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Résumé

Cette these met 'accent sur quelques problemes inverses engendrés par des EDPs frac-
tionnaires de type pseudo-parabolique intervenant des termes d’involution (arguments
déviés). Elle développe des stratégies de régularisation qui s’appliquent bien pour cette
catégorie de problemes qualifiés mal-posés au sens de Hadamard. Les contributions in-
cluent des avancées théoriques et des méthodes de calculs pratiques, garantissant que les
résultats sont a la fois rigoureux sur le plan mathématique et applicables a des problémes
réels. Plus précisément, on propose d’étendre des stratégies de régularisation (méthode
de quasi-réversibilité modifiée, méthode QBV, méthode de Landweber) pour une classe de
problemes fractionnaires en temps non classiques.

Les idées développées dans cet axe de recherche explorent en détail chaque aspect et
offrent une compréhension approfondie de la problématique abordée, et proposent des
choix a priori et a posteriori du parametre de régularisation, pour mettre en ceuvre des

schémas numériques efficaces et robustes.

MOTS CLES : Problémes mal posés, problemes inverses, régularisation, méthodes itératives,
méthode de quasi-réversibilité, équation pseudo-parabolique, involution, probleme fraction-

naire.
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Abstract

This thesis focuses on some inverse problems generated by pseudo-parabolic fractional PDEs
involving involution terms (deviated arguments). It develops regularization strategies that
apply well to this class of problems called ill-posed in the Hadamard sense. Contributions
include theoretical advances and practical computational methods, ensuring that results are
both mathematically rigorous and applicable to real problems. More precisely, we propose to
extend regularization strategies (modified quasi-reversibility method, QBV method, Landwe-
ber method) to a class of non-classical fractional time problems. The ideas developed in this
research axis explore in detail each aspect and provide a deep understanding of the problem
addressed, and propose a priori and a posteriori choices of the regularization parameter, to

implement efficient and robust numerical schemes.

KEYWORDS: IlI-posed problems, inverse problems, regularization, iterative methods, quasi-

reversibility method, pseudoparabolic equation, involution, fractional problems.
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1 | INTRODUCTION

| Abdelghani Lakhdari3

This study aims to explore two classes of ill-posed problems governed by a non-
classical fractional heat equation with an involution perturbation. To achieve
a stable solution, we introduce a modified pseudo-parabolic regularization
method that involves a correction term through a mixed fractional deriva-
tion operator, resulting in a sequence of well-posed problems that depend on
a regularization parameter e. We rigorously demonstrate that the resulting
approximate problems are well-posed and present convergence results for this
regularization approach.

KEYWORDS

fractional heat equation, ill-posed problems, involution perturbation, pseudo-parabolic

regularization method

MSC CLASSIFICATION
35K20, 35R11, 35R25, 35R30, 47A52

1.1 | Direct problem for time-fractional heat equation with involution

We denote by H = L2 ((—1, 1), R) the Hilbert space equipped with the inner product (u, v) induced by the usual norm ||.||.

That is,

1

1
{u,v) :=/u(x)v(x)dx, [l :=/|u(x)|2dx.
-1

We consider the following nonclassical fractional heat problem in the rectangle Q = (-1,1) X (0, T):

u(—=1,t) =u,t), ux(1,t) = u, (-1,1),

te (0,7), €))

{ Dlu(x, t) — aux (X, t) — P (—x, 1) =0, x € (-1,1), t € (0, T),

u(x,0) = f(x),

X € (_15 1),

where a is a positive real number, § € R and D/ is the Caputo derivative, defined for 0 <y <1, by

V4 —
D; ulx,t) =

t
1 u; (x,7)

Fd-y) A (t—1y

dr, 0<y<1.

Math. Meth. Appl. Sci. 2024;1-32.

wileyonlinelibrary.com/journal/mma © 2024 John Wiley & Sons Ltd. 1
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TWO REGULARIZATION METHODS FOR A CLASS
OF INVERSE FRACTIONAL PSEUDO-PARABOLIC
EQUATIONS WITH INVOLUTION PERTURBATION

FARES BENABBES, NADJIB BOUSSETILA *
AND ABDELGHANI LAKHDARI

(Communicated by R. Ashurov)

Abstract. In this study, we provide a theoretical analysis of an inverse problem governed by
a time-fractional pseudo-parabolic equation with involution. The problem is characterized as
ill-posed, meaning that the solution (if it exists) does not depend continuously on the measur-
able data. To address the inherent instability of this problem, we introduce two regularization
strategies: the first employs a modified quasi-boundary value method, and the second utilizes
a variant of the quasi-reversibility technique. We present convergence results under an a priori
bound assumption and propose a practical a posteriori parameter selection rule.

1. Introduction

The study of inverse problems plays a pivotal role in the mathematical modeling of
physical and engineering processes, where one seeks to determine unknown parameters
or initial conditions based on observed data. Nevertheless, most inverse problems are
inherently ill-posed, meaning that they lack unique solutions or are sensitive to small
changes in data. This instability poses challenges in obtaining accurate and reliable so-
lutions. To address this, regularization techniques are employed to introduce additional
information and constraints, mitigating ill-posedness, and enhancing solution stability.
Notable works such as Tikhonov’s regularization, introduced by Tikhonov and Arsenin
[44], and the truncated singular value decomposition (TSVD) method, as described
by Hansen [21], exemplify classical regularization techniques. These techniques are
indispensable for obtaining meaningful solutions in the presence of noise and limited
data, making regularization a crucial component in solving ill-posed inverse problems
across diverse domains. However, the landscape has seen the development of newer
and more advanced methods that offer enhanced efficacy and performance in handling
the intricacies of ill-posed inverse problems.

Mathematics subject classification (2020): 35R30, 35R25, 47A52, 35R11.

Keywords and phrases: Inverse problem, pseudo-parabolic problem, involution perturbation, modified
quasi-boundary-value method, quasireversibility method.

* Corresponding author.

© SV, Zagreb 39
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Thesis theme

Partial differential equations (PDEs) are fundamental to the mathematical modeling of
numerous physical phenomena, ranging from fluid dynamics and electromagnetism to
quantum mechanics and general relativity. Unlike ordinary differential equations (ODEs),
which involve functions of a single variable, PDEs involve multivariable functions and their
partial derivatives. This complexity allows PDEs to describe the behavior of systems influ-
enced by multiple factors and varying in multiple dimensions.

A PDE typically requires not only the equation itself but also appropriate boundary and
initial conditions to uniquely determine a solution. The nature of these conditions and the
domain on which the PDE is defined significantly affect the characteristics of the solution.
Classic examples of PDEs include the heat equation, describing the distribution of heat over
time; the wave equation, modeling the propagation of waves; and the Laplace equation,
essential in potential theory and steady-state problems.

The study of PDEs encompasses both theoretical and numerical approaches. Theoreti-
cally, it involves proving the existence, uniqueness, and stability of solutions. Numerically,
it involves developing efficient algorithms to approximate solutions, often necessitating
sophisticated computational techniques due to the complexity of the equations.

The rich interplay between theory and application makes PDEs a central topic in mathe-
matics, with ongoing research continually uncovering new insights and applications.

In 1923, the French mathematician J. Hadamard wrote his famous book on partial differ-
ential equations and their physical significance [42]. This work marked the beginning of the
concept of a well-posed problem in mathematical physics. A problem is said to be well-posed
if its solution exists, is unique, and depends continuously on the data (stability). Initially, it
was believed that problems not meeting Hadamard’s conditions had no practical value and
could not correctly model a physical phenomenon. However, the current understanding is
quite different. There are numerous problems for which at least one of the three Hadamard
conditions is not satisfied; these problems are termed ill-posed. Generally, the most signifi-
cant challenge with such problems is instability, meaning that a slight perturbation in the
data can lead to a significant change in the solution.

IlI-posed problems occur in many fields of science and technology, such as geophysics,
non-destructive testing, corrosion, medical imaging (ultrasound, scanners, X-rays, etc.),

energy (calculating oil flow in a reservoir with wells), chemistry (determining reaction con-
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stants), radar and underwater acoustics (determining the shape of an obstacle), image
processing (restoring blurred images), and other practical areas.

The general methods of mathematical analysis have been well adapted to solving well-
posed problems. However, it was not clear in what sense ill-posed problems could have
solutions. Several mathematicians, such as Tikhonov, John, Lavrentiev, Ivanov, and others,
worked to develop the theory and methods to solve ill-posed problems. They were able
to provide a precise mathematical definition of "approximate solutions" for a fairly large
class of problems. Today, these problems constitute a very rich research area filled with
mathematical questions. For more details on the study of ill-posed problems, one can refer
to the two excellent books by D. Colton, H.W. Engel, A.K. Louis [24] and H.W. Engl, M. Hanke,
A. Neubauer [34].

Among the situations that lead to an ill-posed problem, one can mention the problem of
determining the past state of a physical system described by a differential equation from its
present state, or that of determining the parameters of a system from experimental data. In
both cases, these are referred to as inverse problems (see [35, 48, 55, 75]).

According to J.B. Keller [52], two problems are said to be inverses of each other if the
formulation of one involves the other. A more operational definition is that an inverse
problem consists of determining the causes of a phenomenon from the observation of its
effects. Thus, this problem is the inverse of the so-called direct problem, which consists of
seeking the effects from known causes. For example, locating the origin of an earthquake
from measurements made by several seismographic stations distributed across the surface
of the Earth is an inverse problem.

Inverse problems encompass a variety of categories. Examples include determining
unknown boundary or initial conditions when direct measurement is not practically fea-
sible, and estimating intrinsic parameters of a system from partial knowledge of its state.
Additionally, some inverse problems involve identifying the geometry or domain where the
phenomenon occurs. These problems are inherently diverse and find applications across
numerous fields, including electromagnetics, geophysics, medical imaging, crack detection,
non-destructive testing, structural mechanics, and more. The wide range of applications
underscores the importance of developing robust methods to address the challenges posed
by inverse problems.

From the definition of an inverse problem, it is clear that these problems may pose

particular difficulties. Indeed, it is reasonable to demand that a direct problem be well-
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posed: "the same causes produce the same effects". Conversely, it is easy to imagine that
the same effects may result from different causes. This illustrates a difficulty in the study of
inverse problems: they may have multiple solutions, requiring additional information to
distinguish between them.

Another major difficulty in the study of inverse problems is the necessity of a thorough
understanding of the associated direct problems. When identifying or calculating a physical
quantity from observations (measurements), one is often led to invert an operator (the
resolvent that gives the solution of the direct problem). This inversion is generally unstable
and requires special treatment. These are called regularization techniques, which aim to
make the problem well-posed and make its numerical implementation feasible by slightly
perturbing it to eliminate the elements responsible for instability.

In mathematics, regularization is a procedure that consists of replacing an ill-posed
posed problem with another problem that is close to it (in a certain sense) and that has good
properties (well-posed), making its theoretical and numerical study easier.

In the mathematical literature, several regularization methods have been introduced and

used to solve certain ill-posed Cauchy problems. Among them, we can cite:

e The quasi-reversibility method, introduced by Lattes and Lions (1969) [58], which
consists of transforming the ill-posed second-order Cauchy problem into a well-posed
higher-order (fourth-order) differential problem by perturbing the operator coefficient
of the equation. This method has subsequently been used by several authors to solve
the Cauchy problem, including Klibanov and Santosa [56] and more recently Bourgeois

[13].

e The modified quasi-reversibility method, which was introduced by Gasjewski and

developed by several authors, including N. Boussetila and E Rebbani [15].

e Tikhonov’s regularization method [95], the oldest regularization method, which con-

sists of transforming the original ill-posed problem into a minimization problem.

e The iterative method of Kozlov et al. [57], based on an iterative procedure. It con-
sists of solving an alternating sequence of well-posed problems with mixed boundary
conditions until a certain stopping criterion is satisfied. The approximate solution

converges, for compatible data, to the solution of the considered Cauchy problem.
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e Theregularization method by non-local conditions, also known as the "Quasi-Boundary-
Value Method", introduced by Abdulkerimov [1]. The idea behind this method is to
replace the ill-posed problem with a well-posed problem, in which the final condition
is perturbed by replacing it with a non-local condition depending on a small parameter.

It has been used by several authors, such as D.N. Hao [44] and Samarskii [87].

In the literature, many models have been proposed to describe the transport mechanism
(diffusion) in homogeneous and nonhomogeneous media. At the microscopic level, diffusion
is related to the random motion of individual particles. Following the work of Albert Einstein
[33], the assumption that particle motion is a Gaussian process has been interpreted by
using the Laplace operator and the first-order derivative in the canonical diffusion model.
One major drawback of the Gaussian model (Fourier’s laws) is that it does not adequately
describe the diffusion phenomenon in materials with memory, such as viscoelastic materials,
and heterogeneous media, such as soil, heterogeneous aquifers, and groundwater flow. Over
the past two decades, a vast body of literature has shown that abnormal diffusion models in
which the mean quadratic variance increases more rapidly (super-diffusion) or more slowly
(sub-diffusion) than in a Gaussian process under certain circumstances can provide good
modeling for physics and practical applications (see [50]).

In biological contexts, experimental results suggest that classical diffusion is not the best
description in the case of complex biophysical transport. Instead, it has been demonstrated
that abnormal diffusion occurs in various circumstances, potentially caused by underlying
mechanisms such as active transport, macromolecular crowding in a tortuous extracellular
or intracellular environment, where the geometry of the medium is complex. Recently, a
fractional equation was introduced to describe diffusion in special types of porous media
with fractal geometry, to extend the use of the Bloch equation to a wide range of experimental
situations in nuclear magnetic resonance (NMR) (see [66]). In the same work, the author
showed that the fractional-order wave equation governs the propagation of mechanical
waves in viscoelastic media characterized by simple deformation and can provide a well-
suited model for describing dynamic movements that occur in biological tissues.

Therefore, considerable interest has been devoted to fractional calculus over the past few

decades; most authors will cite a particular date as the anniversary of fractional calculus. In a
th

letter dated September 30, 1695, LHopital wrote to Leibniz to inquire about the > deriva-

tive of the function f (x) = x. Leibniz’s response was, "An apparent paradox, from which



Introduction 8

someday useful consequences will be drawn". However, little progress has been made in this
field for three centuries. One reason is that the mathematical tools of fractional calculus were
not available. Another reason is the lack of practical applications of this concept. More than
300 years later, we are only beginning to overcome these difficulties. Many mathematicians
have studied this issue, especially Euler, Laplace, Fourier, Liouville, and Riemann, among
others. Fractional calculus has become one of the most developed areas of mathematical
analysis. It has had a rapid evolution and has emerged as a powerful tool in modeling some
phenomena in several scientific fields such as physics, chemistry, biology, engineering, and
finance, including possibly fractal phenomena. Due to its interesting properties and applica-
tions in various scientific fields, the numerical solutions of the problems treated have shown
more consistency with experimental data than those produced by integer-order differential
equations (see [12, 49]).

In a fractional model, there are a number of parameters, such as the fractional order,
potential coefficients (when using a second-order elliptic operator in space), initial condition,
source term, boundary conditions, and the geometry of the domain, which cannot be directly
measured or characterized and must be indirectly deduced from measured data.

This has led to a wide variety of inverse problems for fractional differential equations
(FDEs), which have begun to attract a lot of attention in recent years, since the famous work of
Cheng et al. [21]. An interesting question is how non-local physics (from abnormal diffusion
processes) will influence the behavior of inverse problems, such as uniqueness, stability,
and the degree of ill-posedness. This degree is particularly important for the development of
numerical reconstruction procedures.

In the realm of applied mathematics, pseudo-parabolic equations are notable for their
ability to model phenomena that exhibit both diffusive and wave-like characteristics. These
equations find application across various modeling scenarios, including two-phase flow
filtration within porous media involving dynamic capillary pressure [9], isotropic material
energy dynamics [23], wave phenomena [10], and the flow dynamics of a significant class of
dilute polymer solutions, commonly known as Oldroyd-B fluids [39].

Numerous researchers have focused the study of inverse problems governed by pseudo-
parabolic equations (see [47, 62, 63]). In the study presented in [104], the authors examined
the asymptotic dynamics characterizing solutions pertinent to the inverse source problem
associated with pseudo-parabolic equations. Furthermore, the investigation conducted in

[5] delved into the realm of inverse problems concerning the determination of the right-hand
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side in pseudo-parabolic equations incorporating a p-Laplacian operator and a nonlocal
integral overdetermination condition.

On the other hand, an intriguing category of partial differential equations (PDEs) in-
volves those subject to involution perturbations. In mathematical terms, an involution is an
operation that, when applied twice, yields the original outcome. In the context of PDEs, an
involution perturbation pertains to situations in which a PDE possesses a specific structure
that is disrupted by a minor perturbation, leading to new and potentially unforeseen dynam-
ics [103]. This concept traces its origins to the foundational contributions of Babbage [7],
which were further expanded upon by Carleman [19] in 1932. Przewoerska-Rolewicz made
substantial contributions to this field, engaging in probing examinations of multifaceted
inquiries related to differential equations involving involutions through a series of seminal
papers [77, 78, 80]. These investigations culminated in a cohesive consolidation of her find-
ings within a dedicated monograph [79]. For a collection of works concerning the study of
inverse problems containing an involution term, refer to [2, 3, 6] and the references therein.
However, it is noteworthy that, apart from the recent contribution by Sassane et al. [89], there
has been a discernible lack of consideration regarding regularization and approximation
techniques for these problems.

Recently, problems governed by pseudo-parabolic equations with involution pertur-
bation have been the subject of extensive research in various mathematical models, as
evidenced by the works of researchers such as [83, 90]. These equations play a significant
role in engineering applications and have been explored in-depth from both theoretical and
physical perspectives in previous studies and monographs. For more details on this subject,
we refer to [22, 25, 29, 46, 61, 62, 73, 101, 108].

Combining the concepts of inverse problems, fractional calculus, pseudo-parabolic
dynamics, and involution terms, this thesis focuses on the regularization of certain inverse
problems governed by pseudo-parabolic fractional differential equations with an involution
perturbation. The contributions of this thesis include both theoretical advancements and
practical computational methods, ensuring that the results are not only mathematically
rigorous but also applicable to real-world scenarios. The following chapters will delve deeper
into each of these aspects, providing a comprehensive understanding of the problems and

the proposed solutions.
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Content of the thesis

The thesis is composed of an introduction and three chapters. In Chapter 1, we recall
some fundamental preliminary notions and necessary ingredients of functional analysis
and fractional calculus essential for the study of the proposed problems. This foundational
chapter aims to equip the reader with the requisite mathematical tools and concepts to
facilitate a deeper understanding of the subsequent chapters.

Chapter 2 addresses ill-posed problems arising from fractional equations with involution.
The primary objective here is to extend the quasi-reversibility method to certain classes
of non-classical problems. By utilizing a modified variant of the pseudo-parabolic regu-
larization method, we construct a family of well-posed pseudo-parabolic problems that
approximate the original ill-posed problem. The chapter demonstrates the convergence of
this regularization procedure, establishing that the solutions of the regularized problems
converge to the solution of the original problem as the regularization parameter approaches
Zero.

Chapter 3 focuses on the regularization challenges in inverse problems associated with
pseudo-parabolic equations with involution perturbations. It analyzes two regularization
methodologies designed to enhance the accuracy and stability of numerical solutions. Ad-
ditionally, this chapter extends an iterative method for solving inverse source problems
governed by fractional pseudo-parabolic equations with involution. The theoretical analysis
of errors is presented to demonstrate the convergence rates of the regularized solutions. This
analysis offers valuable insights for researchers and practitioners in addressing complex
inverse problems, ensuring that the regularized solutions are both accurate and stable.

Together, these chapters provide a comprehensive exploration of the regularization tech-
niques for fractional pseudo-parabolic differential equations with involution, contributing

both theoretical advancements and practical methodologies to the field.



Chapter 1

PRELIMINARIES

This chapter is dedicated to recalling certain concepts of functional analysis, elements of the

theory of inverse problems, and some fundamental tools in fractional calculus.

1.1 Functional spaces

Let Q denote a measurable subset of R”.

Definition 1.1.1. (Sobolev spaces H™ (2)) Let m € N, we denote by H™ (2) the Sobolev

space given by
H" () = {u € L>(Q) : Va, |a| < m, vy € L (Q) such that: v, = 8*u in the weak sense} .
We introduce the scalar product on H™ (2) as follows:

(U v), = > (0°u,0%), (1.1.1)

loe|<m

and the associated norm
[l gm = v (U, V), (1.1.2)

Theorem 1.1.1. Let 2 be an open set of R" and letm € N. The space H™ (2) endowed with
the scalar product (1.1.1) is a separable Hilbert space.
In the case wherem = 1, we use the density of C*° (Q) in H' (Q) to define the following

Sobolev space:
Hy () = {u € H' (Q) such thatu = 0 on 9} .

1.2 Elements of spectral theory

In what follows, we denote by H; a Hilbert space on K = R or C, endowed with the norm

|||, and the scalar product (., .);, (i =1,2).
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1.2.1 Bounded linear operators

Definition 1.2.1. A linear operator is an application A : D (A) € H; — H, satisfying the

following properties:

1. Vx,y € D(A), A(x+y) =A(x)+ A(y),

2. VxeD(A)and A € K, 4 (Ax) = AA (x),

where D(A) is the domain of 4, which is a vector subspace of H; and is generally assumed
to be dense in H;.

Definition 1.2.2 (Bounded operators). A linear operator A : D (4) C H; — H, is said to
be bounded, if
1Al = sup {[[Aully, u € D(A), ully, =1} < oo.

In this case A is a continuous linear map on D (A), and when D (A) is dense in H;, A uniquely

extends to a bounded operator on H;.

We denote by £ (H,, H,). (resp. £ (H1)) the vector space of continuous linear operators
from H; in H, (resp. of continuous endomorphisms of H;) endowed with the topology of

uniform convergence:

B | Bull g,
€ L(Hy, H2), | Bllzp, 1) = SUP :
wer\(oy lullm,

Any operator A is completely defined by its graph G (A) which is a vector subspace of
H; x H, defined by G (4) = {(v, Av),v € D (A)}.
For any linear operator A : D (A) € H; — H,, we denote by:

N (A) =theD(A),Ah = 0} (thekernelof A),
R (A) ={hy, = Ahy, hy € D(A)} (therangeof A).

1.2.2 Inverse and adjoint of a bounded linear operator

Definition 1.2.3 (Inverse operators). We say that a continuous linear operator S € £ (H;, H3)

is invertible if and only if there exists an operator S’ € £ (H,, H;) such that:

S'oS =1y, and So S’ = Iy,
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where I, (resp. I,) is the identity operator of H; (resp. H,). The operator S’, if it exists,

is unique and we denote: S’ = S™!.

Theorem 1.2.1 (Banach isomorphism theorem [16]). Any linear and continuous bijective

operator S € L (Hy, H,) is invertible.

Definition 1.2.4 (Adjoint operator). Let T € L (H,, H,), there exists a unique operator
noted T* € L (H,, H,) which verifies the relation:

(Tl’ll,hz)z = (hl,T*/’lz)l s V(hl,l’lz) S H1 X H2.

This operator 7* is called the adjoint of T'.

Proposition 1.2.1. LetT,S € L(Hy, H,) and o, B € K, we have the following properties:
o IT] =1T"],
o T =(T*"*" =T,
o (aT + BS)" =aT* + BS*,
o (TS)" =S8*T™,
e IfT isinvertible, then T* is also, and (T*)™' = (T_1)>k .

Definition 1.2.5 (Self-adjoint operator). Let H be a Hilbert space. We say that 7 € L (H)

is a self-adjoint operator if T = T, in other words:

(Tx,y)=(x,Ty), Vx,y € H.

1.2.3 Spectrum of a linear operator and spectral decomposition

Definition 1.2.6. Let A € L(H).
The resolvent set of A, denoted by p(A4), is defined as follows:

p(A) :={A € C | Ay = (Al — A) isinvertible} .
The resolvent of A is given by:

Ry(A) = (A — A)~ L.
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The complement of p(A) in the complex plane is called the spectrum of A and is denoted
by o (A), where
o(A) :=C\ p(4).

The spectral radius of the operator 4, denoted r(A), is defined by:

r(A) := sup |A|.
Aea(4)

The spectrum of a bounded operator is a non-empty compact set.

The point spectrum of 4, denoted o, (A), is the set defined by:

0p(4) = (A € C | NI — 4) # {0})
={1eC|3Jve H\{0}: Av = Av}.

The residual spectrum is the set:

0, (A) = {A € C | NM — A) = {0} and RGAT — A) # H}.
The continuous spectrum is the set o.(A4) defined by:

0e(A) = {)L e C | NA — A) = {0y and RAT — A) = H}.
Finally, we have the relationship:

0(A) = 0,(A) Uo(A) Uor(A).

1.2.4 Closed and unbounded operators

Definition 1.2.7 (Closed operators). An operator A is said to be closed if its graph G(A) is
closed in H,;x H,, i.e., for any sequence u,, C D (A) such thatu, — u in H; and Au, — v

in H,, we have

u € D(A) andv = Au.

Remark 1.2.1. The closed operator A can be considered as an operator bounded on its
domain of definition D (A) endowed with the norm of the graph (||ul|g := |[ul|g, + | Aullz,)
in H1 .
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Theorem 1.2.2 (Closed graph theorem [16]). Let H; x H, be two Banach spaces and A :
D (A) C Hy — H, alinear operator. If operator A is closed then it is bounded.

Definition 1.2.8 (Unbounded operators). Alinear operator A : D (4) C H; — H, is termed

as unbounded if there exists a sequence u, C D (A) such that
[unllpr, = 1and [|Auy |y, — 00, n — oo.

1.2.5 Adjoint of an unbounded operator

Definition 1.2.9. Let A : D (A) C H; — H, be an unbounded densely defined operator.

The adjoint of A, denoted by A%, is also an unbounded operator and is defined as follows:

A* D (A*) C H, > H,

vVi— A%V = w,
where:

D(A*) ={v € H,: 3¢ = Osuch that [(Au,v),| < c |ullg, . Yu € D (A)}
={ve H,:3we H, : (Au,v), = (u,w), = (u, A*v), ,Yu € D(A)}.

Definition 1.2.10 (Symmetric and self-adjoint operator). We say that the operator A4 :
D (A) C H — H is symmetric if

Yu,v € D(A), (Au,v) = (u, Av).
The operator A : D (A) C H — H is said to be self-adjoint if A = A*, i.e.,
D(A) =D (A") and (Au,v) = (u, Av), Yu,v € D(A).

Remark 1.2.2. If A : D (A) C Hy — H,is an unbounded densely defined operator, then

A* is closed.

Theorem 1.2.3 (Characterization of closed-image operators [16]). Let A : D (A) C H; —

H; be an unbounded, densely defined, and closed operator. Then, the following properties are
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equivalent:
(i) R (A) is closed, (ii) R(A") isclosed,
(iii) R(A) = N (A", (iv) R(A") = N (A)*.

Theorem 1.2.4. Let A : D(A) C Hy — H, be an unbounded, densely defined, and closed

operator. The following properties are then equivalent:

1. A is surjective, i.e., R (A) = H»,

2. thereisa constantk > 0 such that:

lv| <k |A™v], Yv e D(4"),

3. N (A*) = {0} and R (A) is closed.

Corollary 1.2.1. Let A : D(A) C H, — H, be an unbounded, closed operator with
D (A) = H,. The operator A admits a bounded inverse A~' on H, if and only if there exist

two constants m, and m, such that:

lu| <my|Aul|, Yu € D (A),
|v| <m, |A*v], Yv € D(A4%).

1.2.6 Spectrum and resolvent of an unbounded operator

Let A: D(A) C Hy — H, be an unbounded operator that we assume is closed and densely
defined.

Proposition 1.2.2 ([20]). We have the following assessments:

e If A € p(A), then the inverse operator R (A; A) is defined over the whole space and it is
closed. By the closed graph theorem, this operator is bounded, i.e., A;' € L (H) and it

is called the resolvent of operator A.
e Theset p (A) is an open set of the complex plane.

e The map which associates to each A € p (A) the operator R (A; A) is analytic on each

connected component of p (A).
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e The resolvent verifies the following functional equation called "identity of the resolvent":

R(A1;A) — R(A2:4) = (A2 —A) R(A; A) R (A2: 4) .

e The spectrum of A is a closed set of C, and if the operator A is bounded, theno (A) isa

non-empty compact.

Theorem 1.2.5. Let D (A) C H — H be a symmetric closed operator. A is self-adjoint if and
onlyifo (A) C R.

1.3 Riesz-Fredholm theory

1.3.1 Diagonalization of compact self-adjoint operators

Definition 1.3.1 (compact operator). We say that an operator A € L (H,, H,) is com-
pact if it transforms any bounded subset of H; into a relatively compact subset of H5, i.e.,

A (Bg, (0, 1)) is relatively compact for the strong topology.

We denote by K (H;, H,) the set of compact operators from H; to H, andweset C (Hy, Hy) =
KC(H).

The compactness of an operator T' € L (H,, H,) is characterized as follows:
T € K(Hy, Hy) <= [V (x,) C Hy, x, — 0 (weakly) = T'x,, — 0 (strongly)] .

Let E, F and G be three Banach spaces. If A € L(E, F)and B € K (F,G), then AB €
K(E,G).

Theorem 1.3.1 (Shauder’s theorem). If A is a compact operator, then A* is also compact and

the converse is true.

Theorem 1.3.2 ([16]). Let K € K (H) withdim (H) = oo. Then, we have:
e 0o (K),
e 0 (K)\ {0} =0, (K) \{0}.

In addition, we have one of the following situations:
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1. 0 (K) = {0},
2. orelseo (K) \ {0} is finite,

3. orelseo (K) \ {0} is a sequence which tends to 0.

Theorem 1.3.3. We assume that H is separable. Let A € K (H) be a self-adjoint operator.
Then, H admits a Hilbertian basis formed by eigenvectors of A:

Vx e H, x =Xx9+ Z(x,ek)ek, X0 € N(A), Ax = Z(x,ek)/\kek.
k>0 k>0

1.3.2 Spectral family and identity resolution

Discret version

Definition 1.3.2. Let A : D (A) C H — H be an unbounded operator. Then, A is said to

have a compact resolvent, if
VAep(A), RAA)eK(H).

Theorem 1.3.4. An operator A : D (A) C H — H has compact resolvent if and only if there
exists ;L € p (A) such that R (u; A) € K (H).

Theorem 1.3.5. Let A : D (A) C H — H be a self-adjoint operator. Then, we have
1. 0, (A) =0,
2. 6(4) = 0, (A) Uo, (4) CR,
3. A>0 <=0 (A) C[0,00[.

Theorem 1.3.6. Let A : D(A) C H — H be a lower bounded self-adjoint operator with
compact resolvent. Then, A is diagonalizable, i.e., there exists a Hilbert basis in H, (¢;,),,>; C

D (A), and a sequence of real numbers (Ay,),,, Such as :
M A <. <A, —>o00, Aey,=Apen, m=172,..

IfA:D(A) C H — H isa self-adjoint operator with A > 6 > 0i.e. 0 € p(A), and
the injection Hy := (D (A), ||.|g) < H is compact, then A has a compact resolvent and is

therefore diagonalizable.
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Continuous version

Definition 1.3.3. A family { £} }, .z of orthogonal projections in H is called spectral family

or even resolution of the identity if it satisfies the following conditions:
L. E)LE;L = Einf(k,p,)a A,M € R,
2. E_ow=0,E o = I,where: E_.ch = lim Eh,etE ,ch = lim Eh,h € H,
A—>—00 A—>+4o00
3. Ej+0 = E) where: E;  oh = 1011’1’1 OEA_,_eh, heH.
£>0,e—

The limits are taken in the sense of the norm of H.

Theorem 1.3.7. Let H be a Hilbert space and A a self-adjoint operator in H . Then there exists
a spectral family{E, }, cg such that:

(Ax, y) =/)Ld (Exx,y), Ax:/)t dE)x.
R R

We note symbolically A = / A dE;.
R

Theorem 1.3.8. Let A — f (A) be a real-valued continuous function, and let D C H be
defined by:
D:{h eH:/ f A\ d|Eh|* < -l—oo}.
R

Then, D is dense in H, and we define a self-adjoint operator S in H by:

(Sx,y) = / fA)d(E)x,y),xeD,yeH,
R
of domain D (S) = D.

Functions of a self-adjoint operator

oo

Let A be a self-adjoint operator in the Hilbert space H defined by A = A dE), where
A
Ao = info (A) and { E} } is its resolution of the unit. ’

Definition 1.3.4. The powers of operator A4 are defined as follows:

A" = / MdAE,, reR,heD(A") < f A2 d |Eyh)? < 400,
A Ao

0

and we have the following properties:
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1. Forallr <0,wehave: A" € £L(H),andifr =0, then A° = I.

2. Forallr > 0andh € D(A"), we have

(A"h, Y = A5 ]

3. Forallr > 0, D (4") endowed with the norm is a Hilbert space ||2||> = ||A"h||* with
heD(A").

4. 10 < 1y < 1y, D(A™) < D (A™) and D (472) = D (A™).

Definition 1.3.5. If f is a continuous function on R, then f (A) is defined as follows:

f(A):fA f(A)dEA,reﬁea,hez)(f(A))<:>/A | f (M)|*d |Exh|? < +o0.

1.4 1Il1-Posed Problems

In his lectures published in [42], Hadamard claims that a mathematical model for a physical
problem (he was thinking in terms of a boundary value problem for a partial differential
equation) has to be properly-posed or wellposed in the sense that it has the following three

properties:

1. There exists a solution of the problem (existence).
2. There is at most one solution of the problem (uniqueness).

3. The solution depends continuously on the data (stability).

Mathematically, the existence of a solution can be enforced by enlarging the solution
space. The concept of distributional solutions of a differential equation is an example.
If a problem has more than one solution, then information about the model is missing.
In this case, additional properties, such as sign conditions, can be built into the model.
The requirement of stability is the most important one. If a problem lacks the property of
stability, then its solution is practically impossible to compute because any measurement or
numerical computation is polluted by unavoidable errors: thus the data of a problem are

always perturbed by noise! If the solution of a problem does not depend continuously on the
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data, then in general, the computed solution will have no relation with the exact solution.
Indeed, there is no way to overcome this difficulty unless additional information about the

solution is available. Here, we remind the reader of the following statement:
e Alack of information cannot be remedied by any mathematical trickery !
Mathematically, we formulate the notion of well-posedness in the following way.

Definition 1.4.1. (well-posedness). Let H; and H, be two normed spaces, K : H; — H; a
(linear or nonlinear) mapping. The equation Kx = y is called properly-posed or wellposed

if the following holds:

1. Existence: For every y € H, there is (at least one) x € H; such that Kx = y.
2. Uniqueness: For every y € H, there is at most one x € H; with Kx = y.

3. Stability: The solution x depends continuously on y; that is, for every sequence

X, C Hywith Kx,, — Kx (n — o0), it follows that x,, — x (n — 00).
Equations for which (at least) one of these properties does not hold are called improperly-

posed or ill-posed.

Example 1.4.1. (Backwards heat equation). Consider the one-dimensional heat equation

du(x,t)  d*u(x,t)
dt dx?

with the following boundary conditions

u0,t) =u(m,t)=0, t=>0,
and the initial condition

ux,0)=¢(x), 0<x<m.

Separation of variables leads to the following formal solution

T

o0
2
u(x,t) = E ape ™ 'sin (nx) with a, = —/(p (v) sin (ny). (1.4.1)
/.
n=1 0
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The direct problem is to solve the classical initial boundary value problem: Given the initial
temperature distribution ¢ and the final time 7, determine u (., 7). In the inverse prob-
lem, one measures the final temperature distribution u (., 7') and tries to determine the

temperature at earlier times ¢ < T, for example, the initial temperature u (., 0).

From formula (1.4.1), we see that we have to determine ¢ := u (., 0) from the following

integral equation:

/4

Ko = u(.T) = /k(m)w(y)dy —yw), O<x=m  (142)
0
with -
k(x,y):= % Ze‘”zT sin (nx) sin (ny) . (1.4.3)
n=1

The integral operator K is of the Hilbert-Schmidt type (compact), hence K ! is unbounded.

This demonstrates the ill-posed nature of problem (1.4.2).

1.4.1 Regularization

Here, we assume that K is a compact injective operator. This is not a significant restriction
because we can always replace the domain H; with the orthogonal complement of the kernel
of K. We assume that there exists a solution x € H; to the unperturbed equation Kx = y.
In other words, we assume that y € R(K). The injectivity of K implies that this solution is
unique.

In practice, the right-hand side y € H, is never known exactly but only up to an error

8 > 0. Therefore, we assume that the measured data y‘s € H, satisfies

Hy —y° H <3, (1.4.4)

where § > 0 is the perturbation (noise).

Our goal is to "solve" the perturbed equation
Kx? =8, (1.4.5)

In general, equation (1.4.5) may not be solvable because we cannot assume that the measured

data y® are in the range R(K) of K. Therefore, the best we can hope for is to determine an
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approximation x’ € H, to the exact solution x that is "not much worse" than the worst-case
error F(6, E, ||-]]).

An additional requirement is that the approximate solution x° should depend continu-
ously on the data y°. In other words, it is our aim to construct a suitable bounded approxi-

mation R : H, — H, of the (unbounded) inverse operator K~! : R (K) — H;.

Definition 1.4.2. Aregularization strategy is a family of linear and bounded operators
R,:H, — H;, o>0,

such that

lim R, Kx = xforallx € Hq,

a—>0

that is, the operators Ry K converge pointwise to the identity.
From this definition and the compactness of K, we conclude the following.

Theorem 1.4.1 ([55]). Let R, be a regularization strategy for a compact operator K : H; —

H, wheredim H; = oo. Then, we have

1. The operators R, are not uniformly bounded; that is, there exists a sequence (a j) with

|Ra, | = oo for j — oo.

2. The sequence (Ry K x) does not converge uniformly on bounded subsets of H,; that is,

there is no convergence R, K to the identity I in the operator norm.

The notion of a regularization is based on unperturbed data; that is, the regularizer R,y
converges to x for the exact right-hand side y = Kx.

Now, let y € R (K) be the exact right-hand side and y% € H, be the measured data with
Hy — y8H < §. We define

X% = RyyS,

as an approximation of the solution x of Kx = y. Then, the error splits into two parts by

the following obvious application of the triangle inequality:

|

1 — x| < | Ray® = Ry | + 1Ry = x]

< IR« Hyg —y” + ||RKx — x|,
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and thus

This is our fundamental estimate, which we use often in the following.

x99 — x| < 8| Roll + | RaKx = x|

We observe that the error between the exact and computed solutions consists of two
parts: The first term on the right-hand side describes the error in the data multiplied by the
"condition number" || R, || of the regularized problem. By Theorem 1.4.5, this term tends to
infinity as « tends to zero. The second term denotes the approximation error H ( Ry — K _1) y H
at the exact right-hand side y = Kx. By the definition of a regularization strategy, this term
tends to zero with «.

We need a strategy to choose « = « (§) dependent on § in order to keep the total error as

small as possible. This means that we would like to minimize
SRl + [|[Ra Kx — x| .

The procedure is the same in every concrete situation: One has to estimate the quantities
|Ry|| and || R, K x — x|| in terms of & and then minimize this upper bound with respect to «.

Before we carry out these steps for two model examples, we introduce the following notation.

Definition 1.4.3. A regularization strategy « = « (§) is called admissible if & (§) — 0 and
sup{HRa(g)y‘s —x” : y‘g e H,, HKx—ySH < 8} -0, §—0,
forevery x € H;.

Tikhonov Regularization

A common method to deal with overdetermined finite linear systems of the form Kx = y is
to determine the best fit in the sense that one tries to minimize the defect || Kx — y|| with
respect to x € H; for some norm in H,. If H; is infinite-dimensional and K is compact, this

minimization problem is also ill-posed by the following lemma.

Lemma 1.4.1 ([55]). Let Hy and H, be Hilbert spaces, K : Hy — H, be linear and bounded,
andy € H,. Thereexists. X € H, with |Kx — y|| < |Kx — y|| forallx € H, ifand only if
X € H, solves the normal equation K* Kx = K*y. Here, K* : H, — H, denotes the adjoint

of K.
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As a consequence of Lemma 1.4.1, we should penalize the defect (in the language of
optimization theory) or replace the equation of the firstkind K* Kx = K*y with an equation
of the second kind (in the language of integral equation theory). Both viewpoints lead to the
following minimization problem.

Given the linear, bounded operator K : H; — H, and y € H,, determine x* € H, that

minimizes the Tikhonov functional
Jo (x):=|Kx —y||*> + a|x|* forx e H.

We prove the following theorem.

Theorem 1.4.2 ([55]). Let K : H — H, be a linear and bounded operator between Hilbert
spaces and « > 0. Then, the Tikhonov functional J, has a unique minimum x* € H;. This

minimum x* is the unique solution of the normal equation

ax® + K*Kx* = K*y.

1.5 Fractional Calculus

Fractional calculus has transitioned from pure mathematical formulation to applications,
being utilized to model numerous physical phenomena across various domains [69].
Fractional derivatives and integer-order derivatives are both linear operators. However,
integer-order derivatives are local operators whereas fractional derivatives are non-local
operators. This makes them a tool applicable for describing and modeling certain phenom-
ena in physics, chemistry, biology, mechanical engineering, signal processing, parameter
identification, electrical engineering, control theory, finance, and phase change dynamics

[68, 74].

1.5.1 Some special Functions

The Gamma Function

The Euler’s gamma function I" (z) is one of the basic functions of fractional calculus. It
generalizes the factorial z! to take also non-integers and complex values and it is defined as

follows:
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Definition 1.5.1. The gamma function I' (z) is defined as: forz € Cand % (z) > 0

o0

I'(z) = fe"zz‘ldt,

0

z—1

where 177! = ¢(@7D10¢® Thig integral is convergent for all complex z € C, with % (z) > 0.

For this function the reduction formula
F'z+1)=zI(2),
holds. In particular, if z = n € N, then
F'm+1)=n! (meN),
with (as usual) 0! = 1.

The Beta function

The Beta function is studied by Euler and Legendre, which is a kind of Euler integral. For

complex numbers z and w, the function is defined by:

B(z,w) = /zz—l A—=0)""1dt, R(z) >0, R (w) > 0,

0

which is symmetric function. The relationship between beta function and gamma function

T (w)
B(z,w) = m

1.5.2 Fractional integrals and derivatives

Definition 1.5.2. The left and right Riemann-Liouville fractional integrals of order 0 < y < 1

of a function f € L' ([a;b],R) are defined respectively by

1 t
1 - 1
I, f (@) “T0) / (t—s)"" f(s)ds,
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b
S0 =g [ 6= s

Definition 1.5.3. The left Riemann-Liouville’s fractional derivative of order0 < y < 1 ofa

continuous function f : [a; b] — R is given by

DY, f (1) = /( —97 £ () ds.

)dt

The right Riemann-Liouville’s fractional derivative of order 0 < y < 1 terminating at b of x
is defined by

DI f (1) = —W/(S‘” £ (s)ds.

Definition 1.5.4. The left Caputo fractional derivative of order 0 < y < 1 of an absolutely

continuous function f : [a;b] — R is given by

DI f (1) = o /(r—s> Y (s)ds.

The right Caputo fractional derivative of order 0 < y < 1 terminating at b of x is defined by
DI =g [ 6=07 F s
Fa=vy

1.5.3 Mittag-Leffler functions: properties and applications

Definition 1.5.5. [30] Denote by E, g (z) the Mittag-Leffler function

o0 k

zZ
Eyp() =) ———— zeC.y>0 BeR
i T (vk + B)

For short, we also denote £, ; (z) = E, (2) .
Here are some properties of the Mittag—Leffler function [41].

Lemma 1.5.1. ForO0 <o < landy > 0, Ey(—Yy) is decreasing. Furthermore, for allA > 0,
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we have
DYEy(—Ay®) = —AEq(=Ay®), (1.5.1)
Eq(0) =1, 0 < Eq(—y) <1,, yﬂfﬂoo Eq(=y) =0, (1.5.2)
and .
G (Bal=n) = CDMEoon). meN. (15:3)

Now, we recall a fundamental result that will be extensively utilized throughout this work.

Lemma 1.5.2. [51] Uniform estimates for the Mittag-Leffler function. Forevery0) < a < 1,

the uniform estimate

—  <Ey(—y)<—mF—, 1.5.4
1+ci(a)y ~ «(=7) < 1+ ca(e)y (1.5.4)
holds over R ., with the following optimal constants:
ci(@) =T —a), and cy(@)=T1+a) . (1.5.5)
Lemma 1.5.3. [60] Lety € (0, 1). We have
d 1
—E, ()= —Ey0(»).yeR, y#0. (1.5.6)
dy vy

Lemma 1.5.4. [60] For0 < yo < y1 < 1, there exist positive constants Cy +, C» +, C3, C4 and

Cs that depend only on yy, Y, such that

C,_ 1L C 1
L= < E, (x) < L oX”  forallx > 0, (1.5.7)
Y 14
C— 1 C
2 <E,(x)< 2t ,forallx <0, (1.5.8)
ra—-y)l—x ra—-y)1—x
C L C
|Eyo (x)] < 73 (1+x)7 e forallx > 0. |Eyo(x)| < = N ST frallx <0.
(1.5.9)
E
M <Cs(1+ x)% ,forallx > 0. (1.5.10)
Ey (x)

These estimates hold uniformly for all y in the interval [y, y1].

Lemma 1.5.5. [30]IfB € (—a,a), for any Ay satisfying Ay > A1 > 0, there exist positive
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constants C and C that dependona, B,y, T, A, such that

C
SE (—(@£p)AT?) = o

]l

Now we give the fundamental solution of the fractional problem with initial condition.

Let xo and A € R. The following problem
Dix(t) + Ax(t) =0, x(0) =x0, 0<0 <1, (1.5.11)
admits a unique solution given by the formula

x(1) = Eg1(t%1)xo. (1.5.12)



Chapter 2

THE MODIFIED FRACTIONAL-ORDER QUASI-REVERSIBILITY METHOD
FOR A CLASS OF DIRECT AND INVERSE PROBLEMS GOVERNED BY
TIME-FRACTIONAL HEAT EQUATIONS WITH INVOLUTION
PERTURBATION

2.1 Direct problem for time-fractional heat equation with

involution

We denote by H = L? ((—1, 1) ; R) the Hilbert space equipped with the inner product (u, v)

induced by the usual norm ||.|| . That is,

1 1

(u, v) ::/u(x)v(x)dx, llu||? :=/|u(x)|2dx.

-1 -1

We consider the following nonclassical fractional heat problem in the rectangle Q0 = (—1, 1)x
0,7):

DYu (x,t) — auyy (x,1) — Puyx (—x,1) =0, x € (=1,1), 1 € (0, T),

w(=1,0) = u(1,0), uy (1,0) = uy (—1,1), te0,T), (2.1.1)
u(x70):f(x)’ XG(_191)’
where « is a positive real number, 8 € R and D! is the Caputo derivative, defined for
0<y<l1,by
1 ! T ’
Dlu(x,t) = Ur (¥ T)d‘[, 0<y<l.

Frad-y)Jo t—1)

Fractional calculus is a branch of mathematics that deals with fractional order integrals
and derivatives. It generalizes the classical calculus to non-integer orders and has important
applications in physics, engineering, and other fields. For more details, we refer, for instance,

to the books [41, 53].
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On the other hand, involutive differential equations are a class of differential equations
that exhibit alternating deviations. These equations were first introduced in [100] and have
since become an integral part of the theory of functional differential equations. The study
of involutive differential equations has gained increasing attention from researchers, as
evidenced by recent research in [18, 81, 85].

Equations that contain terms such as u (o(x), t), uy (0(x),t), and u,, (o(x), t) are com-
monly referred to as equations with deviated variables. The function o, also known as the

Carleman translation or involution [18, 100], is defined by:
o:[-1,1 — [-1,1] witho (o (x)) = x.

A considerable number of researchers have studied equations with involutions, and there
is a comprehensive bibliography on this topic in monographs [18, 103]. These equations find
applications in various fields of engineering [83, 96]. For further details on the theoretical
development of these equations and their physical motivations, interested readers can
consult [78, 80].

The mathematical literature has shown a shortage of work dedicated to the study of in-
verse problems and ill-posed problems for models governed by PDEs with deviated variables,
as well as their regularization methods. This is particularly true for numerical approaches
that deal with this category of problems. Recent research has focused on inverse problems
involving perturbations of the involution type, as seen in [2, 3, 8].

The authors in [2] investigated an inverse source problem when @ = 1 and || < 1. They
provided results on the existence and uniqueness of solutions for various types of boundary
conditions. However, the regularization procedure for the problem under consideration was
not examined.

This study builds upon previous research [2, 89], and aims to investigate ill-posed prob-
lems related to a class of relaxed heat equations with involution perturbation. To the best
of our knowledge, the present work is the second investigation devoted to the theoretical
analysis for regularizing the ill-posed time-fractional heat equations with involution pertur-
bation. We note here that when y = 1 in (2.1.1), we find the classical model treated in [89],
so this study is a generalization and extension of results obtained in the work [89]. Hence,
this work constitutes a new contribution to the theme of ill-posed problems generated by

PDEs involving involution terms, which is characterized by the lack of studies dealing with



2.2 Notation and auxiliary results 32

their regularization aspects and their numerical approximation methods.

To regularize our problem (2.1.1), we propose a modified version of the pseudo-parabolic
regularization method initially developed by Showalter [36] for solving ill-posed problems
in parabolic equations, as discussed in [14, 15, 30, 36, 51, 87, 89, 92]. By assuming specific
regularity conditions on the problem data, our regularization technique guarantees the

convergence of the approximate solution and provides error estimates.

2.2 Notation and auxiliary results

In this section, we recall certain auxiliary materials that will serve as key tools in establishing
our results.

The problem (2.1.1) can be expressed in the following form:
Dlu(x,t)+ (al +BS)Au(x,1) =0, 0<t<T,xe(=1,1), u(x,0)= f(x), (2.2.1)
where A : D (A) C H — H with
D) ={weH (-1 :w D) =w®), we (1) = wye (~D},  Aw(x) = —wye (x).

and

S:H—>Hw—Sw)=v,v(x)=w(—x).
Definition 2.2.1. Let B : H — H be alinear operator.
1. S is an involution if B* = 1.
2. Bisunitaryif BB* = B*B = I, where B* is the adjoint of B.
Proposition 2.2.1. [89] The following properties hold.

1. SeL(H).
2. SS*=8*S =1.
3. §2=1.

Let us now focus on the spectral problem
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—pr () =Au(x), xe[-L 1], u(=D) =ul), u (=) =u (1).

The eigenvalues of this problem can be shown to be as follows [89]:

Ao =0, A= (k) k=1,2,...,
and eigenfunctions

Yo (x) = {or (x) = sin (kmx), Y (x) =cos(knx)} .k =1,2,.

f

Let

¢n (x) =sin(nx), n € N*, v (x) = Vm (x) = cos (mmx), m € N*,

ﬁ

and
An = (n)*, n € N*, A,, = (mn)*, m € N.

2.3 Analysis of the problem (2.1.1)

In this section, we present results regarding the existence, uniqueness, and regularity of
the solution for the direct problem. This aims to elucidate the topological nature of the
considered problem.

We initiate the first step by providing the explicit solution of Problem (2.1.1) using the
Fourier method.

It is well known that the set B = {¢,,n € N*} U {¥,,,, m € N} forms a Hilbertian basis in
the space H = L?((—1,1),R) [89], then foru € H = H; & H,, where H; = Vect{p,}%,

and H, = Vect{y, }o-_,, we have the decomposition:

U=1uUs+ U = Z U, Qn) On + Z s Um) Y, (2.3.1)

where
o0

Z u, §0n On, Ue = Z (M, Iﬁm) Wm

m=0
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It is worth noting that equation (2.3.1) provides a means of decomposing problem
Diu+ Agpu=0, 0<t<T, u(0)=/f (2.3.2)

into two distinct problems, the solutions to which can be added together to obtain the
solution to problem (2.3.2). This can be accomplished using Fourier’s method and the

relationships given below:

Aapn = (al + BS) Apy = Ay (@l + BS) on = An (@ — B) o = (@ — B) Antn,
AgpV¥m = (@l + BS) AVm = Am (d + BS) Vi = Am (@ + B) Vi = (@ + B) A ¥m,

we can write,

o0 [e.¢]
w(x. ) =Y g (O)@n+ Y tm (1) Y.
n=1 m=0
and - -
F= fa@ont D fon (O) V.
n=1 m=0
Substituting these expressions into problem (2.3.2) yields the following problems:

(e ¢]

D (DY un () + (@ = B) Anttn (1)) u =0, 0 <1 < T,

n=l o (2.3.3)
Zun 0)pn = Z Jnn,
n=1 n=1
and -
> (DY m (1) + (@ + B) At (1)) Y =0, 0 <1 < T,
m=0 o (2.3.4)
m=0 m=0
This gives us the system of equations :
D u, (1) + (@ — B) Apu, (1) =0,0 <t < T, (2.3.5)

up (0) = fu,
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forn € N*, and

DV (1) + (0 + B) Aty (1) =0, 0 <t < T,
Um (0) = fm,

(2.3.6)

form € N.

Remark 2.3.1. The problems (2.3.5) and (2.3.6) correspond to fractional order differential
equations for any fixed value of n and m respectively. Thus, it follows that each of these
problems has a unique solution that can be expressed using the Mittag-Leffler formula (see

(1.5.12)).

Therefore, the unique solutions to these problems can be expressed as follow:
odd component : u, (1) = E, (— (¢ — B) Ant”) fu, n € N*, (2.3.7)

and

even component : Uy, (1) = E, (— (« + B) Amt?) fin, m € N. (2.3.8)

Definition 2.3.1. [89] The set A is considered admissible for problem (2.3.4) if, for all f € A,
the problem (2.3.4) has at least one solution, meaning that the set of solutions S associated

with f is nonempty.

Now, we have reached a stage where we elucidate the nature of the considered problem
based on the values of « and . Two cases may be distinguished:

If B € [—a, «], then problem (2.3.2) is well-posed. furthermore, its solution is given by

w(x,1) =Y Ey(—(@—B) Ant”) fapn (X) + D Ey (= (@ + B) Amt”) fn¥m (x). (2.3.9)
n=1 m=0

Furthermore, we have the continuity relation:

I (L OIP = (Ey (= (= B) ™) 1Sl + D (Ey (= @+ B) Ant)) | > < 1S 17
n=1 m=0
which implies that

sup [u (o)l = /1

0<t<T
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If B € |—00, —a[ U ]a, +0o0], then the problem (2.3.2) is considered ill-posed. In this case, the

formal solution of the problem is provided as follows:

U (x,0) =Y Ey (= (@ =B)Ant") fun )+ Y Ey (= (@ + B) Amt”) futim (x) . (2:3.10)
n=1 m=0

The reason for the instability of the solution is specifically linked to the high frequencies

6, = E, (— (& — ) Ant”) when B € Jo, +o0|, ¢ €]0, T]:

Op = Ey, (— (@ — B) Aut”) = 400, n — +00, (2.3.11)
and 6,, = E, (— (@ + B) Am) for the case B € |—o0, —a], 1 €]0, T]:

Om = Ey (— (o + B) Amt?) = +00, m — +o00. (2.3.12)

To ensure the existence of the solution to the ill-posed problem, we define classes of
regularity that not only guarantee the existence of the solution but also offer error estimates.
Specifically, we introduce the natural admissible class G, (resp. G.) to ensure the existence
of the solution and G for § > 1 (resp. G?) to establish an error estimate between the exact

solution and the regularized solution.
Definition 2.3.2. For 8 € |, +o¢[, 6 > 0, we define the set
o0
G = {h €H:Y EX(—(a—PB)AT7) |hy|* < +oo} hy = (h.n) (2.3.13)
n=1
and if 8 € |—o0, —«[, we denote by Gf the set given by
o0
GY = {h €H: Y EF(—(@+B)AnT") |hul|* < +oo}  hm = (h,Ym) . (2.3.14)
m=0

1. Thesets Gf and Gf are guaranteed to be nonempty. This can be easily demonstrated by
showing that the sequence {¢, } .., belongs to Gf and the sequence {V,, },,_, belongs
to GY.

2. G = H; = Vect{g,}>>, and G? = H, = Vect{¥,,}°°_,.

N

3. For 6, > 6;, we have G C G% and G?> c G¥'.
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To simplify the notation, we put

Ci_ C
ar(y) = ==, ar(y) = —=F,
Y Y

and

Cy _ C,
bi(y) = I‘(l—;)/)’bZ(y) = I‘(I——er)

By using the estimate (1.5.7), we have the following estimates:

If B € |, +o0],i.e., (B —a) > 0, then

¥ 1
ar(y)elP=OMI"E < B ((B — a)Ant) < ai(y)elf=I7,

and
1 1
al(y)ZHeZO[(ﬂ—(x)/ln]Vt < Ey((ﬁ . O()A,nt)ze < al(y)ZGeZG[(B—a)An]Vt‘

If B € |—o00, —al,i.e.,, —(B + @) > 0, then

¥ 1
ay(y)em PO < B (—(B + a)dnt) < ay(y)elmBrotal’e,

and
1 1
al(y)ZOeZO[—(ﬂ—Hx)ln]Vt < Ey(_(ﬂ +O()A.nl‘)20 < al(y)ZOeZG[—(ﬂ—l-a)kn]Vt'

These equivalent estimates allow us to give a precise characterization of the regularity classes

GY and GY as follows:

© 1
G) = {h € H:Q7p(h) =) &*FmMI T, 2 < +oo} Che=(hogn) . (23.15)

n=1
and
S 1
G? = {h € H:Q2y(h) =) M Brabal? T p 2 < +oo} s b = (B, Ym) . (2.3.16)
n=1

In the following, we provide key theorems, providing results related to the existence of a
weak solution (strong generalized solution) and its regularity for the homogeneous case, as

well as the existence of a weak solution for the nonhomogeneous case.

Theorem 2.3.1. Forf € |, +00|, the problem (2.3.2) has a unique solutionu € C ([0,T]; H)
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ifand only if f belongs to the set G.

Proof. The uniqueness of the solution to the problem (2.3.2) is due to the fact that the
solutions to the problems (2.3.5) and (2.3.6) are also unique.
Furthemore, the statement that u € C ([0, T']; H) is equivalent to the assertion that

sup ||u (.,t)| is finite. Indeed, we have
0<t<T

0<t<T 0<t<T

sup fu (..0)[|* = sup {ZE2 — (@ = B) Ant”) | ful? +ZE2 (a+ﬂ)xmry)|fm|2}

<ZE2< (@—B) AnT") | ful® +Z|fm < +o0,

m=0
ifand only if f € G. O
Similarly, we can prove the following theorem:

Theorem 2.3.2. Forf3 € |—oo, —«|, the problem (2.3.2) has a unique solutionu € C ([0,T], H)
ifandonlyif f € G..

Remark 2.3.2. Let u; denote the odd component of the solution u:

s (¥,0) = ) Ey (= (@ = B) Aut”) oo (x) (2:3.17)
n=1
and u. the even one:
ue (x,1) = Y Ey (— (@ + B) Ant”) fn¥im (x) . (2.3.18)
m=0

The same for f,

f:ﬁv+fc:anWn+me¢m-

It should be noted that for § € ], +00[ (respectively, B € |—oo, —«[), the instability of the
solution is caused by the odd part u, (respectively, u.).
We assume here that 8 € o, +00[. The case f € |—o00, —«a[ can be treated in the same

way.



2.3 Analysis of the problem (2.1.1) 39

Theorem 2.3.3. Let f € G.. Then, there existe a strong generalized solutionu € V. =
C([0,T); H)NC((0, T); D(A)) to Problem 2.1.1 given by (2.3.10) such that DYu € C((0,T); H)

and lim0 lu(t) — f|| = 0. Moreover there exists a positive constante K such that
t—>

lullcqo,r1;m) = s?p [uC, D) < K[Qs,1(f) + Qe0(S)], (2.3.19)
and
IDYu(., Ol = |Au(., )l < (1€ Qs.1(f) + 2Qe.0(/)). (2.3.20)
fort €]0,T].
Proof. We have
EZ(—(@=B)Ant") S E (— (@ — B AnT7) < az(y)zezﬂﬂ—“)*n]h, (2.3.21)
0<E;(—(ax+B)Aut") <1, (2.3.22)

and

1

he(. )| = / (. 0)Pdx =Y EZ (—(@—B) Ant") | ful*+ D EZ (= (@ + B) Amt”) | ]
1 n=1 m=0
(2.3.23)

By using (2.3.21) and (2.3.22), the quantity (2.3.23) can be estimated as follows

[0 = az(p)? > AR T £ 12 S £ 2 (0)2Q2, () +Q2(f) (2.3.24)

n=1 m=0

< max(az2(y)%. 1) [Q%,(f) + Q%4 (/)]

From (2.3.24), we obtain the desired estimate

luC., 0)[* < max(az(y), D*[Q3 () + Q2 (/)] < max(aa(y), 1)* [Qs,1 (f) + Qeo( )],
(2.3.25)
with K = max(a,(y), 1).

In(2.3.25), since u(x, t)_ZE (— (@ = B) Ant?) Ffutom (x)—i—ZE (— (@ + B) Amt”) fon¥m (X)

is convergentin H = L*((—1, 1) R) uniformlyin ¢ € [0, T'], we see thatu e C(0,T]; H).
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Now, by using the discrete version of Lebesgue’s dominated converge theorem, we prove

that lim0 |lu(.,t) — f|| = 0. Indeed, we have
t—>

[y (— (@ = )t )1 < B3 (— (0 = ) Aat”) < E3 (— (@ — ) MnT?) < sy 2?6007,

and
[Ey (— (@ + B) Ant?) — 11> < 1,

which implies that
luC..0) = fI? < K2 [Qua(f) + Qeo(f))* < 0.
Furthermore, we have
Tim [E, (— (@ = B) Aut?) = 112 = 1im [E, (— @ + B) kat”) = 1> =0,

foreachn € N* andm € N. So, by the Lebesgue dominated convergence theorem, it follows
the desired convergence result.

To continue the calculation, we define the function

Ey (= (a —B) Ant")
"Ey (—(@—B)AaT7)

MA,) = A
This function can be estimated as follows

1
M,(A,) < N, (Ay) = % 2,017

By a simple calculation, we show that

1 Y
A, et DB < p; T B o y) = Y -,
e S0P = T
fort € [0, T[. It results that
a
My ) = 25T ay) = 1. T o), (23.26)
1

We also have the inequality
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Am < bZ(V)

)LmEy(—(O“i':B)Amty)sz<y)1+(a+ﬂ))t tV T (ax+ B)tY

= Kky(t, B,a,y), (2.3.27)

fort €]0, T].
By virtue of (2.3.26) and (2.3.27), we can write

= — (0 — ) Ant? 2 2 2 202
Z[xn e ;y))] (£, (— (@ = BT ul? = [1a2()PQ2, (1),
n=1 14 n

and

> [AmEy (=@ + B) At )] | funl? < k2Q2 ().
m=0

By combining these two inequalities, we obtain

IDIu(. O)|* = I = Au(, O)|1* = |[Au (., D> = kia2()PQ5 1 (f) + k53Q2 o(f) < oo,
(2.3.28)
fort €]0, T'[, which shows thatu € C(]0, T'[; D(A)).
This completes the proof of Theorem 2.3.3.

]
The nonhomogeneous case
Remark 2.3.3. If we consider the nonhomogeneous case:
DVu(x,1) — attyy (x,1) — Py, (—x,1) = g(x), xe(-1,1),te(0,T),
u(—1,t) =u(l,t), uy (1,1) = uy (—1,1), te0,7),
u((x,0)=f(x), xe(—11),
(2.3.29)

we can impose reasonable conditions on g which guarantee the existence of the solution. In

this case (see [86]), the unique solution is given by the formula

u(x,t; f,g) = us(x,t; f,g) +uc(x,t; f,2), (2.3.30)



2.3 Analysis of the problem (2.1.1) 42

where
us(x» L] f,g) = Z Ey (_ (O( - ,3) Anly) fn + / Gn,s(t - T)gn,s(f)df ®n (x) s (2-3-31)
n=1 0
and

uc(X,t;f,g) = Z Ey (_ (a+ﬂ)kmty) fm +/Gm,c(t_f)gm,c(f)df wm (X),
. ’ (2.3.32)
with

gn,S(T) = (g(-’f),fpn), Gn,s(t - T) = (l - ‘[)y_lEJ/,)/ (_ (O( _:3) An(t - T)y) )

and

gm,c(f) = (g(-’ ‘L’), lﬁm)’ Gm,c(t - f) = (t - T)y_lEV,V (_ (O[ + ﬂ) Am(t - T)y) .

To justify the convergence of expressions (2.3.31) and (2.3.32), we introduce the following

regularity class (which represents a sufficient condition): for r € R, we define

T
oo . 1
G =3ge€L*(0.T:H): P}, (9) =) _ [ [(B — @),y P70 g, (1)?dT < +o00 ¢,
n=1

(2.3.33)
where g, (1) = (g(., 1), ¢n) .
The following two technical lemmas are necessary for our calculations.
Lemma 2.3.1. (cf. [27], Lemma 2.3) Let0 < yo < y1 <2 andy € [yo, y1]. Then, there exists
two constants jL1(y), u2(y) > 0 such that

1

Y

=

pi(y)e®” < Ey(z) < pa(y)e®, z=0. (2.3.34)

In addition, there exists two constants j13(y), na(y) > 0 such that

1

_ 1
us(y)e?” < zyTlEy,y(z) < us(y)e?”, z>0. (2.3.35)

Lemma 2.3.2. (cf. [86], Lemma 3.2 and Lemma 3.3) For0 < y < 1 and A > 0, the following
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are true.

e The functiont —> E,(—At") is continuouson I = [0, T] and for each j € N, we have

d .
WE"(_M/) =—AMVTE,,_it1(=AtY), t>0. (2.3.36)

e The functiont —> t" ' E, ,(—=At") belongs to L' (1) and we have

T
/ [tV E,, (—AtY)| dt <

0

(2.3.37)

> =

We have

2

s Cts )P = 3 | By (= @=B)2) fu b [ Goslt = g0l | =23 (42482,
0 n=1

n=1
(2.3.38)
where
2
Ai21 = [EV (_ (O[ - :B) Anty) fn] ,
and
; 2
B2 = | [ Gustt = Dignu0)dr
0
By the Cauchy-Schwarz inequality, we can write
t t T
B,f < /Gis(t —T)gns(7)?d7 / ldt | <T / G,f’s(t —17)gns(1)*dr.
0 0 0
By using (2.3.35), we derive
T
5 ez[(ﬁ_“)ln]%(’_t)g,,,s (r)%d. (2.3.39)

B2 < Tia(y)? [ (B — ),
0

This inequality gives
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> > a=» _ ¥ (—
Y B < Tua(y)* ) / [(B=a)r, 7 2O e (1)2dT = Tpa(y)*Pi 1, ().
n=1 n=1 0

(2.3.40)
Now to estimate the quantity
o0 ! 2 o0
et fIP =) {E (= (@ + B) Amt”) fon + / G et — r)gm,c(r)dr} <2 {Co+D}},
m=0 0 m=0
(2.3.41)
where
= [Ey (= @+ B) Ant”) fu],
and

D,zn = |:/ Gmo(t — r)gm,c(r)df:| ,

0

we use the following arguments:

gme(O = 1IgC. DI = sup [lg(. D = lIglloo-

0<t<T

t 2 z 2 2
D} = [ / Go,car)go,c(r)dr} - [ | = =0 1g0c(r)dr} < (%) g

0
2 < t — < ; ’ 2

0

and
2 2 o0 1 1 2 7_[4 1 2 7{2 ,
2 ((a + B ) ((a +/s)n) P (m) % = ((a +ﬂ)) 5 = Ma@. )’ < o0
we obtain - i
;Di < max (Mz(a,ﬁ)z, (%) ) lgllZ, (2.3.42)

Combining (2.3.24),(2.3.40) and (2.3.42), we obtain the following result.



2.4 Regularization method and error estimates: Problem (2.1.1) 45

Theorem 2.3.4. For f € G} andg € G}™" N C([0, T); H), the nonhomogeneous Problem
2.3.29 admits a unique strong generalized solutionu € C([0, T]; H) given by expressions

(2.3.30), (2.3.31) and (2.3.32), and we have the conditional stability

sup [[u(. 25 £ = piliglloo + Ps,a-(g) + Qs1(f) + Qeo(f)} - (2.3.43)

0<t<T

2.4 Regularization method and error estimates: Problem

(2.1.1)

This section constitutes the main contribution of the paper concerning Problem (2.1.1),
in which we introduce a new modified pseudo-parabolic method of order (y, 2) to solve
problem (2.3.2).

Consider the regularized problem where u, (x, ) is the solution:

L.u =0, (x,t) e (—1,1)x(0,T),
u(=1,t)=u(l,t), te(,7),

Uy (1, t) =uy(—1,t),t €(0,7),

u(x,0) = f(x), x e (—1,1),

(2.4.1)

where
Lsu = DZU (xv t)_auxx (X, t)_;Buxx (—)C, l)—SD;l (uxx ()C, t))+8Dg/ (uxx (_xv [)) s (2-4-2)

and ¢ > 0 is aregularization parameter.

We know that u, (x, t) has the following form

o0 o0
Ue (X.0) =D Uen (1) Pn + Y Uem (1) Ym.
n=1 m=0
By injecting this formula into the expression of L, , we get the following problems:

D (1 +28A) DY tten () + (@ — B) Antten (1)) @u = 0. 0 <1 < T,

n! 0 (2.4.3)
Zusn (O) ©On = Z fn(pnv

n=1

n=1
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and

D (DY uem (@) + (@ + B) Amhem (1)) Ym =0, 0 <1 < T,
"l (2.4.4)
2

Uem (0) Ym = Z Jm¥m-

We thus obtain the family of differential equations

(14 2ed,) DY ug, () + (@ — B) Aptte, 1) = 0,0 <t < T,
up (0) = fu,

(2.4.5)

forn € N*, and

Dt () + (@ + B) Amttom (1) =0, 0 <1 < T,
Uem (0) = fm,

(2.4.6)

form € N.
Thus, we can express the solutions to problems (2.4.5) and (2.4.6) as unique families

given respectively by:

(=P,

odd component : u., () = Ey ( 1+2 )L

)fn,neN*

and

even component : Uy, (1) = E, (— (@ + B) Amt?) fm. m € N.

The solution of the perturbed problem (2.4.1) is obtained by adding the solutions of the two

previous problems. Therefore,

e r)—ZE (~1 5t )fn¢n<x)+ZE (= (@ + B) Ant”) frtm ().
(2.4.7)

Now, we present a result on the stability of the regularized solution.
Theorem 2.4.1. Forf € |a, +0o0|, the problem (2.4.1) has a unique solutionu, € C ([0,T], H) .

Proof. The uniqueness of the solution to the problem (2.4.1) is due to the fact that the

solutions to the problems (2.4.5) and (2.4.6) are also unique.
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Here, we have

Mg

e 01 = e

(05 ,3) v 2 2
(—1 55 ) 14 +Z|fm|

2
CH) ) | +Z|fm

(5
(

5( (- ﬁ)xﬂ)w +ZE2( @+ B) At”) | fon

3
Il
-

[A
WK
SE,

3
Il
—-

E%g

3
Il
—-

E%g

2(_(01 ﬁ)TV)% 2 2
: ) il +mZ:0|fm|

Il
_

n

A
/\\

@—B) o\ T o
) T N LR Yl
n=1 m=0

T (2.4.8)

O]

In the following, we provide convergence results and error estimate under certain regu-

larity assumptions.

Theorem 2.4.2. Setting A, (x,t) = u (x,t) —u. (x,t). If B € |, +00], it follows that
1A: (LOIP < A (D> — 0, & — 0.
Proof. We have

Ag(x,t) =u(x,t) —u.(x,t)

:Z{EV(_(a_ﬂ)Anty)_Ey( 1(_’__2’8/1) )}fn‘ﬁn(x)

n=1

Thus,

oo

1A COE =Y {Ey (@ — ) dnt?) — E, (—Mw)} AP

n=1

G(An)
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So we can write

E, <_ l(i;ﬁl)n A”ty)
G () = Ey (= (@ =P Mt ) 1 = o

As ||As (L O)|I? < | A, (., T)|?, we just need to estimate A, (., T). Indeed, we have

E ( (@=p) ,\nTy)

Y\ 1+2¢k,

Ey (= (a—B) AnT7)

1Ae (T2 =) E} (—(@—B)AnT7) 1 — |l
n=1

o0
Note that condition f € G| is equivalent to Z Ef (= (@ = B)AuT?) | fn]* < +o00. Hence,

n=1
for any n > 0, there exists an integer N € N such that:

o0 2
> B —@=P Tk < T
n=N+1
So,
N EJ/ (_ 1(40:2_5) A"Ty)
2 20 . . n 2
14 (. D) —;Ey< @A LT\ - e paTn [
> Ey (‘%)‘nw)
E2(—(a@—PB) A, TV {1 — . 12
" n=2N;i—1 ’ ( (a ﬂ) ) EV (_ (O{ _IB) AnTy) |f |
We have
° E, (_ 1(4(:;53 A"Ty)
Ay = E2(—(a—B) A, TV 1 — - 12
2 n§+1 , (—(@—p) ) E, (— (@B anT7) | fal

= Y B@-pHuIILP <5

n=N+1

d 1
On the other hand, by Lemma 1.5.3, we have d_E y () = —E, 0 (»). Therefore, there exist
Y vy
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(@ —p)

tant €
constants &, (1+2A

A T7,— (. — B) /\nTV) ,n > 1, such that
:3) . Ey,O(gn) —2(0[ ;3)
b () -

E, (—(@=B) 2aT") - T

2 T]/)

We have

(@=p) 5 Ty)

— Y E2 A TV 1 Ey( 1+28A” 2
=2 E @ p) T 1= i [

n=1

Ey (= (@ = B) MT") = Ey (-
Ey (—(@— B) AnT?)

Il
M=

3
Il
—

E} (= (@—=P)A.T") {

- Eyo (&) [~ (@ — B) AaT7 — 782,77
E2(— (o — B)A,T? ( v:0 \Sn 1+2¢h, 12
SLECE DRI E @ Pty |
N 2 —2(@—=B8) 2 TY 2
20 (0 % (EV,O (gn)) 14+2¢e, )‘ 2
Sn;Ey( (= B) AT )Ey Cla—B ATy e | fl
N 2 ((=2—B) .32 2
Eyo(—(a—B)A,T7) 1+2¢h, eA T 2
S;Eﬁ(—(a—ﬂ)/\nTV)(Ey (—(a—,B)/\nTV)) { i’fzgf)/\ TV} | ful

5 -t (- @-pam?) (2en) 167

Il
-

n

N
1 2
= (Corn (1= (@ =B ANT")? ) (261 Y] EZ (— (@ = ) 2aT") | ful
n=1
N2
<4 (Cohw (1= (@ =B ANT")7) FPe2.
We choose ¢ such that
1\2 n?
4 (C6AN (1—(a— ﬂ)ANTV)V) Fie* < 7.

as a result, we get
1A: (T)|> = A1 + A2 < 7.

n
2V2Cshy (1 — (@ — B) ANTY)? F

For any ¢ satisfying ¢ <

2

(@=p)

T42ed, A Ty)} | f?
n

, and positive real number 1, we
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have ||A, (., T)||* < 7, this shows that

IA: (. T)|* = 0, e —> 0.

Now, let us assume that
= 2 y y 127 2 2
S EZ=@=B)T”) (1= @ =B ATV ) |/l < B} < 0.
n=1
Theorem 2.4.3. Under the aforementioned condition, the following estimate holds:

sup [|A: ()]” < 1A (, T)|1* < K2 ETe™,

o<t<T
whereQ < r < 1.

Proof. We have

. b ()
186 DIF =D B =By T M = g o)

E, <_ 1(4(1[;5) A”Ty)
2 n
, (= (a—=B) A, T") 1—Ey(_(a—,3)k,,TV)

| ful?

2r

| ful®

2= BT (e (= @ = H T ) @Cet |l

o0
<> E
n=1
o0
<> E
n=1
< (2Ce)*" E?&*"

<k2E2e%, (24.9)

where k = (2C¢)". Hence, we obtain the desired estimation. ]

Let uﬁ (x, 1) be the approximate solution associated to inexact data 1'% (x) such that

Hf‘g — fH <4, (2.4.10)

where § > 0 is the noise level.
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Theorem 2.4.4. Suppose that u is the solution of (2.1.1) and u, is the solution of problem

(2.4.1), and let

S E2 (@B 2T (4 (1~ (@~ ) AnTV)i)Z’ ful? < E? < .
n=1

By choosing the parameter ¢ as follows

_ BT
~ 2(In (5-1))”

then for any fixedt € [0, T], the following estimate holds

0<0<l,

sup
0<t<T

B-a)T7 \
2(1n(59—1))y) E1,

where C, k are positive constants depending onr,y,T,a, B and A,.

u? (.,t)—u(.,t)H <Cs —I—k(

Proof. First, we have

From (2.4.8) and (2.4.10), we get

|

uf (.,t)—u(.,t)” < ‘

2
_fn

5 ()

i (Ey (— e+ B hnt") [ £ = fo
< (a'e(—(“;ﬁrv)y) s - [

1\ 2
< (T

for0 < 6 < 1, and using (2.4.11), we obtain

b (L) —u, (.,z)H2

B—a)T”
2 (In (86-1))"’

By choosing ¢ =

u (1) —u, (.,z)H <Cs°.

ul (o 0) = e (0| + e (1) = (O]

(2.4.11)

(2.4.12)
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On the other hand, we have
hue (1) —u (O < A TP

Then, using (2.4.9), we get

) (BT
s (1) uuon_k(ﬂm@%gy

By combining (2.4.12) and (2.4.13), we obtain

|

The proof is completed. ]

r
) El, O0<r< 1. (2413)

ui(.,z)—u(.,t)H 5589+k( =) T7 ) E;.

2 (In (86-1))”

2.5 Inverse problem for time-fractional heat equation with
involution

This section addresses a novel problem related to backward time-fractional heat problem
with involution perturbation.

We consider the following nonclassical fractional heat problem:

DZU (x,1) — avyy (x,1) _,Bvxx (=x,1) =0, xe(-1,1),te€(0,T),
v(=1,t) =v(1,1), uy (1,¢t) = vy (—1,1), te(0,7),
v(x,T) =g (x), xe(=1,1),

(2.5.1)

where D! is the Caputo derivative for 0 < y < 1. Here, « is a positive real number and

B € (—u, ).

The problem (2.5.1) can be written as follows

D'v(x,t)+ (al + BS)Av(x,1) =0, O0<t<T, xe(=1,1), v(x,T)=g(x)),
(2.5.2)
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where A : D (A) C H — H with
DA ={weH*(-1,D):w=D)=w(), we (1) =wx (=1}, Aw (x) = —wxx (),
and
S:H—->Hw—Sw)=v,v(x)=w(—x).

Define
H =D(A") = {h €H: Y A (o) + D A0 [(h.ym) | < oo} .
n=1 m=0

It is readily deduced that the space D (A") forms a Hilbert space, equipped with the norm
defined by the expression

1
o0 o0 2
12l peary = (ZA?/ (o) ® + > A2 |<h,wm)|2) :
n=1 m=0

With the same methodology employed to ensure the existence and regularity of the
solution of problem discussed in Section 2.3, we define classes of regularity that not only

guarantee the existence of the solution of Problem (2.5.1) but also offer error estimates F 9,

Definition 2.5.1. For § > 0, we define the set

> 1 > 1
FP={heH: hal?
{ e pam ™t L Car paT)

hm|? < +OO} ;

1. The set 77 is nonempty. In fact, it is easy to see that {¢,}°>, U {¥,}>_, C F°.
2. If6 =0, then F° = H.

3. If§, > 6,, then F% c Fo.

1
R k2.5.1. F L 1.5.5, we deduce that ~ A, C tly,
emar rom Lemma we deduce tha E, (=% B)anT?) » Consequently,

we have H? = F9.



2.5 Inverse problem for time-fractional heat equation with involution 54
For v € H, we have the decomposition:
o0 o0
V=04V = (V@) @nt D (V. Vm) Y. (2.5.3)
n=1 m=0
where
o0 o0
Us = Z (v, 0n) Pn, Ve = Z (U, Ym) Y-
n=1 m=0
Note that the equation (2.5.3) enables us to decompose the problem
DIv+ Agpv =0, 0<t<T, v(T)=g, (2.5.4)

we can write

V(L) =) V(O nt Y Vm (1) Y,
n=1 m=0

and

o0 o0
g = Zgn(Pn + Z gm¥m.
n=1 m=0

By substituting these expressions into the problem (2.5.4), we can obtain the following

problems:
o0
D (DY vn (1) + (@ = B) Auvn (1)) @u =0, 0 <1 < T,
n=1
Z U (T) gn = ZgnQOn’
n=1 n=1
and

> (
m;O o
Z Vi (T) Ym = Z gmVm.
m=0 m=0

Consequently, we obtain the following family of equations:

DYv, (1) + (@ —B) Apv, (1) =0,0<t < T,
vn (T) = gn,

DY (1) + (& + B) AU (1)) Y =0, 0 <t < T,

(2.5.5)

(2.5.6)

(2.5.7)
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forn € N*, and
DYvpy (t) + (@ + B) Amvm (1) =0, 0 <t < T,

(2.5.8)
Um (T) = gm»

form € N.

Remark 2.5.2. For any fixed integer n (resp. m), problem (2.5.7) (resp. (2.5.8)) represents a

fractional-order differential equation.

Indeed, through straightforward computations, it can be shown that

i Ey(—(a—ﬁ))tnty)gn on (x )+Z Ey (= (a+ ) Amt?)

) L B ATY) By (@t )T

gmYm (x). (2.5.9)

We distinguish here two cases:

If0 <t < T, then problem (2.5.4) is well-posed. furthermore, its solution is given by

b=y BC@PID HZ Ey (= (@+ B) dmt”)

2 E, (=B anT?) Ey (o + B) A7) )
(2.5.10)
we have also the following continuity relation
v .ol
o Ey (= (@=B) ")\’ o ((Ey (=@ +B) Ant?) \*
—E(E (—(a—ﬁ)xnm) " + 2(15 @+ B TV)) g
o~ (Cop 1+ (@ — ) A, TV Gy 1+ (a+ B)A,TY 2
S,,Z:; (Cz,— 1+ (= B) Ant? ) nl" + 2:: (Cz,— 1+ (a0 + B) Amt” ) gm
~2 — (T ~2 ~2 T 2 2
¢ Z(;) jgnl? + C Z( ) gmP <€ (7) Iel?,
n=1
which implies that
~( T\
Io .ol <€ (7)) Tl 5.1

Remark 2.5.3. From (2.5.11), we observe that the solution u(.,?) is stable for ¢ € [zo, T],

T0>0.
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Ift = 0, we obtain

oo

= 1
v(x,0) = Z: (O(— 8) A Ty)gn‘pn (x) + Z @+ ) A Ty)gm\pm (x).

(2.5.12)
We can observe from this representation that v (x, 0) is unstable, which can be attributed to
1

the high frequencies 9,

T E (—@=P) AT

1
P, = — 400, n — 400, (2.5.13)
E, (—(@—B) A1)

1

and T E, (— @+ B AT

1
Um = , . 2.5.14
E, (—(@ 1 p)anTy) oM EC (2.5.14)

The following theorem is a key result summarizing the findings mentioned in Remark

2.5.2 and Remark 2.5.3.
Theorem 2.5.1. The problem (2.5.4) has a unique solutionv € C ([0, T], H) if and only if

ge H.

Proof. The uniqueness of the solution to the problem (2.5.4) is due to the fact that the
solutions to the problems (2.5.7) and (2.5.8) are also unique.

Now, the propertyv € C ([0, T], H) is equivalent to sup |v (.,?)| < +o0. We have

0<t<T
*= (L (C@= ) An) Ey (= @+ B) Amt?) >
sup v (.01 = sup {; (Ey(_(a_ﬁ)km)) Ignl? +Z(Ey( (a+ﬂ)/\mTV)) |m|}
1 , | 2
_r; E)% (—(x—=B)A,T?) |gnl +m2=0 E)% @+ B)anT?) lgm|” < +o0,
(2.5.15)

ifand onlyifg € H'. O
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2.6 Regularization method and error estimates: Problem

(2.5.1)

This section introduces the second primary contribution related to the inverse problem
generated by the time-fractional heat equation with final data and an involution term. Here,
we introduce a modified pseudo-parabolic procedure of order (y, 2s) to regularize problem
(2.5.4), where s is the relaxation parameter, playing a role in enhancing the quality of the
regularized solution.

Let v, (x, 1) be the solution of the following regularized problem

Liv=0, (x,t) e (—1,1)x (0,T),
v(=1,t)=v(1,t), te€(0,T),

v (1,2) = vy (—1,2),t € (0,7),
v(x,T)=g(x), xe(—1,1),

(2.6.1)

where

2s

82s

Liv=D}v(x,1)— oea 5 (x,0)— ,B ( x,t)+e(=1)° Dy( (x, t)),seN*, (2.6.2)

and ¢ > 0 is a regularization parameter.

By inserting the formula

Vg (xvt) = szn (t) On + Z Vem (t) Wm»
n=1 m=0

in the expression of L}, we get the following problems:

D (14 813) DY ven (1) + (0 = B) AnVen (1)) u =0, 0 <t < T,
n=1 oo (2.6.3)

Z Ven (T') o = Zgnﬁﬁn,
n=1
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and

NE

((1+ &A3,) DY vem (1) + (@ + B) AmVem (1)) Y =0, 0 <t < T,

s N (2.6.4)
D Vem (T Ym = 3 gm¥m.
m=0 m=0
We thus obtain the family of differential equations
(1+623) DY ven (1) + (@ = ) AnVen (1) = 0. 0 <1 < T, (2.6.5)
forn € N*, and
(14 eA3) DY Vem (1) + (& + B) Amvem (t) =0, 0 <t < T, (2.6.6)

Vem (T) = 8m;

form € N.
Therefore, the unique family of solutions of problems (2.6.5) and (2.6.6) are given, re-

spectively, by

(=B)
Ey (_1+ekf1 A"ty)

Ven (1) = gn. n € N*, (2.6.7)
E, (—{&50T7)
and
By (et
Vem (1) = gm,» m € N, (2.6.8)
Ey (— {5 anT7)

The following lemma provides a result on the existence and uniform stability of the

regularized solution.

Lemma 2.6.1. Problem (2.6.1) admits a unique solution

~ E, (— @=p) Anﬂ) ~ E, (— a+f) Amﬂ)
v (x.0) =Y = Enon (X) + > — gm¥m (x). (2.6.9)
n=1 Ey <—mknTy) m=0 Ey (-1_}_&%5’1 A,mTy)

Furthermore, there exist positive constants C; and Cg such that

[vs ()] < (C72 (1 + e‘i)z +1+C2 (1 + s‘i)z) gl -
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Proof. Formula (2.6.9) is obtained by direct calculations.

- |gn® = g
n m
Ve (., 1 < +
Ive ()1 —X_: 2( @) 2 (_ (@+8)
=1 5y "
From Lemma 1.5.4, we obtain

2 _ [~ (TU=p)) (@—B) fo
u%unns(gx}z;;) O+l+&“MT0|&I

n

2 e (TA=p)\° @+B) 3 7\ 1, 12
|gol”™ + (—) (1+ - V) |gm| ) (2.6.10)

For s > 1, we have

-1 1 s
1+ el > al .1ﬁ+—(8%)tn) 28%)&",
s s

1+ eA; > s%/ln foralls > 1.

Therefore
An | A |

<ég s, d—m< s,
1+8)L;‘1_8 an 1—|—8)Lfn_8

It follows from this inequality and (2.6.10) that there exist constants C7, Cg > 0 such that
2 2 _1\? 2 —1\? 2
loe P < (€7 (1+67) + 1462 (1467) ) gl
0

We are now at the point of announcing the main result of this regularization strategy.

Theorem 2.6.1. Let A2 (0) = v (x,0) — v, (x,0). Ifg € H', it follows that
1AL (0)]1* = AL (O)])* + | AL, (0)]* — 0, & - 0.
Proof. We have
A2 (0) =v (x,0) — ve (x,0)

nd 1 1
= Z - EnPn (x)
| B C@=PaT) (— f‘fjgknw)
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00 ! |
i mXZ;) E}/ (_ (O[ + ,3) /\mTV) N Ey (_ (@+8) 3 TV) gm\/fm (X) .

14+eA;, ="M
Thus,
2
1A OF =Y 1 - l
¢ B n
e R )
T(An)
00 2
1 1 5
t2 - gl
S\ B PR g, (e, )
T (Am)

So, we can write

| Ey (= (@—B) A, T7)
T (h) = - ’
M) = e Tl panT) E, (—i550.17)
2
o 1 _Ey (= (@+B)AaT?)
" E% (= (@ + B)AmT?) E, (_ 1(11_){3“) )LmTy)

As || A% (0)]]> = || A, (0)]> + || A%, (0)]|%, we just need to estimate A%, (0) and A, (0). Indeed,

we have
00 2
145 OF = Z E} (—(a —1 B) AnT7) - - (O((aiﬂ})g)AnTY) gl
n=1"7 n E, (_1+s/1¢; AnTy)
- 1
Note that condition g € H', which means ’; ECe AL a2 < +00, then for

any 1 > 0, there is an integer N € N such that

o0 2

Y P <
2 B C@-paT) 1
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Hence,

v 1 E@-pumY |
| Aes (0)]| :’; E)% (— (o — B) AuT7) (1 - Ey( (a— ﬂ)k Ty) |gnl

1+¢ XT
2
- 1 E, (—(@—B) AuT7) ,
+ 2 -2 2P
n=N+1 EZ (= (@ =B)AnT7) ( Ey( f‘ij}x TV) )
We have
2
. I Ey (= (@—B) A T?) ,
B> = - 18]
n=2N;H Ef((“ﬁ)ln”)( Ey (-E&80,17) )

oo

< 1 2 77_2
= X FECw pam e T

n=N+1

d 1
On the other hand, by Lemma 1.5.3, we have d—E,, (y) = —E, 0 (») . Therefore, there exist

(—p)

t t c — — A, TV,_—
constants p, ( (@ =) Ay 1 4+ 2¢A,

)L,,TV) ,n > 1, such that

By (i ) = By e a pra ) = E00) (B ).

1+ Ay On 14 eAs
We have
N 2
| Ey(@—p)A.T7) a2
Y Era 5y (e,

2
$- | B (A1) 5 Ca-pu)
LB AT P =P
x 2 (DT @ AT\

<Z ( ¥,0 (’On)) 1+eAy, 70 o n |g |2
“LECa— T o £ (i)
N (@—B) %
<Z 1 2(1 + 1-}—8)p)L T (((X_,B) s+1Ty) |g |2
T EZ (=B AT 7 (ypu)? (1 —pa)® 1+l " 6
N 2
! L+ eh, @=B) st 2
" AT g,
52 E2(— (@ —B) A, T7) (Cw((a—ﬁ)mv) I fers m &l
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N
1 2 .
: ; E2(=(a=B) A, T7) (Cro64;)" |l

N

1
= (ClOEA?V)Z Z E% (_ (Ot _ ,8) knTy) |gn|2

n=1

$\2
< (CIO(C:AN) F22
We choose ¢ such that .
(Crohy)” F2e? < L

as a result, we have
2

15 O = By + B =
and
2
) %0 1 E, (—(a+ B)AnT?)
182 O =2 E2(—(@+B)AnT) \ : (@+8) lgml
m=1 "V m EV (_1+eA§,,AmTy)
1

o0
We assume that ¢ € H!, is equivalent to
¢ 1 ,,; EZ(— (@ + B) nT7)

any n > 0, there is an integer M € N such that

(e.¢]

1 2 712
L BCerhmT <

m=M+1
Hence,
Y 1 Ey (—(@+ B) AmT?) ’
18O =2 s pamm | ey o ) T
m=1 7 V( 1+sxfnkay>
2
S Ez(—(a%}ﬁ)k ) I_Eg(__(of;ﬁ?)mn gnl”
m=M+1 "7 m y( 1JFM.’%?/\mTV)
We have
- 2
P ! B @I

= |gm
2 (_
BT R\ g, ()

lgm|? < 400, then for
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oo 1 ?’)2
= Z lgml® < =
2 B2 (— (@t B)AnT?) 4

d 1
On the other hand, by Lemma 1.5.3, we have d—E,, (y) = —E, 0 (») . Therefore, there exist
y vy

(@ + B)
1 + A3,

constants p,, € (— (+ B)AnT?,— )LmT”) ,m > 1, such that

By (o T ) = By (- g ) = 220000 (2D )

I+ SAfn Om 1+ SAS
We have
M 2
B =Y B C@tpinT))
w0 E7 (= (a+ﬂ)k T7) Ey( wp), T)
i Ey (—&803,T7) = Ey (— (@ + ) AnT?) o
- gm
= EF (= (et ﬁ)k ) E, ( @B ) Ty)
M 2 (_@+p)y Ty o\
< Z ( v,0 (pm)) T 1+eAS, + (Ol + :3) m |g |2
=t (0‘+5)/\ ) (yom)® Ey< B T7)
M (a+8) y
< Z 1 ) (1 + 1+ein, A T ((O[ + ﬁ) S+1Ty)2 |g |2
— 11 P m
m=1 EJ% (=(a+ B)AnT?) (me) (1 _pm) 1 +8)L

[A

1 1 + eAs, (a—l—,B) T 2
E2(—(a + B) AnT) (C”((awnm)w o, HTV) £

1
EJ (= (@4 B)AnT?)
M

A

||M§ﬁME

(C128kfn)2 |gm|2

1
< (Cpers,)’ |

< (C128A}v‘4)2 F22

We choose ¢ such that
(Clz)hsu)z S %

as a result, we have ,
A% O] = Ba+ By < -
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. . n n . . ..
For any ¢ satisfying e < ———— and ¢ < —————, and n is an arbitrary positive real
yesatislyinge < 50 N s =2 By T vP

number, we have || A7 (0) | < n?, this shows that

|AS (0)|]> = 0, & — 0.

Let vf (x, 1) be the approximate solution associated to inexact data g’ (x) such that
‘kﬁ—gus& (2.6.11)

where § > 0 is a noise level.

Theorem 2.6.2. Fors > 1, problem (2.6.1) is well-posed. Moreover, if the solutionu of problem
(2.5.1) satisfies
[v O lpary = Ea, r>0, E; >4,

then the following statements hold:

S

S r+1
(1) If 0 < r < s and choose e = (—) , we have the following convergence estimate
2

o,
08 (,0) — v (.,0)“ < KE]T§7,

S

b} s+T
(2) If r = s and choose e = (E_) , we have the following convergence estimate
2

S

~ 1
08 (.0) — v (.,0) ” < KESF§+,

where K, K are positive constants dependingonr ,y, T, o, B and A,.

Proof. By the triangle inequality, we have

o} (.,0)—v(.,0)H <

08 (,0) = v (. O)| + o (.0) = v (. 0}

We firstly give an estimate for the first term. From (2.6.9) and (2.6.11), we have

2

vg (-, 0) —ve (.,O)szi g, — &n

=\ ()
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2
i gfn — 8m
+
Z\E (o)
2 2
< ((supA (n)) +1+ (sup A (m)) ) 52, (2.6.12)
n>1 m>1
where
Am) :
n) = ,
Ey (— 0 ,T7)
14 14+eAs 7N
and
Am) = 1
"= E (_ (Ot+ﬂ))L Ty>.
Y 1+eAs, m
By Lemma 2.6.1, we get
An) <y (1 + 8_%) ,
and
A(m) < Cg (1 + 8_%) )
Then, by using (2.6.12), we obtain
8 1 2 1 2
08 (.,0) — v, (.,0)“ < (c7 (1 + 8_E>) F14 (C8 (1 + 8‘?)) 5. (2.6.13)

On the other hand, we have

[ve (.0) = v (,O)[I> = [| AL (O)]|* + [ AL, ()],

where
[e’e) 1 E (—(a—ﬁ)knTy)z
AL O = o
[ I ; E2(— (@ — B) A T7) E, (_ ﬁjzmy)
and
0 1 E, (- AmTy
ISHOTEEDS e CERnT)

=t EF (= @+ B)AnTY) E, (— @p) AmTV)

|gn

|gm

| 2

|2
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We have
2
= 1 Ey (= (a—p) A, T7) 2
AS (0] =  [— gn
185 OF =2 e o p ) b, (-, ) &l
2
Z_ A2 B C@=pLT)
_ Ty o n
S B C@=pT | g, (e, )
2
i A An B C@=pLT)
- gl’l 1)
e ) G @y
1
where N; = min {n CAn > E_S} )
2
s o ! Ey (= (= B) AuT")
18501 = o= |~ o e gnl”
n=1 "% " EV( 1Tei, A Ty)
Ni—1 fole) _
AZrA 2r AZr/\ 2r
AZs C 2 n2 n *n n2
_Z B @ py Ty (Croe)’ sl +n=ZN BT
Ni—1

/\Zr A2r J )
=L B @ phm O el Z ECe-pa o

Ifr <s,thenA) ™" <¢'5 ,foralln < N; — 1. We obtain

1AL, (0)]
Ni—1
A2r /\Zr o )
—Z E2(—(@—B)An TV)( “’8) &nl” +n21; EJ(—(a— B) IaT7)" e
<(Cio)? E26% + E2e%
<k2E2e* . (2.6.14)
Ifr > s, thenA) " < A77". We get
S AZr )
1AL O <) - (CroA5™"e)” Igal?

L B2 (—(a—B)AaT?)

<(C13)* E3¢. (2.6.15)
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On the other hand, we have

2
o)

. 1 Ey (= (@ + B)AnT?)
182 O1F =) EX (—(a+ B) AnT?) - (@+8) lgml
m=1 "7 " EV( 1+e AV’X Ty)
Mi—-1 ’
B Z A2 2 | By @+ B)AnT") 2m?
=2 T\ ® "
@B T\ g, (~ B, 1)
2
i A2 2 |- B @AY 2
0 E2(—(@+ B) AnT?) Ey (— 0, 17)
1
where M; = min {m CAm > 8_‘}-
2
. d 1 Ey (= (@ + B)AnT?)
1A% OFF =3 E2(—(@+B)AnT") | ; (@+p) lgnl
m=1"7Y m EV( 1+eA, A T)/)
M—-1 /\2"), 2r ) 5 5 o AZrA—Zr 2
< A’ s C m mn 1 m
= L B @ paany () lenl +m=ZM B3t pan1n)
Mi—1
A2r AZr 2r
- As e nl? + ES |gm 2.
=) BC@eparn G lenl Z B @thian
Ifr < s, then A" <¢'5 ,foralll <m < M, — 1. We obtain
Mi—1 a
22r N\ 2 AT 2r
As 0 2< m C s m2 1 B m2
1AL OF = 3 E%(—(a+ﬁ)AmTV)( 1e") Il +m:ZMl Bt pin o
<(C1p)? E2e¥ + E%*
<I2E26%. (2.6.16)

Ifr > s,thenA;, " < A{"". We get

o0 )L2r )
As 0 2< m C As—r m2
1A% O] _;Eﬁ(—(aJrﬂ)kaV)( 12277€)” |gml
<(Cr4)? E2€2,

(2.6.17)
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where k7 = (C10)* + 1and k2 = (C1,)* + 1. We obtain

2 2 £
1ve (L0) — v (.O)| < VAL Eaer, 0 <r s, (2.6.18)
\/(C13)2 + (C14)* Eze, r=s.

By combining (2.6.18) and (2.6.13), we obtain

0 (,0)—v (.,0)“ 5\/(07 (1+ s—i))z + 1+ (Cs (14 e-i))za
\/kf—i-k%Ezg%, 0<r<s,

+
€ + (ClEse. 125

o, NI
For E; > §,wehave§ < E;"'§7+T and § < E, ™' §5+71.

Choosing the regularization parameter ¢ by

8 T
(—) , O0<r<s,
_ E,
& =

8 s+1
e ) r ZS,
(Ez)

0 (,0) —v (., O)H

then, we have

The proof is completed. [

2.7 Numerical experiments

In this section, we present the numerical results for an academic example in a one-dimensional
case to validate the proposed method. Numerical tests are conducted for Section 2.5 (In-
verse problem for time-fractional heat equation with involution). For the calculations in
this numerical test, we utilize the Matlab software, employing the Matlab trapz code to
compute the integral via the Trapezoidal rule in the interval [a, b]. Additionally, we in-
corporate the Mittag-Leffler function by Roberto Garrappa, which can be downloaded
from https://www.mathworks.com/matlabcentral/fileexchange/48154-the-mittag-leffler-

function.
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We consider the following one-dimensional problem

Dg/l) (x,t) — QUxx (X,Z) _,Bvxx (_x,t) = 0, X € (—1, 1), t e (0, T),
v(—=1,t) =v(l,1), uy (1,¢t) = vy (—1,1), te(0,7),
v(x,0) = f(x), xe (=11,

(2.7.1)

with
1
T=1a=1 =05 y= > f(x) = cos(mrx) + sin(2mwx).

Therefore, the solution v(x, ¢) of (2.7.1) is given by

v(x,1) = Eg5 (—0.5(27)%t*?) sin2rx) + Eo5 (—1.5(7)*t*°) cos( x). (2.7.2)

From (2.7.2), we generate the final data

g(x) = v(x,1) = Eg5 (—0.5(47)?) sin(2mx) + Eg.5 (—1.5(7r)%) cos(rx). (2.7.3)

Now, we add noise to the data g using a random perturbation (obtained by the MATLAB

command randn), we obtain the vector gs:

noise =randn(size(g));
noise =4 X noise x norm(g)/norm(noise);
8s = g +noise,

where § denotes the noise level in the information provided by the measurement. The
function "randn(.)" generates arrays of random numbers whose elements are normally
distributed with mean 0, variance 0> = 1, and standard deviation o = 1. "randn(size(y))"
returns an array of random entries that is the same size as g.

Our inverse problem is to reconstruct the initial data f; from the final data g5, and to
give an estimate of the difference || f — fs||, where f is the exact initial data. This question

leads us to the resolution of the problem



2.7 Numerical experiments 70

D?'Sv (x,1) — Uxx (x,1) — 0.5V (—x,1) =0, xe(-1,1),te(0,1),
v(—1Lt)=v(l,1), uy (1,t) = vy (—1,1), te(0,1),
v(x, 1) = g5 (x), xe(-1,1),

(2.7.4)

By computing the regularizing solution with noisy data§ = 0.1, = 107 '° (the regularization
parameter), s = 1,2, 3, 4 (the relaxation parameter) and M = N = 50 (cutoff frequency in

the Fourier series), we have

50 EO.S( (1.5) Amlo'5>

(0.5) 0.5
. 50 Eos (_1+8)L‘f, Ant ) T 14eAy, 5 (1)
) gm m X ’

ve (x,t) = Z ) goon (X) +

n=1 EO.S (_%kn

1.5

(2.7.5)
end
50 1 50 1
8 _ .8 _ § 8
f@) = vl (x.00= ) oo & () ) o EmYm ().
n=1 EO.S (_mkn) m=0 EO.S <_1+€A§1’I Am)
(2.7.6)

The results of this section are presented in Figs. 2.1-2.4. We show the error estimation
between the exact data v(x,0) = f(x) and the regularized solution vf (x,0) = ff (x). We
can see that: if the regularization parameter ¢ is small, the regularized solution converges to

the exact solution when ¢ tends to zero.

Conclusion

In this study, we have investigated two classes of ill-posed problems arising from fractional
equations containing involution terms. To neutralize the instability associated with such
problems, we employed a regularization strategy based on a modified pseudo-parabolic
regularization method (fractional-order quasi-reversibility) and the Fourier series expansion
technique. We rigorously established the convergence of this regularization approach and
derived error estimates under specific assumptions regarding the regularity of the sought

solution.
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It is noteworthy that the regularization effect of this new procedure is particularly pro-
nounced for s = 3 and s = 4 even in the presence of a very high noise level (6 = 10%).
This study can be extended to two-dimensional case with respect to the spatial variable,

provided that the Fourier method can be employed.

v curve: E(;e,6) = |f(z) — f(x)

Figure 2.2: The reconstruction result at# = 0 from noisy data g;s.

ions by the modified pseudo-parabolic method, & (noise level) =10%; s =3; ¢ (regularization parameter) = 1e-07.

arve: B(;e,6) = |f(x) - f(z)

Figure 2.3: The reconstruction result at 1 = 0 from noisy data gs.
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Figure 2.4:

 cxact and approximate solutions by the modified pseudo-parabolic method, d (noise level) =10%; s =4; ¢ (regularization parameter) = 1e-10

error curve: E(ze,8) = [f(x) ~ f(x)

The reconstruction result at 7 = 0 from noisy data gs.



Chapter 3

SOME REGULARIZATION METHODS FOR A CLASS OF FRACTIONAL
PSEUDO-PARABOLIC INVERSE PROBLEMS WITH INVOLUTION

3.1 Position of the problem

This chapter delves into a specific class of inverse problems generated by fractional pseudo-
parabolic equation, characterized by the presence of an involution term. Even though
previous studies have shed light on the theoretical development and physical motivations
behind these problems, there exists a significant void in the literature regarding regularization
techniques and numerical approximations for such type of problems. To fill this research
gap and offer a thorough examination, this study employs Three distinct methodologies to
address the following fractional inverse source problem governed by a pseudo-parabolic

equation with involution:

DY [u (x,8) = Uy (X, 1) + 81y (T = X, )] = Uy (X, 1) + 8Ux (T — X, 1) = f (x), (x,1) €0,
u0,t) =u(mt) =0, te(0,7),
u(x,0) =0, x € (0,m),
ux,T)=g(x), x € (0,m),
(3.1.1)

where Q = (0, ) x (0, T), ¢ is a real number and D/ is the Caputo derivative for 0 < y < 1

defined by (see [53])

1 ! ,
e (x Ty)dr, 0<y<l,
Dlu(x,ty={ Td=y)Jo (t=1)
— 1) = 1), = 1.
Cu(en =u e,y

Here we specify that the problem (3.1.1) entails determining the source term f (x) from the
nal state g (x).
The first method proposed in this study uses a modified version of the quasi-boundary

value method. The quasi-boundary value method, also called the non-local auxiliary bound-
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ary condition, was pioneered and advanced by Showalter [93]. This regularization technique
involves substituting the final or boundary condition with a nonlocal condition, ensuring
that the perturbed problem is well-posed. This approach has found application in resolving
certain ill-posed problems associated with parabolic, hyperbolic, and elliptic equations.
For further insights, refer to [37, 38, 54, 103] and the associated references. Instead of the
traditional approach of using u(x, 7)) = g(x) to address the unknown source problem, we
adopt the approach of ussing u(‘i (x,T)+aL ff (x) = g%(x) (see [99]). This modified method
exhibits a convergence rate of O (§ %) under an a-priori choice of the regularization parameter,
where § represents the noise level.

The second method introduced in this study is the quasi-reversibility method, which was
originally introduced by Lattes and Lions [58] and has found application in tackling diverse
categories of ill-posed problems, including inverse source problems (see [31, 99, 105]). The
underlying principle of this approach involves the introduction of regularization terms
resembling reversible behaviors. These terms counteract instability and enhance solution
accuracy (see [31] and the recent work [32]). In this context, we provide a convergence
rate under an a priori bound assumption of the exact solution and introduce a posteriori
parameter choice rule. This rule yields a corresponding convergence rate estimate, that is
more practical in real-world scenarios, as discussed in [99].

The Third method introduced in this study is expand upon the iterative method presented
in [100] for solving the inverse source problem, which is governed by a fractional pseudo-
parabolic equation with an involution term. In addition, we conduct an error theoretical
analysis to determine the convergence rates of the regularized solution generated using the
proposed method. For works on the use of the Landweber regularization method, we advise
readers to consult [98, 99, 106, 107].

The objective of this study is to assess the effectiveness and suitability of these Three
distinct methods in addressing the inverse source problem. By implementing these diverse
strategies, we intend to strengthen the underlying theoretical framework and offer insightful

perspectives relevant to real-world engineering applications.
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3.2 Analysis of the problem

Throughout the paper, we denote by H = L? ((0, ) ; R) the Hilbert space equipped with

the inner product (., .) and the associated norm ||.||, which are defined as follows:

T

(w,v) = [ u@)v@)dx, Jull*:= [ |ux)|)*dx.
/ /

0

Let H*(0,7) = W?*2(0, ) be the usual Sobolev space equipped with the norm | k|3 =
11+ 1A+ A"

Problem (3.1.1) can be written in the form

DY [u(x,t) + Lu(x,t)] + Lu(x,t) = f (x), (x,t) € 0,
u(x,0) =0, x € (0,7), (3.2.1)
ulx,T)=g(x), x € (0,m),

where L : D (L) C H — H with

D(L) = Hy(0,7) N H*(0,7) = {ue H?(0,7):u(0) =u(r) =0},

Lu (x) = —uxx (x) + euxx (m —x), x €(0,7),

(3.2.2)

and ¢ € R with |¢] < gy < 1. It can be readily verified that the introduced operator is
self-adjoint. For all |¢| < 1, the nonlocal problem (3.2.2) has the following eigenvalues, as

detailed in reference [90]:
Aoke1 = (1 —¢) 2k + 1)*, k e N, dor = (1 + ) 2k)?, k € N*, (3.2.3)
with the following corresponding normalized eigenfunctions
Y2k+1 (x) = \/gsin (2k+1)x), k e N, ¥or (x) = \/gsin (2kx), k e N*. (3.2.4)
We have

Looiy1 (x) = Aogy192k+1 (), kK €N, Lok (X) = Aogpar (x), k € N*,
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with

0 </\1 < /\3 <..=< A2k+1 < .. lim )tzk_g_l = 400,
k—o00

0 <A.2 < A.4 <..=< Azk < ...,klim Azk = 400,
—00

Under this notation, the system B = {@a }re; U {02k +1} 5, CONstitutes an orthonormal
basisin H.

Forr > 0, let
H, =D(L") = {h €H: Y Mplhous)® + D A5 (h.ou)| < OO} ;
k=0 k=1

denotes the Hilbert space (sub-space of H) with the norm

1

[ele] 2
121, = (szkﬂ (h. D> + ) A% (h,mnz) :
k=1

The inverse problem focuses on reconstructing the function f(x) from the noisy measured

data g% (x). We assume that:
& @ —g ) =8, (3.2.5)

where § > 0 represents the level of noise.

For the sake of simplicity, we adopt the following notations:

)
sz+1(t) = (1 - Ey,l (_#:—]:_th)) ’ k = 05 1729 ey (3'2'6)
)
Zok(t) = (1 —E,, (—1 :Lkﬂ)) o k=1,2,..., (3.2.7)

We start by establishing the existence and uniqueness of the solution of Problem (3.2.1).
Given that the eigenfunctions (3.2.4) constitute an orthonormal basis within H, we search

the functions u (x,7) and f (x) in the following forms:

(1) = ) wi (1) @2k (X) + Y vk (1) ok (%) (3:2.8)

k=0 k=1
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and
o0

fx) = Z Sikpar+1 (x) + Z Jak@ak (x) . (3.2.9)
k=1

k=0
where wg (¢), vg (¢), fix and f>x are unknown.
By substituting equations (3.2.8) and (3.2.9) into equation (3.1.1), we derive the scalar

equations for the functions wy (¢), vt (¢) and the constants fix, fax :

A2k 41 Sk A2k Sor
Dyw )+ —mwi () = ———, Dyl) 1) + Vi (1) = .
{ wi (1) 5 doras k (1) T ey 1k (1) . k (1) 1_’_(;)\2510)

Solving these equations, we obtain

Sik ( A2k +1 ) Sk ( Aok )

+ Ci E L 3 ) I V(1) = =— 4+ C E — tV].

Aok 41 S 1+ Azk+1 e (1) Aok 2k 1+ Az
(3.2.11)

wg () =

To determine these constants, we apply the conditions outlined in Equation (3.2.1). Let

gk = (& P2k+1) gok = (&, p2x) . (3.2.12)
We first find Cyx:
we (0) =% 4+ Oy =0,
A2k+1
wy (T) = Jik + CikEyn (—MTV) = gik. (3.2.13)
Azk+1 ’ 1+ /\2](4_1
Then, we have
Clk — —&1k

_ _ Aokt gy ’
1 Ey’l( 1+A2k+1T

The constant fj is represented as

A2k+181k

_ _ Akt oy
1 EV’1< 1+/12k+1T

Sik = —CikAzrky1 =

Now we find Cyy:
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Sk ( A2k )
v (T —+C E, T | = . 3.2.14
k(T) Aok 2k 1+ dor 82k ( )
Then, we obtain
—&2k
Co = g2 .
2k
L= By (—735T7)

For the constant f,; we find

A2k 82k

Sok = —CoxAoyp = .
1— Ey,l ( 1+ik2k Ty)

Substituting wy (), vk (), fix and f> into equations (3.2.8) and (3.2.9), we obtain

u(x,t) = Z /\2 +1sz+1(l)<,02k+1 (x) + Z —sz(f)fﬂzk (x), (3.2.15)
Then, we get
>\ Zokt1(2) 2ok (1)
u(x,1) Z o +1(T)g1k§02k+1 (x) + Z (1) g2k P2k (X) | (3.2.16)

From this representation, we find

A
fx)= Z 2] ———— g1k P2k +1 (X) + Z

+1(T) g2k P2k (X) . (3.2.17)
k= 0

(T)

We define the linear operator : K : L? (0, 7) — L? (0, ) as follows.

(e.¢]

Kf(x)= {Zk“ Zok+1(T)@2kc41 (x) + Z {ikzzk(T)stk (x).
o M2k+1 oy Aok

We can also write this equation in the form of an integral equation of the first kind:

b4

Kfx):= /k(xyi)f(y) dy =g (x), (3.2.18)

0

o0 o0
where the kernel k (x, y) = 292k+1§02k+1 (x) p2r+1 (¥) + Z Onk 02k (X) P2k ()-
k=0 k=1
It is clear that the kernel k(., .) is real-valued and symmetric, i.e., k (x,y) = k (y, x),
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which allows us to conclude that K is a compact self-adjoint operator. Moreover, K is an

injective operator, with eigenpairs (6;, ¢;):
Kook = Oakpor, Kook = Oa ok,

and
sz(T) 22k+1(T)

02/{ = ) 92k+ 1 —

Aok+1

Remark 3.2.1. In equation (3.2.18), the solution f is given by f = K™ 'g. In this situation,
the algebraic inversion does not pose a problem, because the operator K is injective. On the
other hand, this inversion is not continuous (unstable) because K is compact. So, we are

concerned with an ill-posed problem which requires a regularization procedure.

We note that the proofs of our results are technical. To simplify, we introduce the following

technical lemmas.

Lemma 3.2.1. ForallA; > 0, j = 2k and j = 2k + 1, there exist positive constants a; and
a, such that:
2k (T) > a1 >0, zpy1(T) = ap > 0. (3.2.19)

Proof. For T > 0and A, > 0, we have

1 14im 144 1+4(1+¢)
— < < = =m (8)
TV = a7 — MT7 41+ TV

We suppose that |¢| < g9 < 1. The function m;, (¢) is positive and decreasing on the

interval [g¢; &¢]. It follows that

1+ 4(1— &)
< —_ = —
my (€) < my (—&o) 4(1—go) TV
From these remarks and (1.5.4), we can write
1 r{a+y~"
2ok (T) =1 — ok Ty 21T 1t -1
I+ 35570 +y) oy T +y)
ra+y™

=a(T,y,e0) =a; > 0.

“mi(—go) + T (1+y)7"
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In the same way, for A,;+; > 0, we can write

1 1 A 1 A 1 1 — 2 —
L Ihdaen _I4A 1420 o) < ma(e) =

TY — kzk.{.lTy - leV (I—S)Ty (I_EO)TV’

which implies that

ra+ y)_l
ma(eo) + T (1 +y)~

Zok+1(T) = = ay(T,y,&0) = az > 0.

O

By a direct calculation of the minimum and maximum of a real function with the help of

(3.2.19), we show the following.

Fors > 0and «, 8 > 0, we have

s 1 1
A(s) = < , 3.2.20
) as>+B 7 2,/ ( )
A2k 41 A2k +1 11
Ask+1 = =< < : (3.2.21)
2kt aAdpiy + 22kt (T) ~ @Al +ar — 2/a) Ja
and
Aok Aok 1 1
Ay = < < . 3.2.22
2k A3, + 2o(T) ~ add, +ay — 2 /az Jo ( )
Remark 3.2.2. By virtue of (1.5.2) and (3.2.19), we have
< (T)<1 < (T)<1 1 < < 1 < 1 <1
a z ,dr <z <1, 1< <—1<— < —
b=k - 2 = ke 2e(T) ~ ay Zok+1(T) ~ a2

which implies that
o0 0
lgl} =" Aleanl + Y A pilgasal> < £
k=1 k=0

and

o0 o0
1£1? < «? (Z 2 gak + ink+1lg2k+llz) =« gl1}.
k=1

k=0

1 1

where k = max | —, — ).
ay aj
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From this Remark, we conclude that f € H ifand onlyif g € H;.

Lemma 3.2.2. [102] Foranya, p,8 > 0ands > 1;, j = 1,2, we have:
(i) Ifs>XA; =(1—¢)>0,then

P

2— bia*, 0<p <4,

(SIS

F(s)= —— < (3.2.23)
as? + f bya, p >4,
(ii) Ifs > A, = 4(1 +¢) > 0, then
-5 claf, 0<p<4,
Fs)=—— < P (3.2.24)
as? + ca, p>4.
Here,
u
| . (ﬂ(4—p)) z
bzzﬁ, Cy = P and b1:C1:4f—§1.
R Ve s
Lemma 3.2.3. [99] Foranyo, p > 0ands > A;, j = 1,2, we have:
(i) Ifs > Ay = (1 —¢) > 0, then
2—p ~ ya
A as 2 bz, 0<p <2,
F(s) = <! P (3.2.25)
as + 1 ba, p=>2.
(ii) Ifs > A, = 4(1 + ¢) > 0, then
2—p ~ ya
2 ciaz, 0<p<?2,
Feo=22"_1" p (3.2.26)
as + 1 Ga,  p>2.
Here,
2—p
2 2
S ()
b2: =2 Cyr = =) and b1:C1: 217+1 fl
A2 Ay P
Lemma 3.2.4. [102] Foranya, p,f > 0ands > 1;, j = 1,2, we have:
(i) Ifs > Ay = (1 —¢) > 0, then
2—p 7 24p
~ os 2 bja +, 0<p<?2,
F(s) = —; <4 P (3.2.27)
as? + B bra, p > 2.

(ii) Ifs > A, = 4(1 +¢) > 0, then
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=P T, 0<p<2
~ O(S 2 ) )
F(s)=——7=<q_ P (3.2.28)
as? + B Cott p=>2
Here,
2—p
. (ﬂ(z—p)) #
~ — ~ 2+
bzz — > Cor = — and bl =C1 = '3(2_;)) 1.
pAy? pry* 2 TP
Putting
_r
B O(A;k-il
2k+1 = ;
A3y + z2k+1(T)
and
22t
By = —5 2 .
ak%k + sz(T)
By virtue of (3.2.19), (3.2.23) and (3.2.24), we have
arZ? bia%, 0<p<4
By < — 2% ’ ’ (3.2.29)
Ay +a bya, p =>4,
and N
2—5 P
al, 2 cia*, 0<p<4,
Bok+1 = % < : u (3.2.30)
Aoty + @2 oo, p=4.
From these inequalities, we have
P
bia*, 0<p <4,
sup By < (3.2.31)
k>1 sz(, p Z 4a
and
D
cia4, 0< p<4,
sup Bogs1 < 4 P (3.2.32)

k>0 Cr0X, p > 4.

m—1
Lemma 3.2.5. [100]For0 < A < 1, we define p,, (A) = Z Q=2 andr, (L) = 1—
i=0

Apm (M) = (1 — L) . Under these circumstances, we have:

Pm (M) AH < kI7H, forall0 < pu <1,
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Fm (W) A < 0y (m + )77,

where

We give a conditional stability in the following theorem.

Theorem 3.2.1. (Conditional stability) If f € Hp, ie., [ satisfies the following a priori

bound condition:

Ifllz <E, p>0, (3.2.33)

Then, we have

If]l < CE7 ||g||7*2, p >0, (3.2.34)

—2p —2p
Here, the constant C is given by C = \la{™* + a3 and depends on the values of p, y, T

and g.
Proof. Using (3.2.17) along with Holder’s inequality, we obtain:
o0 o0
IFIP =22 f+ D fa
k=1
Aok+181k )2 i i (Azkgzk )2
Zok+1 (T) =1 \Z2k (T)

00 12k+1 p+2 ﬁ oo ﬁ
= T oY 81 81
(SEm) ) (e

p

o kzk p+2 ﬁ 00 r+2
+ — g3 g2 . (3.2.35)
(k 1 (22" (T)) Zk) (1; 2k)

M

( 2k+1g1k) (lzk+1)p
sz+1(T) a

Adk+1 >
Z (22k+1 (T)) g
:Z 2k+1 (_) = (a_z) ||f||g, (3.2.36)
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and

- Ak e 2 = A2k &2k g AN

Z & = —

i N2k (T) =\ 72k (T) o

Y (s) = (o) e e
al al 2
k=1

By injecting (3.2.35) and (3.2.36) into (3.2.37), we obtain the desired result. O

Remark 3.2.3. Drawing from the proof of Theorem 3.2.1, we can rephrase the conditional

stability in the following manner:

_2 p
1A= CUFIE™ K172

This indicates that we can establish an upper bound for the L? norm of f by estimating both

I £l and the L norm of K f .

3.3 Modified quasi-boundary value method and convergence
rates

In this section, we adopt a variant of the modified quasi-boundary value method applied
to our problem (3.1.1). We follow the same approach developed in the work [99] with an
additional calculation generated by two sums of two Fourier series. In this context, We estab-
lish two convergence estimates: one based on an a priori regularization parameter selection
criterion and the other on an a posteriori regularization parameter selection criterion.

Let uz (x, 1) denote the solution to the following regularized problem:

DY [ug (x.1) + Lu® (x,t)] 4 Lud (o) = f5 (). (1) €O,
ub (0,1) = ul (m.1) =0, te(,7), (3.3.1)
ui(x,O)zO, x € (0,m),
ul (x,T) + aLf? (x) = g% (x), x € (0,7),

where « > 0 is a regularization parameter.

Through the process of separating variables, it is evident that ui (x, t) takes on the fol-
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lowing form:

ud (x,0) =) UL 22k+1<z>¢2k+1<x)-+-j{j:féi22k(z)¢2k(x). (3.3.2)
= Akt = Ak

Then, we get (in the case of inexact data g°):

oo o0

A2k-‘r1g(lsk(PZk—i-l (x) )szggk(pzk (x)
fol () = + , (3.3.3)
’ ;;) a3y iy + 2211 (T) ,; ar3, + zok (T)

and (in the case of inexact data g):

- /\k 81k P2k (x) > )Lkgk(pk(x)
2k+181k P2k +1 2k 82k P2
Ja () = + . (3.3.4)
) kz=;) A3y + 22k (T) ,; oAy + 22 (T)
In the subsequent analysis, we present two convergence estimates for ‘ fi—f H while

employing both an a priori and a posteriori choice rule for the regularization parameter.
These convergence estimates are instrumental in evaluating the accuracy and efficacy of
the regularization process in approximating the true solution f (x) as we progress with the

solution method.

3.3.1 Convergence estimate under an a priori regularization parameter

choice rule

Theorem 3.3.1. Assuming that the a priori condition (3.2.33) and the noise Assumption

(3.2.5) are satisfied, then:

§\ 742
1. If0 < p < 4 and choosea = (E) , We obtain a convergence estimate

1 1 P
\ﬁ—Wme;+E*”J”@“” 5
1 2
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S\ 3
2. If p > 4 and chooseo = (E) , We obtain a convergence estimate

‘ f” (‘/4_al+4Laz+C2) E383, (3.3.6)

where Cy, C, are positive constants dependingon p, y, T and gy.

Proof. By using the triangle inequality, we have

sl =l

— Ja

+ /e = Sl (3.3.7)

Let us begin by providing an estimate for the first term. Using (3.3.3), (3.3.4) and (3.2.5), we

arrive

_f(x

0o 2
2 _ Z A2k 41 (g(fk — glk Z )tzk gzk gzk)
k=0 ou\zk_H + Z2k+1 (T) ! O[Azk —+ Zok (T)

2 2
< (sup A2k+1) + (sup Azk) 52. (3.3.8)
k>0 k>1

By using (3.2.21) and (3.2.22), we derive

|

1

1
sup Ark+1 < —, (3.3.9)
k>0 2 «/&
and
L 1 (3.3.10)
k>1 ~ 2 /az Ja o
Substituting (3.3.9) and (3.3.10) in (3.3.8), we obtain
1 1 6
— < . 3.3.11
fa - 4611 + 4a2 ﬁ ( )

Let us now estimate the second term in (3.3.7). By referring to (3.3.4), we can infer that:

- f =Y ( Aok+181k B )tzk+1glk) e

k=0 A%k-ﬁ-l + Zok+1 (T)  zak+1 (T)
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A2k 82k /lzkgzk)
+ X
Z (Ol)tzk + 2ok (T) 22k (T) e2i (%)

o) 2
A —aA
= E kT8 1k 2kt Par+1 (X)
Zok+1(T) Olkzkﬂ + Zak+1 (T)

k=0
A2k 82k —aAZ, )
’ ) 3.3.12
,; (sz (T) ah3, + zok (T) 2 (x) ( )

Applying the a priori bound condition (3.2.33), we obtain

I fa = f1I?

A2 2
_ Z (Azk+1g1k) v OASk 41 1
Zog+1 (T) 2kt Ay F 2ok (T) ) AL

2k+1

2

N Z (lzkgzk) 57 ( aA3, ) s
Zok (T) arl, + 2o (T)) AE

2 2
<E? (sup sz+1) + (sup sz) , (3.3.13)
k>0 k>1
where
Bogt1 = 2 aAZkH :
k41 T Z2k+1 (T)
and

2_7
ak,, ’

ak%k + Zok (T) '

Box =

Now, using (3.2.31) and (3.2.32) combined with (3.3.11), we obtain

(I Vb2 + 2Ea%, 0<p <4,

fH < (3.3.14)
4"2 \/_ Vb3 + 3Ea, p > 4.

Choose the regularization parameter « by

(3.3.15)
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Finally, we obtain

(3.3.16)

The proof is completed. ]

3.3.2 Convergence estimate under an a posteriori regularization param-

eter choice rule

In this subsection, we adopt an a posteriori regularization parameter choice strategy, specif-
ically Morozov’s discrepancy principle, to determine the appropriate value of the regular-
ization parameter «. By leveraging the conditional stability estimate outlined in Theorem
3.2.1, we derive a convergence rate for the regularized solution (3.3.3). This convergence
rate serves as a valuable measure of the accuracy and reliability of the regularization process
in approximating the desired solution.

Morozov’s discrepancy principle in our context entails identifying o under the condition:
8 8| —
H Kf, —g H = 14. (3.3.17)

Here, T > 1is a constant. As per the subsequent lemma, it becomes evident that (3.3.17)

possesses a unique solution if Hg8 H > 76 > 0.

Lemma 3.3.1. Settingp (o) = H K fj — g%||, we have the following properties:

(a) p (@) is a continuous function,
(b) lim p (x) =0,
a—0

)

(c) lim p(a) = Hgs
a—>00
(d) p (@) is a monotonically increasing function on (0, 00).

Proof. The proofs are direct consequences derived from the following expression:

2

) - A1 i 5\, . A3y 5\
e ‘Z<22k+1m+ax2 ) () "+ X (o) ()

k=0 2k+1 k=1
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]

Theorem 3.3.2. Under the assumption that the a priori condition (3.2.33) and the noise
assumption (3.2.5) are met, and if there exists a constant t > 1 such that H g’ “ > 76 > 0.
and furthermore, the regularization parameter o > 0 is chosen using Morozov’s discrepancy

principle (3.3.17). we can conclude the following:

1. For0 < p < 2, we have a convergence estimate

e T B Y 2 s
_fH< C(t+1)r+z + + Err28p+2.
- 4a, 4a, T—1

2. For p > 2, we have a convergence estimate

2
b b2+"2
~f| = [c@+n+ Lo D[22 st

da, 4a, T—1

Proof. We have

Ja| + 1S = 1.

A

Let us start by providing an estimate for the second term. We have

|

Kfi(x)— ¢ (x) = Z

2k+1g2k+1 (x) + A%kgzk (x).
P2k X E Q2 (X
sz—l—l(T) t+o A2k+1 e | Z2k (T) + Az

K(fa(x) = f (X)) =A1 + A

§
_Z 2k+1 g2k+1 _g2k+1) () + Z akzk 82k — ggk)
ko sz+1(T) + aA'Zk-i-l ZZk(T) + A‘

@2k (X)
k=1

(o,]
2k+1g2k+1 2kg2k
Yak+1 (x) + @2k (x).
kX:(:) Zok+1(T) + @ A2k+1 2 Zzzk(T)+ aAZ, 2
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By using (3.2.5) and (3.3.17), we can write

P 2
||A1||2 — i _akgk+l (g2k+1 B g2k+1 +§: _O(A’Zk 82k — ggk) < “g_gS“Z < 82
bt Zoe+1(T) + a3, o 2T + aAsy B -

and
1222 = |[Kf) = &°|7 = (z8)2.

By the triangle inequality | K (fo, — f) || = |A1+Az|| < ||A1]] 4| A2]|, we obtain the desired
estimate
IK(fy — ) <8+18=(x+1)86. (3.3.18)

By employing the a priori bound condition for f, we get

I fu = £15 =
00 2 2 2 2
Z A2k +182k+1 O‘)‘zk+1 Z(/\zkgzk Azk ) 22
k=0 Zog+1(T) akikﬂ + Z2k+1(T) 2k+1 22k (T) OM T Zyw(T) 2k
> A2k+1g2k+1) (Azkgzk)

< =TT ) AP AL = 2 <E>

_,;( Zok+1(T) 2k+1 ,; 2 (T)) "% I/

From (3.2.34) and (3.3.18), we deduce that
I fa — fIl < C (r + )72 Ertag52, (33.19)
Now, let us establish the bound for the first term. Analogous to (3.3.11), we obtain

1 1
+ 5 (3.3.20)

<
- 46!1 4612 ﬁ

_foe

From (3.3.17), there holds

2 § 0o 2
AL 11 8ok 4192k +1 ad kg2k§02k

76 =
kX(:)szH(T) + Ol)tzkﬂ =1 2ok (T') + oc)tzk

Zakgk.Fl (g2k+1 - g2k+1) Dok +1 i i ak%k (ggk - g2k) D2k

A

= Zok+1(T) + a3, — oy (T) + A2,
i iakgk+1g2k+lfp2k+l (X) & ard gk
P Zok+1(T) + akzk“ pat Zok4+1(T) + ad3,
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<§+J. (3.3.21)

Once again, by employing the a priori bound condition for f, we get

00 2

Z OM%/H_15’2k+1</>2k+1 > ak%kgzk(pzk
= 22+(T) + S = zak(T) + oA,

o) 5 2 oo ) 2
< A%k 1 82k +1 n Z ( ar3, 8ok )
—k ‘ Zok+1(T)+aA3; h 2ok (T)+aA2,

=1

J? =

2

p 2 D
o0 > 00 5
<Z @AZy 4182k +1 22k+1(T))‘2k+1 + Z aA3, 8ok sz(T)Azk
- Zok41(T)+aA2 2 Zoi (T) a2 2

k=0 2t 22k+1(T))¥22k+1 k=1 2k sz(T)Azzk

2
SEzsup( aAzk+122k+1(T) ) 1 —I—Ezsup( oAk Zox (T) )2 1

2 P 2 v
k=0 \ Z2k+1(T) + A5 | Ay k=1 \Z2k(T) + A3, ) A5,
-5\’ -5\’
04 o
k=0 \ a1+ Ay, k=1 \ a2 + adyy

2
(\/b% +’E%Ea”42) , 0<p<2,
= 2 (3.3.22)
(\/bg +E§Ea) , p > 2.

Combining (3.3.21)-(3.3.22), we obtain

\/bz—i—?zEapiZ, 0<p<2,
(T—I)SE 1 1 p

It is clear that

[A

(3.3.23)

QRIm
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Substituting (3.3.23) into (3.3.20), we obtain

_2
(\/li%jl?%\ " et
SNERRE B G

1 2 (Fbg_i;%\ .
)

Finally, by combining (3.3.19) and (3.3.24), we derive

« = fa

Nl—=

_2

( L\,—b%_’_a\ +2
T—1

fj—fHSC(zH)ﬁEﬁaﬁJr LI /

4a da o —— 7
T—1
\ )

This completes the proof. [

3.4 Quasi-reversibility method and convergence rates

In this section, motivated by the regularizing strategy developed in [31] and the recent work
[32], we present a novel quasi-reversibility method for solving problem (3.1.1) with the given
perturbation (3.2.5). We provide two convergence estimates, each of which is obtained
obtained through distinct regularization parameter choice rules. The first estimate is derived
using an a priori regularization parameter choice rule, whereas the second estimate is based
on a posteriori regularization parameter choice rule. These convergence estimates are
essential for assessing the accuracy and effectiveness of the proposed quasi-reversibility
method in approximating the solutions to the given problem with a specific perturbation.

Let uz (x, t) be the solution of the following regularized problem
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D’ [uﬁ, (x.0) + Lu’ (x,t)} +Lub (x,0) = f(x)+alf (x). (x.0)€ 0,
ud (0,1) = u (w,1) =0, 1€(0,7T), (3.41)
ui(x,O)zO, x € (0,m),
ui(x,T)zg‘s(x), x € (0,m),

where o > 0 is a regularization parameter.
We apply the separation of variables method, it becomes clear that uz (x,t) takes on the

subsequent form:

2 (14 ak o (1 +ad
iy = Y WELEN Ty + 3 O 4y ().
P 2k+1 P 2k

(3.4.2)

Then, we get (in the case of exact data)

o0

A2k+182k+1 1 o Aok @k 1
“ T X) + x), (3.43
) k2=(:) (I + adart1) 22k+1(T)(p2k+1 ) k2=:1 (1 4+ arsx) sz(T)(pzk (x) ( )

and (in the case of inexact data)

o0

A2k+1g8 1 2k88 1
§ — E 2k+1 A ok
a X Ook+1 (X + E ) X). 3.4.
f ( ) k=0 (1 akzk-ﬁ-l) ZZk-I—l(7 ) 2kt ( ) P (1 + Of)tzk) Zs (T) 2k ( ) ( 4 4)

In the following, we give two convergence estimates for ‘ fj - f ” by using an a priori and

an a posteriori choice rule for the regularization parameter.

3.4.1 Convergence estimate under an a priori regularization parameter

choice rule

Theorem 3.4.1. Assuming that the a priori condition (3.2.33) and the noise Assumption

(3.2.5) are satisfied, then:
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2
§\ 72
1. For0 < p < 2 Ifwe choosea = (—) , we obtain the following convergence

1 1 p
‘fof—fH < ( —2+—2+C1) E787%2., (3.4.5)
ai 2
5§\ 2
2. For p > 2 Ifwe choosea = (E) , We obtain
5 1 1 1,1
[r2=r] <+ +C) B3 (3.4.6)
ay a;
where Cy, C, are positive constants dependingon p, y, T and g
Proof. Applying the triangle inequality, it is evident that:
|2 = 1| = |5 - fe] + 15— 10 (3.4.7)

Let us begin by providing an estimate for the first term. By using equations (3.4.3), (3.4.4)

and (3.2.5), we arrive at:

2
- (gfk — 81k Adk+1 )

s 2
‘ Ja = Ja _kgo Zok+1 (T) (1 + @dog+1)
n (i g —gn  Axn )2
= 22 (T) (1 + o)
2 2
< (sup A2k+1) + (sup Azk) 52, (3.4.8)
k>0 k>1
where
Azk+1 = : Adkets ;
Zok+1 (T) (1 + A2k 41)
and
dog = —2 Ask
Zok (T) (1 + adag)
Using Lemma 3.2.1, we obtain
A2k 41 - 11

Apky1 < =< ,
a, (1 +ahyy1) ~ aza
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and
Aok - 11

ar (1 +akz) ~ ara’
Thus, inequality (3.4.8), gives

| £ < \/ (i) + (i) S (3.4.9)
al as o

Let us now estimate the second term in (3.4.7). Using (3.4.4), we can infer that

Az <

_fa

Jo (x) = f (x)
/\2k+1 ka-Hglk
kX:(:, (sz+1 (T) (1 + aAZkH) Zok+1 (T)) P2ke+1 (X)

n = ( 82k A2k Azngk) oo ()
- 2
=\ 2o (T) (1 + ahar) 2o (T)
_ i (kzk+1glk —0A2k 41
Z2k+1 (T) (1 + ak2k+1)

) P2k+1 (X)

k=0

o ((Aokgok  —0hok
2 (i) e (3:4.10)

+

Applying the a priori bound condition given by equation (3.2.33), we acquire:

I fo— 17
_ Z (lzk+1g1k) 3P ( Aok +1 )2 1
Zok+1 (T) 2K (1 + ador41) Ay
4 Z (*z’cgzk) A2 (M_zk)zi
zox (T) (1+akxy) ) A5
2 2
<E? (sup /F\zkﬂ) + (sup /ﬁzk) , (3.4.11)
k>0 k>1
where
1_
Foray = iy
* 1+ odogt1
and ,
~ akigj
2%k

1l odokgr
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From Lemma 3.2.3, we have

~ Z)\ozg, 0<p<?2,
Forp1 <9 ~
bra, p =2,

and
D
2

~ iz, 0<p<2,
For < .
Col, p=>2.

Substituting the above inequality into (3.4.11) and using (3.4.9), we obtain

1)\? 1\?6
<[22
aq as o
\//b\2 +2EaZ, 0<p <2,
+ S P (3.4.12)
Vb3 + C5Ea, p>2.

By choosing the regularization parameter « as:

S5\ 72
(E) s 0< p < 2,
@ = 1 (3.4.13)

then, we get
1 1 2 P
— +— +Ci | E?28r2, 0<p<2,
a a
‘fa‘g — f” < ' 1 2 1 (3.4.14)
( p‘F;‘FCz)E%S;» p =2
1 2
The proof is completed. [

3.4.2 Convergence estimate under an a posteriori regularization param-
eter choice rule
In this subsection, we employ a posteriori regularization parameter selection approach to

determine the value of the regularization parameter « in equation (3.4.3). We can further

derive a convergence rate for the regularized solution (3.4.3) using this parameter selection
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rule.

We adopt the discrepancy principle in the followin manner:
H(xL (1 +aL)™! (Kf(f — g‘g)H = 14. (3.4.15)

Here, T > 1 is a constant. As per the lemma below, a unique solution exists for (3.4.15) when

l¢!] > o5 0.

Lemma 3.4.1. Setp (v) = HaL (1+al)™! (Kfof — g‘g) “ IfH g’ H > 76 > 0, then the follow-
ing holds:

(a) p () is a continuous function,

(b) lim p () =0,

(©) lim p(a) =
(d) p (@) is a monotonically increasing function on (0, 00).

Proof. The proofis a straightforward result based on the fact

_ it \' 5\ — adae \' (o5 \2
pla) = Z(1+akzk+1) (glk) +Z(1+O€)L2k) (g2k>

Theorem 3.4.2. Assuming that the a priori condition (3.2.33) and the noise assumption
(3.2.5) are satisfied and that, there exists a constant t > 1 such that H g° “ > 18 > 0. The

regularization parameter o« > 0 is selected using the discrepancy principle (3.4.15). Under

these conditions, we obtain

1. If0 < p < 2, we obtain a convergence estimate

Lo
ai o3

—f| = [c@+n+
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2. If p > 2, we obtain a convergence estimate

(Sl

(35 + ?%)

1 1 1l
S_fl<lcae+1)+ =+ = E28%
’f“ fH_ T+ D2+ a%+a§ T—1
Proof. 1. For0 < p < 2, similar to (3.4.7), we have
|72 = 1| = |5 - fe] + 15— 10
Let us begin by providing an estimate for the second term. We have
© ol S e ’
5 UA2k+1 QA2
— = _— —_— 3.4.16
| fa= 11 I;_Ol S|+ ;1 o S| - (3416)

By using equation (3.4.3), Lemma 3.2.4, and the a priori bound condition (3.2.33), we

derive:
> A2k +1
Z ———— f1kP2k+1
= 1+ adart
=0
o0 P 1-2
_ Z (a12k+192k+1) > ( A2k 41 ) 2 S oo
= _— 2k+1
k=0 1+ 0()\,2k+1 1+ Ol)tzk.g_l (82k+1)%
1% 2 1-2 ﬁ
k41641 2 A2k 41 2 fik
ST ot ) Urena) @8
k=0 QA2 k41 QA2 k41 (O26+1)2
2
y nd ( A2k 41 )1—5’ Sik oot e
T — 5 P2k +1
o M@kt (B40)”
- Aokr1 ) | e Jik i
= Z (#) B2k +1 1k P2k +1 Z — 1 P2k+1
oo M1 T @2k o (02 41)?
= QA2+ 1 2 | 4 742 =r_
< _ ek 212 a2
= 1;, (1 n Ol)tzk+1) 81k P2k +1 kg(:) 2k+1f1k§02k+1 2

3 oot 5
- ( k2=(:) (HW—W) (glk B glk) P2k+1
) AArk11 2 ) .1 .
+ Z (m) 81k P2k+1 ) E7a)
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) p_ 2 . p_
<al?? (1 + 1)7%2 Err2§7+2, (3.4.17)
and
o0
Aok
Z Sk 2k
ft 1+ al
i ( oAk ok ) ( oA )1 ok
= %)
—\1+ Aok 1 4+ ala (szﬁ
00 pt2 1-2
E Z (laAZkiZk ) 2 (1 akzi ) 2 kaE(ka
k=1 + aAzg + aAog (621)2
2
( Wk )1"2’ S |77
X P2k
1 + adxg (0a2) 2 2
p
0o 2 72 || o 72
ook ) Sk
=< Z ( Ok fok 02k Z 7 P2k
— 1+ ad, =1 (6a1)2
_r_ 2
oo Ol)tzk 2 p+2 e ¢ » r+2
< )& 2
= Z (1 n a/xzk) &2k P2k Z i J2k 02k
k=1 k=1
> oA k 2
2 s )
< e S _
= ( ;; (1 n akzk) (gzk 8ok ) P2k
o0 72
oAk § 2 =5
i ,; (1 T ok, ) Sakpak ) Eriaf
=P
<a?™ (1 + )72 Eriasot (3.4.18)
Combining (3.4.16)-(3.4.18), we obtain
I fo — fIl < C (x + 1)772 Epi2§7%2 (3.4.19)
Now we give the bound for the first term. Similar to (3.4.9), we have
1 16
-S| =55 3.4.20
)f“ f”“H_ af+a§a ( )
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From (3.4.15), there holds

al k 2 7 k 2

2k+1 § 2 §

6 = - == + - =

E (1 Aox 1) 81k P2k+1 kE 1 (1 sz) 8ok P2k

k=0
<i ke 2(8— ) +iM—2k2(5— )
= = 1+ aAZk-l-l 81k — 81k ) P2k +1 2 TF oo g — gar ) oo

= A2k 11 2 > Aok 2
+ kX:(:) (m) g1kP2k+1 + ;; (m) 82k P2k
iian oAk

<6 _ A2%k+T Cady
<0 + kgo (1 + O[A2k+1) g1k P2k+1 + ]; (1 ¥ o &2k P2k
=t (3.4.21)

By Lemma 3.2.4, we have
o0 2 o0 2
A2k 41 ) ( oAk )
- _|_ - -
kX: (1 ¥ ahores 81k P2k +1 Z 1+0M2k 82k P2k
o0
O[Azk_g_l Olkzk 2
<
kZ=:(1+aA'2k+l) (g +Z(1+0M (820)
A T 1
<E? sup ( CA2k+1 ) (sz+1 ( )) .
k>0 \1 + adzig A2k+1 Akt

Aok )4 (sz (T))Z 1
+ E?su —
kzll) (1 + adok Aok A%,

2
J? =

Al p+2 4 kl P+2 4
<E? sup A + E? sup L
k>0 1 + ook g1 k>1 1 + adyy
~, 2
< ((b% +?§) Ea”T“) . (3.4.22)

Combining (3.4.21)-(3.4.22), we obtain
(t—1)8 < (b2 +?2) Ea’3

This yields

(Ef+?%) "\
<|— (—) . (3.4.23)
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Substituting (3.4.23) into (3.4.20), we obtain

Combining (3.4.24) and (3.4.19), we obtain

|

2

L, (B+a)\""
< |4 X2 7
“\Va? a3 7—1

2 p

fod = fa E72§7%2. (3.4.24)

E7+2§7+2, (3.4.25)

. o1
fj—f”s Ca+1)m + [=+—
ay @

2. For p > 2, we use the same methodology, we can draw the aforementioned conclusion.
This completes the proof.
O

3.5 Iterative regularization method and convergence rates

In this section, we propose an iterative technique to address the inverse source problem.
In addition, we provide two convergence assessments based on distinct approaches for
selecting the regularization parameter: one employing an a priori rule and the other using
an a posteriori rule.

Let v™ (x, t) denote the solution to the following problem:

DY ™ (x,1) + Lv™ (x, )] + Lv™ (x,1) = f™% (x), (x,1) € O,
v (0,1) = v" (7,1) =0, te€(0,7T),
v (x,0) =0, x €(0,m),
f ) = 7 ) —s (T @ T = g0 (1), x e (0.1),

(3.5.1)

where m stands for the regularization parameter and s serves as an accelerating factor that
meets the condition:

0< Aizk (T) <1  forallk € N*.
k

In the subsequent subsections, we will demonstrate that f ™3 (x) constitutes a regularized

solution to the inverse source problem. For the sake of simplicity, we will use the notation
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s s 0.6
O2k+1 = 12k+122k+1 (T) and O = Esz (T) and take f ’ (X) = 0.
Denote fl','c’"g = (fm’8,<p2k+1), and fz'Z’S = (fm’8,¢2k>,thenwe have
00 fm—l,S
v (x, 1) = Z Alk Zak+1 (1) P2k41 (X)
i A2k
o) fm—1,8
+ 2 2ok () pok (%)
’; ok (e
From (3.5.1)), we obtain
m—1,68
8 18 /i
1nk1 = 12 ! ) ( Alk 22k+1 (T) _gzlsk>
2k+1
~1,8
= (1 —02k+1) fi} s ngk
m—1 )
=(1 — o))" 70 + Z (1 =02 41) 583 (3.5.2)
i=0
and
~1,8
m,§ _ pm—1,48 2rZ S
. =l s | S22k (T) — g3
Aok
= (1 —o%) fznlz_l’s + Sggk
m—1 '
=(1—on)" £330 + Z (1 — o) sg5. (3.5.3)
i=0
m—1
If we take f&"g = 0, and fz(;;‘g = 0, we have fl'Z’S = Z (1 — o2k 11)" sgl,. and fz",:"s =
i=0
m—1
Z (1 — o)’ sggk, we can write
i=0
o] m—1 )
S =) (Z (1= 02nt1)’ sg‘fn) Pant1 (X)
n=0 \i=0
o] m—1 .
M POTERIEN P
n=1 \i=0
o0 o0
= Z Pm (02n41) 585, 02641 (X) + Z Pm (020) 585,920 (X) . (3.5.4)
n=0

n=1
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oo oo
Denote /™ (x) = ) pm (026+1) 584 ¥2k+1 (X) + D Pm (02¢) 5851 2¢ (x) . we have
k=0 k=1

I ) = f ) =™ () = [ @)+ () = f (%)
= Z Pm (02k41) § (gfk - glk) @ar+1 (X)
k=0

- o0
+ Z Pm (02k) S (gik - gzk) @2k (x)
k=1

o0

Aok+181kP2k+1 (X)
ad A‘Z 2 2
Z —rm (021)) ng :ka) Aok 8akfok (), (3.5.5)

Below, we provide two convergence assessments for H fme_ f H employing both an a

priori and a posteriori selection approach for the regularization parameter.

3.5.1 Convergence analysis with a priori regularization parameter se-

lection.

Theorem 3.5.1. Assuming that the a priori condition (3.2.33) and the noise Assumption

1 (E\ 7
(3.2.5) are satisfied, if we opt form = |:— (E) j|, then the ensuing estimate holds:
s

”f’""g - fH < («/5 + 24 /o ? + az_p912>) E7287%, (3.5.6)

where [m] denotes the largest integer not exceeding m.

Proof. Using triangular inequality, we get

aaEnd S Vel ER VAR | (3:5.7)

We begin by estimating the first term. From (3.5.5) and (3.2.5), we obtain

e

i (Pm (02k+1) 8 (gigk - glk))2
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+ Pm (02%) s ( 82k>)2

._.

sup Dm (azk+1)> (sup DPm (azk)) (s8), (3.5.8)

k>0 k>1

where
m—1

Pm (02k41) = ) (1 —o2p1)’

i=0

and

m—1
Pm(02) = ) (1 —om)".
i=0

By Lemma 3.2.5 with © = 0, we get

Pm (0O2k41) < m.

and

Pm (02k) < m.

Then, using Equation (3.5.8), we obtain
Hf”’"g —fm H < V/2smé. (3.5.9)

On the other hand, we estimate the second term in (3.5.7). By (3.5.5), we can deduce that

(x) — = 3 _ Aok +181kP2k+1 (X)
O k2=;)( rm (726+1) Zok+1 (T)

(e.¢]

+ ) (=rm (02)) M‘fj:—f;k)(x). (3.5.10)

Applying the a priori bound condition (3.2.33), we obtain

Lf™ = £
. i m (02k+1) (Azk—f-lglk) 22
2k+1 22k+1 (T) 2k+1

ry (02k) A2k 82k 2
+ m AL
kX:; AP (sz (T)) 2k

2k
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2 2
<E?||sup Daxs1| + | sup D , (3.5.11)
k>0 k>1
where
Dojs1 = %ﬂc“)’
Ask+1
and
D2k _ I'm (22k).
Ask
From Lemmas 3.2.1 and 3.2.4 with v = g, we have
_Pr £
Dogt1 =(5a2)” 2 rm (02k+1) O 4
p 1
<0z (saz) " ———.
(m+1)2
and
_r 2
Dog < (sa1)” % rm (021) 05
2 1
<0p (sa;)”> — -
(m+1)2
Using (3.5.11) and (3.5.9), we obtain
Hfm’a - fH <+/2smé
—-p -p -£ E
+yay " +ay 0psr ———. (3.5.12)
(m+1)2
By choosing the regularization parameter m as follows
2
1 (E\7r+2
m = [— (—) } , (3.5.13)
s\ 6
we get
Hf"”‘S . fH < (fz 42y Ja? + agf’eg) Er87%. (3.5.14)
The proof is completed. ]
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3.5.2 Convergence analysis with a posteriori regularization parameter

selection

In this subsection, we employ an a posteriori regularization parameter selection rule that is
not dependent on the a priori bound E.

We apply the discrepancy principle in the following manner:
kamg _ gt H <18 < kam—“S _ gt H , (3.5.15)

where t > 1 is a constant.

Theorem 3.5.2. Assuming that the a priori condition (3.2.33) and the noise assumption
(3.2.5) are satisfied, and the regularization parameter m is determined using the discrepancy

principle (3.5.15). we can establish a convergence estimate as follows:

2
=P =D p+2
va,© +a, 9,);2 s

E7r2 852,

Hfm’5—fH§ C(t+1)772 + 2

T—1
Proof. Similar to (3.5.7), we have

| s = = | gma = |+ 1rm =11

Let us begin by estimating the second term. In accordance with Remark 3.2.3, we can derive
the upper bound of || /™ — f|| by estimating || K (f™ — f)| and || /™ — fllz . Referring to
(3.5.5), we obtain:

1K (f™ = D
o0 o0
= Z "m (02k+1) &1k P2k +1 + Z Im (O2k) &2k P2k
k=0 k=1
o0 o0
=< Z "m (02k41) (glk - gfk) P2k+1 T Z 'm (02k) (ng - ggk) Y2k
k=0 k=1
o0 o0
+ Z T'm (02k+1) gfk%kﬂ + Z 'm (02k) ggszk
k=0 k=1

<5+ 185=(141)8.
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Using the a priori bound condition for f (x), we derive:

\‘a

- Aok+18
177 = Fy ) Zr <02k+1>( 2t ”‘) AL

Zok+1 (T)
A2k &2k
—I—Z” ( zk)( 2k(T)) p
§E2.

On the basis of Theorem 3.2.1, we deduce
If™ = fll <C (x + )75 Epta§oa, (3.5.16)
On the other hand, we establish an upper bound for the first term. Similar to (3.5.9), we find:

Hf’""g —fm H < V2sms. (3.5.17)

From (3.5.15), there holds

o0
18 < Z Fm—1(02k+1) gfk(p2k+l + Z rm—1 (02k) gﬁszk
k=0 k=1
o0 o0
= Z Fm—1(02k+1) (gfk - glk) Ook+1 T Z rm—1 (02k) (ggk - gzk) Dok
k=0 k=1
o0
Zrm—l (02k+1) &1k P2k+1 + Zrm—l (02k) &2k P2k
k=0 k=1
o0 o0
<6 + Z Fm—1 (02k41) &1k P2k +1 + Z Fm—1 (02k) &2k P2k
k=0 k=1
<6+ J. (3.5.18)

From Lemmas 3.2.1 and 3.2.5, we have

00 2

o0
Z Fm—1 (02k+1) &1k P2k+1 + Z Im—1 (02k) &2k P2k
k=0 k=1
2
§E2 sup ”,31 1 (02k+1) (sz+1 (T))

p
k>0 A'2k_|_1 AZk-i—l

J? =
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+ E?sup -
k>1 )sz

2+p
— Zok41 (T)
Saszz iuP ”51—1 (02k+1) (Tﬂ
>0

r2_, (oa) (z2k (T))Z
Aok

_ 2o (T)\ 2P
+a,"E? sup rZ_, (o2k) ( 2§2(k ))

1
—Pp2 2 —Pn2 2
<a;"07, , E AR 02, ,E

2
[— _ 1
f( a1p+a2p91+§EW) .

Combining (3.5.18)and (3.5.19), we obtain

_ _ 1
(t =18 <Ja;” + a5 0, p E——5.

(sm) 2

This yields

sm <

_2
/al_P_i_az_prTH p+2 (E)piz
g .

T—1

By using (3.5.20) into (3.5.17), we get

2
=P =P pr+2
va" +a, Qp;rz s,

-2

T—1

Combining (3.5.16) and (3.5.21), we obtain the desired result.

3.6 Numerical experiments

Er+25p+2,

(3.5.19)

(3.5.20)

(3.5.21)

In this section, we give a numerical example to validate the theoretical results obtained and

consequently the feasibility and efficiency of the proposed approaches. We consider the

following example:
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DY [u (x, 1) =ty (X, 1) + 8y (T — X, )] = tyx (X, 1) + Uy (0 — X, 1) = X (70 — X),
u0,t) =u(m,t) =0,
u(x,0) =0,

u(x,1) =gy (x),
(3.6.1)
where (x,2) € (0,7) x (0,T),y =0.5,e =025and T = 1.

We compute a finite approximation of the final condition g by taking:

N=20

Sfok+1 ( ( A2k 41 ))
x)=u(x,1) = E 1—-F - X
gn(x) ( ) Z Aokt y,1 1+ Ageos ®2k+1 (X)

"2 Aok
2 2
§ 22k _ g =
+ — A2k ( y,1 ( 1 + )sz)) (%373 (X) s

where the coefficients fx and f>x+1 have been numerically evaluated by the trapezoidal

rule to approximate the integral using an equidistant grid 0 = xo < x; < ... < Xpr=499 = T,

h="1.
M

Now, we add noise to the data g using a random perturbation (obtained by the MATLAB

command randn), we obtain the vector gs:

noise =randn(size(gn));
noise =46 xnoise xnorm(gy)/norm(noise);
gs = gN + noise;

where § = 0.1 denotes the noise level in the information provided by the measurement.
The function "randn(.)" generates arrays of random numbers whose elements are normally
distributed with mean 0, variance 6> = 1, and standard deviationo = 1. "randn(size(y))"
returns an array of random entries that is the same size as g.

Our inverse problem is to reconstruct the source term fs from the final data g5, and to
give an estimate of the difference || f — fs||, where f is the exact source function.

Our inverse problem is to reconstruct the unknown source f(x) from the final condition
gn(x) = u(x,1).

The results of the numerical program are given in Figures 3.1-3.3
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MQBV Regularization : a =0.005, =05, ¢=0.25, §=0.1

005~

error curve: E(xid,e) = (x) - £(x)|

Figure 3.1: The exact and regularized source terms given by the a priori parameter choice:

MQBV-method

QR Regularization : a = 0.0001, y=05, ¢=0.25, 6=0.1, r=4

008

0,06

0.04—

0.02

error curve: E(xa,d)= [1(x) - ()]

Figure 3.2: The exact and regularized source terms given by the a priori parameter choice:

MQR-method

iterative regularization method: k=82, o =0.5, ¢ =0.25, §=0.1

error curve: E(x;m,)= [f(x) - 1™(x)|

Figure 3.3: The exact and regularized source terms given by the a priori iteration parameter

choice: Iterative-method
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Conclusion

The considered example shows that the three methods are stable with respect to the strong
noise level and the truncation error in the Fourier series. We can confirm that the three
methods are close from a numerical point of view, except that the iterative method is simple
in implementation.

This study set out to determine the regularization techniques for fractional pseudo-
parabolic differential equations with involution terms. The comprehensive exploration
covered theoretical advancements and practical methodologies. The primary findings sug-
gest that the modified pseudo-parabolic regularization method effectively approximates
the original ill-posed problems. Furthermore, the iterative methods for inverse problems
demonstrated significant improvements in accuracy and stability. These findings contribute
substantially to the field, offering valuable insights and practical solutions for researchers
and practitioners dealing with complex inverse problems.

As perspectives, future research should continue to refine these methods and explore
their applications in broader contexts. Specifically, there are several promising directions for

further investigation:

e Extension to Multi-Dimensional Problems: While this thesis focused on one-dimensional
cases, extending the regularization techniques to multi-dimensional problems could

provide deeper insights and wider applicability.

e Real-World Applications: Implementing these methodologies in practical scenarios,
such as geophysical exploration, medical imaging, and financial mathematics, can

validate their effectiveness and reveal new challenges and opportunities.

e Algorithm Optimization: Further refinement of the computational algorithms to en-
hance efficiency and reduce computational costs would be beneficial, especially for

large-scale problems.

e Integration with Machine Learning: Combining these regularization techniques with
machine learning models could improve the predictive accuracy and provide more

robust solutions to inverse problems.

e Experimental Validation: Conducting experimental studies to validate the theoretical
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results and computational methods in laboratory settings or controlled environments

would help bridge the gap between theory and practice.

e Interdisciplinary Collaboration: Encouraging collaboration between mathematicians,
engineers, and scientists from various fields can lead to innovative approaches and

new perspectives on tackling inverse problems.

These perspectives not only aim to enhance the current methodologies but also to open new
avenues for research and practical applications, thereby broadening the impact and utility

of the findings presented in this thesis.
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