr(t, to)-

This simplifies to:
y(t) < Me_(x—mr)(t, to)y(to).

Since A — ML > 0, the solution decays exponentially. Hence:

[z(t)]] < Me_—nmr)(t, to)llz(to)]-

Letn > 0 be given. Choose:
then ||z(to)|| < 6 = ||z(t)|| < n, for allt > t,, proving practical stability. =
The key condition L < A\/M ensures that the perturbation is not strong enough to

destabilize the system. This result generalizes the robustness of exponentially stable
systems under Lipschitz perturbations to the setting of time scales.
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3.4 Numerical example

Consider the scalar time scale system
a2 (t) = —2x(t) + esin(t)z(t),

where € > 0 is a small parameter.

The unperturbed system z® = —2x is exponentially stable with M/ = 1 and decay
rate A = 2.

The perturbation satisfies

[f(t,2)] = [esin(®)]]x] < e|x],

so the Lipschitz constantis L = e.
The practical stability theorem requires

For ¢ = 3 x 1078, solutions decay exponentially, demonstrating practical stability
under the perturbation.

Remark: Numerical simulation can be performed using standard ODE solvers for
continuous time T = R or difference equations for discrete time T = Z, confirming the
theoretical result.

Application

The main theorem can be applied to model the concentration of a drug in a patient’s
bloodstream, where the dosage is administered at specific, potentially irregular, times
(a hybrid system). This is a perfect scenario for time-scale analysis.
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Simulation of perturbed system with ¢ = 0.00000003

1.0 A — x()

0.8 1

Zoom: 2.5st=<20
3.0 x 1078

0.6 1.5 x 107% |

i
\/ L ¥4

0.4 1 -1.5 x 1078 A

x(t)

x(t)

-3.0 x 1078

T T T T T T
2.5 5.0 7.5 10.0 125 15.0 17.5 20.0

0.2 :

0.0 +---

_0_0 4

0.0 2.5 5.0 75 10.0 125 15.0 17.5 20.0
Time t

Figure 3.1: Solution evolution for perturbed system

A patient is prescribed a medication that is administered via intravenous (1V) injec-
tion at discrete times ¢, ¢4, t,,. .., forming a time scale T. Between these doses, the
drug is metabolized and cleared from the body continuously.

Let z(t) represent the concentration of the drug in the bloodstream at time t.

The Unperturbed System (z® = A(t)x): This models the body’s natural process
of metabolizing and clearing the drug. Between doses (on continuous intervals), the
concentration decays exponentially: z/(t) = —ax(t), where a > 0 is the clearance
rate. At each dosing time ¢, (a right-dense point), an impulse is applied, instantly
increasing the concentration: z(t}) = z(¢; ) + dx, where d; is the dose size.

We can model this hybrid process on a time scale T that is a union of closed in-
tervals connecting the dosing times. The system z2(t) = A(t)z(t) can be defined
such that it captures both the continuous decay and the impulsive jumps. If the dosing
schedule and clearance rate are consistent, this unperturbed system can be designed
to be uniformly exponentially stable (meaning the drug concentration eventually re-
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turns to zero if dosing stops), with calculated constants M > 1 and A\ > 0.

The Perturbation (f(¢,z(t))): This represents a real-world uncertainty or variation.
A classic example is the impact of another drug or food (e.g., grapefruit juice) that
inhibits the metabolism of the primary drug. This inhibition effectively reduces the
clearance rate in a way that depends on the current concentration of the inhibitor,
which itself may vary with time. We can model this as a state-dependent perturbation:

f(t,x(t) = e(t, ) - x(t)

Here, €(t, z) is a function that represents the time-varying and concentration-dependent

1(t)
K+I(1)’

inhibition effect. For instance, it could be (¢, x) = v - where I(t) is the concen-
tration of the inhibitor.
Let us verify the conditions of the theorem for this example:

Uniform Exponential Stability of Nominal System: As stated, by properly design-
ing the dosing schedule {¢,} and doses {d,} relative to the clearance rate o, we can
ensure the unperturbed system (without the inhibitor) is uniformly exponentially sta-
ble. This means the drug concentration does not blow up and is effectively cleared
between doses. We assume this has been established, giving us constants M and \.
Lipschitz Condition on Perturbation: The perturbation is f(t,z) = €(t,z)x. We

need to check if its norm is bounded by L||z||.

1F (&) = let, )] - [l]

If the inhibitory effect is bounded—meaning there is a physiological maximum to how
much the metabolism can be slowed—then there exists a constant L > 0 such that
le(t,x)|] < L for all t and x. For example, if grapefruit juice can at most reduce the
clearance rate by 30%, then L = 0.3a. This directly gives us:

Lf(t, 2) |} < L]
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The perturbation satisfies the required Lipschitz condition.
The Key Stability Condition (L < \/M): The theorem now requires that the maxi-
mum possible perturbation is small enough relative to the stability margin of the origi-
nal system.

A

L _
SN

In our pharmacological context, this translates to:
The maximum possible inhibition of drug metabolism (L) must be less than the inher-
ent stability margin (\/M) of the prescribed dosage regimen.

If the condition L < A/M holds, the theorem guarantees that the perturbed system
(the patient taking the drug along with the inhibitor) is uniformly practically stable.
Practical Stability in this Context: It means the drug concentration x(¢) will not
exhibit dangerous blow-ups or toxic accumulations. While the concentration might be
higher than expected due to the inhibited clearance, it will remain bounded within a
safe, predictable range 7 as long as the initial concentration was within a safe range
0.

Clinical Implication: A doctor, knowing the stability properties of their dosing regimen
(A/M) and the maximum potential metabolic inhibition from a drug interaction (L), can
use this theorem’s condition as a safety criterion.

If L < A\/M, the interaction is likely manageable, and the regimen is robust. If
L > \/M, the interaction is a serious risk, potentially leading to toxic drug levels. The
doctor must then adjust the dose (di) or the dosing frequency (changing T, which
affects M and )) to re-establish a safe stability margin.

This example demonstrates how the abstract theorem provides a rigorous frame-
work for ensuring robustness in a critical, real-world hybrid system.
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Chapter 4

Existence, Uniqueness and Ulam Stability
of Certain Classes of Second-Order
Nonlinear Dynamic Equations on Time

Scales and Applications

In this chapter, we study a nonlinear integro-dynamic equation on time scales with lo-
cal initial condition. The purpose of this chapter is to prove existence and uniqueness
of solutions and to investigate qualitative properties of solutions of this equation such
as Ulam stability. The analysis is based on the Krasnoselskii fixed point theorem and
Gronwall-type dynamic inequalities.

The chapter is organized as follows: Section 2 contains existence and uniqueness
of solutions of the nonlinear equation. Section 3 contains the Ulam stability of the
equation. Section 4 shows the applicability of the theoretical results by numerical

examples.
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4.1 Statement of the Problem

We investigate sufficient conditions for Hyers—Ulam and Hyers—Ulam— Rassias stabil-

ity of second-order nonlinear dynamic equations on time scales of the form

#27(1) = Q) (t) + G (t,x(t), /:%(t, s, x(s))As) telf, @.1)

subject to the initial condition
Pa)=c¢eX, i=0,1, (4.2)

where I := [a,b] N T with a time scale TCR, a,b € T witha < b, z : T—-R" is
an unknown function to be determined, z° = = o o, z2 is the delta derivative of z,
Q@ : T — R is regressive and rd-continuous, G : I x R" x R" — R" is rd-continuous in
its first variable and continuous in its second and third variables, 2 : I x I x R" — R”
is rd-continuous in its first and second variables and continuous in its third variable. In
addition, both G and ‘H are assumed to be nonlinear functions.

4.2 Sufficient Conditions for Existence and Uniqueness of

Solutions

Theorem 58 Let K(t,z) : IxX — X be rd-continuous int € I for every x € X, and

continuous in x for every t € 1. Then x is a solution of
() = K(t,zt), tel*, 22 =ceX,i=0,1, (4.3)
if and only if x solves the integral equation

t

2(t) :co+cl(t—a)—L(s—t—l—u(s))K(s,x(s))As, tel, 4.4)
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for some constants ¢y, c; € X.

Definition 59 A function G : T x XX — X is said to satisfy the Lipschitz condition with
constant 5 > 0 if

|G(t,{l}1,$2, s axn) - G(taylay27 s ayn)| S 52 |‘/El - yl|
i=1

forall x;,y; € X and allt € T.
As usual, a function H : XX — X js said to satisfy the Lipschitz condition with
constant~y > 0 if

H%(‘Thx% cee ,.Tn) - H(xhx% o an>|| < ’YZ ‘xz - y1| :
=1
Proof 6 Assume that x satisfies the integral Equation (4.4). We denote by
t
M(t) = —/ (5 — t + u(s)) K (5, 2(s)) As.
By Theorem 1.117(i) in [20], we conclude that
t
MA() = / k(s, 2(s))As

and
M2 (t) = k(t, z(t)).

This implies that z° (t) = k(t, z(t)). To prove the other direction, assume  is a solution
of Equation (4.3). We denote by

and



By integrating both sides of (4.3) twice, we have
ﬂ?(t) =cCy+ Cl(t — to) + £(t)

Here ¢; = z*'(a),i = 0,1. It is readily seen that M(t) = L(t) for every t. Indeed, we
have

LA = G()

Consequently, M (t) = L(t) + g € [a,blr. We have g = M (a) — L(a) = 0. Therefore, x
satisfies Equation (4.4). m

Corollary 60 = is a solution of Equation (4.1) if and only if x solves the integral equa-

tion

t(s—tJr,u(s)) (Q(S)ZE(S) +G <t, x(t), /:H(s, T, a:(T))AT>) As, tel,
4.5)

2(t) = co+er(t—to)— /

for some constants ¢y, c; € X.
Throughout the rest of the paper, we use the following conditions.
A) Q eR.
(B) G and H satisfy the Lipschitz conditions with constants 5 and ~, respectively.
(C) Forany ¢y, c; € X, (4.1) has a solution z satisfying z2'(a) = ¢;,i = 0, 1.

(D) Thereis a € (0, 1) such that

(b—a) (sup t 1Q(s)| As + (1 +7) (b— a)) < a.

tel Ja
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Theorem 61 Assume (A), (B), and (D). Ifcy,c; € X, then (4.1) has a unique solution
z satisfying =2 (a) = ¢;,i = 0, 1.

Proof 7 Fix cy,c; € X. Define the operator T : C,4(I, X) — C,q(I, X) by

Ta(t) = coter(t—to)- [ t

a

(s—t+pu(s)) (Q(s)x(s) +G (t,x(t), /as’H(s, T, x(7’))A7’)) As, tel

For xy,z, € Cpq(I, X), we have

Ty (t) = T (1) / [s =+ pu(s)| Q(s) [|21(5) = wa(s)] (4.6)

+e (b, [ Hsmam)ar) - 6 (L), [ Hes am)ar)| as

It follows from (B) and (D) that

Tor(t) = Tas®) < [ Is =14 ()] [Q)] ea(s) = 2205

+3 <||x1(s) — 29(s) as (H(s, 7, 21(7))AT — H(s, T, 22(7))) AT
[l = 14w 1Q) 1) — ma(s)]

48 (lan(s) = aa(s)| +7 [ o1 (7) = za()l| A7) As

(=) o1(s) = 220 ([ 1Q()| As + 5.1+ 9) (0 - )

< oz — 2l

)] As

IN

IN

This implies that T is a contraction. Therefore, T' has a unique fixed point x, which is
the unique solution of the integral Equation (4.5). By Corollary (60), x is the unique
solution of (4.1) satisfying the initial conditions. m

4.3 Hyers-Ulam Stability Results

In this section, we shall investigate Ulam stability for NIDE (4.1). For this, first we shall
introduce the following definitions.
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Definition 62 We say that NIDE (4.1) has Hyers—Ulam stability if there exists a real
number L > 0 such that for each ¢ > 0 and for each y € C?,(I,R") satisfying

<e foralltel, 4.7)

n

Hy“(ﬂ —Qt)o(t) — G (t, y(t), /t H(t, s,y(s))As)

a

there exists a solution x € C?,(I, R™) of (4.1) with
ly(t) —z(t)||,, < eL forallt el
Here L is a so-called HUS constant.
Lemma 63 (20, (Grénwall’s Inequality) Suppose that z, f € Coq(T,Ry),g € R*. If
t
2(t) < f(#) +/ g(s)z(s)As forallt e T,

then
(t) < f(t) + / es(t,o(s)f(s)g(s)As forallt € T,

Theorem 64 If (A),(B), and (C) hold, then (4.1) has Hyers—Ulam stability with HUS

constant

L= (b—a)’ ep—ajqe)+s0-y) (b a). (4.8)

Proof 8 Lety € C?,(I,R") satisfy (4.7). We have

G(t) =™ (t) — Qt)y(t) — G (t, y(t), /alt H(t,s, y(s))As) for allt € T, 4.9)

and

v (1) = Q()y(t) + G (t,y(t), / "H(t, 3,y(s))As> +G(t) forallt eT".
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Now, (4.5) implies that

o(0) = evterli=a)= [ (s=t+u(s)) [QE)ys) + G (130, [ Hs,m.u(r)AT) +6(5)] As.
(4.10)
By (C), there exists a solution = of (4.1) with 2" (a) = ¢;,i = 0,1, that is

t

2(t) = co + er(t — a) —/a (s —t + uls)) [Q(s)x(s) e (t,x(t), /:’H(s, . m»m) As.
@.11)

Subtracting (4.11) from (4.10), we find, for all t € 1,

o) =yl = [ 1s=t+ o) [IQG6) () — )| + 6 (6,00, [ Hs,m,0(r))A7)
+ |g(s)|] As. 4.12)

Taking into account (B), we get

o) =yl < =) [ 1) las) — y(s)| + 8 lels) — y(s)] +
48 [ (s, 7, 0(7) = s, y()] AT+ [905)]] As

< b-a) [ 1R l(s) — y(s)lI + B llals) — y(s)]| +
67 () =yl + 1G5) ] As. @.13)

Hence,

() —y@)] < (b—a) /at [(1Q(s)] + 51 +7)) llz(s) —y(s) + G(s)l[] As. (4.14)

Since ||G(s)|| < € holds fort € 1, we have

o) =y < G—a) [ 16O A5+ 0= a) [ ()] + 51+ ls) - y(s)] As
< (b-afet(-a) [ 1)+ 501+ als) - y(s) As
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Thus, by Gronwall’s inequality, Lemma (63), we conclude that

lz(t) = ()] < (b~ @)’ ee-ayiaes)i+sa+) (0:a).-
Therefore, (4.1) has Hyers—Ulam stability with HUS constant L given in (4.8). m

Theorem 65 If (A),(B), and (D) hold, then (4.1) has Hyers—Ulam stability with HUS

constant
(b—a)’

L= .
11—«

(4.15)

Proof 9 Lete > 0 andy € C?,(I, X) such that (4.7) holds. Set G(t) as in (4.9). Then
y satisfies (4.10). Let y»'(a) = ¢;,i = 0, 1. By Theorem (58), (4.10) holds. By Theorem
(61), there exists a unique solution = of (4.1) with ' (a) = ¢;,i = 0,1. By Corollary
(60), z(t) is asin (4.12). By subtracting (4.11) from (4.9) and as in the proof of Theorem
(64), we get

() = y(@®)]]

IN

e(b—a)’+ /at (b—a)[[Qs)l + B (L + ] lz(s) —y(s)ll As

b=+ (6= a) e —yll. [ 11QG)I+ 5 +7)As
< clo-aPtalr -yl

IN

This implies that

2
(b—ay (4.16)
1l -«

Iz =yl <

Therefore, (4.1) has Hyers—Ulam stability with HUS constant L given in (4.15). =

4.4 Hyers-Ulam—Rassias Stability

In this section, we introduce the Hyers—Ulam—Rassias Stability of (4.1).

Definition 66 (Hyers—Ulam—Rassias stability). Let N be a family of positive rd-continuous
functions on 1. We say that Equation (4.1) has Hyers—Ulam—Rassias stability of type
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N if there exists a constant L > 0, a so-called HURSy constant, with the following
property. Forany w € N, ify € C%,(I,R™) is such that

I = () — Q) — G (o). [ Hlt.5.5(5))

‘ <w(t) foralltel",

4.17)
there exists a solution x € C?,(I,R™) of (4.1) with
ly(t) — z(t)|],, < Lw(t) forallt €L
We note that Hyers—Ulam—Rassias stability yields Hyers—Ulam stability when
N={l:e>0}, (4.18)
where .(t) = ¢,t € I. We use the notation (4.9):
N* :={w € C4(I, (0,00)) : w is nondecreasing} , (4.19)
andforA>1,6 >0:
Nt {w € Cou(T, (0, 00)) : /at w(s) < Swh(t) for allt € 11} | (4.20)

The following theorem is concerned with Hyers—Ulam—Rassias stability.

Lemma 67 [20], Ifp € Randa,b,c€ T

[ep(c; )™ = —plep(e, )]”

and .
/a p(t)e,(c, o (t)) At = e,(c, a) — e,(c, b).

Theorem 68 If (A),(B), and (C) hold, then (4.1) has Hyers—Ulam—Rassias stability
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of type N'* with HURS- constant

L= (b — CL)2 e(b—a)[|Q\+ﬂ(1+7)](b; CL). (4.21)

Proof 10 Let w € N* and x € C?,(I, X) such that (4.17) holds. Set G(t) as in (4.9).
Then y satisfies (4.10). Let y®'(a) = ¢;,i = 0,1. By Theorem (58), (4.10) holds. By
Theorem (61), there exists a unique solution = of (4.1) with 22" (a) = ¢;,i = 0,1 . By
subtracting (4.11) from (4.10) we obtain inequality (4.12), and by taking into account
(B), we get inequality (4.13).

Since ||G(s)|| < w(t) forallt € T, we get

l2(t) =y < (b —a)* w(t) + (b —a) /a]t 1Q(s) + B+ )] llz(s) = w(s)]| As.

Thus, by Gronwall’s inequality Lemma (63) and Lemma (67), we conclude that

lz(t) =y < (b= a) w(t)
+/a (b= a) ep-ayiQrraam)(t, a(s)w(s) (b= a) [|Q(s)| + B (1 +7)] As
(b~ a)* w(t)

0 (0) 0= 0 ([ e yarsnin (6o IQE + 51+ 7)) As)
(b= ) u(t)

IN

IN

+w(t) (b= @) (e-wpersa(t @) = ep-ayaisaimi(t:t))

< (b= ) ep-ayairsa (b a)w ().

Therefore, (4.1) has Hyers—Ulam—Rassias stability of type N* with a constant L
defined by (4.21). m

Theorem 69 If (A), (B), and (C) hold, then (4.1) has Hyers—Ulam—Rassias stability
of type N* N N7} with HURSy.ys constant

L:=9 (b — a) 6(b—a)[|Q\+,8(1+'y)](b, CL). (422)
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Proof 11 Letw € N*NAN? and x € C?(1, X) such that (4.17) holds. Set G(t) as in
(4.9). Then y satisfies (4.10). Let y*'(a) = ¢;,i = 0,1. By Theorem (58), (4.10) holds.
By Theorem (61), there exists a unique solution x of (4.1) with 2" (a) = ¢;,i = 0,1. By
subtracting (4.11) from (4.10) we obtain inequality (4.12), and by taking into account
(B), we get inequality (4.13).

Since ||G(s)|| < w(t) for allt € T, we get

o) =y < 6= [ ws)As+ (6 —a) [ Q)] + 501 +)] () — yls)] As

< 5(b—a)w(t)+(b—a)/a Q) + B (L + )] [lz(s) — y(s)l| As.

Thus, by Gronwall’s inequality Lemma (63) and by Lemma (67), we conclude that

[9(t) = o) < d(b—a)w(t)

+ /at €b—a)(|Q+A(1+7) (L, 0 () w(s)d (b — a) [|Q(s)[ + B (1 +7)] As

6 (b—a)w(t)

+w(s)d (b—a) /at ew-a)Q+a0+7) (L, 0(s)) (0 —a) [[Q(s)| + B (1 +7)] As
6 (b—a)w(t)

IN

IA

+w($)3 (b= a) (ep-ayiairsa it @) = eo-aarsaim (1))

< 0(b—a)ep-ayeitpam) (b )w(t).
Therefore, (4.1) has Hyers—Ulam—Rassias stability of type N* N N7 with a constant L
givenin (4.22). m

Theorem 70 Let A > 1 andT := A/(A —1). If (A),(B), and (C) hold, then (4.1) has
Hyers—Ulam—Rassias stability of type N* N N3 with HURS., i constant

I+1

L= 5% (b — CL)T 6(b_a)[|Q‘+ﬁ(1+,y)](b, a). (423)

Proof 12 Letw € N* NN} and » € C?(1, X) such that (4.17) holds. Set G(t) as in
(4.9). Then y satisfies (4.10). Let y'(a) = ¢;,i = 0,1. By Theorem (58), (4.10) holds.
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By Theorem (61), there exists a unique solution x of (4.1) with 2" (a) = ¢;,i = 0,1. By
Subtracting (4.11) from (4.10) we obtain inequality (4.12), and by taking into account
(B), we get inequality (4.13).

Since ||G(s)|| < w(t) forallt € 1, we get

o) =y < (b-a) [ wls) As+<b—a>/u@< )+ B0+ )] la(s) = y(s) As

< (b—a) vt—a\/ wA )As + ( b—a IQ()|+5(1+7)]||33()—y()||A8

< 5% - a) P wl) + (- a) [ 1QE)|+ 51+ )] lals) — u(s)] A

Thus, by Gronwall’s inequality Lemma (63) and by Lemma (67), we conclude that

l(t) =yl < 65 (b—a) T w(t)
+ [ ew-aparisnin(to(s)w(s)5r (b—a) T [|Q(s)| + B (1+7)] As

< 6K (b—a) T w(t)

+w(t)st (h—a) T at eb-ayiQs0+)(t: 0 (5)) (0= a) [[Q(s)| + B (1 +7)] As
< SE(b-a) T w(t)

+w(t)0% (b—a) T (epmayiaraen(t: @) — cp-aorsar t 1)
< 0% (b= a) T epayigiansn (b a)w ().

Therefore, Equation (4.1) has Hyers—Ulam—Rassias stability of type N* N N} with
constant L defined in (4.23). =

Theorem 71 Let A > 1andT := A/(A —1). If (A),(B), and (C) hold, then (4.1) has
Hyers—Ulam—Rassias stability of type N} with HURSNX constant

L=8%(b—a)T (1 +6% (b—a) T [|Q(s)] + B (1 +7)] etaiarsa b a)) . (4.24)

Proof 13 Letw € N} and » € C?(1, X) such that (4.17) holds. Set G(t) as in (4.9).
Then y satisfies (4.10). Let y*'(a) = ¢;,i = 0,1. By Theorem (58), (4.10) holds. By
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Theorem (61), there exists a unique solution x of (4.1) with 2" (a) = ¢;;i = 0,1 . By
Subtracting (4.11) from (4.10) we obtain inequality (4.12), and by taking into account
(B), we get inequality (4.13).

Since ||G(s)|| < w(t) forallt € 1, we get

o) O < (6-a) [ wls) As+<b—a>/u@< )+ B+ )] la(s) = y(s) As

< (b—a) vt—a\/ wA )As + ( b—a IQ()|+5(1+7)]||33()—y()||A8

< 6% (b-a)F u() +/a (b= ) [1Q(s)| + 8 (1 +7)] la(s) = y(s)]] As,

where we have applied the Hélder inequality Lemma (67). Thus, by using Gronwall’s

inequality Lemma (63) we get

lz(t) =y < 6% (b—a) T w(t)

+ [ ewapaiisniy(to(s)w(s)5r (b—a) T [|Q(s)| + B (1+7)] As

S (b—a) T w(t)
%( )2F+1
b—a) T w(t)

5% (b= )T QW) + B (1 + )] o-aarssasm(b.a) b= a) ([

VAN
o,
>

t

Q) + 81+ )] et-atiarsas(b.a) (b= a) [ w(s)As

a

(VAN

>,
==

~—~

t

wA(s)As>

VAN

= Lw(t).

Therefore, Equation (4.1) has Hyers—Ulam—Rassias stability of type N with constant
L givenin (4.24). m

Example 72 Now, we give an example for which conditions (A), (B) and (D) are sat-
isfied. Let T := U2 ([2k, 2k + 1]. Let

1
= = . Fi 1 .
meN,a=0andb=2m+1. Fixae(0,1)andf € (07 (5e)m+1(m+1)(4m—|—1)>

64
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Assume

G (t,x(t), /(:H(t, s, x(s))As) = [sin (x(t) + /:(3 sinz(s) — cosx(s) + 5t)As) :

Take
t+o(t)+2
t) = ————5—.
Equation (4.1) takes the form

t+o(t)+2
o (t+1)

22 (t) z(t) + fsin (:L’(t) + /:(3 sinz(s) — cosx(s) + 5t)As) :

Clearly, condition (A) holds. Additionally, condition (B) is true, since G and H satisfy
Lipschitz conditions with constants 5 and v = 1, respectively. Finally, we check that
(D) holds. Indeed,

s+o(s)+2

fawas = | 1)+

I
+
—_

IA
—_
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Conclusions

» Time scales theory is a perfect language, which can be applied to any field in
which the dynamics of processes are described by models in discrete time or
continuous time, or a combination of both.

» The problem of stability and stabilization of certain classes of nonlinear sys-
tems is well developed on time scales thanks to the integral inequality ap-
proach.

» We have also found results on practical stability and h-stability by developing

some conditions on the perturbed term and using appropriate integral inequal-
ities on arbitrary time scales.

66



Bibliography

[1] Alsina, C.; Ger, R. On some inequalities and stability results related to the expo-
nential function. J. Inequal. Appl. 1998, 2, 373—-380.[CrossRef]

[2] Amato, F., Ambrosino, R., Ariola, M., and Cosentino, C. Finite-time stability of
linear time-varying systems with jumps. Automatica, 45(5) (2005) 1354-1358.

[3] Anderson, D.R.; Gates, B.; Heuer, D. Hyers—Ulam stability of second-order linear
dynamic equations on time scales. Commun. Appl. Anal. 2012, 16, 281-29

[4] Anderson, D.R.; Onitsuka, M. Best constant for Hyers—Ulam stability of second-
order h-difference equations with constant coefficients. Results Math. 2019, 74,
1-16. [CrossRef]

[5] Anderson, D.R.; Onitsuka, M. Hyers—Ulam stability for a discrete time scale with
two step sizes. Appl. Math. Comput. 2019, 344/345, 128—140. [CrossRef]

[6] Anderson, D.R.; Onitsuka, M. Hyers—Ulam stability of first-order homogeneous
linear dynamic equations on time scales. Demonstr. Math. 2018, 51, 198-210.
[CrossRef]

[7] Aulbach, B., and S. Hilger, A unified approach to continuous and discrete dynam-
ics. In: Qualitative Theory of Differential Equations, Collog. Math. Soc. Janos
Bolyai, 53, North-Holland, Amsterdam, 1990.

67



[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Ayari, A. and K. Boukerrioua, Further new refinements in h-stability conditions for
nonlinear abstract dynamic equations on time scales and applications, Surveys
in Mathematics and its Applications 16 (2021), 275-299.

Ayari, A., K. Boukerrioua, and B. Kilani, Exponential Stability for Nonlinear
Perturbed Time Scales Systems with Gronwall-Bihari-Inequalities.Discontinuity,
Nonlinearity, and Complexity 4 (2022), 781-792.

A. Ben Abdallah, M. Dlala and M.A. Hammami, Exponential stability of perturbed
nonlinear systems. Nonlinear Dynamics and Systems Theory, 5(4) (2005) 357-
367.

Ben Hamed, B., Haj Salem, Z. and Hammami, M.A. Stability of nonlinear time-
varying perturbed differential equations. Nonlinear Dyn. 73, (2013) 1353-1365.

B. Ben Hamed, I. Ellouze and M.A. Hammami, Practical uniform stability of non-
linear differential delay equations, Mediterranean Journal of Mathematics, 8 (4),
(2011) 603-616.

B. Ben Nasser, K. Boukerrioua, M. Defoort, M. Djemai, and M.A. Hammami,
Laleg-Kirati, T.-M.: Sufficient conditions for uniform exponential stability and h-
stability of some classes of dynamic equations on arbitrary time scales, Nonlinear
Anal. Hybrid Syst. 32 (2019), 54-64.

B. Ben Nasser, K. Boukerrioua and M.A. Hammami, On stability and stabilization
of perturbed time scale systems with Gronwall inequalities, Zh. Mat. Fiz. Anal.
Geom. 11 (2015), 207-235.

B. Ben Nasser, K. Boukerrioua, M. Defoort, M. Djemai, and M.A. Hammami,
State feedback stabilization of a class of uncertain nonlinear systems on nonuni-
form time domains, Syst. Control Lett. 97 (2016), 18-26.

B. Ben Nasser, K. Boukerrioua and M.A. Hammami, On the stability of perturbed
time scale systems using integral inequalities, Appl. Sci. 16 (2014), 56-71.

68



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

BenAbdallah, A., Dlala, M. and Hammami, M.A. A new Lyapunov function for sta-
bility of time-varying nonlinear perturbed systems. Syst. Contr. Lett., 56, (2007)
179-187.

BenAbdallah, A., Ellouze, I. and Hammami, M.A. Practical stability of nonlinear
time-varying cascade systems. J. Dyn. Contr. Sys., 15, (2009) 45-62.

M. Bohner, Some oscillation criteria for “rst order delay dynamic equations, Far
East J. Appl. Math. 18, 3 (2005), 289-304.

M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction
with Applications, Birkhauser, Boston, 2001.

M. Bohner and A. Peterson, Advances in Dynamic Equations on Time Scales,
Birkhauser, Boston, 2003.

M. Bohner and A.A. Martynyuk, Elements of stability theory of A.M. Liapunov
for dynamic equations on time scales, Nonlinear Dyn. Syst. Theory 3 (2007),
225-251.

Bohner, Martin, Pallavi S. Scindia, and Sanket Tikare. "Qualitative results for
nonlinear integro-dynamic equations via integral inequalities.” Qualitative theory
of dynamical systems 21.4 (2022): 106.

Bouaoud S., Neggal B., Kilani B., Boukerrioua K. On some practical h-stability
of nonlinear abstract equations on time scale and applications. J. Appl. Math.
Informatics, 2026, vol. 44, no 2, p. 445-458.

K. Boukerrioua, |. Meziri and T. Chiheb, Some refinements of certain Gamidov
integral inequalities on time scales and applications, Kragujev. J. Math. 42 (2018),
131-152.

K. Boukerrioua, D. Diabi, M. Meramria and M.A. Hammami, Sufficient conditions
for uniform exponential stability of some classes of dynamic equations on time

69



scales and applications, Trans. Nat. acad. Sci. Azerb. Ser. Phys. Tech. Math. Sci.
Mathematics 41 (2021), 60-70.

[27] T. Caraballo, F. Ezzine, M. Hammami, L. Mchiri, Practical stability with respect
to a part of variables of stochastic differential equations, Stochastics an Interna-
tional Journal of Probability and Stochastic Processes, 6 (2020), 1-18.

[28] T. Caraballo, F. Ezzine, M. Hammami, Partial stability analysis of stochastic differ-
ential equations with a general decay rate, Journal of Engineering Mathematics,
(2021).

[29] Choi, S.K., Koo, N.J., Im, D.M.: h-stability for linear dynamic equations on time
scales. J. Math. Anal. Appl. 324, 707—720 (2006)

[30] S. K. Choi, D. M. Im, and N. Koo, Stability of Linear Dynamic Systems on Time
Scales, Advances in Difference Equations volume 2008, Article ID 670203, 12

pages.

[31] S.K. Choi, Y.H. Goo and N.J. Koo, h-stability of dynamic equations on time scales
with nonregressivity, abstract and applied analysis, (2008), 13 pages. Article ID
632474

[32] Corless, M. Guaranteed rates of exponential convergence for uncertain systems,
J. Optim. Theo. App., 64, (1990) 481-494.

[33] J.J. Dacunha, Stability for time varying linear dynamic systems on time scales, J.
Comput. Appl. Math. 176 (2005), 381-410.

[34] H. Damak and M.A. Hammami, Practical h-stability of non-autonomous evolution
equations with Lipschitz nonlinearities, Version 2, Rocky Mountain Journal of
Mathematics Vol. 52. (2022), pp. 1297-1306.

[35] Dlala, M. and Hammami, M.A. Uniform exponential practical stability of impulsive
perturbed systems, J. Dyn. Contr. Sys., 13, (2007) 373-386.

70



[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

Gordji, M.E.; Abbaszadeh, S. Theory of Approximation of Functional Equations
in Banach Algebras, Inner Product Spaces and Amenable Groups; Elsevier: Am-
sterdam, The Netherlands, 2016.

Gavruta, P.; Gavruta, L. A new method for the generalized Hyers—Ulam—Rassias
stability. Int. J. Nonlinear Anal. Appl. 2010,1, 11-18.

Haddad, W. M. and Chellaboina, V. Partial stability and partial stabilization of
nonlinear systems using Lyapunov-Krasovskii functionals. IEEE Transactions on
Automatic Control, 48(7) (2003) 1244-1249.

HajSalem Zaineb, Hammami, Mohamed Ali and Mabrouk Mohamed. On the
global uniform asymptotic stability of time varying dynamical systems. Stud.Univ.
B B. Math. 59 no. 1 (2014) 57-67.

H.R. Henriquez, C. Lizama and J.G. Mesquita, Semigroups on time scales and
applications to abstract Cauchy problems, Topological Methods in Nonlinear
Analysis 56 (2020), 83-115.

Abdelfettah Hamzaoui, Nizar Hadj Taieb and Mohamed Ali Hammami, Practical
asymptotic stability for time-varying nonlinear systems, Int. J. Contr. Vol. 97, N.
12, (2024) 2779-2791.

Hammi, M. Hammami, M. A.(2015) Gronwall-Bellman Type Integral In- equalities
and Applications to Global Uniform Asymptotic Stability, Cubo, 17(3) 53-70.

A.E. Hamza and K.M. Oraby, Stability of abstract dynamic equations on time
scales, Adv. Diff. Equ. 15 (vol. 2012), Article ID 143, 15 pages, 2012.

A.E. Hamza and K.M. Oraby, Semigroups of operators and abstract dynamic
equations ontime scales, Appl. Math. Comput. 270 (2015), 334-48.

A. E.Hamza,K. M. Oraby, Characterizations of stability of abstract dynamic equa-
tions on time scales,Commun. Korean Math. Soc, 34(1) (2019), 185-202.

71



[46] Hamza, A.E.; Yaseen, N.A. Hyers—Ulam stability of abstract second-order lin-
ear dynamic equations on time scales. Int. J. Math.Anal. 2014, 8, 1421-1432.
[CrossRef]

[47] Hamza, A.E.; Alghamdi, M.A.; Aljehani, A. On Hyers—Ulam and Hyers—Ulam—
Rassias stability of a second order linear dynamic equation on time scales. Adv.
Dyn. Syst. Appl. 2020, 15, 99—-111.

[48] S. Hilger, Ein MaBkettenkalkil mit Anwendung auf Zentrumsmannigfaltigkeiten,
PhD thesis, Universitat Wirzburg (1988).

[49] S. Hilger, Analysis on measure chain a unified approach to continuous and dis-
crete calculus, Res. Math. 18 (1990) 18-56.

[50] Huang, J., Wen, C., Wang, W., and Song, Y. D. Adaptive finite-time stabilization
of nonlinear systems with unknown parameters and undisturbed disturbances.
IEEE Transactions on Automatic Control, 60(9) (2015) 2394-2400.

[51] Hyers, D.H. On the stability of the linear functional equation. Proc. Natl. Acad.
Sci. USA 1941, 27, 222-224. [CrossRef] [PubMed]

[52] Ignatyev, A. O. Partial asymptotic stability and partial stabilization of nonlinear
systems. Journal of Mathematical Sciences, 162(1) (2009) 71-94.

[53] Jung, S.-M. Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear
Analysis. In Springer Optimization and Its Applications; Springer: New York, NY,
USA, 2011; Volume 48.

[54] Jung, S.-M. Hyers—Ulam stability of linear differential equations of the first-order
(11). J. Math. Anal. Appl. 2005, 311, 139-146.[CrossRef]

[55] Jung, S.-M. Hyers—Ulam stability of linear differential equations of first-order
(). Appl. Math. Lett. 2006, 19, 854—858. [CrossRef]Pinto, M.: Perturbations of
asymptotically stable differential systems. Analysis 4(1-2), 161-175 (1984)

72



[56] H.K. Khalil, Nonlinear systems, 3rd edition. Prentice-Hall: New Jersey, 2002.
[57] Hassan K. Khalil, Nonlinear Systems (3rd ed.). (2015) Prentice Hall.

[58] Li, Y.; Shen, Y. Hyers—Ulam stability of nonhomogeneous linear differential equa-
tions of second order. Int. J. Math. Math. Sci. 2009, 576852. [CrossRef]

[59] Li, Y.; Shen, Y. Hyers—Ulam stability of linear differential equations of second
order. Appl. Math. Lett. 2010, 23, 306—309. [CrossRef]

[60] Liu, X., Stechlinski, P., and Chen, X. Partial stability of time-varying systems
with applications to adaptive control and network synchronization. International
Journal of Robust and Nonlinear Control, 22(14) (2012) 1617-1636.

[61] Martynyuk, A.A.: Foundations and Applications Stability: Theory for Dynamic
Equations on Time Scales. Birkhauser, Boston (2016)

[62] Miura, T.; Takahasi, S.-E.; Miyajima, S. On the Hyers—Ulam stability of the Ba-
nach space-valued differential equation y0 = ly. Bull. Korean Math. Soc. 2002,
29, 309-315.

[63] Miura, T.; Jung, S.-M.; Takahasi, S.-E. Hyers—Ulam—Rassias stability of the Ba-
nach space valued linear differential equations y0 = ly. J. Korean Math. Soc.
2004, 41, 995—-1005. [CrossRef]

[64] Miura, T.; Oka, H.; Takahasi, S.-E.; Niwa, N. Hyers—Ulam stability of the first order
linear differential equation for Banach space-valued holomorphic mappings. J.
Math. Inequal. 2007, 3, 377-385. [CrossRef]

[65] Miura, T.; Takahasi, S.-E.; Choda, H. On the Hyers-Ulam stability of real con-
tinuous function valued differentiable map. Tokyo J.Math. 2001, 24, 467-476.
[CrossRef]

[66] Miura, T. On the Hyers-Ulam stability of a differentiable map. Sci. Math. Jpn.
2002, 55, 17-24.

73



[67] Miura, T.; Miyajima, S.; Takahasi, S.-E. A characterization of Hyers—Ulam stability
of first-order linear differential operators. J.Math. Anal. Appl. 2003, 286, 136—146.
[CrossRef]

[68] B. Neggal, K. Boukerrioua, B. Kilani and |. Meziri, h-stability for nonlinear ab-
stract dynamic equations on time scales and applications, Rendiconti del Circolo
Matematico di Palermo Series 2 (2019), 1-15.

[69] Obtoza, M. Hyers stability of the linear differential equation. Rocz. Nauk. Dydakt.
Pr. Mat. 1993, 13, 259-270.

[70] K.M. Oraby, Asymptotic Behavior of Solutions of Dynamic Equations on Time
Scales, M.SC thesis, Cairo University, 2012.

[71] Oziraner, A. S. On the stability of motion with respect to part of the variables.
Journal of Applied Mathematics and Mechanics, 36(3) (1972). 341-362.

[72] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Applied Mathematical Sciences, vol. 44, Springer, New York, 1983.

[73] M. Pinto, Perturbations of asymptotically stable differential systems, Analysis 4
(1984), 161-175.

[74] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Applied Mathematical Sciences, Springer-Verlag, New York, v. 44,
(1983).

[75] M. Pinto, Perturbations of Asymptotically Stable Differential Systems, Analysis,
vol. 4, no. 1-2, (1984), 161-175.

[76] Peterson, A. C., and Raffoul, Y. N. (2005). Exponential stability of dynamic equa-
tions on time scales. Advances in Difference Equations, (2), (2005) 133-144.

[77] Popa, D. Hyers—Ulam stability of the linear recurrence with constant coefficients.
Adv. Differ. Equ. 2005, 2, 101-107. [CrossRef]

74



[78] Popa, D.; Rasa, I. On Hyers—Ulam stability of the linear differential equation. J.
Math. Appl. 2011, 381, 530-537. [CrossRef]

[79] Christian Potzsche, Stefan Siegmund, Fabian Wirth. A spectral characterization
of exponential stability for linear time-invariant systems on time scales. Discrete
and Continuous Dynamical Systems, 9(5) (2003) 1223-1241.

[80] Rassias, T.M. On the stability of the linear mapping in Banach spaces. Proc. Am.
Math. Soc. 1978, 72, 297-300. [CrossRef]

[81] Rassias, T.M. On the stability of functional equations and a problem of Ulam.
Acta Appl. Math. 2000, 62, 23—130. [CrossRef]

[82] Rus, I.A. Ulam stability of ordinary differential equations. Stud. Univ. Babes Bolyai
Math. 2009, 54, 125—-133.

[83] Rus, I.A. Gronwall lemma approach to the Hyers—Ulam—Rassias stability of an
integral equation. In Nonlinear Analysis and Variational Problems; Springer: New
York, NY, USA, 2010; Volume 35, pp. 147—152.

[84] Shen, Y. The Ulam stability of first-order linear dynamic equations on time scales.
Results Math. 2017, 72, 1881—-1895. [CrossRef]

[85] Shen, Y.; Li, Y. Hyers—Ulam stability of first-order nonhomogeneous linear dy-
namic equations on time scales. Comm. Math. 2019,35, 139-148.

[86] Sun, YG, Hassan, TS: Some nonlinear dynamic integral inequalities on time
scales. Appl. Math. Comput. 220, 221-225,(2013).0.

[87] Ulam, S.M. A Collection of Mathematical Problems. Interscience Tracts in Pure
and Applied Mathematics, No. 8; Interscience Publishers: New York, NY, USA;
London, UK, 1960.

[88] Zada, A.; Shah, S.O.; Ismail, S.; Li, T. Hyers—Ulam stability in terms of dichotomy
of first order linear dynamic systems. Punjab Univ. J. Math. 2020, 49, 37—47.

75



	5e39189459c0ee435c114831bb39039ad0736b4ea4119c2f18d055a4f81ec20d.pdf
	0fd322e4b26e53b12559f54ddfa64b606fe21f7dc87e091416c06eb3eef4e0d2.pdf
	0fd322e4b26e53b12559f54ddfa64b606fe21f7dc87e091416c06eb3eef4e0d2.pdf
	0fd322e4b26e53b12559f54ddfa64b606fe21f7dc87e091416c06eb3eef4e0d2.pdf
	0fd322e4b26e53b12559f54ddfa64b606fe21f7dc87e091416c06eb3eef4e0d2.pdf

	71b82e6bd6c672a1415089dff3488d9444190456e173ca520faab31e9bb5503a.pdf
	5e39189459c0ee435c114831bb39039ad0736b4ea4119c2f18d055a4f81ec20d.pdf
	0fd322e4b26e53b12559f54ddfa64b606fe21f7dc87e091416c06eb3eef4e0d2.pdf
	General Introduction
	Preliminaries
	Basic Notions on Time Scales
	Terminology
	Jump Operators and Point Classification
	Derivatives on Time Scales
	Integration over Time Scales
	Exponential Function

	Fundamental Notions of Stability
	Definitions of Different Types of Stability
	Lyapunov Stability
	Lyapunov Stability on Time Scales

	C0 Semigroups and Their Generators on Time Scales
	Some Important Inequalities

	Qualitative Analysis of Perturbed Dynamic Equations on Time Scales
	Statement of the Problem
	Some Important Inequalities
	Main results
	Applications

	Practical Stability of Parametric Time-Scale Systems via Lyapunov Methods
	Statement of the Problem
	Some Important Inequalities
	Main Result
	Practical Stability via Lyapunov Method
	Practical Stability with Lipschitz Perturbation

	Numerical example

	Existence, Uniqueness and Ulam Stability of Certain Classes of Second-Order Nonlinear Dynamic Equations on Time Scales and Applications
	Statement of the Problem
	Sufficient Conditions for Existence and Uniqueness of Solutions
	Hyers–Ulam Stability Results
	Hyers–Ulam–Rassias Stability

	Conclusions



