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Résumé

Cette these est consacrée a 1’étude de 1’explosion dans le temps et la décroissance
asymptotique de certains systemes hyperboliques. Globalement, cette these est com-
posée de 2 parties principales. La premiere partie est composée de deux chapitres 1 et
2. Dans le chapitre 1, on considére un systeme d’équations d’onde nonlinéaires, avec
un terme d’amortissement dégénéré et un terme fort et nonlinéaire. On démontre ainsi
qu’il y a explosion de la solution dans le temps. Dans le chapitre 2, on considere un
systeme d’équations viscoélastiques nonlinéaires. On démontre cette fois qu’une solu-

tion globale d’un tel systeme n’existe pas.

La seconde partie, quant a elle, est composée de deux chapitres 3 et 4. Les deux sont
simutanément consacrés a 1’étude d’un systeme thermoélastique linéaire en dimension
un de type Timoshenko, dans lequel le flux de chaleur est donné par la loi de Catta-
neo, notons ici que I’itroduction du term de retard dans la contre-réaction ne concerne
que le chapitre 4. Pour cette deuxieme partie, on a obtenu des résultats relatifs a la
décroissance exponentielle pour les solutions classiques et faibles. La preuve que nous
avons établie est basées sur la construction d’une fonction de Lyapunov appropriée et
équivalente a 1’énergie de la solution considérée. Cette fonction vérifie une inequation

différentielle menant au résultat de la décroissance désirée.

Mots clés : Dissipation nonlinéaire, dissipation forte, viscoélasticité, source non linéaire,
solution locales, solution globales, décroissance exponentielle, décroissance polyndmiale,

explosion en temps fini.



Contents

Abstract iv
Acknowledgements v
Introduction 1
I System of damped wave equations 11
1 Blow up of positive initial-energy solutions to systems of nonlinear wave
equations with degenerate damping and source term 12
1.1 Introduction . . . . . . . . . . . . . . . e 12
1.2 Preliminaries . . . . . . . . . . . . . e 14
1.3 Blowupresult. . . . ... ... .. ... 16
2 Global nonexistence of solutions to system of nonlinear viscoelastic wave
equations with degenerate damping and source terms 26
2.1 Introduction . . . . . . . . . . . ... e 26
2.2 Preliminaries . . . . . . . . . . ... e e e 28
23 Blowupresult. . . . ... oL 29
II Stability result of a Timoshenko system 40
3 Stability result of a Timoshenko system in thermoelasticity of second sound 41
3.1 Introduction . . . . . . . . . . . . . .. 41
3.2 Stabilityresult . . . . . ... Lo 44
33 Examples . . . . .. 59
4 A stability result of a Timoshenko system in thermoelasticity of second
sound with a delay term in the internal feedback 61
4.1 Introduction . . . . . . . . . . . . .. 61
4.2  Well-posedness of the problem . . . . . .. ... ... ......... 64
4.3 Exponential stability forpy > . . . o . L0000 70

Bibliography 80

iii



Abstract

This thesis is devoted to study blow up and asymptotic decay for some hyperbolic sys-
tems. The first part of the thesis is composed of two chapters. In chapter 1, we consider
a system of nonlinear wave equations with degenerate damping and strong nonlinear
source terms. We prove that the solution blows up in time. In the chapter 2, we con-
sider a system of nonlinear viscoelastic hyperbolic equations. We prove that the global

solution of such a system at the same time is nonexisting.

The second part of the thesis contains two chapters 3 and 4. We studied a one-dimensional
linear thermoelastic system of Timoshenko type, where the heat flux is given by Catta-
neo’s law, noting that in the chapter 4 we have introduced a delay term in the feedback.
We established several exponential decay results for classical and weak solutions in
one-dimensional. Our technics of proof is based on the construction of the appropri-
ate Lyapunov function equivalent to the energy of the considered solution, and which

satisfies a differential inequality leading to the desired decay.

Keywords: Nonlinear damping, Strong damping, Viscoelasticity, Nonlinear source,

Locale solutions, Global solution, Exponential decay, Polynomial decay, Blow up.
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Introduction

The main aim of this thesis is to study some hyperbolic systems with the presence of
different mechanisms of damping, and under assumptions on initial data and boundary
conditions. Our main goal is to investigate the existence of the solutions and their
behavior when the time evolves. In fact, we prove that under some assumptions on the
parameters in the systems and on the size of the initial data, the solutions can be proved
to be either global in time or may blow up in finite time (i.e. some norms of the solution
will be unbounded in finite time). If the solution are global in time, then the natural
question is about their convergence to the steady state and the rate of the convergence.

The system that we treated here are the following:
The damped wave equation

Let us consider the single wave equation with nonlinear source term and nonlinear

damping term:
Uy — A+ alu™ > u, = blul’u, inQx[0,7T], (1)

where Q is a bounded domain of RN (N > 1), with a smooth boundary dQ and a, b, m

and p are positive constants. We consider the following initial conditions:
u(-x’ 0) = MO(-X)’ ut(-x’ O) = MI(X), X e Q’ > O, (2)
and the boundary condition
u(x, 1) =0, x€oQ, t>0. 3)
The modified energy associated to the problem (1)-(3) is defined as
1 ) 1 ) 1
E(uu,t) = E(0) = 5 [ lw(x,0"dx+ 5 | V(x,0dx —— [ |u(x,nlPdx.  (4)
2 Jag 2 Ja P Ja
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Introduction 2

It is well known that in the absence of the source terms |u|”~2 u, then a uniform estimate
of the form
llee, DIl + [V @, < C, (5)

holds for any initial data (uy,u;) = (u(0),u%,(0)) in the energy space Hé Q) x L* (),
where C is a generic positive constant independent of 7. The estimate (5) shows that
any local solution u of problem (1) can be continued in time when the condition (5) is
verified. This result has been proved by several authors. See for example [32, 39]. On
the other hand in the absence of the damping term |u,|"™2 u,, there exists a finite value

T* such that the solution of (1) ceases to exist and satisfies
lim flu @)ll, = +oo. (6)

The reader is refereed to Ball [7] and Kalantarov and Ladyzhenskaya [36] for more
details. When both terms are present in equation (1), the situation is more interesting.
This case has been considered by Levine in [41, 42], where he investigated problem
(1) in the linear damping case (m = 2) and showed that any local solution u of (1)
can not be continued in (0, c0) X Q whenever the initial data are large enough (negative
initial energy). The main tool used in [41] and [42] is the “concavity method”. This
method has been a widely applicable tool to prove the blow up of solutions in finite time
of some evolution equations. The basic idea of this method is to construct a positive
functional 6 (¢) depending on certain norms of the solution and show that, for some
v > 0, the function 877 (¢) is a positive concave function of z. Thus there exists 7~
such that lim t fT*_Y (t) = 0. Since then, the concavity method became a powerful and
simple tool to prove blow up in finite time for other related problems. Unfortunately, this
method is limited to the case of a linear damping. Georgiev and Todorova [20] extended
Levine’s result to the nonlinear damping case (m > 2). In their work, the authors
considered the problem (1)-(3) and introduced a method different from the one known
as the concavity method. They showed that solutions with negative energy continue to
exist globally ’in time’ if the damping term dominates the source one (i.e. m > p) and
blow up in finite time in the other case (i.e. p > m) provide that the initial energy is
sufficiently negative, that is E£(0) < —A, for some constant A > 0. Their method is based
on the constriction of an auxiliary function L which is a perturbation of the total energy
(4) and satisfies the differential inequality
dL (1)

1+v
— 2¢L (1), (7



Introduction 3

in [0, c0), where v > 0. Inequality (7) leads to a blow up of the solutions in finite time
t > L(0)” & vl provided that L (0) > 0. However, the blow up result in [20] was not
optimal in terms of the initial data causing the finite time blow up of solutions. Thus
several improvement have been made to the result in [20] (see for example [40, 43]. In
particular, Vitillaro in [87] combined the arguments in [20] and [40] to extend the result
in [20] to situations where the damping is nonlinear and the solution has positive initial

energy. That is E(0) < d, for some d > 0 known as the potential well depth.

The result of (1)-(3) have been extended to more general problems. For instance, in

[89], Yang studied the problem

u,; — Au, — div (IVuI”‘_2 Vu) —div (IVutlﬂ_2 Vut)

+a|u, "% u; = blulP~?u,

®)

in Q x (0, 7). with initial conditions and boundary condition of Dirichlet type. He
showed that solutions blow up in finite time 7* under the condition p > max {a, m},
a > f3, and the initial energy is sufficiently negative (see condition (ii) in [89], Theorem
2.1). Messaoudi and Said-Houari [57] improved the result in [89] and showed that the
blow up of solutions of problem (8) takes place for negative initial data only regardless

of the size of Q.

For the system of wave equations, Miranda and Medeiros [60] considered the following
system:

Uy — A+ u— P2 ufu=fi(x

{n P2 b u = fi (%) ©

2
Ve —Av+v—[uf vy = f(x),

in Q x (0,7T). By using the method of the potential well, the authors determined the
existence of a global weak solutions of system (9). Agre and Rammaha [2] studied the
following system:

{ e — Au+ " w, = fi (u,v), (10)

1
Ve —Av+ | v = (),

in Q X (0, T) . With initial and boundary conditions of Dirichlet type and the nonlinear

functions f; (u,v) and f, (u, v) satisfying

fiu,v) = bilu + v V(W + v) + byluf ulv|©*?,
(11)

Fo(u,v) = bylu + v*P* O + v) + by|u| PPy,

They proved, under some appropriate conditions on f; (u,v), f> (i, v) and the initial data,

several results on local and global existence, but no rate of decay has been discussed.
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They also showed that any weak solution with negative initial energy blows up in finite
time, using the same techniques as in [20]. Recently, the blow up result in [2] has
been improved by Said-Houari [77] by considering certain class of initial data with
positive initial energy. Subsequently, the paper [77] has been followed by [79], where
the author proved that if the initial data are small enough, then the solution of (10) is
global in time and decays with an exponential rate if m = r = 1 and with a polynomial
rate like r~2/™ax0m0=1 if max (m,r) > 1. See also the recent work by Rammaha and

Sakuntasathien [74]. In [55], the authors considered a nonlinear viscoelastic system

t
Uy — Au+ / g(t—s)rulx,s)ds + lul"" u, = fi (u,v),
° (12)

t
Vg — AV + / h(t—s)av(x,s)ds+ v v, = H(u,v),
0

where x € Q, t > 0 and fi(u,v) and f>(u,v) are as in (11). They proved a global nonex-
istence theorem for certain solutions with positive initial energy. As the main tool of the
proof, they used the method applied in [77]. The global existence and decay rate of so-
lution of system (12) has been investigated by Said-Houari, Messaoudi and Guesmia in
[78], where they studied the nonlinear viscoelastic system (12). They proved a general
decay rate of the solution under certain restrictions imposed on the linearity of damping,
source terms and for certain class of relaxation functions. They found that the rate of

decay of the total energy depends on the rate of decay of the relaxation functions.

We briefly mention that our main results in this part are as follows:

Chapter 1. Throughout this chapter we investigated a system of nonlinear wave equa-
tions with degenerate damping and source terms supplemented with the initial and
Dirichlet boundary conditions. Our result extends the work in [74] and proved a
blow up result by allowing our initial energy to have positive values whereas only
negative values of initial energy have been treated in [74]. The main tool of the
proof is based on a method used in [87] developed in [59, 77]. This result has
been published in the paper [8].

Chapter 2. The whole chapter is devoted to the study of the system of nonlinear vis-
coelastic hyperbolic equations with degenerate damping and source terms supple-
mented with initial and Dirichlet boundary conditions. This has been investigated
by Rammaha and Sakuntasathien [74] in the case where the initial energy is neg-
ative E(0) < 0. Moreover, a global nonexistence result on a solution with positive

initial energy for a system of viscoelastic wave equation with nonlinear damping
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and source terms was obtained by Messaoudi and Said-Houari [55]. Our result
extends these previous results where we proved a global nonexistence of the solu-
tions of a system of wave equations with viscoelastic term, degenerate damping,
and strong nonlinear sources acting in both equations at the same time, provided
that the initial data are sufficiently large. The main tool of the proof was based on
methods used by Vitillaro in [87] and developed by Said-Houari [77]. This result
has been published in the paper [71].

The Timoshenko systems

The study of Timoshenko systems started in 1921 in the work of Timoshenko [86] where

he considered the coupled hyperbolic equations

PP = (K(SDX - '70)))6, in (0’ L) X (O’ +OO)
Ly = (EIY ) + K(px — ), 1n (0, L) X (0, +00),

(13)

where ¢ denotes the time variable, x is the space variable along the beam of length L,
in its equilibrium configuration, ¢ is the transverse displacement of the beam and ¢ is
the rotation angle of the filament of the beam. The coefficients p, I,, E,I and K are,
respectively, the density (the mass per unit length), the polar moment of inertia of a
cross section, Young’s modulus of elasticity, the moment of inertia a cross a section,
and the shear modulus.

System (13), together with boundary conditions of the form
Elp 55=0,  K@.—¢)[5=0

is conservative, and thus the total energy is preserved, as time goes to infinity. Sev-
eral authors introduced different types of dissipative mechanisms to stabilize system
(13), and several results concerning uniform and asymptotic decay of energy have been
established.

Kim and Renardy [37] considered (13) together with two boundary controls of the form

Ky(L,t) — Ko (L, t) = ap(L,t), Yt>0
Ely . (L,t) = =Bg,(L,t), VYt>=0

and used the multiplier techniques to establish an exponential decay result for the to-

tal energy of (13). They also provided numerical estimates to the eigenvalues of the
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operator associated with system (13). Raposo et al. [75] treated the following system:

{ 100 — K(@x —0)s + ¢, = 0, in (0, L) x (0, +o0) "

P2 = b + K(@r =) + 4, = 0, in (0, L) X (0, +00)

with homogeneous Dirichlet boundary conditions and two linear frictional dampings,
and proved that the associated energy decays exponentially. Soufyane and Wehbe [83]
showed that it is possible to stabilize uniformly (13) by using a unique locally distributed

feedback. They considered

Pen = (K(@x = ¥))x, in (0, L) X (0, +c0)
Iy = (EIy)x + K(ox — ) — by, in (0, L) X (0, +0) 15)

©0,6) =@(L,t) =¥ (0,t) =y(L,t) =0, Vt>0,

where b is a positive and continuous function, which satisfies
b(x)>by>0, VYx € lag,a1] C[O0,L].

In fact, they proved that the uniform stability of (15) holds if and only if the wave

speeds are equal (% = %), otherwise only the asymptotic stability has been proved.
P
Also, Muioz Rivera and Racke [62] studied a nonlinear Timoshenko-type system of

the form

{ P19y — 0 1(@xs ) =0
pzwtt _X(wx)x + O-Z(Qoxa lﬁ) + d‘pt =0

in a one-dimensional bounded domain. The dissipation is produced here through a fric-
tional damping which is only present in the equation for the rotation angle. The authors
gave an alternative proof for a necessary and sufficient condition for exponential stabil-
ity in the linear case and then proved a polynomial stability in general. Moreover, they
investigated the global existence of small smooth solutions and exponential stability
in the nonlinear case. Concerning the Timoshenko system with viscoelastic damping,
Ammar-Khodja et al. [4] considered a linear Timoshenko-type system with memory of

the form



Introduction 7

p1on — Kl + ), =0
: (16)
leptt - blﬂxx + /0 g(t - S)l/’xx(s)ds + K(‘;Dx + l//) = 0

in (0, L) x (0, +o0), together with homogeneous boundary conditions. They used the

multiplier techniques and proved that the system is uniformly stable if and only if the
b
0
exponential decay if g decays in an exponential rate and polynomially if g decays in a

wave speeds are equal (,0£| = ) and g decays uniformly. Precisely, they proved an

polynomial rate.

Messaoudi and Mustafa [47] improved the results of [4] and [25] by allowing more
general decaying relaxation functions and showed that the rate of decay of the solution
energy is exactly the rate of decay of the relaxation function. Also, Mufoz Rivera and
Fernndez Sare [66], considered Timoshenko type system with past history acting only

in one equation. More precisely they studied the following problem:

P19y — Ko, + ), =0,

00 (17)
prtt - blpxx + / g(l‘)lﬁ”([ -9, )dS + K((Px + lﬁ) =0,

0

together with homogenous boundary conditions, and showed that the dissipation given
by the history term is strong enough to stabilize the system exponentially if and only
if the wave speeds are equal. They also proved that the solution decays polynomially
for the case of different wave speeds. This work was improved recently by Messaoudi
and Said-Houari [46], where the authors considered system (17) for g decaying polyno-
mially, and proved polynomial stability results for the equal and nonequal wave-speed
propagation under conditions on the relaxation function weaker than those in [66]. The
case of g having a general decay has been studied in [28-30] for Timoshenko-type and
[27,31] for abstract systems, where a general relation between the growth of g at infinity

and the decay rate of solutions is explicitly found in terms of the growths at infinity.

For the Timoshenko systems in thermoelasticity of type III, we have the recent papers
of Messaoudi and Said-Houari [48, 52] in which the authors proved several stability re-

sults. More precisely, in [48], they investigated the asymptotic behavior of the problem

p1ey — K (g + ), =0,
prtt _blpxx"'k(gox"i'lﬁ) +ﬁ9x = Oa (18)
p39ﬂ — 00, + yl,l’ttx - ketxx =0,
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in (0, +00) X (0, 1) and proved an exponential decay result similar to the one in [61]. We
recall that the heat conduction in (18) is given by Green and Naghdi’s theory. The same
problem (18) with an additional damping of history type of the form

/wg(S) Y (x, 1= 5)ds, (19)
0

acting in the second equation has been analyzed in [52]. The authors of [52] proved
an exponential and polynomial stability results for the equal and nonequal wave-speed
propagation under conditions on the relaxation function g weaker than those in [53] and
[66]. For the general stability of (18) with (19), see [28].

For Timoshenko systems in classical thermoelasticity, Mufioz Rivera and Racke [61]

considered
P19 — 0 (@, 0), =0 in (0, L) X (0, +oc0)
P — bl + k(px + ) +y0, =0 in (0, L) X (0, +o0) (20)
P36 — kO + Y = 0 in (0, L) X (0, +o0)

where ¢, ¥ and 6 are functions of (x, #) which model the transverse displacement of the
beam, the rotation angle of the filament, and the difference temperature respectively.
Under appropriate conditions of o, p;, b, k, y, they proved several exponential decay re-
sults for the linearized system and a non exponential stability result for the case of
different wave speeds. We recall here that the heat flux given by Cattaneo’s law is
weaker than the one given by Fourier’s law, for this motive, the removal of the paradox
of infinite propagation speed rooted in Fourier’s law by changing to the Cattaneo’s law
destroys some times the exponential stability property, see [18]. Consequently, in order

to stabilize such a system, some dissipative mechanisms must be added to the system.

Modeling heat conduction with the so-called Fourier law (as in (20)), which assumes

the flux g to be proportional to the gradient of the temperature 6 at the same time ¢,

q + «Ve, (k > 0),

leads to the phenomenon of infinite heat propagation speed. That is, any thermal dis-
turbance at a single point has an instantaneous effect everywhere in the medium. To
overcome this physical problem, a number of modifications of the basic assumption
on the relation between the heat flux and the temperature have been made. The com-

mon property of these theories is that all lead to hyperbolic differential equation and
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the speed of propagation becomes limited. See [14] for more details. Among them

Cattaneo’s law,

79, +q+«V0 =0, (t > 0, relatively small),

leading to the system with second sound, [49, 73, 84] and a suggestion by Green and
Naghdi [22, 24], for thermoelastic systems introducing what is called thermoelasticity

of type III, where the basal equations for the heat flux is characterized by

qg+K'p,+kVe =0, (k>k>0, p,=0).

Messaoudi et al. [50] studied the following problem:

P1¢1 — 0 (@ ) + pp, = 0,
p2¢’tt - b(ybxx + k(gpx + l/’) +:86x = Oa

30 + vqx + oY = 0,

T0q; + q + kb, = 0,

where (x,7) € (0,L) X (0,00) and ¢ = ¢(x, 1) is the displacement vector, ¥ = ¥ (x, 1) is
the rotation angle of the filament, 6 = 6(x, ¢) is the temperature difference, ¢ = g(x, 1) is
the heat flux vector, p1, p2, p3, b, k, v, 0, k, 1, T are positive constants. The nonlinear

function o is assumed to be sufficiently smooth and satisfy
0,.(0,0) = 0y4(0,0) = k

and
0'%%(0, O) = O'%,l/,(o, 0) = O-AWI =0.

Several exponential decay results for both linear and nonlinear cases have been estab-
lished.

Concerning the Timoshenko system with delay, the investigation started with the paper

[76] where the authors studied the following problem:

P19 (x, 1) — K (o + ), (x,1) = 0,
(21

P2 (X, 1) = D (X, 1) + K (@ + ) (X, 8) + pif; (x, 1) + poi, (x, = 7) = 0.

Under the assumption y; > u, on the weights of the two feedbacks, they proved the
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well-posedness of the system. They also established for u; > p, an exponential decay

result for the case of equal-speed wave propagation, i.e.

X = ﬁ (22)
P P2

Subsequently, the work in [76] has been extended to the case of time-varying delay of
the form ¢, (x, t — 7(¢)) by Kirane, Said-Houari and Anwar [38]. The case where the
damping w1y, is replaced by (19) (with either discrete delay u,y, (f — 1) or distributed
one fom f ()Y, (t—s)ds) has been treated in [30] (in case (22) and the opposite one),

where several general decay estimates have been proved.

Our main results in this part can be summarized as follows:

Chapter 3. In this chapter we studied a one-dimensional linear thermoelastic system
of Timoshenko type, where the heat flux is given by Cattaneo’s law, see for exam-
ple [50]. We consider damping terms acting on the second equation and we es-
tablish a general decay estimate without the usual assumption of the wave speeds.
Our method of proof uses the energy method together with some properties of
convex functions. The advantage here is that from our general estimates we can
derive the exponential, polynomial or logarithmic decay rate. We also give some

examples to illustrate our result.

Chapter 4. In this chapter we consider a one-dimonsional linear thermoelastic system
of Timoshenko type with delay term in the feedback. The heat conduction in given
by Cattaneo’s law. Under an appropriate assumption between the weight of the
delay and the weight of the damping, we proved a well-posedness result. Further-
more an exponential stability result has been shown without the usual assumption
on the wave speeds. To achieve our goals, we made use of the semigroup method

and the energy method. This work has been recently published in [70].
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System of damped wave equations
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Chapter 1

Blow up of positive initial-energy
solutions to systems of nonlinear wave
equations with degenerate damping

and source term

1.1 Introduction

Some special cases of the single wave equations with nonlinear damping and nonlinear

source terms in the form
Uy — A+ alu™ u, = bl u (1.1)

arise in quantum field theory which describe the motion of charged mesons in an electro-
magnetic filed. Equation (1.1) together with initial and boundary conditions of Dirichlet
type has been extensively studied and results concerning existence, blow up and asymp-
totic behavior of smooth, as well as weak solutions, have been established by several
authors over the near past decades. The study of single wave equation with the presence
of different mechanisms of dissipation and for more general forms of nonlinearities has
been extensively studied and results concerning existence, nonexistence and asymptotic
behavior of solutions have been established by several authors and many results ap-
peared in the literature over the past decades. See [1, 6, 20, 35, 40, 55, 59, 77] and

references therein. In this work, we consider the following system of nonlinear wave

12



Blow up of positive initial-energy solutions to systems of nonlinear wave equations 13

equations with degenerate damping and strong nonlinear source terms:

k I -1
= su+ (ar lul* + ay ) ™™y = fi (),
(1.2)
6 ) —1
vie = v+ (a3 + ag lul”) vl v = £ ),

where m,r > 0, k,[,6,9 > 1 and the two functions f; (u,v) and f, (u, v) are given by

(1.3)

{ fi (u,v) = as lu+ v (u+v) + ag |ulf u v

o, v) = aslu+ v (w+v) + ag [ul > vvP,

with p > —1. In (1.2), u = u(x,t), v = v(x,t), where x € Q is a bounded domain of
RY, (N > 1) with a smooth boundary Q and t > 0, a; > 0,i = 1,...,6. System (1.2) is

supplemented with the following initial conditions:
@ (0), v(0)) = (uo,vo), (u:(0), v:(0)) = (uy,v1), x€Q (1.4)
and boundary conditions
ux)=vx)=0, x € 0Q. (1.5)

To motivate our work, let us recall some related results. Concerning the system of wave

equations, Miranda and Medeiros [60] considered the following system

{ uy — A+ u— WO [l u = fi (%), 1.6)

Vi = Av +v = U PP v = f (0,

in Q X (0, 7). Using the method of potential well, the authors determined the existence
of weak solutions of system (1.6). In [2], Agre and Rammaha studied the following

system:

{ Uy — AU+ |ut|m_1 u, = fi (wu,v), (1.7)

—1
Ve — AV + vl v = (),

in Q X (0, T') with initial and boundary conditions and the nonlinear functions f; and f,
satisfying appropriate conditions. They proved, under some restrictions on the param-
eters m, r and the initial data, the existence of a weak solution. They also showed that
any weak solution with negative initial energy blows up in finite time using the same

techniques as in [20].

In [77], Said-Houari considered the same problem treated in [2], and he improved the

blow up result for a large class of initial data in which the initial energy can take positive
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values.

Recently, in [74] Rammaha and Sakuntasathien focused on the global well-posedness
of the system of nonlinear wave equations (1.2). They proved that weak solutions blow
up in finite time whenever the initial energy is negative and the exponent of the source

term is greater than the exponents of both damping terms.

In this chapter, we prove that the blow up result can still be proved even for some

positive values of the initial energy and we extended the result in [74].

In Section 1.2, we introduce and present some notations and prepare some material
needed for our proof. In Section 1.3, we state and prove our main result, where we
prove that, under some restrictions on the initial data and (with positive initial energy)
for some conditions on the functions f; and f,, the solution of problem (1.2)—(1.5)

blows up in finite time as stated in Theorem 1.6.

1.2 Preliminaries

In this section, we introduce some notations and some technical lemmas to be used
throughout this chapter. The constants ¢;, i = 0, 1,2, ..., used throughout this chapter are
positive generic constants, which may be different in various occurrences. We introduce

the “modified” energy functional E associated to our system

1 1
E(N=E@tu(),v() = §(||ut||§+||vt||§)+EJ(u,v)— / F (u,v)dx.
Q
| N -
= 5 (el + Vi) + T (e, v). (1.8)
where
J (u,v) = |Vull; +[VV}3 (1.9)
and .
J(u,v) = E(||vu||§+||Vv||§)—/F(u,v)dx, (1.10)
Q

such that fQ F (u,v)dx is defined in Lemma 1.1.

Let us point out that the integral fQ F (u,v)dx in (1.8) makes sense because Hé Q) —
L*P*2 (Q) for

“1<p itN = 1,2,
(1.11)

-l<p< i ifN 23
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It is very easy to prove this lemma

Lemma 1.1. There exists a function F (u,v) such that, for all (u, v) € R?,

1
Fu,v) = m[uﬁ (u,v) +vf (u,v)],

1
2(p +2)

|as i+ VP2 + 2a | > 0,

where oF oF
5 = fl (u,V),E = fZ(M’V)'

Lemma 1.2. [77] There exist two positive constants cy and c; such that

Co

m (|u|2(p+2) + |V|2(‘0+2)) < F(I/t, V) <

1 2(p+2) 2(p+2)
56:50m + v y (1.12)

We take a; = 1(i = 1, ..., 6) for convenience. The following technical lemma will play
an important role in the sequel and has been first proved in [77]:

Lemma 1.3. Suppose that (1.11) holds. Then there exists n > 0 such that for any
(u,v) € Hé (Q) % Hé(Q) the inequality

et + VIR0 + 2luvll: < n (T, vy (1.13)

holds.

Proof. 1t is clear that by using the Minkowski inequality we get

2 2 2
||z + V”z(p+2) < 2(||u||2(p+2) + ||V||2(p+2))~

Also, Hélder’s and Young’s inequalities give us

2 2
luvllpray < llullapra)l Iy < clVully + 1IVVI)

A combination of the two last inequalities and the embedding H,(Q) < L***?(Q) give
us (1.13). O

Lemma 1.4. Let v > 0 be a real positive number and L be a solution of the ordinary

differential inequality
dLO) 1,
T >ELT(1) (1.14)
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defined in [0, o).
If L(0) > 0, then the solution ceases to exist for t > L(0)" & y7!,

Proof. Direct integration of (1.14) gives:
L7@0)- L7 () = évt,
Thus we obtain the following estimate:
L' (1) > [L” () —&v] . (1.15)
It is clear that the right-hand side of (1.15) is unbounded when
Evt=L"(0).

This completes the proof of Lemma 1.4. m|

In the following lemma, we show the that the total energy of our system is a non-

increasing function of ¢, thus, we have.

Lemma 1.5. Suppose that (1.11) holds. Let (u,v) be the solution of the system (1.2)-

(1.5), then the energy functional is a non-increasing function; that is, for all t > 0,

dE (1)
dr

- / (1w ) + v OF) e, ()" dx — / (v @I + @) v, ) dx - (1.16)
Q Q

The proof of the above lemma can be simply done by multiplying the first equation
in (1.2) by u, the second equation by v, using the integration by parts and adding the
obtained results, then (1.16) holds.

1.3 Blow up result

Our main result reads as follows:

Theorem 1.6. Suppose that (1.11) holds. Assume further that

20+2)>maxk+m+ 1, l+m+1,0+r+1,0+r+1). (1.17)
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Then any solution of problem (1.2)—(1.5) with initial data satisfying

1
(IVuol3 +IVol3)* > @1, and  E(0) <E,
blows up in finite time, where the constants a; and E; are defined as

2(p12) ‘p+? ! ! 2 1.18
B = +2) = B r+l E =|-—-——]ai, )
n a; 1 (2 2( +2))a/1 ( )

where 1 is the optimal constant given in (1.13).

The following lemma is very useful to prove a blow up result. It is similar to the one in
[77].

Lemma 1.7. [77] Let the assumption (1.11) be fulfilled. Let (u,v) be a solution of
(1.2)-(1.5). Assume further that E (0) < E, and

1
(IVuol3 + 1Vvol13)* > ar. (1.19)

Then there exists a constant a, > a; such that

1
(V3 + 199113)? > an, (1.20)
and )
[l + VIBES) + 20yl 3] > Bay, Vi 2 0. (1.21)

Proof of Theorem 1.6. We suppose that the solution exists for all time and we reach to

a contradiction. For this purpose, we put
H()=E —-E(@). (1.22)
By using (1.8) and (1.22) we get
H (1) = /Q (1 OF + v @)l )" dx

+ / (v O + @) v, ()" dx.
Q
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From (1.16), it is clear that, for all # > 0, H’ () > 0. Therefore

0 < HO)<H(®)
1
= Ev =5 (ludfy + vl + [IVull3 + 19vI3)

—+

[lle + VIBETS) + 2lluvlt?3] - (1.23)

1
2(p +2)

From (1.8) and (1.20), we obtain, for all > 0,

1 2 2 1 2p+2) p+2
Ey = 5 (IVull + 19vI5) + 5 0FD [l + vIBES) + 2l
1 2 1 2(p+2) o+2
< Bi-30+ 505 [l + VIS + 2l
_ 1 > 1 20+2) p+2
= 5% 3613 [l + vI3ES) + 2Nl ]
Co 2(p+2) p+2
< 354D [l + VIRETS) + 23] -
Hence,
c
0<HO) <H®) <7 ir 5 5535 + vl . ve > 0. (1.24)
We then define
L@ =H""@)+ 8/ (wau; +v.vy) (x, 1) dx, (1.25)
Q

for € small to be chosen later and

20+3—(k+m) 2p+3—(+m)

0 < O'Smin{

2m(p+2) = 2m(p+2)
20+3—-(0+r) 20+3-0+r) 20+2 (1.26)
2r(p+2) 7 2r(p+2) “4(p+2) '
Our goal is to show that L (¢) satisfies a differential inequality of the form
dL(t
aLw EL™ (1), (1.27)

dt
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defined in [0, o), with v > 0. By taking a derivative of (1.25) and equations (1.2), we

obtain
L@ = A-c)HOH &)+ (lul + vi3) - & (IVull} + [IVvI3)
& / u(ju OF + v O ™" wdx (1.28)
Q
—& / v(Iv OF + @) vl vidx
Q
—s/ (ufi (u, v) +vfy (u, v))dx.
Q
By exploiting (1.8) and (1.22), the equation (1.28) takes the form
Lt = (1-a)H @ H (t)+2&(|lul}3 + [vil}3)
—& / u(ju OF + v @) " wdx (1.29)
Q

& / v(IvOF + @) vl vida
Q

2(p+2 2
)(Ilu + Vo) + vl s3) + 28H (1) - 26E,.

1
1-
+8( (0 +2)
Then using (1.21), we obtain

L@ = (1-0)H @) H )+ 28 (llull; + Ivil3)

s+ luvlP33) + 22H (1)

+ecs (Ilu + V||2(p+2) 12

& / u (e )F + v ) " (1.30)
Q

& / (VP +lu @) vl vidac
Q

where ¢z = 1— P} -2F, (Baz)_z(’”z) . From the definition of E;, a; and since a» > «;,

we deduce c; > 0. That In order to estimate the last two terms in (1.30) we make use of

the following Young’s inequality:

0°Xe §PYP
< +

XY < ;
@ B

1 1

where X, Y > 0,6 > 0, and a, 8 > 0 such that — + B = 1. Consequently, we get, for all
a

01 >0,

m+1
|u|ut|m—1 ut| S 1 |u|m+1 +
m+1 m+1

m m+1
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and therefore

/ (I ) + v OF) Ju " 0| dx
Q

m+1

/ (e OF + Iy O ™" dx (131)
Q

m+1

g, / (I OF + v @) ™" .
Q

m+1!
Similarly, for all 6, > 0,

r+1
2 |v|r+1 r

|V|Vt|r_1 Vt| < r+1
r+1 r+1

& vl

which gives

/ (VO + 1 OF) v ol v dx
Q
r+1

< /Q (v @I + @) v dx (1.32)

.
r+1

+

6;(r+1)/"/ (lv (l_)lg + |M (l_)lﬂ) |Vz|r+1 dx.
Q
Inserting the estimates (1.31), (1.32) into (1.30), we obtain

L@ 2 A=c)HOH ) +2&(lul + IvB)

+acs ([l + ViR + luvl)3) + 28H (1)

2(p+2)
6m+1
e / (I ) + v @) jul™" dx
m+1 Jq
—e—L g Dim / (le ) + v @) ™" dx (1.33)
m+1 o
o / (v @I + @) ™" dx
r+1 Jo
r o —+/r AN
—e——6,"" /Q (v @I + @) v dx.

Let us choose ¢; and 6, such that

5, "M = MiH (1), 6,V = MyH™ (1), (1.34)
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for M, and M, large constants to be fixed later. Thus, by using (1.34), the inequality
(1.33) then takes the form

L@ > (1-0)-Me)H () H (1) + 2 ()3 + Iv113)

+ac ([l It + IV (Ol + 22H (1) (1.35)

—eM;"H™" (1) / (I OF + W @) ™" dx
Q

~eMy"H" (1) / (VP + @) b d,
Q

where M = m/(m+ 1) M, + r/ (r + 1) M, and ¢, is a positive constants. Consequently

we have

/ (lu OF + v @) ™" dx = |ullfTo} + / vl ™" dx (1.36)
Q Q

and

/ (V@F + O ) dax = [Vl + / ul? o™ dx. (137)
Q Q

Also by using Young’s inequality, we have

l m+ 1
1 m+1 (l+m+1)/l [+m+1 —(l+m+1)/(m+1) I+m+1
L e L RS e i
9 r+1
5 r+l1 (19+r+1)/19 J+r+1 —(O+r+1)/(r+1) J+r+1
P e L R T I
Consequently,
om k I m+1
H (t)/(lu(t)l +IV(t)|)|u| dx
l
k 1 I 1)/1 I 1
= H™ () lullnt) + l+m—+15§ D™ @) (vl (1.38)
m+1  _melymsl m+1
l+m+161( DD T8 Nl
and
H (1) / (v @I + @) v dx
Q
ﬂ J+r+1
0 1 9 1
= H7 ) |Vllgsii + m% 7 HT (@) |l (1.39)
(O+r+1)
r+1 - Srsl
frerere | HT O
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Since (1.17) holds. By using (1.26), we obtain

H™ (£) ”u”k+m+1 < cs (”u”20'm(p+2)+k+m+l I ||v||2(rm(p+2) ”M”k+m+l) ’

k+m+1 2(0+2) 2(p+2) ferm+1 (1.40)
O+r+1 201 (p+2)+6+r+1 20 (p+2) |p. 11641+ '
H () IMI551 < c6 (V0™ + Nl Ivllgers) -
This implies
I+m+1
! l+m+1
01 O HT OV
I+m+1
. 1 5+ﬂl’+ (“ o2l |y domipsd) ||1+m+1)
S % Vibp+2) Ulrproy  Wliemr1 )
(1.41)
I+r+l
) 5.7 H(Tr(t)”u”ﬂ+r+l
P+r+l 72 Sarsl P+r+l
+r+
<6 1; (” ||20'r(p+2)+19+r+1 +”v”20-r(p+2)” ||,9+r+1)
= 855192 Ul p+2) 2p+2)  Mllgsriy )

for some positive constants cs, cg, ¢7 and cg. By using (1.26) and the algebraic inequality
1

ZVS(Z+1)S(1+—)(Z+LZ), ¥z>20,0<v<1, a>0, (1.42)
a

we have, for all ¢ > 0,

||u||20'm(p+2)+k+m+1 Sd(lll/t||2(p+2)_f_Ii(O)) Sd(||l/l||2(p+2)+H(l')),

2(p+2) 2(p+2) 2(p+2)
v v v (1.43)
Moy < d (IMBE) + H (8)), Yt 2 0,
where d = 1 + 1/H (0) . Similarly,
MG < d (vl + H (0) < d(Ivlistrs) + H (1)),
(1.44)

2 2 1 2(p+2
lullog G < d (lullyrs) + H ()., Ve 2 0.

Also, since
X+Y)<CX+Y, X,Y>0, s>0, (1.45)
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by using (1.17), (1.26) and (1.43) we conclude

2(p+2)—(k+m+1)

2 +2) k 1 Y 2 +2) k 1
My el < 1Q1 209 ™ [ull5rs) (1.46)
2(p+2)—(k+m+1) Lo 2p+2)
I v e +
= Q2D VIS, s,
2p+2)~(htm1) 2om(p+2)+k+m+1 2om(p+ 2kt 1 2P+
< QT 20D | My T Dl
s € WVlyp42) € U2
2(p+2) 2(p+2)
< o (VB + lullzers) . (1.47)
where
o= 20m(p +2) and o = k+m+1 ’
20m(+2)+k+m+1 20m(+2)+k+m+1
Similarly,
201(p+2) O+r+1 2(p+2) 2(p+2)
lallogr ™ VGt < cro (lullsra) + IMEss)) (1.48)
2 +2) 1 1 2(p+2) 2(p+2)
a5 il < enr (lullsons) + Vi) (1.49)
and
2 +2) 9 1 2(p+2) 2(p+2)
M0y > My rt < ena (IVIBEE) + llul5E03) - (1.50)

Taking into account (1.38)—(1.50), then, (1.35) takes the form

L@ > (1-0)-Me)H (1) H (1) + 2¢ (lull3 + IvilE)

l+m+1 _(4m+1)
+s[2—CMf’”(1+ﬁ51 oyl mil )
+r+l _@+r+D)
- CMz_r(l + om0, | e, ]}H(l)
I+m+1 _(l+m+l)
+e [04 —CM;’”(l + =6, |+ L )

G+r+l @+r+l)
]] (1.51)

_CMz—r(1+ 3 62 9 + r+1 6_ r+1

G+r+1 F+r+l 72
2(p+2) 2(p+2)
X (lull5os) + IvBbess) -

At this point, and for large values of M, and M,, we can find positive constants A; and
A, such that (1.51) becomes

L' = ((1-0)=Me)H (0)H (1) + 26 ([l + Ivil}5)

+eh; (Il @l + v OIh01) + AsH (7). (1.52)
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Once M, and M, are fixed (hence, A; and A,), we pick € small enough so that (1 — o) —
Me > 0 and
L) =H"7(0)+ 8/ [uo.u; + vo.vi]dx > 0.
o)

Consequently, there exists I' > 0 such that (1.52) becomes

L' (8) 2 &L (H () + i3 + vill3 + 575 + IvIBess) - (1.53)

Thus, we have L(¢) > L(0) > 0, for all # > 0. Next, by Holder’s and Young’s inequali-
ties, we estimate

1

(/ u.u[(x,t)dx+/v.vt(x,t)dx)l_g
Q Q

T s T s
< c3 (||M||21(;(12) + lludlly ™ + VIl T) + ||Vz||21_(r) , (1.54)

1 1 2
for —+ — = 1. We takes s = 2(1 — o) to get LI . By using (1.26) and
o

T S 1-0 1-2
(1.42) we get
2

120 2(p+2)
lall 325, < d (lullyers) + H (1)),

n
and s

120 2(p+2
M2, < d(IMBET) + H (1)), Vi > 0.

Therefore, (1.54) becomes

1

(/ u.u,(x,t)dx+/v.vt(x,t)dx)l_(r
Q Q

2(p+2 2(p+2
< e (Il + MBS + llwd3 + vl + H (), ¥ 2 0. (1.55)

Also, by noting that

1

Lﬁ (1) (Hl_” () + 8/ (u.u, +v.v,) (x,1) dx)(l_cr)
Q

IA

1
cis [H(t)+ / ety (e 1) + vy, (x, ) dx “_”)] (1.56)
Q

IA

2(p+2) 2(p+2) 2 2
cio [H (@) + ullo 1) + VIS + 3 + lIvil] . Ve > 0,
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and combining with (1.56) and (1.53), we arrive at

€
-0

L (t) > agL-o (1), Yt > 0. (1.57)

Finally, a simple integration of (1.57) gives the desired result. O



Chapter 2

Global nonexistence of solutions to
system of nonlinear viscoelastic wave
equations with degenerate damping

and source terms

2.1 Introduction

In this chapter, we consider the following system of viscoelastic wave equations with

degenerate damping and strong nonlinear source terms:

t
ty = A+ / g(t =) Au(x, s)ds + (alul + bW ) " u, = fiu,v),
0

2.1
t
Vi — Av + / h(t =) Av(x, s)ds + (c M +d ) vl v = Huv),
0
where m,r > 0, k,[,6,0 > 1 and the two functions f; (u,v) and f> (u, v) given by
i, v) = aylu + VPP D+ v) + by |uf ulv| P>
2.2)

Lo, v) = arlu+ v O +v) + by 2y, ay, by > 0,

where p > —1. In (2.1), u = u(x,t), v =v(x,t), where x € Q is a bounded domain of

RY, (N > 1) with a smooth boundary dQ and ¢ > 0, a, b, c,d > 0.

26
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System (2.1) is supplemented with the following initial conditions

(u(0), v(0)) = (uo, vo), (u:(0), vi(0)) = (uy,v1), x € Q (2.3)

and boundary conditions
u(x) =v(x) =0, x € 0Q. 2.4)

This type of problems arise usually in viscoelasticity and it has been considered first by
Dafermos [15], where the general decay was discussed. A related problems to (2.1) have
attracted a great deal of attention in the last two decades, and many results have been
appeared on the existence and long time behavior of solutions. See in this directions
([9-12, 33, 53, 54, 72]) and references therein.

In the absence of viscoelastic term, some special cases of the single wave equations

with nonlinear damping and nonlinear source terms in the form
Uy — Au+ alu " u, = blul’ u (2.5)

arise in quantum field theory which describe the motion of charged meson in an electro-
magnetic field. Equation (2.5) together with initial and boundary conditions of Dirichlet
type has been extensively studied and results concerning existence, blow up and asymp-
totic behavior of smooth, as well as weak solutions, have been established by several

authors over the past decades.

The study of single wave equation with the presence of different mechanisms of dissipa-
tion, damping and nonlinear sources has been extensively studied and results concerning
existence, nonexistence and asymptotic behavior of solutions have been established by
several authors and many results appeared in the literature over the past decades. See
([6, 20, 35, 40, 55, 58, 77]) and references therein.

In the work [55], authors considered the nonlinear viscoelastic system:

t
Uy — Au + / g(t — $)Au(x, )ds + lu ™" u, = fi (u,v),
0 ,xeQt>0 (2.6)

t
Vi — Av + / h(t — $)Av(x, $)ds + [v,| " v, = L w,v),
0

where
fi(u,v) = alu + VPO (1 + v) + blulPulv|e*?
2.7)
H(u,v) =alu+ VPO Dy + v) + blu| PPy,
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and they proved a global nonexistence theorem for certain solutions with positive initial

energy. The main tool of the proof is a method used in [77].

Concerning the study of decay of solutions of systems of evolution equations, let us
mention the work of Said-Houari, Messaoudi and Guesmia, in [78], where they treated
the nonlinear viscoelastic system in (2.6) and under some restrictions on the nonlinearity
of the damping and the source terms, they proved that, for certain class of relaxation
functions and for some restrictions on the initial data, the rate of decay of the total

energy depends on those of the relaxation functions.

In this Chapter, we consider system (2.1) and proved a global nonexistence result of the

solution. We extended to result in [55] to the more general problem (2.1).

2.2 Preliminaries

In this section, we introduce and present some notations and some technical lemmas to

be used throughout this chapter.

We assume that the relaxation functions g, & : R* — R* are of class C' and nonin-

creasing differentiable satisfying:

1- / gds=10>0, gr)=>0, g@<0,

0 0. (2.8)
1- / h(s)ds=k'>0, h(t)>0, h'() <0,

0

We introduce the “modified” energy functional E associated to our system:

2E (0) = llugll3 + Will5 + J (u,v) = 2/ F(u,v)dx, (2.9)

Q

where F(u,v) is defined in Lemma 1.1 and

J(u,v) = (1 —/ g(s)ds)IIVullé + (1 —/ h(s)ds) ||Vv||§ (2.10)
0 0
+(goVu)+(hoVy),
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where

(g 0w (1) = / o= (D) - u @ dr,
0

t (2.11)
(hov)(?) = / h(t—7)|lv(©®) —v @l dr.
0
As before, we assume that p satisfies
_1 <p, lf N = 1923
(2.12)
~“l<p<E if  N23.

Lemma 2.1. Suppose that (2.12) holds. Then there exists n > 0 such that for any
(u,v) € Hy(Q) x H)(Q) the inequality

y (2.13)

2(p + 2)/ F (u,v)dx < 1 (|[Vull3 + 1Vv]3
Q

holds.

For the proof see [77].

2.3 Blow up result

Lemma 2.2. Suppose that (2.12) holds. Let (u, v) be the solution of the system (2.1)—(2.4)

then the energy functional is a non-increasing function, that is, for all t > 0,

E@W = - / (I OF + v @) s (O™ dx ~ / (IVOF + @) v, O dx
Q

Q

1 1 1 1
+5 (g 0 Vi) + 2 (W o V) = Sg () IVul = Sh(IVVIE.  (2.14)

The proof of Lemma 2.2 can be done as we explained previously after the statement of

Lemma 1.5. We omit the details.
Our main result reads as follows

Theorem 2.3. Suppose that (2.12) holds. Assume further that

k -3 1 -390 -3 -3
+m +m +r o+r ) (2.15)

>
pmax(z’z’z’z
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and that there exists p such that2 < p < 2(p + 2), for which

® * (p/2)-1
max (/0 g(s)ds, /0 h(s) ds) < ) -1+1/Qp) (2.16)

holds. Then any solution of problem (2.1)—(2.4), with initial data satisfying
IVuoll? + [[Vvoll? > a?,  and  E(0)<E, (2.17)

blows up in finite time, where the constants a; and E, are defined in (2.18).

Wetakea =b =c=d =1, a; = by =1 for convenience. We introduce the following:

! ps2

. 1 1
B = nXe+d, ;=B rH, Elz(—— )af, (2.18)

E 1 1 )
= —_ - sy,
? p 20+2) !

where 7 is the optimal constant in (2.13).

Lemma 2.4. [77] Suppose that (2.12), (2.15) and (2.16) hold. Let (u,v) be a solution
of (2.1)—(2.4). Assume further that E (0) < E, and

IVuoll; + 1Vvoll3 > af. (2.19)
Then there exists a constant @, > a; such that
J(1) > a3, (2.20)

and
200 +2) / F (u,v)dx > (Ba)***? | ¥t > 0. (2.21)
Q

Proof of Theorem 2.3. The proof of this theorem is similar to the one given in [53] with
the necessary modification imposed by the nature of our problem. We suppose that the

solution exists for all time and we reach to a contradiction. For this purpose, we set

H@t)=E,—E(). (2.22)
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By using the definition of H(¢), we get

H'(f) —E'(1)

1, 1, 1 1
-3 (8 o Vu)- 3 (h o Vv)+ 28() I Vull? + Sh(s) IVv][2

0,Vt>0.

\%

Consequently, since E’ is absolutely continuous
H()=E, - EQ)>0.
Then,

0 < HO<H(®

J (1)

1
= Er— 5 (el +IvilR) - ==

22y + 2l

+ 2(p+2)

+2
[l + v 2]

1
2(0+2)
From (2.8) and (2.20), we obtain

1 J (1) 1
Ey = 5 (bl + wli}) = == < Ex= 505

= a? <0, Vt>0.

2(p+2)
Hence, by the above inequality and Lemma 1.2, we have, for all # > 0,

2p+2)

0 < HO<H® < 2p+2)

+ 2wl

[lle + v o

1
2(0+2)
Ci 2(p+2) 2(p+2)
5@;;50mm@ﬂ,wwm@ﬂ).

Then we define the functional

M) = % / (u® + v2) (x, 1) dx.
Q

/UMM4WMOM®WWM+/@wﬁ+mmﬂMMwa
Q Q

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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We introduce
L@ =H"@)+eM 1), (2.29)

for € small to be chosen later and

0 < o<minll 2¥3-Kk+m 2p+3-U+m)
22 2m+1Dp+2) 2m+D(p+2)
20+3—(0+71r) 20+3—-(O@+7r) 2p+2}

20+ D(+2)20r+ D(p+2) 4(p +2)

(2.30)

By taking a derivative of (2.29) and using (2.1), we obtain

L' = A-c)HOH )+ (lul} +vI3)
—&([IVul3 + 1Vv13)

—& / u(ju ) + v O) ™" wdx
Q
—& / (v OF + lu @F) vl vidx
Q
+s/ (ufi(u, vy +vf(u, v))dx
Q
+s/ Vu (t)/ gt —s)Vu(r)dxds (2.31)
Q 0
+8/ Vv (1) / h(t—s)Vv(r)dxds.
Q 0

Then,

L' = A=c)H@OH )+ (lulf + vI3)
—& (IVaul} + 1V}

& / (e OF + v OF) ™" wdx
Q

=& [ v OF + o) v
Q

2p+2)
2p+2)

+e( / g(s) ds) |Vull5 + ( / h(s) ds) IVvli3 (2.32)
0 0

+8/ g(t—ys) / Vu(t).[Vu(t) = Vu ()] dxds
0 Q

+2
& (Il + Vi) + 2lwvl3)

+8/ h(t—ys) / V(@) .[Vv(t) = Vv ()] dxds.
0 Q
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By Cauchy-Schwarz and Young’s inequalities, we estimate

/ gt—ys) / Vu(t).[Vu(r) = Vu(t)] dxds
0 Q

IA

/ g =) [Vull IVu (7) = Vu (1)l dr
0

IA

1 t

/l(gOVu)+—(/ g(s)dS)HVMH%, >0
44\ /o

and

/ h(t- s)/ V(@) .[Vv(t) = Vv ()] dxds
0 Q

IA

1 t
A(hoVv) + — (/ h(s)ds) Ivvl3,  a>0.
42\ Jo
Adding and substituting pE(t) and using the definition of H(¢) and E, lead to

Lo > (-0 HTOH O+e(1+ ) (Iulk +m3)

+s(§ - /l) [(g o Vu) + (ho Vv)] + peH (t) — peE,

O + v OF) " wdx

v (@O + u @)°) vl vidx

& [ uf
_g/gv(

p 2p+2) 2
+ell-505 2)) (e + VIBETS) + 2luvil’2)

— 1 (o]
te (g - 1) - (g 1+ ﬁ)/ g(s)ds] IVul
i 0

vel(B-1)- (51 ) [ neras] e
| 0

for some A such that

and

= |(5-1)- (214 gy max( [ eas [Theoas

> 0.

(2.33)

(2.34)

(2.35)
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Then, estimate (2.35) becomes

Loz (- OH O+s(1+2) (Il + mIR)

+eay [(g o Vu) + (h o Vv)| + peH (t) — peE,
& / u (Jju OF + v OF) ™" wdx
Q

& / V(v OF + e OF) vl vidx
Q

+e& (1 -3 (pP+ 2)) (||u + v||§<£j§; + 2||uv||§j§) (2.36)

+aay (|[Vull3 + V1)

2p+2)
By taking c; = 1 — % — 2E, (Bay) 2™ > (), since a, > B~ r*! . Therefore, (2.36)
o,

takes the form

Loz A= HTOH @ +e(1+ 2]l + nIR)
+eay [(g o Vu) + (ho Vv)]
+aa, (|IVully + VvI3) + peH (z)

2(0+2) +2
+acs ([l + vIRETS) + 2luvllr)

—& / u(ju @)+ O) ™" wdx (2.37)
Q

& / v(Iv@F + L OF) vl vidx.
Q

We use the Young inequality as follows

59X« 5—ﬁ Yﬁ
< +

XY < ,
a B

(2.38)

where X, Y > 0,6 > 0, and @, > O such that 1/a + 1/8 = 1, we get, for any 6; > 0,

m+1

| m—1 | 1 m+1
ulu u| < u +
] ! m+1|| m+1

m

61_(m+1)/m |ut|m+1 (239)
and

/ (la OF + v OF) Ju e 1] dx
Q
m+1

< an+ - /Q (lue ) + v @I jul™" dx (2.40)

m
m+1

+

61_(m+1)/m/(;(ll/l(t)lk'f'|V(t)|l)|l/lt|m+l dx.
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Similarly, for any 6, > O,

5r+1 r
r—1 2 r+1 —(r+1)/r r+1
vy w<<—PW" +——0 % , 2.41
Vvl v 1 1% vil (2.41)

which gives

/ (v OF + 1 @F) [y vl ™" v,| dx
Q

r+1

6 .
— /Q (V@I +lu OF) ™ dx (2.42)

by O / (Iv @I + w0 vl ™" dx.
Q

r+172

Then, we get

Lo > (-0 HTOH O+e(1+ 5] (Iulk+m3)
+eay [(g o Vu) + (ho Vv)]
+aa, (|IVully + IVVI3) + peH (z)

+acs ([l + vIRETs) + 2luvllr3)
5m+l
—e— / (I ) + v @I jul™" dx
m+1 /o
m D
—& s, " / (I ) + v @)l ™" dx (2.43)
m+1 0
r+1
—e—2 / (v @I + lu @) vl dx
+1 /o
(D)
—e——0, ' /Q (Iv @I + @) il dx.
Let us choose 6; and 6, such that
_(m+1) _(r+1)

5, " =MH®W, 5, "~ =MH®, (2.44)
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for M, and M, large constants to be fixed later. Thus, by using (2.44), we get

L > (=)= M H"OH O +(1+ ) (Il + Iv15)
+eay [(g o Vu) + (ho Vv)]
+aay (|[Vull3 + IVVI3) + peH (1)

2(p+2) +2
+ecs (llu -+ vipErs) + 2luwll))

—eM;"H™" (1) / (I ) + v 1) Jul™" dx
Q

_(m+D)

e g / (le ) + v @) ™" dx (2.45)
Q

m+11!

~sM;"H” (1) / (I " + e )l I dx
Q

(D)

—e——35, ' / (v @I + lu @)) v dx,
Q

r+1 72

where M = m/(m+ 1) M, + r/ (r + 1) M,. Consequently, we have

/ (le ) + v OF) lul™" dox = |ullfTe] + / Wl ™" dx (2.46)
Q Q
and
/ (Iv @I+l ) ™ dx = |llge) + / Jul® )"+ dx. (2.47)
Q Q

Also by using Young’s inequality, we have

/ |v|l |u|m+l
Q

0 1. r+1 © (o+r+1)/o o+r+l r+1 —(o+r+D)/(r+1) |, jo+r+l
/Q|u| vl mfsz ||M||Q+,+1 mdg ||V||Q+,+1‘

l+m+1

m+1
(I+m+1)/1 ||v||l+m+l ) (I+m+1)/(m+1) ||u||l+m+1 ,

l+m+11 bmel Sl 1!

IA

Consequently,

H™ (1) / (le OF + v O ™" dx
Q

)
k 1 [ /1 [ 1
= H" (O |ullS + méﬁ DI gem ) (vl (2.48)

m+1 mn)/ome l+m+1
O H T @)l
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and

H" (1) / (v @I + lu @) ™" dx
Q

o+r+1
_ or O0+r+1 @ Y or o+r+l
= H (t)||v||9+r+1+m52 H (0 [lull 4,
(o+r+1)
r+l1 = 1
+———0, "V HT (VIS
R OV

Since (2.15) holds, we obtain by using (2.30)

k 1 2 +2)+k+m+1 2 +2) k 1
H™ (1) ullmtt < es (Ilullsrm >+ IwlBee ™ ullr)

O+r+l 201 (p+2)+0+r+1 20r(p+2) |1 16+r+1
HT VIG5 < o (MBES™"" + Ilgis™ IME2)

This implies
l+m+1
l l+m+1
ety O HT @O VIR
Lm+1
- . 6+nl1+ (|| ||20'm(p+2)+l+m+1 +|| ||2(J'm(p+2)|| ||1+m+1)
s Viap+2) Uhpe2)  Wllime
and
o+r+1
+r+1
46, ¢ HT O]
o+r+1
0 ¢ 20r(p+2)+o+r+1 20r(p+2) o+r+1
< g0, ¢ (i) g™ ll2))

By using (2.30) and the algebraic inequality
1
ZVS(Z+1)S(1+—)(Z+a), Vz>0,0<v<l,a>0,
a

we have, for all ¢ > 0,

2 2)+k 1 2(p+2 2(p+2
lullog ™ < d (o) + H (0)) < d (lullyiis) + H (1)),

2 2)+6 1 2(p+2)
Il < d (M3 + H (0), Vi >0,

whered = 1 + 1/H (0) . Similarly

2 2)+1 1 2(p+2 2(p+2
M ™D < d (vl + H (0) < d(Ivlixtrs) + H (1)),

2 2 1 2(p+2
lull5 2 < d (lullyrs) + H (1)) Yt 2 0.

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)
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Also, since
X+Y)y<CcCX' +Y%, X,Y>0, s>0, (2.56)

by using (2.30) and (2.53) we conclude

2 +2) k 1 2(p+2) 2(p+2)
MG ™ et < co (VB2 + Nl ) 2.57)
2(p+2) 2(p+2)
< o (IMBET) + b))
similarly
2 +2) 0 1 2(p+2) 2(p+2)
a5 I < e (Ilullsoss) + Vb)) (2.58)
2 +2) [ 1 2(p+2) 2(p+2)
lullo s et < cxa (lullya) + IMEr) (2.59)
and
2 +2) +r+1 2(p+2) 2(p+2)
IM0r oy i€y < ens (M) + b)) - (2.60)

Taking into account (2.48)-(2.60), then ( 2.45) takes the form

L@ 2 (1-0)-Me)H (O H () + 2 (|l + Iv3)

] I+m+1 m+1 _mrDh
+e|2 = CM" |1+ ———6, '+ ——5, ™!
& ! [ l+m+1" [+m+1""
o+r+l (o+r+1)
— +1 -
— CMz_r(l 2 6, ¢ + r—5z o )]H(t)
o+r+1 o+r+1
i I+m+1 m+ 1 _rm+l)
telca —CM" |1+ ———6, | +-—5, "
g4 ! ( [+m+1 ! [+m+11
o+r+l lotr+1)
— +1 =
et S
o+r+1 o+r+1
X (P72 + WE22).

At this point, and for large values of M, and M,, we can find positive constants A; and
A, such that (2.61) becomes

L@ > (1-0)-Me)H () H (1) + 2 (I3 + Iv113)

+ei; (Il Ol + v OIbo1) + AH (8). (2.62)

Once M, and M, are fixed (hence, A; and A,), we pick € small enough so that (1 — o) — Me) >
0 and
LO)=H""0)+e¢ / [to.u; + vo.vi]dx > 0. (2.63)
Q
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Consequently, there exists I' > 0 such that (2.62) becomes

L'(6) 2 &L (H (@) + lll3 + [vill3 + 55035 + v - (2.64)

Thus, we have L(¢) > L(0) > 0, for all # > 0. Next, by Holder’s and Young’s inequali-

ties, we estimate

L

(/ u.u,; (x, t)dx+/v.v, (x,t)olx)l_(r
Q Q

< (llullz(p+2) + ||ut||2 7+ ||V||2(p+2) + ”vt”leo—) ’ (265)
T 2 )
for1/t+1/s=1. Wetakes s =2 (1 — 0), to get I = ) . By using (2.22) and
-0 — 20
(2.53) we get
2
el 25, < d (s + H (1)) (2.66)
and
||v||21(p?5) <d(IMBEES) + H®), Vi 2 0. (2.67)

Therefore, (2.65) becomes

L

-0
(/ uu; (x,t)dx + / v (x, 1) dx) (2.68)
Q Q
< e (IlBEs) + IVIBET) + w3 + vill3 + H @), Yt 2 0. (2.69)
Also, by noting that

1
L
1

Li=r (1) = (Hl-" (O +e /Q (w1, + v.vy) (x, 1) dx)m
< s {H (1) + (6, 1) + v, (x, 1) d] ‘T)] (2.70)
chHm+M%3+M%3+wM+m@,wza
and combining with (2.70) and (2.64), we arrive at
L (t) > a)L LTe (), ¥Vt > 0. .71)

Finally, a simple integration of (2.71) gives the desired result. O
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Chapter 3

Stability result of a Timoshenko system

in thermoelasticity of second sound

3.1 Introduction

This chapter aims at investigating long-term behavior of solutions to the following sys-
tem:
P1¢u — K(ox + ), + e, =0
t
P2 — D r + / gt —=9)(a()yx(s),ds+ Ko +¥) +b(x)h () + 76, =0
0

036 + Kqx + Y = 0

T0q; + 0q + k6, = 0.
(3.1

where ¢ € (0, o) denotes the time variable and x € (0, 1) is the space variable, the
function ¢ and ¢ are the displacement of the solid elastic material, the function 6 is the
temperature difference, g = g(x, ) € R is the heat flux, and p4, p,, p3, v, 70, 9, , b and K

are positive constants and y > 0. We consider the following initial conditions:

(10(’0) = QOO(X)a QO[(,O) = QOl(X), l//(,o) = ',[/()(X)
(., 0) = Ya(x), 6(.,0) =6 (x), gq(.,0) = go(x), (3.2)
and boundary conditions
©0,1) = o(1,1) = yY(0,1) = yY(1,1) = q(0,1) = q(1,1) =0, V£ > 0. (3.3)

41



Stability result of a Timoshenko system in thermoelasticity of second sound 42

In system (3.1)—(3.3) the heat conduction given by Cattaneo’s law instead of the usual
Fourier’s one. We should note here that dissipative effects of heat conduction induced
by Cattaneo’s law are usually weaker than those induced by Fourier’s law. This justifies
the presence of the extra damping term in the second equation of (3.1). In fact if a =
b = 0, Fernandez Sare and Racke [18] have proved recently that (3.1)—(3.3) is no longer
exponentially stable even in the case of equal propagation speed (o /p, = K/b).

In this chapter, we show a general decay result of the total energy of system (3.1)—(3.3)
(Theorem 3.5 below). To prove this result, we followed very carefully the method used
by Guesmia and Messaoudi [25, 26] and Guesmia [29].

In order to state and prove our result, we formulate the following assumptions:

e (H1) a, b: [0,1] — R* are such that

a € C'([0,1)]), beL”(0,1])
a = Oora(0)+a(l)>0, é%f”{a(x)+b(x)}>0.

e (H2) h : R — R is a differentiable nondecreasing function such that there exist
constants &’,c;,¢; > 0 and a convex and increasing function H : R* — R*
of class C!' (R*) N C?((0, o)) satisfying H (0) = 0 and H is linear on [0, &'] or
H' (0) =0and H” > 0 on (0, £] such that

cils| < h(s) <cals] if |s| > &

s>+ h2(s) < H ' (sh(s) if |s|<¢&.
e (H3) g: R* — R* is a differentiable function such that
g(0) >0, 1—||a||oo/ g(s)ds=1>0.
0

o (H4) There exists a non-increasing differentiable function &€ : R* — R* satisfying

g (s) < —E(9)g(s), Vs > 0.
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Throughout this chapter, we use the following notations

(@*y) () =/¢(I—T)tﬁ(f)df
0

(o)) : =/¢(I—T)Iw(t)—w(f)|dr
0

(o)) : =/ ¢(t—7)/lt/f(t)—t/f(r)|2dxdt
0 Q

The following lemma was introduced in [63].

Lemma 3.1. For any function ¢ € C' (R) and any ¢ € H' (0, 1), we have

1 1
() (O, (1) = —5¢(r)|w(t>|2+5(¢’<>w)(r>

—%% {<¢ oY) (1) - ( /0 P dr) |w<r>|2}.

Now, we are going to prepare some materials in order to state two lemmas due to Cav-

alcanti and Oquendo [13]. See also [26] for the proof.

By using the fact that a (0) > 0 and since a is continuous, then there exists € > 0 such

that infc0 . a (x) > €. Let us denote
d = min {s, inf {a(x) + b(x)}} >0
x€[0,1]

and let @ € C' ([0, 1]) be such that 0 < @ < a and

a(x)=0 ifa(x) <

B SN

(3.4)
a(x)=a(x) ifa(x) >

NI

To simplify the notations we introduce the following

1 t
g®v=/ a(x)/ g () —v(s))dsdx
0 0

forall v € L? (0, 1). Here and in the sequel, we denote various generic positive constants

by C or c.

Lemma 3.2. The function « is not identically zero and satisfies

) d
xé%li] {a(x)+b(x)} > 5
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Lemma 3.3. There exists a positive constant ¢ such that
(g0’ <cgov,

forallv e Hé 0,1).

In order to make this chapter self contained, we state, without proof, a local existence

result. The proof can be established by the classical Galerkin method.

Theorem 3.4. Let (¢, 1), (Wo,¥) € Hé (0,1) x L2(0,1) and (8y,qy) € L*(0,1) x
L*(0, 1) be given. Assume that (HI1)—(H4) are satisfied, then problem (3.1)—(3.3) has a

unique global (weak) solution satisfying

o € C(Ry:H)O,1))nC' (R L2(0,1))
0. € C(Ri:L*(0.1)).

3.2 Stability result

In this section, we show the uniform decay property of the solution of the system

(3.1)—(3.3). In order to use the Poincaré inequality for 6, we introduce, as in [73],

1
0(x,1) = 0(x, 1) — / Bo(x)dx.
0

Then, by the third equation in (3.1) we easily verify that

!
/ 0(x,1)dx =0,
0

for all 7 > 0. In this case the Poincaré inequality is applicable for 6. On the other hand,
(o, ¥, 6, q) satisfies the same system (3.1) and the boundary conditions (3.3). So, in the

sequel, we shall work with # but we write @ for simplicity.

The first-order energy, associated to (3.1)—(3.3), is then given by

B 1 1 B t
E (t, e, 0, q) = 3 / {pl‘,o,z + pzwtz + (b —a(x) / g(s) ds) ;[/)ZC} dx
0 0

1 /! 1
+3 / {K (ox + V) + p36* + Toqz}dx + 5(8 oY)
0

(3.5)
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In what follows, we denote E(f) = E (t, 0,0, 0, q) and E(0) = E (0, ©0, Y0, 6o, qo) for

simplicity. The main result of this chapter is given by the following theorem:

Theorem 3.5. Let (o, ¢1), (Yo, Y1), € Hy (0,1) x L*(0, 1) and (6p,q0) € L*(0,1) X
L*(0,1) be given. Assume that (HI)—(H4) are satisfied, then there exist positive con-
stants c’, c¢” and & for which the (weak) solution of problem (3.1)—(3.3) satisfies

E(t)sC”Hl‘l(c’ / f(s)ds), Vit >0, (3.6)
0
where
|
Hl(t):/ E(s)ds
and

if H is linear on [0, 8,]

H = 3.7
2() { tH (got) if H (0)=0and H" > 0 on (O, 8'] ©.7)

andé =1ifa=0.

Remark 3.6. The result of Theorem 3.5 holds true without any assumption on the wave

speeds of the first two equations in (3.1).

Remark 3.7. The result of Theorem 3.5 is more general than the one obtained in ([50]
Theorem 2). For a = b = 0, the result of Theorem 3.5 is the same as that in [50,
Theorem 2] .

To prove Theorem 3.5, we will use the energy method to produce a suitable Lyapunov
functional. This will be established through several lemmas. A starting point is, as
usual, the dissipativity inequality which states that the energy E of the entire system
(3.1)-(3.3) 1s a non-increasing function. Of course this fact is a necessary preliminary

step of stability analysis. More precisely, we have the following result:

Lemma 3.8. Let (¢,,0,q) be the solution of (3.1)—(3.3), then the energy E is non-

increasing function and satisfies, for all t > 0,

dE(t)

1 1 1
- / Fdx— e () / a (x) dx — / b () Yol () dx

1, !
Aosy-u [ v
0
1

1 1
—(5/ g*dx — / b (x)y,h (Y,) dx + %(g’ o) —,1/ @rdx < 0.(3.8)
0 0 0

IA
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Proof. Multiplying the first equation in (3.1) by ¢,, we obtain

1

1d

1
_ 2
3% Obdx = ,u/o @, dx. (3.9

1
pltp,dx+K/ go,xgoxdx+K/
0

Similarly, multiplying the second equation in (3.1) by ¥,, we get

;jz payidx +b / dx + / vz / g(t—s)(a(x)yy(s)), dsdx
+K/ ;b,tpxdx+K/ w,l//dx—y/ V., 0dx (3.10)
0 0 0

1
= _/ b(x)y.h () dx.
0

Also, multiplying the third equation in (3.1) by 6, we find

1d

1
37 p36’ dx + K/ q.0dx +y 1p,x6’dx =0. (3.11)

Finally, multiplying the fourth equation in (3.1) by g, we deduce

1d

1 1 1

2 2
—— dx — 0g.dx = -6 dx. 3.12
2dtorquK/oqx /qu (3.12)

Now, using Lemma 3.1, to handle the last term in first line of (3.10) and summing up
(3.9)—(3.12), then (3.8) holds. O

Let us now define the functional /; as follows:

1 '
I (0) = —/ pza(xwt/ gt =)W (1) -y (s))dsdx

Rl a/(x)q / g (6= )W () — () dsdx,

K
for simplicity we write
I (@) = x1 () + x2(1). (3.13)

Then, we have the following result:
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Lemma 3.9. Let (¢, ¥, 0, q) be the solution of (3.1)—(3.3). Assume that (H1)—(H4) hold.

Then we have, for any &, &, > 0,

t t 1
% < - (p2 / g(s)ds — & (p% + / g(s) ds))/ @ (x) '»l’zzdx
t 0 0 0

1 1
+&| K? / (ox + W) dx + & / b(x)h* (y,)dx
0 0

_ 1 1 t 1
+&] (2]92 + 1)/ widx + (081 + —/ g(s) ds)/ qzdx (3.14)
0 €1 Jo 0

1 1
+C(8; + 8—,)gO¢X+C(81 + g_l)gowx_ gilg/olpx
1

Proof. Differentiating y; with respect to ¢ to obtain
1 t
X (0 = —/ pza(X)%/ g—s)W () -y (s)dsdx
0 0
1

—/ ,Ozoz(x)%/ g —=s)(W@) —y(s)dsdx (3.15)
0 0

1 t
- / P2 (X) Y] / g (s)dsdx.
0 0

Now, using the second equation in (3.1), we get

- /O paa /O g — ) W 0) — b () ddx

- /Oll‘mx)wx /Otg@— 9 W () = U1 () dsdx
+/0t1<a<x>(¢x+w>/otg<z—s><w<r>—w<s>>dsdx
—/Ola(x)a(x)(/otg(t— S)wx(S)dS)(/otg(t—S)(tﬁx(t)—%(S))dS)dx
+/01b<x>h<w,>(/0tg<r—s)w(t)—ws))ds)dx
+/01a<x>y9x(/otg<t—s><w<r>—w(s>>ds)dx

1 t t
+/ a/(x)(l_?lﬂx—a(x)/g(S)wx(S)dS)(/g(t—S)(tﬁ(t)—w(S))dS)dX-
0 0 0
(3.16)



Stability result of a Timoshenko system in thermoelasticity of second sound 48

Next, we will estimate the second term in the right-hand side of (3.15). So, by using

Lemma 3.3, we have, for any &; > 0

1 t
—/ pw(x)%/ g t—s) (@) —y(s)dsdx
o 0 (3.17)

C ’
< £102 / @ () ydx = —g oy,
0

Also, as above we have

1 t
X, (@) = %/O a(X)qr/Og(t—S)(lﬂ(l‘)—l//(S))dsdx

1 t
TRAL a(x)q/ g =)W —y(s)dsdx
0 0

K

1 t
+y—TO/ a(x)qwf/ g(s)ds.
K Jo 0

Using the fourth equation in (3.1), we get

é‘ 1 t
X, () = —y?/ a(X)q/ gt—s5) (@) —y(s))dsdx
0 0
1 t
—/ a(x)yﬁx(/g(t—S)(;lf(t)—t//(S))ds dx
0 0

1 t
+?/0 “(X)CI/O g (=)W (1) -y (s) dsdx (3.18)

' 1
+7ﬂ (/ g(s) ds) / a (x) gy dx.
K 0 0

Similarly to (3.17), by exploiting Young’s inequality, we estimate the terms in the right-
hand side of (3.16) as follows:

1 t
/ ba (x) Y, / g(t—5) (W (1) — Y, (5)) dsdx
0 1 0 c (3.19)
< 8’1132/ Widx + —goy,.
0 8]

Similarly,
/ Ka (x) (¢ + ;z/)/ gt—s)(W (@) -y (s)dsdx
0 1 0 c (3.20)
< 8’1K2/ (o + WP dx+ Sgou,.
0 &
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By the same method used in [26], we have the following estimates:

1 t t
—/ a(x)a(x) (/ g(S)%(S)dS) (/ gt—15) W, () - tﬁx(S))dS)dx
0 0 0
1
Se’l/ z//fcdx+c(8'l + l,)gowx
0 €
and 1 t
/ b(x)h(wt)(/ gt—s)(W(@) - w(S))dS)dx
0 0
1
< g / b(x)hz(wt)dx +c (sl + l) gou,.
0 &1

Finally,

1 t t
/ a’ (x) (13% - a(X)/ g ()Y, (s) dS) (/ gt—s) (W@ —y(s) dS) dx
0 0 0

I
- 1
Ss’lbz/o widx+c(8'1+8—,)gowx.

1

As in (3.17), it is easy to prove
Y7o : '
— / a(x)q/ g t—s5)W @) —y(s)dsdx
0 0
1
o [ ax- e ow,
0 2

Also, we estimate the first term in the right-hand side of (3.18) as follows:

1 t
—ﬁ/ a(x)q/ g(t—s)(W (1) —y(s))dsdx
K Jo 0

6 2 1
< (Y—) 81/ qzdx+ igol//x
0 €]

K

and

' 1
@( / g(s)ds) / o (x) g
K 0 0
t 1 t 1
< (/ g(s)ds)i/ qzdx+(/g(s)ds)cs]/ yrdx.
0 €1 Jo 0 0

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Consequently, by combining all the above estimates (3.15)—(3.26), the assertion of

Lemma 3.9 is fulfilled.

O
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Now, as in [61], let w be the solution of

“Wyx = wx’
(3.27)
w(0)=w()=0.

Then, we have the following inequalities:

Lemma 3.10. The solution of (3.27) satisfies

1 1
/ widx < / Wrdx
0 0
1 1
/ widx < / yrdx.
0 0

Proof. We multiply Equation (3.27) by w, integrate by parts and use the Cauchy-Schwarz

1 1
/ widx < / Yrdx.
0 0

Next, we differentiate (3.27) with respect to ¢ and by the same procedure, we obtain

1 1
/ widx < / yrdx.
0 0

This completes the proof of Lemma 3.10. m|

and

inequality to obtain

Let w be the solution of (3.27). We introduce the following functional:

1
L) = / (pzw +P1PW = qu) dx. (3.28)
0 K

Then, we have the following estimate:

Lemma 3.11. Let (¢,¥, 0, q) be the solution of (3.1)—(3.3). Assume that (H1)—(H4)

hold. Then we have, for any &, > 0

dl, ;| CHE 5782)/1 ) o1 M /1 P
2 o b+ 2 e, - de+ (28 + £ d
dr - ( 2 e ) ) et o, T s ), AR

1
N (p2 L YToEr /)1_“32)/ Wldx + ig o, (3.29)
2k 2 0 &

5 ! 1!
MR / qzdx+—/ b () (W) d.
2key  2ker) )y 28, Jo
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Proof. By taking the derivative of I, with respect to ¢ we get

1 1
L (0 / (o2t + o7 ) dx + / (P1eaw + prew;) dx
0

Y%

/ Wq +yq,) dx (3.30)
J1 + Jz + J3

Next, using the first and the fourth equations in (3.1) we get

1 1 1
H+J3 = —K/ cpt//xdx+K/wdx+p1/go,w,dx

m/ l//,qu+—/ wqu+y/ Wo.dx. (3.31)

Next, using the second equation in (3.1), we get

1 1 1 t
Ji = —5/ dfidX+p2/ lﬂ?der/ l//x/g(t—S)a(x)wx(S)dsdx
0 0

1 1
-K / Wrdx - / updx — / b (x)yh () dx - / yb.dx.
0

(3.32)
From (3.31), (3.32) and by using Lemma 3.10, we deduce
1
L) < —,u/ ,wdx+p1/ pwdx — —/ qdx + —/ wqdx
-b / Wadx + p / Yidx - / b (x)yh (;) dx
0
/ a(x) t//x/ g(t—s)Y,(s)dsdx. (3.33)
0 0

By exploiting the inequality

1
lab| < gaz + 2—192, abeR, v>0,
Vv
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we easily find, for any &, > 0,

1
L@ < —b/ wzdx+ / (s @, +82W2) %/ (lgat +82w2)dx
+m (Szl//, )dx+—/ (Szl// +iCI )dx

+02 / yidx - / b (x) yh () dx (3.34)
/ a(x)y, / (t = $) Y. (s)dsdx.
0 0

We now proceed to the evaluation of the last two terms in the right-hand side of (3.34).

First, by Young’s and Poicaré’s inequalities we have

1 1 1
b (x)yh (Y, dx| < ex¢ / Wldx + 1 / b (x) h* (y,) dx. (3.35)
0 0 2&5 /o

Furthermore, by Young’s and Cauchy-Schwartz inequalities we have

1 t 1
a(x) lﬁx/ gt—s)Y,(s)dsdx| < gzc/ widx + £g oYy, (3.36)
0 0 0 &

Then, plugging (3.35) and (3.36) into (3.34) and using the second inequality in Lemma
3.10, there fore the assertion of Lemma 3.11 holds. |

Now, following [50], we define the functional /5 as follows:

1 1
L) = / pltp,(pdx+g / o*dx. (3.37)
0 0

Then, we have the following estimate:

Lemma 3.12. Let (¢,¥, 0, q) be the solution of (3.1)—(3.3). Then, for any &3 > 0, we

have

K 1
L) < (ﬁ - K)/ 2dx + —/ yidx + py / Pdx. (3.38)
2 283
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Proof. By exploiting the first equation in (3.1) and using Young’s inequality, we get

1 1 1
/ P1@updx + pi / grdx + p / @ipdx
0 0 0

1 1
/ Ko (@ + ¥ dx + p / @rdx
0

I (1)

I
-K (pzdx+ K/ gowxdx+p1/ ©rdx

1
—K/ dx + — (83(,0 + —¢x) dx + p; / @rdx.
0

A simple use of Poincaré’s inequality completes the proof of Lemma 3.12. O

IA

Now, in order to obtain negative terms of fol 6%dx we introduce the following functional:

1 X
14(t) := —Top3 / q(t, x) (/ o, y)dy) dx. (3.39)
0 0

Then we have the following estimate:

Lemma 3.13. Let (¢,¥, 0, q) be the solution of (3.1)—(3.3). Then, for any 4 > 0, we

have

5
I < (—p3/<+84p23 C) / Pdx + WW / W2dx
0

6 1
+ (TOK + 20 m) / Jdx. (3.40)
0

Proof. By using the fourth equation in (3.1), we get

1 X 1 X
—p3 / T0q: (/ Qdy) dx -7 / q (/ P39zd)’) dx
0 0 0 0
1 X 1 X
= —p3 [ (=0g —«by) ( / de) dx -1 / q( / (=Kqx = Vi) dy) dx
0 0 0 0
1 x 1 x
= p35/ q (/ de) dx + p3/</ 0, (/ de) dx
0 0 0 0
1 X 1 X
+ToK / q ( / qxdy) dx + Toy / q ( / l//zxdy) dx
0 0 0 0

1,(1)
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That is
5 1 X 2 1 1
L@ < 030 (84 (/ szy) + —qu dx—p3/</ 6*dx
2 Jo 0 &4 0
1 oy (! 1
+T()K/ qzdx + —/ (84%2 + —qz) dx. 3.41)
0 2 Jo &4
Consequently, the assertion of Lemma 3.13 immediately follows. O

Proof of Theorem 3.5. For N, Ny, N, > 0, we can define an auxiliary functional ¥ by
?(I) = NE(I)+N111 + N, L+ L+ 1, (342)

and let 7y > 0, and go(?) = fot g(s)ds > 0. By combining (3.8), (3.14), (3.29), (3.38) and
(3.41), and by using the inequality

(oo + ) <207 + 247
and Poincaré’s inequality, we arrive at

dF (1)
dt -

1
N1 (p280 — €1 (03 + &) / (@ (x) + b () g7 dx

+(N2 (p2+ 7720;2 + £ 1282) 7078“ / yldx—N / b () ¥,h () dx

1
N.
(W22 £t o) - Nu / grdx +|Nigy + 5= / bR (Y)dx
28, 282 0 282/ Jo

+N, (Pzgo — & (Pz + 80))/ b (x)yidx

] 5

{ngl (28 + 1+2K%) - N, (b—2€82— 7‘92 +5 } / Wldx
€3

5

(2N18 K2+ — —K)/ idx+(—p3/<+ 84/023 C)/ dx

0

1 ’ 1 NzC N CN]
+3cNi|er+ —|+cNi|leg+ |+ —(goy, + ———g /s
&1 £ & 2
0
+<4 N C£1+g— + N, YTO +—y
£ 2K82 2KE
5 1
+ 7_0K+pi+‘ro)/ - oN / q*dx
2 284 0

for all # > 5. At this point, we have to choose our constants very carefully. First, let us

take 3 < 1, &1, & and &4 small enough such that
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g < min (@) / (p2 + go) L
- 2 : 4K [’
b oy
< [2)/(2c+ £
“ = (2)/( . 2K)
and
. K
& < —.
* oc
After that, we pick N, large enough so that
2Kb
Ny > —.
&3
Now, by using Lemma 3.2, and choosing N, large enough such that
N1p28o ( ( YTo&2 P182) T0784) 2
> o \Mle et )G
then, we can select 8,1 small enough such that
C (1 (Nab )
g < mm{4N1K’ (T) /N (zbz +1+ 2K2)}. (3.43)

Finally, we choose N large enough so that, there exist positive constants 7, 17, and 1,

such that, for ¢ > ¢,

dF (1)
dt

1 1
-n { / (@ (x) + b (x) Yrdx + / ©rdx
0 0

1 1 1 1
+/ &*dx + / qzdx} - / Wldx — 172/ dx
0 0 0 0

1
+cg o, + / b () (7 + 1 () dx.
0
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By the same method as in [50] (see inequality (25) in [50]), we can find n; > 0 such
that, for ¢t > ¢,

1 1 1
a7 0 < -m {/ (a(x) + b (x)) wtzdx + / gotzdx + / %dx
0 0 0

dt
1 1 1
+/ (gox+¢/)2dx+/ 92dx+/ qzdx}
0 0 0

1
+ego +c / b () (w7 + 1 () dx. (3.44)
0

Moreover, we have the following: there exist two positive constants 3, and 3, depending
on N, Ny, N,, such that

BIE(M) < F(1) <BE®), Vi > 0. (3.45)

This can be seen simply from estimate (3.8), (3.13), (3.28), (3.37), (3.40), (3.42),

Young’s and Poincaré’s inequalities, that
|F(t) - NE@)| < CE(1), Yt > 0.

Consequently, we can choose N large enough such that 8; = N—C > 0 and (3.44) there-
fore (3.45) holds true. Our goal now is to estimate the last term in the right-hand side
of (3.44). Following the method presented in [26], we consider the following partition
of the interval (0, 1) :

Q ={xeO):|yl>e} and Q ={xe 0. 1): jys| <&} (3.46)

where & is defined in (H2). By using the hypothesis (H2) , we have |i,| < ci'ih ()

on Q* and therefore taking into account the estimate (3.8), we arrive at

IA

/ b (7 + 7 ())dx < ¢ / b (xX)Yih () dx
Qr Qr

IA

1
c / b(x)yh () dx
0
—cE (1). (3.47)

IA

According to (H2), we distinguish two cases:

Case 1: H is linear on [O, s'] . Consequently, there exist two positive constants c’1 and

c, such that ¢, |s| < |h(s)| < ¢, |s], for all s € R,, therefore the above inequality (3.47)
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holds on (0, 1) . Now, from (3.44) and (3.47), we arrive at

A

% (F®)+cE@) < —cE@{)+cgoy,
—CcHy (E(@D) +cgot,,  Vi> i, (3.48)

where the function H, is defined by (3.7).

Case2: H (0) =0and H (0) > 0 on [0, 8'] . Let H* denote the dual of H in the sense

of Young, then we have (see [66] for more details)
| N-1
H' (s) = s (H) (s)—H[(H) (s)], Vs eR,.

By using Jensen’s inequality, we deduce

IA

/ () (W2 + 1 W))dx < ¢ / b () H™ (i () dx
Q- Q-

IA

c | H'(b@yhW))dx
o

IA

cH™ ( / b (x)yh () dX)
o
cH™ (—cE’ (r)) . (3.49)

IA

Thus, it follows from (3.44), (3.47) and (3.49) that
F (1) < —cE(t) + cH™! (—cEl (t)) —cE (t) +cg oy, Yt > 1.
By using Young’s inequality and the fact that
H (s)<s(H)(s), E@® <0, H >0,
we obtain by the same method as in [26] (we omit the details)
H' (e0E (1)) (F'(t) + cE’ (t) + coE’ (1)) < —cH, (E (f)) + ¢g o Y, (3.50)
where g is a small positive constant and ¢y is a large positive constant. Now, let us

define the following functional:

r=] FOTED if H is linear on |0, |
| H(E@)(F@O+cE@) +cE@  ifH (0)=0andH >0on (0,¢].
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We can easily show that

L~E.

On the other hand, by making use of (3.48) and (3.50), we easily deduce that the fol-
lowing inequality
L (1) < —cHy (E (1)) + cg o Y,

holds for all > #,. By using (3.8) and (H4), we obtain

EOLO+EDL ()
—c&(t) Hy (E () — cE (1).

EDOLO)

IA

Next, let K (1) = (& () L(t) + cE (1)), where 0 < £ < & and & is a positive constant
satisfying .
EMLOD+cE) < -E@®), VYt=0.
g

‘We can also show that
K ~E

and, for t > ¢,
K (t) < —csé (1) Hy (K (1))

A simple integration of the above inequality over (¢, f) yields

W(t)SHl_l(cs/ E(s)ds + Hy (V((to))—ce/of(s)ds),\itzto,
0 0

1
where H, (t) = fll (H—(t))ds' Since tlilg}Hl (f) = oo and
2 —>

0<% (1) < ZE (1) < ZE(0).
g g
We may choose € small enough such that
fo
Hi(F ) - co | €Grds >0
0

Therefore, K (1) < H 1_1 (cs fol &(s) ds), for t > ). Consequently, there exist two positive

constants ¢ , and ¢ for which

K@ < H' (c/ £(5) ds), Vi >0,
0
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since K is bounded, which gives (3.6).

This completes the proof of the Theorem 3.5 O

3.3 Examples

In this section, we give some examples to illustrate our results.

Example 3.1. Let us first assume that the function h has a polynomial growth at the
origin, i.e.

’ ’ 1 ’ ’
s <|h(s) <cylsle, on [—8 , 8]

where c’1 and c'2 are two positive constants and q > 1. As in [26], we obtain the following

decay rate of the energy:

E(f) < ¢ e Joxs fa=1

s 2 (3.51)
E(t)s(c fof(s)ds+c) T ifg>1

In the next example, and from the general assumptions (H4), we obtain several decay

rates in which the exponential and polynomial rates are only particulary cases.
Example 3.2. Here we consider some examples of the function g:

eleta,b,v>0,

g (1) = ae P10,

then it’s clear that (H4) holds for & (t) = by (1 + ™™ Consequently, applying the
first inequality in (3.51 ), we obtain the following exponential decay:

)min( 1, v}

E (t) < C"e—c b(1+t

olf, fora,b>0andv > 1,

g (l) — ae—b[ln(l+t)]v

then, for
bv[In(l + ]!
1+1

&)=

2

the first inequality in (3.51), gives

E (1) < ¢emctmaor
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of
a
1) = s
8 Q+0)[InQ2+ 0]
where
v>1 andb e R
a > 0and or
v=1 andb > 1
Therefor
£() = v(lIn(2+1))+b
Q+0)[n@2+0]"

and we obtain from the first inequality in (3.51)

E@) < ¢

[@+0"In@+ z)]b]cl '

Example 3.3. Let us now suppose that the function h has an exponential growth at the

origin, i.e.
ho (s < R ()| < hg' (s, on |-€, £]]

where hy = (1/s)e™*"" and y, > 0. Then we get the same decay rate of [26], i.e.

t =2/y1
En<c” (m (c’ / £(s) ds+c”)) .
0

Remark 3.14. We can also prove the same decay results for the following boundary

conditions:

(0, =01, )=y (0,0 =¢ (1,0 =q(0,1) =¢q(,1) =0.



Chapter 4

A stability result of a Timoshenko
system in thermoelasticity of second

sound with a delay term in the internal
feedback

4.1 Introduction

This chapter is devoted to the investigation of the effect of time delay on the behavior

of the solution to the following system:
P18 (x, 1) = K (@ox + ), (0, 1) + i (X, 1) + popy (x,1 = 7) = 0,
le//tt (-x9 t) - wax (x3 t) + K(pr + lﬁ) (-x9 t) + 79x (x’ Z‘) = O,

“4.1)
030 (x, 1) + kg (x, 1) + Yy, (x,1) = 0,

Tog: (x, l) + 561 (-x’ t) + Kex (X, l) = Oa

where ¢ € (0, co) denotes the time variable, x € (0, 1) is the space variable, the functions
¢ and ¢ are respectively, the transverse displacement of the solid elastic material and
the rotation angle, the function 6 is the temperature difference, g = g(x, ) € R is the heat

flux, and py, p2, p3, ¥, To, 0, Kk, U1, Hr and K are positive constants and 7 > 0 represents

61
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the time delay. We consider the following initial conditions

e, 0) =g (),  @x0)=e(x), Yx0)=¢o(x),  ¥(x0) =y ),

0(x,0) =6 (x), q(x,0) =qo(x), oi(x,t=1) = folx, 1 —71),
4.2)

where x € (0, 1) and ¢ € (0, 7). We consider the boundary conditions

©(0,1) = o(1,1) = Y(0,1) = y(1,1) = q(0,1) = g(1,7) = 0, vVt > 0. 4.3)

Our main interest in this work is to prove the existence and the asymptotic behavior of
the solution to problem (4.1)—(4.3). Before going on, let us first review some related

results which seem to us interesting.

Questions related to stability/instability of wave equations with delay have attracted
considerable attention in recent years and many authors have shown that delays can
destabilize a system that is asymptotically stable in the absence of delays (see [17] for

more details).

As it has been proved by Datko [16, Example 3.5], systems of the form
Wy = Wyy — QW = 0, x€(0,1),t>0,
w(0,7) =0, wy(1,8) = =kw,(1,t =7), t>0,

where a, k and 7 are positive constants become unstable for any arbitrarily small values

of 7 and any values of a and k.

Nicaise and Pignotti [67] examined the problem

uy(x, 1) — Au(x, t) + pyu(x, ) + pou(x, t —7) =0, xe€Q, >0,
u(x, ) =0, x€o, t>0,
“4.4)
l/l(.x, _t) = uO(x’ t)’ ul‘(x9 O) = M](X), X € Q, t> 0
u(x,t — 1) = folx,t— 1), xeQ, te0,7).

Using an observability inequality obtained with a Carleman estimate, they proved that,

under the assumption

M2 < i, (45)
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the energy is exponentially stable. On the contrary, if (4.5) does not hold, they found a
sequence of delays for which the corresponding solution of (4.4) is unstable. The same

results were shown if both the damping and the delay act in the boundary of the domain.

Said-Houari and Laskri [76] considered the following Timoshenko system with a delay

term in the internal feedback:

P1¢u (x, 1) — K (o + ), (x,1) = 0,
4.6)

P2 (X, 1) = D (X, 1) + K (@ + ) (%, 1) + patf; (x, 1) + paoif; (x, 1 = 7) = 0.

Under the assumption p; > u, on the weights of the two feedbacks, they proved the
well-posedness of the system. They also established, for u; > w, an exponential decay

result for the case of equal-speed wave propagation, i.e.

K = ﬁ 4.7)
TS )

The work in [76] has been extended to the case of time-varying delay of the form
Y (x,t —7(¢)) by Kirane, Said-Houari and Anwar [38]. First, by using the variable
norm technique of Kato, and under some restriction on the parameters u;, 1, and on
the delay function 7(¢), the system has been shown to be well-posed. Second, under a
hypothesis between the weight of the delay term in the feedback, the weight of the term
without delay and the wave speeds, an exponential decay result of the total energy has

been proved.

As a consequence of what we have said before, the following questions naturally arise:

e Condition (4.7) is significant only from the mathematical point of view since in
practice the velocities of waves propagations are always different, see [45] for
more details. It is well known that this condition can be avoided by considering
two linear damping terms of the form ¢, and i, in the left-hand side in the first
and the second equation in system (4.6) (with y; = p, = 0). This result has been
shown in [75] and others. But is it possible to get an exponential decay result

when the damping is weak and without the assumption (4.7)?

e In [50], the authors have shown that the heat conduction given by Cattaneo’s law
together with a linear damping term of the form u¢, acting on the first equation

in yield an exponential stability of the total energy, without the assumption (4.7).
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Under what condition system (4.1) remains exponentially stable independently of

(4.7) when a delay term in the feedback is considered?

One of the main purpose of this chapter is to answer the above two questions.

The plan of the chapter is as follows. In Section 4.2, and under the assumption y; > s,
we prove the global existence of the solution of problem (4.1). While Section 4.3 is
devoted to the exponential decay result for u; > @,. We make use of the energy method

to build a Lyapunov functional that leads to the desired result.

4.2 Well-posedness of the problem

In order to prove the well-posedness result, we proceed as in [67], see also [69, 76]. Let

us introduce the following new dependent variable:
z(x,p,t) =@, (x,t —10), x€(0,1), pe(0,1),>0.
Then, we have
77 (x,0,0) + 2, (x,p,1) = 0, (x,p,1) in (0,1) X (0,1) X (0, 00).
Therefore, problem (4.1) is equivalent to

P1¢@u (X, 1) — K (o + ), (x, 1) + 1 (X, 1) + oz (x,1,2) = 0
P2lﬁn - blﬁxx + K(pr + lﬂ) + 79x =0
p39t + Kq x + yl/’tx = O (48)

T0q; +0q + k0, =0

Tzl (xapv t) + Zp (-x’pa t) = Oa

where x € (0,1),p € (0,1), and ¢t > 0. The above system subjected to the following

initial conditions:

@(x,0) = o (1), (%, 0) =1 (x), x€(0,1)

Y(x,0) = o (), i(x,0) =y (1), xe(0,1)

0(x,0) =6y (x), q(x,0)=¢go(x), x€(0,1) 4.9)
7(x,0,0) = ¢, (x,1), xe(0,1), t>0

z(x, 1,0) = fo(x,t — 1), (x,0)€(0,1)x(0,71).
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and boundary conditions

©(0,1) =(1,1) =y(0,1) = y(1,1) = q(0,1) = q(1,1) =0, V>0 (4.10)

The main question to be asked here is whether problem (4.8)—(4.10) is well posed.
Our main goal In this section is to give a positive answer to this question. In other
words, we give the sufficient conditions that guarantee the well-posedness of problem
(4.8)—(4.10). To prove this, we adapt the steps used in the recent paper [76] in which a
Thimoshenko problem with a frictional damping has been investigated. In order to use
the semigroup approach, we rewrite system (4.8)—(4.10) as a first-order system. To this
end, let U = (¢, ¢, ¥, ¥, 0, g, 2)" and rewrite (4.8)—(4.10) as

“4.11)
U (0) = Uy = (9o, 91, %0, 1.6, ¢, fo (. =),

where the operator (A is defined by

{U:ﬂu

@ u
u K/p1 (@ux + ) — pi/p1u — pa/p1z (1, 1)
W 1%
Al v = blpax — K/p2 (px + ¥0) — v/ 26,
o —K/P3qx = Y/P3Vx
q —6/T0q — K/ To0x
z -1z,

with domain

D(A) = |{(g.u.,v.0.q.2)" € H:z, € L*((0,1); L*(0, 1)), u = 2(.,0), in (0, 1)},
(4.12)

where

H @ =(H(0,1)n Hy (0, 1)) x Hy (0, 1) x (H (0, 1) N Hy (0, 1)) x Hy (0, 1)
xH' (0, 1) x Hy (0,1) x L* ((0,1); L* (0, 1)).
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Now, the energy space

H : =Hy0,1)xL*(0,1)x Hy(0,1)x L*(0,1) x L* (0, 1)
xL* (0, 1) x L*((0,1); L* (0, 1)).

For U = (¢, u,¥,v,0,q, z)T , (gb u,,v,0,q Z)T and for & a positive constant satis-
fying
Ty &S T — ), (4.13)

we define the following inner product in H:

1
<U’ U>’H = / {pluﬁ + P2V + K((px + lr//) (S_Dx + IZ’) + blr//x'vz’x +p39é} dx
0

1 1 1
+ / Toqqdx + & / / z2(x,p) Z(x,p) dpdx.
0 0 0

Our existence and uniqueness result reads as follows.

Theorem 4.1. Assume that u, < u,, then for any Uy € H, there exists a unique solution
U € C ([0, 0),H) of problem (4.8)—(4.10). Moreover, if Uy € D (A), then

U € C([0,00),D(A) NC'(0,c0),H).

Proof. In order to prove Theorem 4.1, we use the semigroup approach. That is, we
show that the operator A generates a Cyp—semigroup in /. In this step, we prove that

the operator A is dissipative. For U = (¢, u, ¥, v, 6, q, 27 € D(A), we have

1 1 1
(AU, Uyy = 6/ qu #1/ w? (x)dx — /12/ z(x, Du(x)dx
0
——/ / z(x,p) z, (x, p) dpdx. (4.14)

Looking now at the last term of the right-hand side of Eq. (4.14), we have

1 1
/ / z(x,p) z, (x, p) dpdx / / - —z (x, p) dpdx
o Jo

5/0 {22 (. 1) = 22 (x,0)} dx. (4.15)
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Consequently, (4.14) becomes

1 1 1
(AU Uy = —5/ qzdx—ul/ u2(x)dx—,u2/ z(x, D u(x)dx
0 0 0

& & [
—; Z2 (x,1)dx+ 2_‘1' / u2 (x) dx. (4.16)
0 0

By using Young’s inequality we obtain, from (4.16),

1 1
(AU, Uyy < —5/ qzdx+(—,u] LBy 5)/ 12 (x) dx
0 2 2T 0

Keeping in mind condition (4.13), we observe that

& €
- +—=+=<0—=-=<0.
Hor oy Ty =% 2 T

Consequently, the operator A is dissipative.

Now, we will prove that the operator A/ — A is surjective for 4 > 0. For this purpose, let
F = (fi, fos f3s fas f5 for f1) € H, we seek U = (¢, u,¥,v,6,q,2)" € D(A), solution to

the equation

AU -A4U=F 4.17)
or equivalently
Ap —u = fi,
K
A= = (oo + )+ Du+ 22, 1) = p,
P1 L1 L1
/ll,ﬁ -V = f3,
b K Yy
/lV—— xx+_(x+ )+_0X: ’
Pzw P2 i P2 J (4.18)

A0 + iqx + lvx = fs,
P3 P3

1) K
Ag+ —q+ —0; = fe,
To To

1
Az+ =z, = f7.
T
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Suppose that we have found ¢ and ¢ with the appropriate regularity. Therefore, the first
and the third equations in (4.18) yields

= lo—fi.
u=de =/ (4.19)
v=Ay - fi
It is clear that u € H)) (0, 1) and v € H, (0, 1) . Furthermore, we can find z as
z2(x,0)=u(x), forx e (0,1). (4.20)

Following the same approach as in [67] we obtain, by using the last equation in (4.18),

0
2(x,p) = u(x) e +1e V" / fr (x,0) ' do.
0
From (4.19), we obtain

0
2(x,p) = Ao (x) &Y™ — fie™¥" 4 17T / fr (x,0) ' do. (4.21)
0

From (4.21), we have
(x5, 1) = Ap () e + 79 (x),

where x € (0, 1) and
0
20(x) = —fie " + e / fr (x,0) &' do. (4.22)
0

It is clear from the above formula that z, depends only on f; and f.
By using (4.18) and (4.19) the functions ¢, ¥, 8 and ¢ satisfy the system

24+ et

K
)(P - ((pxx + lpx) = f2 + (/l + lﬂ)fl - &ZO(X)’
P1 P1 P1 P1 P1

b K
/12'7[/ - _lpxx + — (‘Px + w) + lgx = f4 + /lf,%
P2 P2 P2 (4.23)

K YA Y
A6 + —Yx + _l/’x = fS + _f3x’
P3 P3 P3

0
/lq+—q+£9,c:f6.
To To
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Solving system (4.23) is equivalent to find (¢, ¥, . ) € (H2 (0, 1) N H{ (0, 1))x(H? (0, 1) N H} (0, 1))
x H' (0,1) x Hy (0, 1) such that

1 1
/ (%01 + A+ 2™ m) ow + K (g + ) w, ) dx = / (p1fa + (Ap1 + 1) fi = Hazo(X)) wax,
0 0

1 1
/ (0220 + b + K (@ +90) x + y0,x) dx = / P2 (fu + Af3) xdx,
0 0

! |
/ (p340w; + kg Wy + YAy wy)dx = / (03fs + v f3:) widx,
0 0

1 1
/ ((rod +0) gx1 + kO x1)dx = / Tofex1dx,
0 0

(4.24)
for all (w, x, w1, x1) € Hj (0,1) x H) (0,1) x H' (0,1) x H, (0,1).
Consequently, problem (4.24) is equivalent to the equation
Ce,¥,6,q), w, x, wi x1) = Lw, x, wix), (4.25)

where the bilinear from ¢ : (Hé (0,1) x Hy (0, 1) x H' (0,1) x H} (0, 1))2 — R and the
linear form [ : H} (0, 1) x H} (0, 1) x H' (0, 1) X H} (0, 1) — R are defined by

L@ 9,0.9), (w. ) wix 1) = /0 | (o1 + pd + 2™ m) gw + K (1 + ) (w, + 1)) dx
+ /0 | (P2 0x + by + YO w1, ) dx
+ /01 (0320w + Kq X 15 + YA X)) dX
+ /01 ((tod + 6) gx1 + kOyx1.) dx

and

1
Lw,x,wi,x1) = / (1o + (E1d + ) fi — pazo (x)) wdx
0
1 1
+/ 02 (f4+/1f3))(dx+/ (p3fs + vfi)widx  (4.26)
0 0
1
+/ Tofex1dx,
0

where 7z (x) satisfies the equation in (4.22).

It is easy to verify that £ is continuous and coercive, and [ is continuous, so, applying
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the Lax-Milgram theorem, we deduce that, for all (w, x, wi, x1) € Hyy (0, 1) x H; (0, 1) x
H'(0,1) x H; (0, 1), problem (4.25) admits a unique solution (¢, ¥, 6, q) € H, (0,1) x
H;(0,1) x H'(0,1) x H;(0,1). Applying the classical elliptic regularity, it follows
from (4.24) that (¢, ¥, 6,q) € H*(0,1) x H*>(0,1) x H' (0, 1) x Hé (0, 1) . Therefore, the
operator A/ — A is surjective for any 4 > 0. Consequently, the result of Theorem 4.1

follows from the Hille-Yosida theorem. O

4.3 Exponential stability for u; > u»

In this section, we show that, under the assumption u; > u,, the solution of problem
(4.8)—(4.10) decay exponentially, independently of the wave speed assumption. To
achieve our goal we use the energy method to produce a suitable Lyapunov functional

which leads to an exponential decay result.

In order to use the Poincaré inequality for 6, we introduce, as in [73],

1
0(x,1) =0(x,1) —/ 6 (x) dx.
0

Then by the third equation in (4.1) we easily verify that

1
/ 0 (x,t)dx =0,
0

for all £ > 0. In this case the Poincaré inequality is applicable for 6. On the other hand
((p, v, 0,q, z) satisfies the same system (4.8) and the boundary conditions (4.10). For &
satisfying

THy < & <7 (2 — o), 4.27)

we define the functional energy of the solution of problem (4.8)—(4.10) as

E(?)

E(t,z,0,4,0,q9)

1 1 l 1
5 / (o167 + o) dx + 5 / (K (o + ) + by + ps6?} dx
0 0

2

1 1 1 pl
+—/ Toq dx + ﬁ/ / 22 (x, p, 1) dpdx. (4.28)
2 Jo 2Jo Jo
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We multiply the first equation in (4.8) by ¢, the second equation by i, the third by 6,
and the fourth by ¢, use integration by parts to get

1d 1 1d 1
2dt (o167 + pou)dx + == | (K (@ +y)* + by + pst + 10q’| dx
0

2dt |,
1 1 1
= —5/ qzdx—,ul/ 90,2 (x, t)dx—,uz/ o (x,)z(x,1,1)dx. (4.29)
0 0 0

Now, multiplying the last equation in (4.8) by (£/7) z, and integrating the result over
(0, 1) x (0, 1) with respect to p and x, we obtain

d 1 1
gz / / 2 (x,p, 1) dpdx
0 0

= ——/ / 2z, (x,p, 1) dpdx = ——/ / —2* (x,p, 1) dpdx
T /o Jo 2t Jo Jo Op

1
= 2%_ /0 (Z2 (x,0,0) — 22 (x, 1, Z)) dx. (4.30)
From (4.28), (4.29) and (4.30), we get

dE (1) b, E [,
ar _6/0 qu_(ﬂl_fr)/o #rinDdx

1 1
_i Z2 (x’ 19t)dx_/12/ ©r (-x’ I)Z(x’ l’t)dx (431)
2T 0 0

Now, using Young’s inequality, (4.31) can be rewritten as

dE (1) ! ’ ( & .UZ)/l 2
< — — _ —_— - —
7 < 6/0 q-dx — w21, @, (x,1)dx

_(2% _’%)/Olzz(x,l,t)dx.

Then, by using (4.27), there exists a positive constant C such that

dE t 1 1 1
dt()s—é/ qux—C{/ ¢3(x,z)dx+/ zz(x,l,t)dx}. (4.32)
0 0 0

Then we obtain E is a non-increasing function.
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Let us now state our main result.

Theorem 4.2. Assume that yu, < u,. Then there exist two positive constants C and y

independent of t such that, for any solution of problem (4.8)—(4.10), we have

E(r)<Ce™, VY:r>0. (4.33)

Remark 4.3. The exponential result in Theorem 4.2 holds without any assumption on
the wave speeds of the first and the second equations in (4.1). In the absence of the
delay term and linear damping term, i.e. u; = g, = 0 in (4.1), it has been proved by
Fernandez Sare and Racke [18] that the assumption on the wave speeds of the first and
the second equations does not yield an exponential stability when the heat conduction
is given by the Cattaneo law. However, it has been proved recently that there is a new
number depending on 7, that leads to an exponential stability of the system. See [80] for
more details. On the other hand, the heat conduction given by Fourier’s law stabilizes
the whole system exponentially when the wave speeds are the same, see [61] for more

details.

Remark 4.4. It is an interesting open problem to look whether or not the heat conduction

is strong enough to stabilize system (4.1) (at least polynomially) in the case when p, >

M-

To derive the exponential decay of the solution, it is enough to construct a functional £,

equivalent to the energy E, satisfying

dL()
dt

<-AL(@®), Vt=0

where A is a positive constant.

In order to obtain such a functional £, we need several Lemmas. Let us define the

following functional:

1 1
I (1) := / plgp,cpdx+'% / o*dx, (4.34)
0 0

then we have the following estimate:
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Lemma 4.5. Let (¢, 4,0, q,2) be the solution of (4.8)—(4.10), then, for any €, > 0, we

have

dl K c
d_tl < (—K+81(2+%))/ 2dx+2—81/w2dx

+£/ 2(x 1 t)dx+p1/ t,oldx,
2e1 Jo 0

where ¢ = 1/n? is the Poincaré constant.

Proof. Differentiating I; with respect to ¢, we conclude

dIl 1 1 1
i / P1@updx + py / grdx + / ppdx.
0 0 0

Then, by using the first equation in (4.8), we find

dl 1 1
1—K/ (px +¥), pdx — Nz/ wz(x,1 t)dx+p1/ gp,zdx.

Consequently, we arrive at

dl,
dt

Applying Young’s inequality and Poincaré’s inequality, we find (4.35).
Now, let w be the solution of

— Wiy :’,[/x,W(O) =w(l)=0

Then we get
X 1
W(x,t)=—/ w(y,t)dy+X(/0 l//(y,t)dy)-
0

We have the following inequalities:

Lemma 4.6. The solution of (4.37) satisfies

1 1
/ widx < / Yrdx
0 0

/ 2dx < / Yrdx.

and

1 1 1
—=-K (ox +¥) pdx — / wz(x, 1,t)dx + p; / gatzdx.
0 0 0

(4.35)

(4.36)

(4.37)
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Proof. See of Lemma 3.10. |
We introduce the following functional:

1
L) = / (pzw 1w — mwq) dx. (4.38)
0 K

Then we have the following estimate:

Lemma 4.7. Let (o,¥,0, q,z) be the solution of (4.8)—(4.10). Then we have, for any

82>O,

LU (—b+ e, o 57820 / Widx + 2“2 / 2, 1,1)
0

dt 2 2 &
1
7T082 182 2 Hi P1 2

+(p2 + dx + + — d

(pz 2« / vidx (282 282)/0 o

1)

(1o, 7 / Fdx. (4.39)

2key  2k&y) o

Proof. By taking the derivative of (4.38), we conclude

dl, (f) 1 ) 1 1 ) 1 ) 1
= b | yYudx+K | o dx—K [ Ydx+p, | Y;dx—K | ¢w.dx
dt 0 0 0 0 0
1 1 1 1
/ Yw.dx — / pewdx — ,Ltz/ z(x, 1,0) wdx + py / owdx
0
_Yto / vqdx + — / vqdx.

By using (4.37) and the first inequality in Lemma 4.6, we get

1
dljh(t) < —b/ ¢xdx+K/ oY dx — /lﬂzdx‘l'Pz/ l//2dx+K/ Pupdx

1

1 1
+K wdx ,ul/ pwdx — /12/ z(x, 1, t)wdx+p1/ pwdx
0

yTO/ qudx"‘—/ Yqdx.

We apply Young’s inequality and Poincaré’s inequality and using the inequalities in
Lemma 4.7, we find (4.39). O

Now, let us introduce the following functional, used by [76]:

1 pl
L @) = / / e 7% (x,p, 1) dpdx. (4.40)
o Jo
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Then the following result holds:
Lemma 4.8. Let (¢, 4,0, q, 2) be the solution of (4.8)—(4.10), then we have

dl; (1)
dt

1 1 1
<-I (r)—;—lT/ z2(x,1,t)dx+;/ W2 (x, 1) dx, (4.41)
0 0

where c; is a positive constant.

Proof. Differentiating (4.40) with respect to ¢ and using the last equation in (4.8), we

d s 1o
—( / / e (x,p, t)dpdx) - / / e 22, (x, p, 1) dpdx
dt\Jo Jo T Jo Jo
1,
I / / 22 (x, p, ) dpdx
o Jo

—i/l /1 9 (e‘zwz2 (x,p t)) dpdx
2t Jy Jo Op T

The above formula implies that there exists a positive constant ¢; such that (4.41) holds.

O

have

In order to obtain a negative term of fol tzdx, we introduce, the following functional

used by [50]:
1 X
14(t) = pap3 / ( / o, y)dy) Y (£, x) dx. (4.42)
o \Jo

Then we have the following estimate:

Lemma 4.9. Let (¢,¥, 0, q,z) be the solution of (4.8)—(4.10). Then, for any &4, 8/4 > 0,

we have

1 ' 1
£I4(t) < (—7,02 + 84p2K)/ Yrdx + (% b+ KC)] / t//idx
dt 2 0 2 0

e.kpsc 1 !
i / Sdx + |yps + 22 (b + 2) / Pdx (4.43)
2 0 284 0
1
P2k g*dx.

2e4 Jo



Timoshenko system with delay 76

Proof. Differentiating (4.42) and using the third equation in (4.8), we have

1 X 1 X
/ ( / p39za’y)pzwth+ / ( / psé'dy)pz%dx
0 \Jo 0 \Jo
1 X
_/ (/ (Kqx + Y¥ix) d)’)pzl//zdx
0 \Jo

1 X
+ / ( / p39dy) (DY — k (@ + ) — ¥6,) dx,
0 0

d
— (1
@

1 1 1
= —yp2 | Yidx—pk / qdx — bps / O dx
0 0 0

1 1/ [x 1
+Kp3 / Opdx — kp3 / (/ de) wdx + yps / 6*dx.
0 0o \Jo 0

By using Young’s inequality, we obtain

3140) < —’ypz/ wzdx+ ( 4zp +—(/ de)]
t 0

1
+22K (smﬁ, + —q )dx + — s’ + —92)
2 Jo &4

1
+YP3 / ¢*dx,
0

consequently, we find (4.43). m|

Now, in order to obtain negative terms of fol 6*dx we introduce the following function-
als, used by [50]:

1 X
I5(1) := —Top3 / q(t, x) ( / o(z, y)dy) dx. (4.44)
0 0
Then we have the following estimate:

Lemma 4.10. Let (¢, ¥, 0, q, 2) be the solution of (4.8)—(4.10). Then, for any &s, 8,5 > 0,

we have
dls (¢ 0
s () < (—p3/<+ £s03 c)/ dx % o)’/ wtzdx
dt 2 0

5 1
+ (TOK + 20 M) / Jdx. (4.45)
285 285 0
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Proof. By using the fourth equation in (4.8), we get

d[ t 1 X 1 X
0 —p3 / Toq: (/ QdY) dx — To/ CI(/ P391d)’) dx
dt 0 0 0 0
1 X 1 X
—P3 / (—0g — ;) ( / Gdy) dx -1 / q ( / —Kqx — Vl//zxdy) dx
0 0 0 0
1 X 1 X
p36/ q (/ de) dx + p3/</ 0, (/ de) dx
0 0 0 0
1 x 1 X
+T0K/ q (/ qxdy) dx + T()’y/ q (/ wtxdy) dx.
0 0 0 0

By using Young’s inequality, we get

dls (t s [ N !
ﬁ < 39 s / Ody| + —q*|dx —p3/</ 0*dx
dt 2 Jo 0 &s 0

1 oy [ 1
+T0K/ gedx + —= 851,1112 + —q° | dx. (4.46)

0 2 Jo &s
Consequently, the assertion of Lemma (4.45) immediately follows. O

Proof of Theorem 4.2. To prove Theorem 4.2, we can define, for N, N,, Ny, N5 > 0, an

auxiliary functional £ by
L (l) =NE (l) + 1 (1) + N> I, ([) + I3 (l) + Nyly (I) + Nsls ([) . (447)

By combining (4.32), (4.35), (4.39), (4.41), (4.43), and (4.45), we get

K ’ :
%L(I) < {_ N (—b N cu1& 4 Clr &2 4 57826) + N, (% b+ KC)H/ ¢,)2€dx
0

2&; 2 2 2K

K e.kpsc) !
+ —K+gl(—+'uic)+N4“p3 /goidx—k(t)
2" 2 2 [/,
[ 1
tl-Ne+ 22 o n 2 8 / 2, 1,0 dx (4.48)
I 2 261 21| /o
[ 1
+[-NC + N, £, 0 + 01 /(p,zdx
| 282 282 0
' YTo&2  P1&2 1 E4P2K estoy| 1,
+N( + +—)+—+N(— + )+N / d
_2/02 P 7 27 T Na(-7P2 7 5= O‘/’zx
[ 5 5 !
oMo N 2 I N (s 22 D) [
| 2kEy  2KE 284 2¢&;5 2e4 0
3 5 :
+|N, (7p3 + 2 b+ 2K)) 4+ Ns (—p3K 4 503 C) / 6%dx.
| 2g, 2 0
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At this point, we have to choose our constants very carefully. First, choosing &1, &;, &4

and &5 small enough such that

0 b K K
82(%+q‘_2+£) < -, 81(_ 'ULC)S_,
2 2 2k 2 2 2 2

% K

< £ < —.

& = K &= dc

After that, we can choose N, large enough such that

N, > —.
2 b81

Moreover, we pick N, large enough so that

N4% > N, (Pz +

2K 2

YToe2 ,0162)+ 1 .
2T

Once N, and N, are fixed, we take s; small enough such that

N>b K }

" < min ,
&4 {4N4p3 (b + KC) 2N4Kp3c

Next, let N5 be large enough such that

Nsp3k

> N, (yp3 + 2 s 2K)).
284

After that we fix 8'5 small enough such that

R Nyypr
> T 4Nstoy’

Finally, once all the above constants are fixed, we choose N large enough such that

CN
CN Zmax{& +Nzﬂ_z,N2(ﬂ .\ p_l)m},

2 2¢, 2¢, 260 2e&
N6 Yto . Oy P2K P30 Ty
— >Ny |=—+— |+ Ns=— + N +—+ .
2 2 (2K82 2K82) 4284 5| ToX 285 285

Consequently, there exists a positive constant 77; such that (4.48) becomes

d 1 1 1
SLws-n / WG+ + )+ +q)dx—n, / / 2 (x,p. 1) dpdx, (4.49)
0 0 0
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which implies by (4.28) that there exists also 7,, such that
d
E£(t) <-mE@®), Vt>0. (4.50)

Moreover, we have the following:

Lemma 4.11. For N large enough, there exists two positive constants 31 and 3, de-

pending on N, Ni, Ny, N4, Ns, €1, &2, &4, &, &5 and &5 such that

BEW®) <L) <BE(), Yt=0. 4.51)

Proof. We consider the functional
H(t) =5 () + NoLp (1) + I3 (1) + Naly (1) + Nsls (1)

and show that
|[H(®| <CE(t), C>0.

From (4.34), (4.38), (4.40), (4.42) and (4.44) we obtain
: Hi : : Y7o
/ prppdx + — / ¢ dx / (pztﬁzl// +p1pw — —W) dx
0 2 Jo 0 K

1 1 1 X
/ / e—2rpz2 (x,0,1)dpdx 0203 / (/ o(t, y)dy) W, (t, x)dx
0 0 0 0
1 X
—ToP3 / q(t, x) ( / o(t, y)dy) dx
0 0

By using, the trivial relation

1 1 1
/ ©*dx < 2c / (o + ¥) dx + 2c / Yldx,
0 0 0

Young’s and Poincaré’s inequalities, we get

|H (t)l < + N2

+ + Ny

+N5

1 1 1 1 1
|H(@)| < a / gofdx + ay / t//tzdx + a3 / (px + w)z dx + aq / widx + as / & dx
0 0 0 0 0

1 1 1
+ag / qdx + / / 2 (x, p, 1) dpdLx, (4.52)
0 0 0
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where the positive constants a1, ..., @ are determined as follows:

@y =3 (o1 + Nap1),
@ = 5 (N2pa + Napaps)

as = P16,
i 1(N27/TOC
yq =
K

+ Nopic? + szzc) ,
as := 5 (N4prp3c + N5top3c) ,

(sz% + N570P3)-

S L STE N ST

Qg =

According to (4.52), we have
H (1) < CE (1),
for

G- max {a, @, @3, a4, A5, X}
min {p1, 02,03, K, b, K, Y, 6, 7o}

Therefor we obtain
|£ () - NE@®)| < CE ().

So, we can choose N large enough so that 5; = N — C > 0. Then (4.51) holds true for
B, =N+ C > 0, this concludes the proof of the Lemma. O

Combining now (4.50) and (4.51), we conclude that there exists some A > 0 such that
d
d_IL(t) <-AL(@), Yt>0. (4.53)
A simple integration of (4.53) leads to.
L)< LOe™N, Vi>0. (4.54)

Again, the use of (4.51) and (4.54) yields the desired result (4.33). This completes the
proof of theorem 4.2. O

Conclusion

In this thesis we study nonexistence/existence and asymptotic behavior of solutions of
some nonlinear hyperbolic systems. My goal in the future it is the study exponential
decay for u = 0 at the problem studied in chapter 3, and in chapter 4 it is an interesting
open problem to look whether or not the heat conduction is strong enough to stabilize

system (at least polynomially) in the case when u; < ;.
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