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Abstract

The purpose of this dissertation is to investigate the existence of a relaxed opti-
mal control problem given by two stochastic delay equations within the frame-
work of G-Brownian motion, where the neutral term in one of the equations and
the diffusion term in both equations are independent of the control variable. We
study the existence and uniqueness of solution for neutral stochastic functional
differential equation driven by G-Brownian motion (G-NSFDE, in short) under
refined Lipschitz hypothesis, in addition to certain numerical analysis simula-
tions. We investigate the approximations and existence of a G-relaxed optimal
control for G-NSFDE by defining the space of relaxed control. Next, we estab-
lish the existence of a G-relaxed optimal control of a stochastic differential delay
equation driven by G-Brownian motion (G-SDDE in short) for the finite horizon
case and propose an economic model represented by a G-SDDE, the optimiza-
tion of which we studied. We related our controlled systems to Hamilton Jacobi
Bellman’s appropriate equation to a decoupled forward backward stochastic dif-
ferential delay equations driven by G-Brownian motion (G-FBSDDE:s in short).
In a broader context, we conduct simulations on the decoupled G-FBSDDZEs
with the goal of identifying the optimal strategy.

Key words :

G-expectation, G-Brownian motion, G-neutral stochastic functional differen-
tial equations, stochastic differential delay equation, G-relaxed optimal control,
economic model, forward backward stochastic differential delay equations.



Résumé

L’objectif de cette thése est d’étudier ’existence d’un probléme de controle op-
timal relaxé donné par deux équations stochastique avec retard dans le cadre
du G-mouvement Brownien, ou le terme neutre dans 'une des équations et le
terme de diffusion dans les deux équations sont indépendants de la variable
de controle. Nous étudions 'existence et 'unicité de la solution d’une équa-
tion différentielle stochastique fonctionnelle neutre dérivé par un G-mouvement
Brownien ( G-EDSFEN, en abrégé) sous ’hypothése raffinée de Lipschitz, en plus
de certaines simulations d’analyse numérique. Nous étudions les approxima-
tions et l'existence d’un G-controle optimal relaxé pour G-EDSFN en définis-
sant ’espace de controle détendu. Ensuite, nous établissons ’existence d’un
G-controle optimal relaxé d’une équation différentielle stochastique avec retard
dérivé par un G-mouvement Brownien (G-EDSR en abrégé) pour le cas d’un
horizon fini et proposons un modele économique représenté par un G-EDSR,
le optimisation dont nous avons étudié. Nous avons associé nos systémes con-
trolés a I’équation appropriée de Hamilton Jacobi Bellman & une G-avant-arriére
équations différentielles stochastiques avec retard (G-AAEDSR en abrégé) dé-
couplées. Dans un contexte plus large, nous simulons les G-AAEDSR pour
trouver la strategie optimale et le cout.

Mots-clés :

G-espérance, G-mouvement Brownien, G-équations différentielles
stochastiques fonctionnelles neutres, équations différentielles stochastiques avec
retard, G-controle optimal relaxé, modeéle économique, avant-arriére équations
diff érentielles stochastiques avec retard.
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Notations

The objective of this part is to recall some basic notions that will be used
throughout this work.

Notations Description
A: is the compact polish space of R”.
at=max{0,a}, a~ = -min{0,a}, a € R.
(A, d) : is the separable metric space.
B (w) = wy, t > 0 : is the canonical process defined on .
(B) : is the universally defined quadratic variation of B.

BC ([—7,0];R) : is the space of bounded and continuous functions with values
in R.

B(A) : is the o-algebra of Borel subsets of the set A of values taken by the
strict control.

C1,rip (R™) @ is the space of all linear and Lipschitz functions on R™.
c(A) = suppep P(A) : is the natural Choquet capacity related to P.
C ([-7,0];R™) : is the space of R™valued continuous functions.

du(t) : is the Dirac measure assigns a charge to the function u (t) at every value
of ¢.

(u(t),u(t—r)) : is the Dirac measure assigns a charge to the functions u (t) and
u(t—r7).

E [.] = supEF [] : is the G-expectation.
PeP
EF : is the ordinary expectations for every P € P.

Inll, = E KfoT In, | dt)] ” . is the norm on the space M0, T).

11



FF = Fur VNT(Fut): is the right-continuous P—completed filtrations where
PeP.

FP = {.7-/7)} FP = Neep(FL V Np): is the universal filtration.

>0
F := (F;)¢>0 : is the filtration generated by B, which is only left-continuous.
F* = (Fi+ ) 150, Fy+ := Nyt Fs ¢ is the right-limit filtration.

G(a) := %I@ [aX?] =1 (%™ — g%a™) : is the sublinear function.

I : is the non empty bounded and closed subset of R%*4,

Hrp = {X = (X )0 > F? — adapted such that: fOTIE [\X (s)ﬂ ds < oo}.

1Ko 70y = Bl sup [Ki|Z] = B[ sup  sup |Ky(0)[”] : is the norm de-
t€[0,T) tel0,T)0€[—7,0]
fined in
L?.(Q7) : is the completion of Lip(Qr).
Lip(€) == Lip(Q) N LO(), LP () := LL(Q) N LO(2).
Lip(Qt) = {(p(Btl, ...,Btn) 2 (S Cb,Lip(R") and 0 S tl,tg, ...,tn S t}.

Lip(Q) := nLEJNLip(Qn).

LY%(Q) : is the space of all B(2)-measurable real functions.
LO(€) : is the space of all B(£2;)-measurable real functions.
M =M ([0,T];A) : is the separable metrizable space.

Mg’p (0,T) : is the space of simple processes consisting of F-progressively mea-
surable with values in R™.

ME(0,T) : is the completion of the set of elementary processes Mg’p(O, T).

ME™"(0,T) : is the closure of ME™*"(0,T).

mXxn
(

My 0,7T) : is the closure of M5™*"(0,T).

p = argmin,eg J¥ (1) : is the optimal relaxed control for every P € P.

=

E[X] : is the value of maximum mean uncertainty.

= =

= —E[-X] : is the value of minimum mean uncertainty.

m7 ﬁ] : is the interval of the mean uncertainty.

i (d€)dt = 6,1y (d€)dt - is the relaxed control variable at time ¢.

12



i (d€)dt = 0 (y(t),u(t—ry) (d§) dt : is the relaxed control variable at time ¢ and
t—T.

1 ~
Ne (X) = (fOT e 2R (|X (s)|2) ds) * ¢ is the norms of Hy.
N(0, [gz, 62]) : is the G-normal distribution.

NE(G) := {D C Q, there exists D € G such that D ¢ D and P[D] = 0} : is
the P—negligible set.

ViV (t, k) : is the gradient at (¢,k) € [0,T] x C ([—7,0];R™) is the collection
of n-tuple finite Borel measures defined on the interval [—7,0].

ViV (t, k)| : is the total variation norm.

VoV (t, k) = ViV (t, k){(0)}: is the masse located specifically at 0, corresponds
to the component of ViV (¢, k).

(ViV(t,k),g) = f[—T,O] 9(0) - ViV (t,k)(dO) : is the continuous map defined on
[0,T] x C, for g € C.

Qp :={wr:w e Q}.

0 = C§ (Ry) : is the space of real valued continuous functions on R, such
that w(0) = 0 measure on €.

(Q, H, IE) :isthe space comprising sublinear expectation.

P : is the probability measure defined on the B(2) of the space Q.

P : is the tight family of possibly mutually singular probability measures.

P (A) : is the space of probability measures B(A).

(.,.) : is the inner product on R%.

O (u)(dt, d§) = Sy (d€) .dt : is the mapping of relaxed control.

q(w, dt,d€) = p,(w, d€)dt : is the FP-progressively measurable random measure.
Q : is the probability measure on (€2, B(£2)) respect to P.

R : is the class of relaxed stochastic controls.

1,2\ . N"© 9—i 1 2 . :
p(whw?) =32 271 ((O?@v lwi — w3 ) A 1). is the distance.
Sq : is the space of all d x d symetric matrices.

S; : is the set of symetric positive semi definite matrices of Sy.

SP([0,T7;C) : is the space of C-valued stochastic processes.

13



sup EP»[¢(K)] = E[¢(K)] : is the G-expectation constracted by ex-
’YE[Uminyo'mam]

pected valued over P, due the worst case senario.
Z = {y7*, v € T'} : is the matrix of covariance uncertainty of X.
72:=E [X 2] : is the value of maximum variance uncertainty.
=-E

[—X 2} : is the value of minimum variance uncertainty.

S

[QQ,EQ} : is the interval of the variance uncertainty.
U =U([0,T]) : is the space of admisible controls.

u (t) : is the strict control variable at time ¢.
w(t—7) : is the strict control variable at time ¢ — 7.

HX||Z£Z;(QT) := E[|X|?] : is the norm of the space L2 (7).

14



Introduction

The objective of this thesis is to investigate delayed system issues and stochastic
optimal control problems in the framework of G-Brownian motion [21, 45].

There has been a great deal of interest in the classical stochastic optimal
control issue for delayed systems. Stochastic differential delay equations (SDDEs
in short) describe systems whose dynamics are impacted by both the current
and previous values of the state, Mao et al [53, 52] focused on this type of
equations and also the dynamics can depend on the past evolution rate of the
state value which are called neutral stochastic functional differential equations
(NSFDEs in short) studied by different authors, for more details the reader can
see [7, 8,9, 35, 46]. This particular model finds utility across numerous situations
in many systems with after-effects (memory), such as domains where this model
is applicable include economics and finance, along with population dynamics in
biology (see [48, 18, 33, 51, 73]). An introduction to the probabilistic methods
in stochastic control is given by Mazliak [55] and Bismut [13]. In 1975, Fleming
et al [30] interested in optimal deterministic and stochastic controls. Many
authors [3, 37, 47, 14, 15, 78] have studied different problems in stochastic
optimal control theory. Benssoussan [11] worked on the study of stochastic
control by functional analysis methods.

A study of maximum principle of stochastic delay system and a verification
theorem for a variational inequality was demonstrated by Elsanosi et al [25].
Ivanov [42] studied a controlled SDDEs and presented an economic application.

A necessary and sufficient optimality conditions of delayed stochastic maxi-
mum principle was studied by Menoukeu-Pamen [56] in problem of non-Markovian
under uncertainty model with delay. In [57] Qksendal et al studied a sufficient
and necessary stochastic maximum principle of time delayed SDEs with jumps.

A maximum principle for stochastic optimal control problem in the infinite
horizon within the context of partial information proved by Agram et al [1]
for a FBSDDESs. Theoretically, in the different problems in the theory of opti-
mal control it is supposed the optimal control exists, which allow to study the
existence of optimal control (see [22, 23, 38]).

Balachandran [6] studied the existence of an optimal control for non-linear
systems with multiple-delay characterized by an implicit derivative by appropri-
ately applying certain techniques, the system is subjected to criteria of quadratic
performance.

The problem of optimal control for a systems presented by a delay differential

15



equations with a quadratic functional cost was studied by Patel et al [58]. The
relaxed procedures of the controls show that the state of controls are given
by the relaxed control studied by [2, 3, 29]. Rosenblueth [70] proposed two
different procedures for a problem of relaxed optimal control involving to the
transformations of control functions state confirms that a solution exists for the
resulting of relaxed problem, that ensure the existence of a minimizer. The
cases of controlled of NSFDEs has been treated by different authors, for more
details (see [2, 74]).

Inspired by the uncertainty idea, which arises in many fields of science,
containing inaccurate parameters, generally, risks arising from dark fluctuations,
market liquidity, and the influence on asset price movement and financial crises.
Namely, optimal portfolio choice issues in which the volatility and the processes
of premium risk are unknown.

The concept of uncertainty in fluctuations were studied by Peng [59, 64, 63,
65] established a specific kind of non-linear expectation theory that was done
using capacity theory in [19, 20] within the framework of G-Brownian motion,
and then related with the G-Brownian motion (see [62, 61, 60]) to use the
G-stochastic calculus and existence and uniqueness of the stochastic differential
equations driven by G-Brownian motion for more details see [5, 34, 49, 50, 80]. In
addition, Faizullah [26],and Faizullah et al in 2017 [27] studied the existence and
uniqueness of solution of G-neutral stochastic functional differential equations
(G-NSFDEs). Moreover, the existence of solution and the stability result of
highly nonlinear G-SDDEs was proved by Fei et al [28]. Yuan [79] studied some
characteristics of the numerical results of solutions for a semilinear G-SDDEs.
In [19, 20], the authors studied the G-expectation in a tight family of possibly
mutually singular probability measures to used. Recently, Biagini et al and
Hu et al in [12, 41] solved the optimal control problem with uncertainty of
G-Brownian motion and its quadratic variation.

Different authors [12, 39, 41, 67, 68, 69, 77] have studied the problem of
optimal control within the framework of G-Brownian motion.

The results of existence and uniqueness of the solution for G-BSDEs proved
by Xu [75] to furnish the viscosity solution of a class of Hamilton-Jacobi-Bellman
equations (HJB equations for short) by an interpretation of the probabilistic
concept.

Additionally, it is demonstrated that the certain class of stochastic optimal
control problems can be effectively characterized by G-BSDEs. In [36] the au-
thors employed a class of HJB equations, which is acknowledged as the dynamic
programming equation associated with the problem of optimal control.

In fact, the estimation of the noise parameter o precisely is not feasible, and
all we have as information is a range interval [0,in, Omaz] Where belongs, there-
fore the challenge is to examine the worst-case scenario, which is complicated to
analyze directly. The worst-case scenarios may be changed to a G-NSFDE and
G-SDDE respectively., and assuming that the objective is to govern the dynam-
ics of the particle under certain restrictions, as a consequence, the G-NSFDE
(respectively. G-SDDE) will be optimally controlled.

Motivation ([21]): To motivate our work let consider a Brownian particle
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moving in an unbounded medium. Let X (¢) be the position and Y (¢) the velocity
of the particle at time t. So The dynamic is represented by

X'(t) = Y () mdY (t) = b(t)dt + ode,, (1)

where m is the mass of the particle and od¢, is the noise part of the medium
on the particle. According to Boussinesq representation in [16], b(t) = —hY (t)—

Y'(t)oy/ h:’:? Jo° Y2 (s) ds, which represents the systematic action of the medium
on the particle, where —hY (¢) is the Stokes friction force at time ¢ and m the
apparent additional mass which is half the mass of the material of the medium
ousted by the body. The fooo Y2 (s) ds is the viscous hydrodynamic aftereffect.
These models represent a NSFDE in the classical case.

In this thesis, we investigate the existence of a relaxed optimal control prob-
lem given by two stochastic delay equations within the framework of G-Brownian
motion, where the neutral term in one of the equations and digusion term in both
equations are independent of the control variable, and we give the motivation
and economic application. In chapter 1, we present some initial G-stochastic
calculus notations that will be employed to validate our finndings. We target to
introduce the definition of one-dimensional neutral stochastic functional differ-
ential equation driven by G-Brownian motion (G-NSFDE, in short), the G-Itd
formula, and we study the existence and uniqueness of solution for G-NSFDE
under refined Lipschitz hypothesis, in addition to certain numerical analysis sim-
ulations, in chapter 2. The third chapter is devoted to providing some concepts
of stochastic control in the G-framework, along with two examples of control
models. We investigate the approximations and existence of a relaxed optimal
control for a one-dimesional G-NSFDE by defining the space of relaxed control.

The last chapter examines the existence of a relaxed optimal control of a n-
dimensional stochastic differential delay equation driven by G-Brownian motion
(G-SDDE in short) for the finite horizon case and proposes an economic model
represented by a G-SDDE, the optimization of which we studied. We related
our controlled systems to Hamilton Jacobi Bellman appropriate equation to a
decoupled forward backward stochastic differential delay equations driven by G-
Brownian motion (G-FBSDDEs in short). Overall, we simulate the G-FBSDDEs
to find the optimal strategy and cost.

Thesis Outline

In the first chapter of this thesis, we present certain preliminaries, definitions,
lemmas, and theorems of G-stochastic calculus that will be used to confirm our
result.

The next three Chapters pertain to the articles that have been published
during the thesis work ([21, 45]).

The second chapter will introduce the concept of G-NSFDEs, the G-It6 for-
mula, and the existence and uniqueness of the one-dimensional G-NSFDE solu-
tion. Lastly, we present some numerical analysis simulations. The third chapter
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focuses on stochastic control concepts in the G-framework, with two example
control models. We investigate the approximations and existence of a G-relaxed
optimal control for G-NSFDE by defining the space of G-relaxed control. The
last chapter, the presence of a G-relaxed optimal control for n-dimensional G-
SDDE in the context of a finite horizon is investigated. The optimization of
the economic model based on and the corresponding HJB equation and de-
coupled G-FBSDDEs is demonstrated. Finally, we present the simulations of
G-FBSDDEs to determine the best optimal strategy and associated cost.
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Chapter 1

Preliminaries

In this chapter, we begin with some initial content, specifically on sublinear
expectation theory and the G-Brownian motion, and the aforementioned would
be associated with the G-normal distribution. The main aim is to review cer-
tain ideas and initial outcomes from the G-framework that will be utilized
in the upcoming sections, used by many authors, Denis et al [19, 20], Peng
[62, 61, 64, 63, 60], Soner et al [71, 72].

1.1 Sublinear expectation

Let a given set € and let us consider the linear space H defined on 2 is space of
the real functions meet the following requirements: if X € H, we have | X| € H
and ¢ € H for each constant c¢. H is called also the random variables space.

Definition 1 Let E:H — R is the Sfunction called sublinear expectation on H
that holds these conditions:

1. Monotonicity: ¥ < X = E[Y] <E[X],VY,X € H.

2. Constants preservation : IE[ =c, VceR
>

g
3. Subadditivity: E[X — Y] > E[X] —E[Y],VY,X € H.
4. Positive homogeneity: B [BX] = BE [X], V B €[0,00).

The space of sublinear expectation is denoted by (Q, H, ]E) If just condition

1 and 2 are fulﬁlled,jﬁ represents the nonlinear expectation, and if inequality 3
18 an equality, then B is a classical linear expectation, i.e., B is a linear function
tha meets the criteria of both 1 and 2.

Remark 2 The properties 3 and 4 confer upon us the characteristic of convexity
for a€10,1] :

~

E[(1-a)Y +aX]<(1-a)E[Y]+oE[X].
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Mention that the following condition is identical to condtion 4:
E[8X] = ~B[-X] + BYE[X], for B €R,

where 4 = max (3,0) and f~ = max (—3,0).

It should be pointed out that the space C; iy (R™) comprises a real-valued
functions that map to real numbers such that for all y,z € R™ for any given
elements y,x € R”, we have

|6 () = o (W) < C A+ +[y[) |z —yl,

here, C' > 0 is a constant depends only on ¢ and € € N*.

Theorem 3 ([17),[61]): Consider that the sublinear expectation E is defined on
H, then there exists P family of probability measures defined on (2, B (2)) such
that for any X belongs to 'H.

E [X] = sup B* ],

where B () denotes the Borellian tribe o—algebra belonging .
Now, let introduce on H the Choquet capacity as follow

¢(D):=supP (D),
PeP

where D € B(Q).
For additional information, the reader may refer to [20, 39, 81].

Definition 4 Let D be a set belonging to B () is considered polar if and only
if c(D)=0i.e, P(D)=0,PeP. If a property holds P-almost-surely (P — a.s.
in short) for all P € P means that holds everywhere except possibly on a polar
set, then it is said to hold P-quasi surely (q.s. in short).

The theory of stochastic processes in continuous time within framework of a
G-expectation has been established, Specifically, Itd’s formula, some stochastic
inequalities, and G-SDE. It is possible to establish these results in the sense of
quasi-sure, according to the G-expectation representation’s and the "quasi-sure"
notions introduced.

1.1.1 Notions of distributions and independence

Besides the principles of the usual framework, [64] introduced the notions of
distributions with random variables independence in the following new concepts.

However, these concepts are more functional and less probabilistic, and they
can be described in the space Cj i, (R™), n > 1 by the families of test functions.
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Definition 5 The distribution of random vector X = (X1,...,X,), X € H" is
given by the following functional Fx [.]

Fx [¢] :=E[¢(X)], V¢ € Ci.rip (R").

A space of nonlinear expectation is formed by (R™, Cy rip (R™),Fx). Moreover,
if X' is another n-dimensional random vector Fx [¢p] = Fx/ [¢] for each ¢ in

Ci,Lip (R™), X and X' are said to be identically distributed, we write X < x,

Definition 6 (see [17],/55]) One can prove that the distribution family {F% (')}669
exists on (R™, B (R™)), then

[2<C]

Fx [¢] = sup [ ¢ (z) F% (dz),
/

where ¢ € Cyrip (R™) and Fx [¢] describes the uncertainty distribution of
X.

To be mentioned that if Fx the distribution of X € H does not correspond
to a linear expectation, then X is subject to distribution uncertainty. The four
typical parameters of the distribution of X are as follows:

p=-E[-X], i=E[X], ¢*=-E[-X?] and 3% = E[X?].

The intervals M, ﬁ] and [QQ,EQ] characterize the mean and variance of X re-
spectively. subject to the uncertainty.

Proposition 7 ([64]) Let X andY be two elements of H such that -E Y] =
E[Y], means that Y has no uncertainty in the mean. In this case, we can write

EloY + X] = oR[Y] + E[X].
Particularly, if —E Y] = E Y] =0, then E [@Y + X] = E (X].

Proposition 8 ([64]))IfY € H"™ be a random vector defined on (Q,H,]E) , and
¢ € Ci,ip R™T™) . Then, we have:

1) The function ¢ (x,.) € Ci rip (R™) for all z € R™,
2) The expected values B¢ (.,Y)] € Chiip (R™).

Definition 9 Let Y € H" and X € H™ defined on (Q,H,E) . we say that Y
is independent of X, if

~ ~

Blo(X, V)] =B [B6(@,Y)] l=x]| , Y6 € Clip (R™H") .

Remark 10 The independence property in a space of sublinear expectation is
not symmetric (see [81]).
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1.1.2 G-normal distribution

After introducing the fundamental definition, we will now proceed to present
the interpretation and concept of the G-normal distribution.

Definition 11 Let X = (Xq,..., X4) is a d-dimensional random vector defined
n (Q,H,E) if YV ba>0:

aX +bX £ /a2 + b2X,
for each copy X of X, then X is called G-normally distributed.

Let the generatrice functional defined on the space of symetric matrices Sy
by:
1~
G(A) = §E [(AX, X)].
n [62, 63], Peng shows that X = (X1,..., X4) is G-normally distributed if
and only if

w(t,z) =B [¢ (33 n ﬁx)] (t,2) € [0,00) x R ¢ € Cy1ip (RY)

is the unique viscosity solution of the following parabolic PDE, called the
heat equation in the G-fromework, which is given for all (¢,x) € [0,T] x R? by

{ ou (t,z) = G (Du (t,x)), (1.1)
u(O,x):ng(x), .
with the Hessian matrix Du (t,x) of u (t,z) i.e., Du(t,2)=(92 , u(t, x))jj .
( is a monotonic sublinear function on S,4. It leads us to conclude that there is
a subset X € S; which is bounded, convex, and closed such that

1
G(A) =< bup tr (AB), A €Sy,

l\D

with the set S}' is symetric semi-definite positive matrices set of Sy. We say
that X follow AV (0;X).

Remark 12 The instance where the dimension is equal to one (d = 1) corre-
sponds to G = Gz, and ¥ = [Q2,62] referring to the sublinear function that
has been parameterized as @ and a for all « € R :

with 3* = & [X?] and o* = -B [-X?].

Corollary 13 ([64]) For the case of N( [02752%]) = N(0,0?) is the classical
normal distribution in the case g2 =2 > 0.
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1.2 (G-expectation subject to canonical G-Brownian
motion

Peng established the notion sublinear expectation subject to the canonical G-

Brownian motion on the space of continuous functions in 2007. The target of

this section is to review the definition of one and d-dimensional G-Brownian
motion and the appropriate G-expectation.

1.2.1 G-Brownian motion
Definition 14 We say that the process (Xi)i>o defined on (Q,H,IE) s d-
dimensional if the random variable X, € H for each t > 0.

Now, we can use the following definition of the G-Brownian motion on
(Q,H,E).

Definition 15 Let a process (By),~, be a G-Brownian motion in d-dimensional

case defined on (Q,H,I@), if the subsequent conditions are met :

i. By = 0.

i1. ¥V s,t > 0, the increment By,s — By conforms to the N (0, sX) —distributed
and is not dependent of (By,,....,B:,), vneNand 0<t; <..<t, <t.

The property shows in particular that the G-Brownian motion increments
are independent and also Bs; and B;ys — B; are identically and follow N(0,
[s0?, so?|)-distributed.

Notation 16 In the sequel, we set
B® :=(a,By), Ya € RY,
where a = (ay, ..., ad)T, and (.,.) is the inner product on R?.

According to the previous definition, we already have the next proposition
which will be essential for improvements.

Proposition 17 (see [3/],[64]) Let a G-Brownian motion (Bt), is a d-dimensional

process defined on (Q,H,E). Then, a real G,— Brownian motion (Bta)t20 s a

real G,— Brownian motion, where the generated function G := Ga defined by

Go(e) =5 (Gograt —alra™),

N | =

where 02 » = —B [— (a,Bl)Z] and 52 ¢ = E [(a,Bl)Z] . Particularly, Vs,t >

aaT

0, By, — Bff ~ N (05 [s02 73 5T5,7]) -
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As a result of this concept, all of the components (Bg)t>0 of (By),~ are also

considered as G-Brownian motions. In this case, The function that generates
(B}) ¢>0 18 defined as follows:

Gi(0) = 5 (FP* —ota),

i

where o2 = “E [— (Bi)q and 77 = E {(Bi)Q} , Vi € 1,d. Relating to this case,

we have for any function ¢ that is convex:

N ) . 7 y?
E [¢ (Bt+s - Bt)} = \/ﬁ /qb(y) eXp (_2023> 2

for any function ¢ with g2 > 0 that is concave, we have

. . . 7 y?
E[¢ (Biys — Bi)] = Jorals /¢<y) P (_2025) -

Specifically, we obtain

B[(Bi - )] =5t —), B[(Bi - B)'] =37t (1 )",

B|- (B~ B)| =l (t-9), B|- (B - B)'| = =30l (1~ )",
for more details (see Peng [60, 63, 64])

1.2.2 Existence of the G-Brownian motion within the con-
text of G-expectation.

Following that, we use the space Q = Cf' (R,) including w : Ry — R™ continu-
ous functions at 0, equipped with the metric:

p (W w?) = gz—i Kmax ! — ) m} .

te0,i]

We set Qp = {war:w € Q} for any T > 0 fixed, with B; (w) = wy, t > 0 if
w € Q, the canonical process. Consider the following space of random variables:

Llp (QT) L= {¢(Bt1AT7 to ,Btn/\T) it > 077' = 13 n, ¢ € Cl.Lip(Rn)} 3
Lip(@) : = U Lip().

It is obvious that Lip (Q;) C Lip (Qr), V¢t <T.
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Remark 18 It is obvious that Lip (1), Lip () and Cy. iy (R™) are a spaces
of vector. It is also worth noting that ¢,v € Cj i (R™) indicates that ¢.¢p €
Ch.Lip (R™) is the product. Thus, if X,Y € Lip(Qr) then X.Y € Lip (Qr).
Namely, B, € Lip(Q) for any t € [0,00).

A sublinear expectation defined on (2, Lip (?)) has constructed by Peng
[61], such that the canonical process (B;),s, is a G-Brownian motion defined
as follows: consider the sequence (&;);-, is called a sequence of random vectors
in d-dimensional case on (Q, 7-l, E) such that £, is G-normally distributed with
;41 1s not dependent of (&,...,§;) Vi=1,2,....

Then, he introduced a sublinear expectation E on Lip (), according to the
following technique: VX € Lip (Q) and 0 < tg < t1 < ... < t, < T, written as

X = gﬁ (Btl — Bto, ...,Btn — Btn—l) ,V¢ S Cl,Lip(Rn),

and we give :
B(X) =B [0 (6:VE — T, € /n — f1 ) |

Definition 19 The sublinear expectation E: Lip (Q) — R given by the previous
notions is known as G-expectation.

Let F :=FP = {F;}1>0 be the be the right continious filtration generated by
B, and let Ft := {F,",t > 0} be the filtration, defined by F," := Ngs:Fs. We
set FF = F;FVNB(F;") and FF := Fr VAE(FL) for every probability measure
P belonging on (€2, B(Q2)) respectively. right continuous P-completed filtration
and F;" (resp. Fuo), with NF(F;") (resp. NT (F.)) are the sets of P-negligible
events of the o-algebra F, (resp. F.). The corresponding filtrations will be
referred to as F¥ and FP.

Lemma 20 (Soner et al [72]): Let consider an arbitrary P which is a probability
measure on (Q, Foo). Then, we have:

1) For every random variable Z, which is an ff’-measumble, an F;—measurable
random variable £ exists and unique almost surely (a.s.) under P such that
& =¢, almost surely (a.s.) under P.

2) For every process X , which is an ﬁp—progressively measurable, an F-progressively
measurable unique process X exists such that X = X, dt xP almost surely
(a.s.). Furthermore, in the case where X is almost surely (a.s.) contin-
uous under P, then, il is possible to select X to be almost surely (a.s.)
continuous under P.
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1.2.3 The G-expectation and its dual representation.

Denis et al. [20] as well as Denis and Martini [19] has established the G-
expectation representations of in restricted terms, family of weakly compact
P of probability measures mutually singular on (€, B(Q2)). This dual form es-
tablishes the computed G-expectation by means of a robust expectation based
on P. For the explicit construction of P, we refer to [19] and [20].

Proposition 21 (see [19],[20]) For all £ € LE(Q), a weakly compac of proba-
bility measures family P exists on (2, B(Q)), such that

E[¢] = supE¢].
PeP

The standard Choquet capacity stated in the first subsection is taken into
consideration.

It should be noted that the set Np := (\pep N (Fu) represents the P-polar
sets.

Definition 22 Let Q is a probability measure defined on the measurable space
(2, B()) is considered to be absolutely continuous with respect to P if Q(C) =0
for every C belonging to the set Np.

Soner et al [72] considered F” the well-known universal filtration, according
to P € P the mutually singular measures probability, we have

FP = {F}is0, (1.2)
FP o =) (F VNp). (1.3)
PeP

The knowledge related to continuous stochastic processes theory is studied
through sublinear expectation theory has evolved as a consequence of the in-
troduction of the sublinear expectation representation and the notion of "quasi
sure", and the G-framework is the source of some stochastic inequalities, It
formula, and SDE.

1.3 Formulation of G-stochastic integrals

In [64] Peng presented the Itd type stochastic integrals, with respect to the G-
Brownian morion (Bj),. , similar to the classical case (for further details, can

refer to [62, 60]).

t>0

1.3.1 Notion of G-Bochner Integral

The value of T € RT will be fixed in the rest. Let the subdivision 7y =
{to,t1,...,tn} of [0,T] and p € [1,00[. By using the simple processes using
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values in R™*" m,n € N*, such that for £, € LE (Q,), ¢ =0,N —1

N-1

ur (w) = Zf[ (w) I[tz,te+1) (t) .

£=0

We use the notation MZ™*™ (0,T) to represent the set of all simple processes
over the time interval [0, T.

Definition 23 Let n belongs to ME™ ™ (0,T), we have

N-1

Ny (W) = Zfz (W) Tty 00y (),

£=0
then, can be expressed the Bochner integral as follows

N-1

T

[n@rdt= Y 6 @) s —t0).
o =0

Definition 24 For allp > 1, we denote My " (0,T) the closure of ME™"(0,T)

according to the following norm:

1
T P
Inll, = B / Pt ||
0

It is worth noting that M’g’mx" (0,T) constitutes a Banach space. Subse-

p,mXm

quently, we use the notation My (0,T) := My (0,7).

1.3.2 Notion of G-It6 integral
The description of the notion of It6 integral with respect to the G-Brownian
motion (B}),., is now provided.

Definition 25 For all process n defined on M*1(0,T), we have

Definition 26 The G-Ito integral is expressed for every t > 0 by

T

N-1
I(n) = /mdBZ =& (BZ;H - Bi},)~
£=0

0
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Lemma 27 For alln € Mé’l (0,7), we have

T
E /ntdB,f =0, (1.4)
0
and
T 2 T
B || [nasi) | <2 | [Blg)ar). (1.5)
0 0

which gives the following lemma

Lemma 28 Let the continuous map I : Mé’l (0,T) — L% (Qr) is linear, then
1t is possible to extend it continuously to Mél (0, 7).

Definition 29 For all o € Mél (0,T) fized, we define the following stochastic

integral
T

I(a)= /atdB;'.

0

It is obvious that forn € Mé’l (0,T) the notions (1.4) and (1.5) stay true.

We give an It6 integral properties with respect to the G-Brownian motion,
This follows from the following definition.

Proposition 30 Let n,0 € Mijl (0,7) and 0 < s <wv <t <T. Following that,
we have the following properties :

t v t
(4) [n,dBl = [1,dB} + [1,dB}.

t t t
(i) [ (an, +0,)dB: = afn,dB. + [0,dB:,
if a is bounded and belongs in L ().

1.3.3 (G-quadratic variation process

The quadratic variation of G-Brownian motion is a significant process. We say
that the G-Brownian motions had a no mean uncertainty and a variance uncer-
tainty. This uncertainty or ambiguity is focused on their quadratic variations

(B")-
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‘t€+1 tév} tends to zero if N goes to co. We consider the double equal-
0<Z<N 1

ity

(B)" = (( fgl)z—
(Bix, — B
L.

=

~
I
o

(Bff)2>

2 ) . .
2 A ( 1 _ A )
) + 2P By~ P
=0

Z

(]

N
£41

~

I
~
JrO

1 2

¢
In second equality, the term I> tends to 2 [BidB! in L% (Q2), the first term I,
0

must be converge to a limit denoted <Bi>t , i.e.,

N— t

(B¥), = lim (% ) :(B§)2—2/B;'ng. (1.6)

w(m) =075 o

)_l

According to the preceding structure, (<B’> t) >0 is the increasing process, and
(B"), = 0. It will be known as the quadratic variation of the G-Brownian mo-
tion. It is crucial to remain mindful that a process (B?), is not a deterministic,

except in the case where o? = 77, i.e., when (Bz) represents a Brownian

t>0
motion in classical case. The integral of a process n € Mél (0,T) is defined ac-
cording with (B), in the following. In first, we introduce the following mapping

Qo (1) : Mg (0,T) — L (Qr)

Qo,r (1 /md (< >t4+1 - <Bi>tg) :

1,1

Lemma 31 For alln€ Mg (0,T), we have

T
728 | [ nldt| = B(1Qor (). (1.7
0

As a result, the map Qor(n) : Mg'(0,T) — L& (Qr) is linear and
continuous. Therefore, by extending with continuity the application Qo r on
Méil (0,T"), which is also denoted by Qo (1), that is

T

Qo (n) = / nd (B, . vy e 35 (0.T).

0

It should be noted that the inequality (1.7) holds true for 7 € Mél (0,7).
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Corollary 32 For all 0 < s <t <T, we have

wit> ((B),,, - (B),) 2 ot

Proposition 33 For all fized process n defined on Mé"l (0,T), we have

2

T T T
8 /nfdt >R /ntng > 028 /ngdt
0 0 0
Proof. First of all, we have
T 2 [ /tn_a 2
B\| [nasi| | = B|| [ nasi+en (B -BL)
0 [\ o
[ tn—1 2
N , , _ 2
= E / U dBtZ + 77?\/'—1 (BZN - BtZN,1)
[\ o
tN—1
+2 / un dBZ NIN-1 (BtZN - BZ‘N71>
0
tN—1 2
~ . ) . 2
= 5| { [ masi) +& (B -8
i 0
N1 A 9
- B> ¢ (B, - Bl
L =0
TN-1
_ o 2 % i
= E m (<B >ti+1 - < >tl>‘|
L =0

By Corollary 32, we have
77 (tig1 — ti) > (<Bi>t
multiplying by 7? term to term, we obtain

o (tie — ti) 2 3 (<Bi>ti+1 - <Bi>t1> > a7 (tivs — ti).

- <Bi>ti) > 07 (tiy1 — i),

i+1

As a result of summing with according to ¢ with taking IE, we arrive at

B Ijgla?n? (tiH—ti)} < E[Niln? (<3i>ti+l—<3i>, )}

i=0

_[N=1
< E { > T (tipr — ti):| :

=0
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Furthermore, the inequality mentioned above can be expressed by

2

T T T
7K /nfdt >E /ntdBt > o’ /n?dt,
0 0 0

which complete the proof. m

Definition 34 Let the quadratic co-variation process of G-Brownian motions
B and B’ given as follow

(B, B7) = i [(B"+B’)—(B'—B)], foralli,jel,d.

It is worth noting that now the processes <Bi — Bj>t>0 and (Bi + Bj)
G-Brownian motions (see [62]). -

10 A€

Remark 35 Since <Bi*j> = <Bj*i> = <7Bi’j>, then <B",Bj>75 = <Bj,Bi>t.

We reference the following as one of the stability results from [20], which is
crucial to our research.

Lemma 36 (Lemma 29, [20]) If {P,}>2, C P converges weakly to P € P,
then
EF»[¢] — EF[g], for each € € L5 (Qr).
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Chapter 2

(G-Neutral Stochastic
Functional Differential
Equations

This chapter is divided into three sections. The definition of G-NSFDEs is given
in the first section. After that, we consider giving various inequalities and the
G-It6 formula, and in the second section, we prove the existence and uniqueness
of the solution under the Lipshitz condition by constructing a mapping for
which the fixed point is the G-NSFDE solution. In the final part, we illustrate
the numerical analysis for G-NSFDE using the Euler Maruyama method. the
author in [21] illustrated the existence and uniqueness of solution for G-NSFDE
via simulation findings. Initially, we will address the G-NSFDE, which is going
to be covered in the third chapter.

2.1 G-Neutral stohastic functional differential equa-
tions

We define a one-dimensional G-NSFDE in which the variable’s evolution rate is
affected by its current state, previous state, and past evolution rate of the state
variable.

Definition 37 Let (B;),~ the process called G-Brownian motion in one-dimensional

case defined on (QJ{JE) related to the universal filtraton FF = {ftp} -
t>

and its quadratic variation {(B), , t > 0}. One called one-dimensional neu-
tral stochastic functional differential equation driven by a G-Brownian motion
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(G-NSFDE) which is written by the following form :

{ d [X (t) - Q (t7 Xt)] =b <t7 Xt) dt + aé (t7 Xt) d <B>t t+o <t7 Xt) dBta
Xo=mn,t E[O’jqa
(2.1)
where n is the initial data on [0,T], and Xy = {X (t+60): —7 <6 <0},
T > 0, the functions b, v, o and Q defined on [0,T] x BC ([-7,0];R) and
deterministic, with BC ([—,0];R) is the family of R-valued bounded continuous
functions defined on [—7,0].

2.1.1 Important inequalities

Using the dual formulation of the G-expectation, we present the G-Burkholder-
Davis-Gundy-type estimates (G-BDG in short) in one dimension.

Lemma 38 (see [34])For each p > 2 and n € ME(0,T), there exists some
constant C),, depending only on p and T' such that

/ 777“ dB7

Lemma 39 (see [34])For p > 1 and n belonging to ME(0,T) there exists a

constant ¢ > 0 given that % < & holds q.s., follows that

[ aie,

We have also the following ’isometry’.

P t
B [ sup } < Cylt — s[5 / Bl 7 dr-

s<u<t

p ¢
E [ sup } <aP|t — s|p*1/ E[|n,|P]dr.

s<u<t

Lemma 40 ([60]) For each p > 1, for each n € M(0,T), we have

[T | T
EV n(t)d(B): SJEVO |n<t>dt],
B (/0 n(t)dBt> _B /0 P2 ()d(B),

and

, for each n € M&(0,T), (isometry)

E

T T
/ |n<t>|”dt]s / Blln(e)]dt, for cach n € ME(0,T).
0 0
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2.2 G-Itd6 formula

Finally, we provide a G-It6 formula in a d-dimensional case ( for details, see
[62, 80]).

The notion "one-dimensional G-Itd process" is used to refer to a specific
type of stochastic process.

Definition 41 We mean that the one-dimensional G-1t6 process is specific type
of stochastic process for all t € [0,T], v = 1,n, defined by

t t t

XV = XY+ /af;st + /bgds + /75d<B>s,
0 0 0

with the unitial condition Xo € L%(Qr), 0¥ € Mél(O, T) and~",b” € M};’I(O, T).

Theorem 42 Consider X; = (th, ...,Xt") be a vector process of G-Ité of the

form
t t t

XV = XU + /o—gdBS + /bgds + /'yZd(B>s, telo,1],
0 0 0

with the bounded processes o' € MZ’I(O,T) and Y, b" € Mél(O,T), where
v=1,n.

Assuming that the function 1 is an element of the space C? (Rd) such that
{@%Muip}z ,—, are uniformly Lipschitz continuous. From L% () and for all
t > 0, it can be shown that

t t
B(X) = b (Xo)+ / Do (X,) 0V dB, + / Doy (X,) BVds
0 0

[ Jowv(x)a 4 g2 (X otot| ).
0

2.2.1 Problem and assumptions

With the definition of G-It6’s integral, for all 0 < ¢ < T, the one-dimensional
G-NSFDE (2.1) written in the following integral form ([21]),
t
X0 = 00)+QX) - QO+ [ blsX)ds
0

+/0 ¥ (5, X,)d (B, +/O o (s, X,)dB, (2.2)
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and
Q,b,7,0:10,T] x BC ([-7,T];R) x @ — R,

are measurable Borel functions, as well as Q,b,v,0 € Mé ([0,T],R), with a
random initial condition such that n € BC ([—7,0];R),

Xo=n={n(0): —r <0<0},
The following assumptions will be in effect throughout this work.
(A1) There exists K7 > 0 such that
\H (2, u) = H (t,y,u)| < Ky |2 (0) =y (0)],
uniformly with respect to (¢,w) for each z,y € BC ([-7,0];R), where H =
b,v,0.
(A3) There exists 0 < ko < % such that

1Q(t,z) —Q(t,y)l < kolz (0) —y (0)], (2.3)

uniformly with respect to (¢,w) for each z,y € BC ([-7,0];R).
Note that, since |Q (0,7)] < ko[ (0)] +|Q (0,0)[, then Q (0,n) € LE ()
for all n € BC ([-7,0];R).

Remark 43 Indeed, the functions Q, b, v, and o defined by
b(t,z,u) © =c(t,z(0),u),

vt z,u) : =a(t,z(0),u),
otz) : =p(tz(0),

and
Q(t,z) = A(t,z(0)),

with the functions ¢, « and (8 are K- Lipschitz, and X is ko-Lipschitz uniformly
with respect to (t,w) for each € BC ([-7,0];R), satisfies the assumptions
(A1) and (Asg).

2.3 Existence and uniqueness of the solution for
G-NSFDE

Given the following integral equation, we investigate the existence and unique-
ness of the solution for G-NSFDE ([21]),

X(t) = mm+QmXa—Qmm+Awagm

—I—/t’y(s,Xs)d(B)S —|—/tcr(s,Xs)st, tel0, 7], (2.4)
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with random initial data

n=1{n(0)}_;<o<o € BO([-7,0;R),

Let the space

T
Hr = {X = (X (t))te[o,T] , FP-adapted such that:/o E {|X (s)ﬂ ds < oo} ,

equipped with the norms N¢ (X) := (fOT exp (—2Cs)E (|X (s)|2) ds) : , where
C > 0. Since
exp (—2CT) Ny (X) < N¢ (X) < Ny (X),

then these norms are equivalent. Moreover, the functions

0,Q:[0,T] x BC ([-7,0];R) x Q@ — R,

b,y :10,T] x BC ([-7,0];R) x 2 = R,
are measurable, the random variable @ (0,0) € L% (Qr) as well as Q (., z),
o(,z),b(,x),v(.,z) € Hr for each z € BC ([—7,0];R).

In order to consider G-NSFDE (2.4), we first study the question of existence
and uniqueness of solution. To this end, we need the following assumptions:

Theorem 44 Let the assumptions (A1) and (As) are satisfied. Then, the inte-

gral equation (2.4) has an unique solution X € Hr.

Proof. Let the mapping © : Hy — Hr defined by: for each t € [0,77,
t
00 W) = 10)+QEX) - QO+ [ blsX)ds
0
t t
+/ ¥ (s, X,)d (B), +/ o (s, X.) dB,. (2.5)
0 0

We have for all X, X € ﬁT
|0 (X) (t) - e (X) )]

< QLX) - QX))+ /0 (b (s, X,) — b (5, X.)] ds

[ B x) -2 6. X)lam),

+| [ o X —o (5. X,)] 4B, (2:6)

Taking G-expectation on both sides, and using the following inequality

k 2 k
(Z dl-) < k-1 de, for each dy...d; > 0, (2.7)
i=1 i=1
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we have
B [|@ (X) (0t) — © (X)) (t)|2]
88 [|Q (1, X) — Q (1. X)) [

IN

+8E /Ot [b(s, Xs) — b (s,X,)] ds

8B / [v (s, X.) =7 (s,X,)] d(B),

2

+8E /0 [0 (s, X,) — 0 (5, X,)] dBs

=8 U, (2.8)
Now, we have by assumption (Asz),
2’\ - 2
U, < k2B “X (t) =X (1)] ] . (2.9)

By applying Hélder inequality and (A;), we have

T/TIE (s, X0) =0 (s, X)][* | ds

0

U,

IN

IN

T

TKIQ/ E [|X(s) ~X(s))? } ds. (2.10)
0

In similar, by employing the G-BDG inequalities we acquire the following results

T
Us+Us < Té"’/O I@[h(s,Xs)—v(S’Ys)}Q}ds

+Co /OTIAE |:|O'(S,XS) —0 (s,ys)|2 ] ds,

= K} [T5* + Cs] /OTEUX(S)—X(S”Q } ds. (2.11)

Combining (2.9),(2.10), and (2.11), we get

+C/OTIE{|X(S)—X(S)|2}CZ3, (2.12)
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where C' = 8K? (T + 152 + C3).
Multiplying by exp (—2Ct) both sides of inequality (2.12) and integrating on
[0,T], we obtain

NG [O(X)-0(X)] < 8kNE[X -X]
-l—C/OTexp(—2Ct) (/OtE [|X(s) ~ X (s)|” ] ds) dt

< SK3NE [X - X]
T [ o, T
+C/O (E [|X(s) - X(s)’ ] /S exp (—2Ct) dt) ds
< SK3NE [X - X]
T - 9 e—2Cs _ o—2CT
+/0 E[|X(s)—X(s)\ } (2) ds
< 8NZ[X -X]+ %zvg X -X]. (2.13)

Thus, we obtain the following estimation

Ne [0(X) ~ 0 (X)] < \/k3 + L Ne [X - X]. (2.14)

We have, by using Hoélder inequality,

N (/b(s,O) ds)

IA Il
~ o~~~
ot~ &
O\w
& —
— o>
= —
) e
O S~—
- QU
¥ 3
QU
)
& &

< T?Ng (b(.,0)).
Similarly, it easy to check, by G-BDG inequalities, that

Ng (/W (5,0) d<B>s> <FT2NG (v(,0)),

0

and

Ng (/0 (s,0) dBS) < CoTNE (0 (.,0)).
0
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Now observe that,

0
+47(s,0)d(3>3+‘Za(s,0)st.

It follows that

No(©(0) < VT (1Q0mlzz, @0 + nO)) +No (Q(,0))
+T Ny (b(a 0 ) + 0T Ny (’Y ('v 0))
+v/C2T Ny (0 (.,0)), (2.15)
then the process © (0) € Hr, so that if X € Hy then
Ne (0(X)) < No (8 (X) — ©(0)) + No (8(0)) < No (X) + No (€ (0) < oc.

This means that © (X) € Hy, which implies that © is well defined.
Finally, taking into account the fact that ,/8k3 —|—% < 1 and assumption

(As), we deduce by the formula (2.14) that © (X) is a contraction on Hy, then
the fixed point X € Hr is the unique solution of (2.4). The proof is completed.
]

2.4 Numerical analysis: Euler-Maruyama method
for G-NSFDE

In Section 2.4 ([21]), we present a numerical analysis of a G-NSFDE. The idea is
to use the Euler-Maruyama scheme to solve the G-NSFDE (2.1). Let 7 > 0,7 >
.N € Nh = % and tg = —7,t1 = —17+h,--- ,tn, =0,--- ,;txn =T be a
discretization of the interval [—7,T]. Cousider the following Euler-Maruyama
scheme:

Given an initial data n : [-7,0] — R™, and put X (¢) = n(t) for ¢t = to,t1, - tn,
Now for i = Ng, Ng+1--- N
X (tip1) = X (t) + Q (tiv1, X1y ) — Q (85, X4,)

bt X0 ) bty (6 X) (B, — (B),)
+o (th Xti) (Bti+1 - Bti)7

(2.16)

where, X, = {X;,(\) : =7 < XA < 0}, X4, (N) := X (tizn) + 252 [X (fighy1) —
X (ti+x)], k is such that ¢ < A < tr11. In order that our algorithm works we
have to give a value for Xy,_p, we can set it equal Xy, _p = Xy, = n(—7).
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We employ the same strategy as [76] to simulate the increments of the G-
Brownian motion and its quadratic variation by simulating its corresponding
G-PDE using finite difference.

In Figure 2.1 (resp. Figure 2.2) we represent the simulation of the density
(resp. distribution) of the G-Normal BM for o,.x = 1 and different values of

O min-

Simulation of the G — Normal density and distribution for
omax = 1 and different o,

The G-Normal density for sigmaMax=1and different sigmaMin

0.5
sigmaMin=0.8
0.45 sigmaMin=sigmaMax=1.0
sigmaMin=1.0
04 ¥ Normal density N(0,1)
0.35 -
0.3
0.25 -
0.2
0.15 -
0.1
0.05 -
(o]
-10 -5 (o] 5 10

Figure 2.1: G-Normal density

The G-Normal distribution for sigmaMax= 1 and different sigmaMin,

sigmaMin=0.8

sigmaMin=sigmaMax=1.0 3

09t sigmaMin=1.0 F
*__sigmaMin=1.0 ¥

08—

07 Y

06

05 ¥

04—

03[~ f

02 [

0.1 #

Figure 2.2: G-Normal distribution
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Also, in Figure 2.3 (resp. Figure 2.4) we represent the simulation of the
density (resp. distribution) of the G-Normal BM for op,;, = 1 and different

values of o pax.

Simulation of the G — Normal density and distribution for
omin = 1 and different o, .y.

0.4 ‘The G-Normal density for sigmaMin=1and different sigmaMax

sigmaMax=1.3
sigmaMin=sigmaMax=1.0
sigmaMax=1.5

¥ Normal density N(0,1)

0.35

0.25 |

0.05 -

o
-10 -5 (0] 5 10

Figure 2.3: G-Normal density

g T llaisinott : " ” .
1~ The for 1and different sigmaMax
sigmaMax=1.3
sigmaMin=sigmaMax=1.0 #
0.9 sigmaMax=1.5 K
Normal density N(0,1) #
¥
0.8 W
W
K
0.7 i
¥
¥
0.6
v
¥
0.5 ¥
Pt
" v
o ¥
v
0.3 ¥
¥
¥
¥
0.2 ",
/ ¥
i
0.1 e
¥
%
! ! L Mf'/ 1 1 1 1
10 8 6 4 -2 0 2 4 6

Figure 2.4: G-Normal distribution

Now, let take T' = 1,7 = 0.1 and the coefficients of the G-NSFDE (2.16)

given by:
t

Q(t, X:):=0.3 X(s)ds

t—T
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t
b(t, X;) = 10/ X(s)ds
t—T1
t

~v(t, X¢) =04 X(s)ds

t—1
t
o(t,Xy):=5 X (s)ds.
t—1
For these given data and coefficients we get the following results:

In Figure 2.5 (resp. Figure 2.6) we represent the trajectories of the solution of
the G—NSFDE where the G-Brownian motion is with ¢4, = 1 (resp. omaz =
3), Omin = 0.65 and the initial condition (X¢(t))—r<¢<o solution of dXy(t) =
dW (t) with Xo(—7) = 0 where W is the standard Brownian motion.

2r

1.5

Figure 2.5: Solution of G-NSFDE with random initial condition.
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Figure 2.6: Solution of G-NSFDE with random initial condition BM.

In Figure 2.7 we represent the trajectories of the solution of the G-NSFDE
where the G-Brownian motion is with 0,42 = 1, 0min = 0.65 and deterministic
initial condition (Xo(t))_r<t<o given by Xo(t) = exp(t).

2 r

1.8

16|
X 0.186
14| Y 1.32622
L J

Figure 2.7: Solution of G-NSFDE with deterministic initial condition exp(t).

In Figure 2.8 we represent the trajectories of the solution of the G—NSFDE
where the G-Brownian motion is with 0,42 = 1, 0min = 0.65 and deterministic
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initial condition (Xo(t))_r<i<o given by: Vt € [—7,0], Xo(t,w) a fixed value
between [—0.2,0.2].

Figure 2.8: Solution of G-NSFDE with deterministic initial condition Xq(t).
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Chapter 3

Optimal Control Problem

Of G-Neutral Stochastic
Functional Differential
Equation

This Chapter, devided in two sections, in section 3.1, related to the G-framework,
we give some notions of stochastic control, and we illustrate the position of
controlled problem for a one-dimensional G-NSFDE with two cases where the
diffusion term o controlled (respectively., uncontrolled). Following that, we will
illustrate some examples of stochastic control models. In section 3.3 ([21]),
we define G-relaxed control space. Then we study the approximation and we
prove that the G-relaxed optimal control for G-NSFDE exists in which the dif-
fusion and neutral terms are independent of the control variable. The result
is achieved by employing tightness and the methods of weak convergence are
applied to every probability measure belonging to the set of all possible proba-
bilities in our system dynamics. In the finite horizon case, the minimizer of the
cost functional of our controlled system is presented.

3.1 The problem of G-optimal control

We investugate a stochastic differential equation (SDE) subjected to control
and the presence of an optimal control u € U is demonstrated with values in
the action space A. This problem has been studied by Hu et al [39], Biagini
et al [12] and Matoussi et al [54], where the authors proposed the necessary
and sufficient conditions of optimality. To clarify, both dynamic programming
and Pontryagin’s principle are discussed. In the possibility that assumptions
convexity are not present. The problem of optimal control may not have a viable
solution when U is insufficiently large to fulfill certain conditions to possess a
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minimizer.

We are searching for a space R that contains U the set of strict controls. To
achieve this fundamental finding, we construct the set R of relaxed controls as
a subset of the space of probability measures on the action space A, as in the
classical case. We shall point out that the G-relaxed optimal control exists for
a G-NSFDE.

3.2 (-Stochastic control notions

The admissible controls are the basic tools in our control problem.

Definition 45 We call "admissible control” any process with values in A,
measurable and FP —adapted.

Recall that a process u : Q x [0,T] — A is FP —adapted if u(t) is an
F; —measurable application for each P €P.

Remark 46 The process v must be FF —adapted to ensure knowledge of the
history of the process up to time t.

Definition 47 Let A a compact metric space of R. The strict control u is an
FP -adapted process with values in A, with the expected cost functional is given

by

J(u) =E[ / ' L(t, Xy, u(t))dt + U (Xr)], (3.1)
where

L : [0,T] x BC([-7,0];R) x A — R,
v : BC([-7,0;R) —R.

Our goal is to minimize the cost functional (3.1) over a set of admisible controls,

which processes are j’?f’ -measurable and valued in A. The set of all admissible
controls is denoted by U instead of U ([0, T7).

We say that the admissible control @ if it satisfies J(u) = inzg J(u), it is
ue
considered an optimal control.

3.2.1 Position of controlled problem for G-NSFDE

Case where the diffusion term o is controlled
Given a dynamic system where the state is modeled by the G-NSFDE

d[X () — Q (¢, Xy)] = b(t, Xy, u(t))dt + (¢, Xy, u(t)) d(B), + o(t, Xe, u(t))dBy,
Xo=mn, n€ BC([-7,0;R).
(3.2)



The functions

b,y,0 : [0,T] x BC([—7,0];R) x AxQ — R,
Q : [0,T]x BC([-7,0];R) x 2 — R,

are a Borellian and satisfying the assumptions (A;), (A3), and respect to the
space of variables uniformly in (¢,u) for each v € A.

It is clear that the random variable Xt is associated with an admissible
control u for which we define the cost J(u). The objective of the control problem
is to determine the infimum for J and subsequently find a control, if it exists,
that achieves it to obtain the expected optimality. Therefore, we must prove the
existence of an admissible optimal control @ verifying for all n € BC ([—7,0] ; R):

V(i) := inf J"(n) = J"(n). (3.3)

The function V is called the optimal cost or value function.

Case where the diffusion term ¢ is uncontrolled
In the case where the diffusion term is uncontrolled, the state of our dynamic
system is described by the following G-NSFDE:
d [X (t) - Q (tv Xt)] = b(ta Xtv u(t))dt + v (tv Xta u(t)) d <B>t + J(ta Xt)ch
Xo=mn, n€ BC([-7,0];R).
(3.4)
where b,y, 0 are a Borellian functions defined above. By the previous result of
existence and uniqueness of solution, under our assumptions (A4;) and (As) the

G-NSFDE (3.4) has a unique solution X* for each fixed control u € A. The
cost functional is defined, in this case, in the same way as in (3.1).

3.2.2 Example of stochastic control models
Optimal stopping ([78])

Consider the situation where the stopping time is the part of the control. In
the formulation of such models, an admissible control/stopping time is a pair
(u,7) defined on a filtered probability space (Q, F, {Fi},s,, P) in addition with
a Brownian motion B in m-dimensional case, where 7 is an {F;},-,-stopping
time and w is the control that meets the usual conditions.

To minimize the following cost functional we use the stopping/optimal con-
trol probelm

J(u,T)—E{/OTE(t,X(t),u(t))dt+\If(X(T))}, (3.5)

in accordance with (3.4) across the stopping times and the admissible con-
trols set.

a7



Risk-sensitive control ([78])

Let the function ¢ : R — R is a monotonic increasing, we define the cost by

J(u)=E (3.6)

T
p ( / L X (1) u(t) dt + T (X (T)))
0

It should be highlighted that X (¢) is the solution of the SDE depicting the
dynamic system to be investigated at time ¢. In economic theory, this sort of
issue is significant. Often, cost functionals have the form

¢ (z) = Nexp (\z),

where A € R. represents a parameter defining the degree of risk sensitivity
of the criterion. Particularly, (;5)‘ represents a concave (respectively, convex
function) when A < 0 (respectively. A > 0). When A is sufficiently small.
Another frequently used disutility function is the so-called HARA utility
The '"HARA utility’ is another widely utilized disutility function.

¢5<x):{ L3 if 6 £0,

In z, ifo=0, z >0,

in which the following situations hold

0 < 1is a risk-seeking,
6 > 11is a risk-averse,
6 = 1 is a risk-neutral.

3.3 Formulation of G-relaxed control problem

In Section 3.3 ([21]), we initiate the problem of G-relaxed optimal control on the
relaxed space R, indicating that R seems to have a stable convergence topology
(weak topology). The existence of an optimal control for the problems modeled
by the G-NSFDE in which the diffusion does not depend on the control, was
shown in an explicit way by Fleming [31]. Later, these results were generalized
in the case where the duffusion is controlled by El Karoui [24].

3.3.1 The space of G-relaxed controls

Let (A, d) be a separable metric space and P(A) the space of probability mea-
sures on A endowed with its Borel o-algebra B(A). The class M([0,7] x A) of
G-relaxed controls considered in this work is a subset of M([0,T] x A), the set
of Radon measures v(dt,d§) on [0,7] x A having for projection on [0,7T] the
Lebesgue measure dt for projection on A a probability measure u,(d§) € P(A)
(i.e., v(dt,d§) := p,(d€)dt). equipped this space with the topology of the stable
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convergence of the measures. The topology of the stable convergence of the
measures is the thinnest topology that makes the application

g /0 ' /A o (t, E)g(dt, de),

continuous, for any bounded measurable function ¢(t,€) continuous in &, for
any fixed t, M := M([0,T] x A) is a separable metrizable space. Moreover, M is
compact if A is. It should be noted that the topology of stable convergence of
the measures leads to the topology of weak convergence (See El karoui [24, 23|
for more details). Then, we introduce the class of relaxed stochastic controls on

(Q,H,E).

Definition 48 A relazed stochastic control on (Q,H,E) is an ¥ -progressively
measurable random measure of the form q(w,dt,d§) = p,(w, d€)dt such that

X(t) = n0)+QtX)—Q0,n) // (5, X0,€) p, (d€)ds
L// (5, X €) 1, (d€)d (B), / o (s, X,)dB,,  (37)

Note that each strict control can be considered as a relaxed control via the map-
ping

where 0,4y is a Dirac measure charging u (t) for each t.

Remark 49 We mean by “the process q(w, dt,d¢) is F - progressively measur-
able” that for every C € B(A) and for every t € [0,T], the mapping (s,w) —

py(w, C) is B([0,t]) ® FF -measurable. In particular, the process (1:(C))tefo,m)
is adapted to FP.

We denote by R the class of relaxed stochastic controls. The set of relaxed
controls admits a very useful compactness property.

Proposition 50 (see El Karoui[24]) If we assume that the space A is compact,
then R 1is too.

3.3.2 Problem of G-NSFDE relaxed control

In this section, we consider a relaxed control problem (3.7). Let X* denotes the
solution of equation (3.7) associated with the G-relaxed control. We establish
the existence of a minimizer of the cost corresponding to u,

J =

/ | e xt o ) de+ wxs)| (3.9)

the functions
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L : [0,T] x BC([-7,0];R) x A — R,
v : [0,7] x BC([-7,0];R) — R,

satisfy the following assumption:

(As) L, U are bounded and for each t € [0,7] and = € BC ([-7,0];R) the
functions L(t,z,-), ¥(z) are continuous. Additionally, we suppose that:

1£(tz,u) = LGy, u)| + [V (2) = ¥ (y)| < Kz (0) -y (0)].

We recall that in the strict control problem

N T
- / Lt X u(8) db+ U (X | (3.10)
0
over the set U,
XU = 00+ QXY = Qo) + [ bls X u(s)ds
+/0 (s, X u(s))d(B), +/0 o(s, X)dBs. (3.11)

Then, we have
Xe(t) = n(0)+Q(t X! —Q0,n) + // b(s, X2, €)1, (d€) ds

/ [ 26Xt uaa ), / o(s, XI)dB,.  (3.12)

We suppose as well that the coefficients of the G-NSFDE verify the following
condition

(A4) The coefficients b,~, o are bounded and for every fixed ¢t € [0,T] and = €
BC ([—7,0];R) the functions b(t, z,-),v(¢,z,-) and o(t,z) are continuous
q.s.

3.3.3 Approximations and existence of GG-relaxed optimal
control

By initiating the relaxed control issue, the following lemma, which expands the
celebrated Chattering Lemma, claims that each G-relaxed control in R can be
approximated by strict controls.

Taking use of the fact that under P € P, B is a continuous martingale with a

quadratic variation process (B) such that ¢; := d<£>‘ is bounded. Let X* and
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X™ the corresponding solutions satisfy the following integral equations type of
G-NSFDEs:

XH(t) 0)+Q(t, X" —Q(0,n) (3.13)
/ [ (b X0.6)+ e, X2 )y () s + /Ota<s7X5>st,
and
X(t) = Qt.X7) - Q0.1) (3.14)

t
/ / s, Xn +087(S7X;L,§)) un(s) (df) d8+/ U(S,X;L)st,
0

with random initial data
X =X =neBC([-1,0];R). (3.15)

Definition 51 (stable convergence) Let u™, i € R,n € N*. We say that, we
have a stable convergence, if for any continuous function f:[0,T] x A — R, we
have

lim o) = [ feendndg.

n=o0 J10,T1x A [0,77xA
Lemma 52 ([67]) (G-Chattering Lemma) Let (A,d) be a separable com-
pact metric space. Let (u,)i>0 be an FF -progressively measurable process taking
values in P(A). Then there exists a sequence (u"(t))n>0 of FF -progressively
measurable processes taking values in A, such that the sequence of random mea-
sures §yn (4 (d§)dt converges in the sense of stable convergence (thus weakly) to

p (d€)dt g.s.

We have the following Lemma of stability results for G-NSFDE with a per-
formance J¥, for any P € P.

Lemma 53 (stability results) Let u be a relaxzed control, and let (u™) be a
sequence defined as in (G-Chattering Lemma). Then we have

(i) For every P € P, it holds that

lim E” { sup | X" (t) — X“'(t)|1 =0, (3.16)

n—0o0 0<t<T
and

lim B [ sup | X™(t) — Xﬂ(tﬂ = 0. (3.17)
n—00 0<t<T
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(i4) Let J(u™) and J(p) be the corresponding cost functionals to u™ and u
respectively. Then, there exists a subsequence (u™) of (u™) such that for

every P € P
Jim JE(u™) = J¥ (), (3.18)
and
klim Ju™) = J(w). (3.19)
Moreover,
f J¥(u) = inf J* 3.20
Inf J7(u) = inf J"(w), (3.20)

and there exists a G-relaxed optimal control pp € R such that

T (fip) = inf J" (). (3.21)

Proof.

(i) The proof of this result is inspired by [67]. Subtracting (3.13) from (3.14)
term by term, we have
X)) - X*t) = [QtX]) - QX

=+ (b(S, X:a 6) + CS’Y(Sv X;na 5))6u"(s) (dg) ds

0

/t/ b(s, X&', &) + esv(s, Xi, €)) s (d€)ds

o~

<)
>

+ —o(s, X*)]dB,

= QX)) —Qt, X +Z,(t). (3.22)

o\

Taking G-expectation on both sides and using the assumptions (A4;) and
(As), it follows that

@{sup |X"(t)—X“(t)|2] < ngﬁ[sup |X”(t)—X“(t)|2]
0<t<T 0<t<T

L 9B [ sup |7, <s>|2] ,
0<t<T

then

~ 2
E [ sup | X" (¢) — X* (t)|2} < ——F5 B [ sup |Z, (s)|2] . (3.23)
0<t<T (1=2k5)  losi<r
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We have

B| s [, ()]

0<t<T
< (OE?ET / / (8, X, €) + co(5, X7, €))8un (o) (dE) ds
/ / (5, X, €) + cor(s, X, €)) g (d€)ds )
+ 2
+E< sup / [o(s, X2') — o (s, X*)] dB, )
0<t<T 0
< B | [ [ 00320+ corte X2 ()
2
—/0 /A(b(s,Xs,ﬁ)+cs'y(S,Xs7§))5un(s)(df)d5 )
N t
—|—E( sup //(b(s,Xs,f)+Cs’7(8,Xsaf))5u"(s) (d€) ds
0<t<T 0 A

- / / (b(s, XE.€) + cxr(s, X1, €))uy (d€)ds

) . (3.24)

/ (X 1) — o (s, X1 dB,

0

—HE < sup
0<t<T

Let € > 0. Then, there exists P* € P such that

B| s 7,091

0<t<T

( sup
0<t<T

_/ /(b<57Xs;f)+CS'Y(vasaE))au"(s)(df)ds

IN

/ / 5. XP.€) + (5, X7 €))un sy (dE) dis

)

([ e [ s o]
e .
+E (OZI;ET//csry(saXS7£)6u"(s) (d§) ds
//csfvng,i )it (d€)ds )
2
+E> (sup / [o(s, X7) — (s, X*)] dBs >+6. (3.25)
0<t<T |Jo
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Then, we have

B| s (7,01

0<t<T

IA

16E" ( sup
0<t<T

t
/0 /A (b5, X7, €) + ey (5, XT,€))5un ) (d€) ds

)

_/0 /A(b<37X575) + 087(57XS7§))6u"(s)(d§)d5

[/ot /A(b(s’ X3 €)0un(s) (d€) ds
-/ t / b(s,xg%m(dg)ds} 2)
[/ot /A CsY(8, Xs,€)0un(s) (d€) ds

-/ t [ cats xt @y )
2) + 16¢2

t
/ lo(s, X7) — o (s, X1)] dB,
= 16{(Z(n1) T Zn2) + Z(ns) + L) +° }- (3.26)

+16E™ ( sup
0<t<T

+16EF < sup
0<t<T

+16E" | sup
0<t<T

0

Since b, v are bounded and continuous in the control variable £, then, by
using the dominated convergence theorem, and the stable convergence of

Oun(t) (d€) dt to p,(d€)dt, we have
lim I(n72) = lim I("73) =0. (327)

Similarly, we use the assumption (A4;), then

T
E¥ (/O | X" (s) — X* (3)2d3> + €2

(3.28)
Consequently, from theorem of dominated convergence, it can be obatin

lim (Z1) + L)) < K7 lim

n—oo
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that

lim E** / X (5) — X* (s)| ds
0
T
< /hm E* [|X” (s) — XH (s)ﬂ ds
T
< / lim B [ sup | X" (v) — X* (1/)|1 ds. (3.29)
A n—00 0<v<s

Using Z (0) = lim E [ sup | X" (t) — X* (t)|2], for each § > 0, then that

n—oo | 0<t<§

gives from (3.28) and (3.29),

T
32K?
Z(T) < L /Z (s)ds+¢e* | . (3.30)
1 — 2k2
0

By using Gronwall’s lemma, we conclude that

lim E [ sup | X"™(t) — Xﬂ(tﬂ =0. (3.31)

n—0o | 0<¢<T

(#4) According to property (i), it can be deduced that a subsequence (X™#(t)).,
exists and converges to X*(t) ¢.s. uniformly in ¢t. For each P € P, we have

Prongy . 7P P g Nk _
|JP (™) = J (n)| < E |L(t, X[, €) — L(t, X, €)| Suni (1) (d€)dt
0 A

‘C(ta X, 5)51/% (t) (dg)dt
A

/ /ﬁ (t, X}, O, dg)dt]

+EF [[W(X7F) — w(XE)]]. (3.32)

The first and third terms in the right-hand side converge to 0 as a result
of the continuity and boundness assumptions on £ and ¥ with respect to
X that, and the second term on the right-hand side tends to 0, due to the
continuity and the boundness of £ in the variable £, and by the weak con-
vergence of §,ny,(4)(d€)dt to p,(d§)dt, we use the dominated convergence
theorem to conclude. Using Lemma 60 (stability results), we obtain for
each Pe P,

lim J¥(u™) = J" (), (3.33)

k—oo
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then
klim Ju™) = J(w), (3.34)

we have JP(u) = JF(§,), this yields inf J¥(u) > inf J¥(u). Given an
uelU HER

arbitrary g € R. From Lemma 52 (G-Chattering Lemma), to obtain a
sequence of strict controls (u"*) C U such that §,ny ) (d§)dt converges
weakly to u,(d€)dt, we obtain

JP(p) = lim J¥(u™) > inf JF(u), (3.35)

n—o00 ueU

since p is arbitrary, we have:

: P : P
;reng (1) > ;IE%J (u). (3.36)
]

The ultimate effect is that the following theorem is proved. It should be
noted that this conclusion applies to G-NSFDEs with an uncontrolled diffusion
coefficient. We demonstrate the existence of an optimal solution for the relaxed
control issue via the presence of G-relaxed optimal control for each P €P and a
tightness argument.

Theorem 54 For every u € U and p € R, we have

zirel{t J(u) = ;}272 J (). (3.37)

Moreover, there exists a G-relazed optimal control 1 € R such that

J () = min J (), (3.38)
recall that
J(n) = sup J* (), (3.39)
PeP

where for each P € P, the relazed cost functional is given as follow

P =¥ | [ [cextomagarvapl. @)

Let (u™, X*"),>0 be a minimizing sequence of in%JP(u) such that
> e

lim J¥(u") = inf J¥(p), (3.41)

n— 00 HER

where X*" is the unique solution of (8.7), corresponding to the random variables
u™ which belongs to the compact set M.
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The existence of a G-relaxed optimal control is proved that the sequence of
of the processes distributions (u™, X ”")nzo is tight for a given topology on the
state space, and then demonstrating that a subsequence can be extracted that
conforms in law to a process (1, X*) that satisfies (3.12). To achieve the proof,
we show that under some regularity conditions of (J 11J)(/L"))n converges to J* (f1)

which is equal to in7f2JP(,u) and then (7, X*) is optimal.
ne

Lemma 55 ([4]) The sequence of distributions of the relazed controls (11™),,~¢
1s relatively compact in M. -

Proof of Theorem 61. The relaxed controls p” are random variables in
the compact set M. Then by Prohorov’s theorem the associated family of dis-
tribution (u™),,~ is tight on the space M, then it is relatively compact in M.

Thus, there exists a subsequence (u"k,X“'nk)kzo of (u™, X“’n)nzo that weakly
converges to (i, X*) which solves (3.12). Using Skorohod’s embedding theo-
rem, the continuity and boundness assumptions of the functions £ and ¥, and
Lebesgue Dominated Convergence Theorem, we finally obtain :

inf P — i P ng _ P~ )

Jnf J () = lim J5(u") = J" (1)

Then, from Lemma 60 (stability results), for every P € P there exists a G-
relaxed optimal control ;i € R such that

-~ — . JIP )
rp = arg min J°* (u)
Then, we conclude that

J () = min J ().

Remark 56 The relaxed model is a genuine extension of the strict model since
the infimum of the two cost functions is identical, and the G-relaxed model has
an optimal solution, as indicated by previous research.
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Chapter 4

Optimal Control Problem
for a Finite Horizon of

G-SDDE and its
Application in Economics

In this Chapter ([45]), the presence of a G-relaxed optimal control of n-dimensional
G-SDDE is examined in this chapter. First, we demonstrate that optimal con-
trol exist for the finite horizon situation, and we provide a stochastic model in
economics and its optimization with delay and randomness in the production
cycle. In the last section, where the system’s noise is high, we are unable to
estimate the noise parameter. This will end in a G-SDDE. To minimize invest-
ment capital under labor assumptions, we build a probabilistic model of the
HJB solution, stated as a system of decoupled G-FBSDDE.

4.1 Optimal control problem for a finite horizon
of G-SDDE

We study the optimal control problem for a finite horizon (T < o0) of n-
dimensional G-SDDE that corresponds to a particular case of G-NSFDE with
neutral term @ = 0 and present state value at time ¢.

We are interested in the controlled system denoted by a G-SDDE and given

dX () =0, X @), X {t—7),u(t),u(t—7))dt
SEX @)X (=T u@) =) dB),
+o(t, X (t),X(t—7))dB;, tel0,T], '
X@#)=nt), tel-7,0,7>0,
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wheren = {1 (0)}_, g<( is FP—adapted C ([—7,0] ; R")-value random variable,
where C' = C([—7,0]; R") is a space of continuous functions equipped with the

norm |¢|, = sup |¢(0)|s,as wellasn € MZ ([—7,0];R™). Then, the integral
0e[—7,0]
equation is given by

X@) = 77(0)—1—/0b(s7X(s),X(S—T)7u(s),u(s—7))ds
+/ (8, X (5), X (5 —7),u(s),u(s — 1) d(B),
0
+/ o(s,X(s),X (s—7))dBs, (4.2)
0

with ((B),),50
G-Brownian motion defined on (Q, H, IE‘:) ,and u (t),u(t—7) € A, are called

the strict control variables for each ¢ € [0,T]. Moreovere, the functions

denotes a process of quadratic variation for m-dimensional

b : [0,T] xR"xR" x AxA—R",
v o [0, T] xR" xR" x A x A — R™*",
o : [0,T] xR" x R" — R™*"

as well as o (., 2,y), b(,z,y,u,ur), v(,2,y,u,u;) € ME([0,T];R™) for each
z,y € R™ and for each strict control wu.

4.2 Relaxed control of G-SDDE.

For that we consider the class of G-relaxed stochastic controls on (2, H, IAE})

Definition 57 (G-Relaxed stochastic control) AnF” -progressively measur-
able random measure of the form q(w,dt,d€) = p,(w,d)dt is a G-relaxed sto-
chastic control on (2, H,E), such that

X(t>:n<0>+/0 /Aws,X(s),X<s—r>,§1,§2ms<d§>ds
+/O /Av(s,X@,X(s—T>,sl,£2>us<d5>d<3>s

+/O o(s,X(s),X (s—7))dBs, (4.3)

where (£1,§,) =& € A.

It is important to note that, the set U([0,T]) = U of ’strict’ controls consti-
tuted of FP-adapted processes each strict control v taking values in the set A,
can be considered as a G-relaxed control into the set R of G-relaxed controls
via the mapping

. U>Su— P(u)(dt,df) = 5(u(t),u(t77)) (d§) .dt € R, (4.4)
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where 6y (4),u(t—r)) is a Dirac measure charging u(t), u(t — 7) for each ¢.
To consider the control problem (4.2), we must first study the existence and
uniqueness of solution to the following equation

X (1) 77(0)+/0 /Ab(s,X(S),X(S—T),fl,fz)us(dé)ds

+ /0/AW(S’X(S)7X(8—T),fpfz)us(df)d@)s
+ /OO'(S,X(S),X(SfT))dBS, tel0,17, (4.5)

where f1,(d€) = d(u),ut—r))(d§). To confirm the existence and uniqueness
of the equation’s solution, the following assumptions must be met (4.2).

(A1) The functions b,y and o are bounded and Lipschitz continuous with
respect to the space variables z,y uniformly in (¢,u,u,). There exist
K1, K5 > 0 such that
|b (ta %‘,%U,UT) - b(t7x/7y/7u7u7')|2+h/ (t7x7yaua UT) -7 (tvx/7y/7u7u‘f')‘2
+lotay) —o(tal ) < K (jo—a'f +ly—y'°).

and

bty ur) P+ (b, g ) PHo (8 ) < K (14 2 + )

for each z,y,z’,y’ € R™ and u,u, € A.
By the result of [28], under our assumptions (A;) and (As) the G-SDDE
(4.2) has a unique solution (X}");>0, for each fixed control.

4.3 Trajectory approximations and existence of
G-relaxed optimal control
We consider a relaxed control problem (4.3). Let X* denotes the solution of

equation (4.3) related to the G-relaxed control. Let establish the existence of a
minimizer of the cost for finite horizon (T' < 00) corresponding to p.

N T
() =B / /A L0 XP (1), X7 (t— 7)1, E2)uy (d€)dt + W(XF (T)))
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where the functions,

L : [0,T)xR*xR"xAxA—-R,
v . R"—R,

fulfill the following important assumption

(A2) The functions £, ¥ are bounded, and the coefficient ¥ is Lipschitz con-
tinuous, and £ is Lipschitz continuous with respect to the space variables
z,y uniformly in time and control (¢, u,u,).

We recall that in the strict control problem

[T
J(u) =E /0 LX), X (t—7),u(t),u(t—7))dt+ (X" (T))|. (4.6)

From the set U,

X)) = 77(0)+/0b(s,X“(s),X“(s—T),u(s),u(s—T))ds

PY(SvXu (S)aXu (S_T)au(s)vu(s_T))d<B>

t

o(s, X" (s),X"(s—7))dBs, (4.7)

+

S

_|_

J
J

then, we have

Xr@) = 5(0)+ / / b(s, X7 (), X (s — 7). €1, €2ty (dE)ds
+ / / (5, XP (), X (s — 1) 60,60 s (dE)d (B),
+/ o (s, X" (s), X" (s—7))dBs. (4.8)
0

Moreover, for each u € R,

T
. / / L8 X5 (8), X7 (£ = 7). &, E0)py(d€)dt + W(XP (T)) € LY ().
0 A

(4.9)

We employ the relaxed control issue to introduce the definition of stable con-

vergence in order to validate the G-Chattering lemma, which asserts that each

G-relaxed control in R may be approximated by a sequence of strict controls
from U.
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Definition 58 (stable convergence) (/21]) Let u™,u € R,n € N*, If for any
f:[0,T] x A — R™ continuous function, We have a stable convergence, then

lim £ (5,2, 69) 1" (dt, d) = / F (6 €06 p(dt,de). (4.10)

N0 J[0,T)x A [0,T]xA

Lemma 59 (G-Chattering lemma) Let the process (1, )10 is an F” -progressively
measurable with values in P(A). Then there exists a sequences (u"(t),u™ (t — 7))n>0
of FP -progressively measurable processes with values in A, such that

pg (d€)dt = S un (t),un (t—r)) (d€) dt — py(d€)dt,
converges in terms of stable convergence (thus weakly).

Proof. Given the G-relaxed control z which is FP-progressively measurable, the
precise pathwise development of the approximating sequence (J(yn (¢),un (t—7)) (d€) dt)n>0
of G-relaxed control p, (d€)dt in R (see lemma after theorem 3, [29]), which easily
needs extend to consider the strict controls (u"),, F7-progressively measurable.
]

Let X™ the corresponding solution of G-SDDE (4.2), associated with u™
(OI“ 5(u"’(t),u"(t—'r))(d§)) , and satisfy that

X" () = n(O)—i—/Ob(s,X"(s)7X"(s—T),u”(s),u"(s—T))ds

—|—/ Y(s, X" (s), X" (s —7),u" (s),u" (s —7))d(B),
0

t
+/ o(s,X"(s),X" (s —17))dBs. (4.11)
0
The following important lemma prove the stability results for the G-SDDE (4.8),

and gives J(u) = supJ¥(u) for every P € P.
PeP

Lemma 60 (stability results) Suppose that b,y and o satisfy assumption
(Ay). Let p denotes a G-relazed control, and let (u™) represents a sequence
defined in previous lemma. Then, it holds that

(¢) For each P € P, it follows that

lim EF { sup |X"(t) — Xﬂ(tﬂ =0, (4.12)
n—oo OStST
and
lim B [ sup | X"™(t) — Xﬂ(tﬂ = 0. (4.13)
n—oo OStST
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(i) Let J(u™) and J(p) are the corresponding cost functionals to u™ and u
respectively. Then, there exists a subsequence (u™) of (u™) such that

ler&J(u"k) = J(u), (4.14)
and, for every P € P
Jim. JE (™) = J B(p). (4.15)
Furthermore,
inf J*(w) = inf J7(n), (4.16)

then, there exists a G-relaxed optimal control pip € R such that

T (i) = inf 7 (). (4.17)

Since, by using the singularity for each P € P, the G-SDDE (4.8) becomes
a standard SDDE, this result was confirmed by the technique in [3].

Proof.

(1) We set
Cp 1= sup |X"(t) = X*(t)%,
0<t<T
and note that ¢,, € L (Qr) for each n > 1. If there is indeed a n > 0 such
that N

we can find a probability P,, € P such that
P 1 *
E"[(n]Zn—ﬁ, n € N*.

There exists a subsequence {PP,, }?2 , that converges weakly to some P €
‘P, according to P is weakly compact. Then, we have

lim E¥[¢,,.] = lim lim B [¢

j—oo o Jj—ook—00

> lim infE ™ [¢,,, ] > . (4.18)

ns)

This is a contradiction to the fact lim EF[¢, ] = 0 from (4.12). The
j—o0 7

proof of (4.12) is based on G-BDG inequalities and the standard Gron-
wall inequality as well as the Dominated Convergence theorem, according
to stable convergence in Lemma 58 of (yn () un(t—7)) (d€) dt converges to
u; (d€) dt, and the proof method does not extend to proving (4.13) because
the Dominated Convergence theorem (and even the celebrated Fatou’s
lemma) is no longer valid under sublinear expectation, but the G-BDG
inequalities hold true for G-stochastic integrals and G-SDDEs.
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(1) Assume that £ and V¥ satisfy assumption (Az). We have dtd ,n (1), un (1)) (d€)
converges weakly to dtu, (d€) quasi-surely. Then, there exists a subse-
quence (u™) of (u™), we obtain

lim J(u™) = J(u). (4.19)

k—oo

By using Proposition 17 in [20] and (4.13) it follows that, there exists a
subsequence (X" (t)),, that converges quasi-surely to X*(t) i.e. P-a.s.,
for all P € P, uniformly in ¢. We can use (4.13) for every P € P, to obtain
that

klln;oJP(u"k) = J(p).

From the notation (4.9), we can note that
J™) =B,

and N
J(1) = E[x"],
where both x*"*, x* € L% (Qr). If there is some 1 > 0 then

E[Xu"k] ZE[XM]—’_?% ng Zlvl+]—77
thus, we can find a probability measure P,, € P such that
n =~ 1
E™ [ > B!+ — —.
m

Then we can find a subsequence {P,,, }7°; under a weakly compact P,
that converges to P € P. We have

Efx"] = lim Ef ] = lim lim E* ] > lim infB5 ]
— 00 —00] — 00 J—00
N 1
> liminf (E[X“] + 17— >
J—0 m]
= EN']+n.
Thus,

E°[x"] > E[x*] +n,
We get quite a contradiction from the definition of the sublinear expecta-

tion. Therefore,
lim J(u™) < J(p).

k—oo

By using (4.15) to prove that
lim J(u™) > J(u).

k—oo
We have
klim J™) > klim JE(u™), PepP
= J%u), PeP.
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Therefore, klim Jw™) > J(p). m

The fundamental finding of our problem is the following theorem, which
asserts that the two issues have anidentical infimum values for expected costs.

Theorem 61 For every u € U and p € R, we have

inf = inf J(u). 42
Inf J(u) = inf J(x) (4.20)

Furthermore, there is i € R a G-relaxed optimal control such that

J(11) = min J 4.21
(1) min (1), (4.21)
recall that
J(p) = sup J¥(p), (4.22)
PeP

where the relazed cost functional is given for each P € P as

J* () = B

/0 / L0t XP(£), X0 (1 — 7). &1, E) g (dE)dt + (X7 (T))] .
(1.23)

To prove (4.20), using Lemma 59 of G-Chattering lemma in and Lemma 60
of stability results for the G-SDDE (4.8). According to Lemma 59, given a G-
relaxed control 1 € R, and there is a sequence (u™),, € U of strict controls such
that 0(un(t),un (1)) (d€)dt converges weakly to p,(d€)dt quasi-surely i.e. P-a.s.,
for all P € P. The existence of a G-relaxed optimal control for each P € P and
a tightness argument is used to prove (4.21).
Proof. From (4.4) and (4.19) we can easily obtain that

inf J < inf J(u).
Inf J(u) < inf J(u)

Therefore, for every u € U, §, € R, we have

J(u) = J(6u) = inf J(p).

HER
Hence,
. S
Inf J(u) = inf J(u),

which confirms (4.20). As £ and ¥ are continuous and bounded, we now go
back to the evidence of the enssured of existence of G-relaxed optimal control
for each v € R.

T
i [ 20X 0,X0 (= 1) 6 Gt + WX (D)) € LL ().
0
By using Lemma 36, we can deduce that for each v € R,

lim JF (v) = J5(v). (4.24)

n—oo
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Then, the sequence {P,}52; € P converges weakly to S € P . Assume there is
an ¢ > 0 such that, for each v € R,

J(v) > inf J .
(v) = inf J(p) +<

Next, by according to Lemma 60, for each P € P there exists a G-relaxed
optimal control fi € R such that

%»mg(mmJWuo,

HER

we get that

J(v)

Y

su inf J¥ +¢
sup (ﬂeR (u))

= sup T (fip) + <.
PeP

However, there exists PP, € P for every n > 1, such that

JE (v) > J(v)—i—l.

n

We can extract a subsequence {P,,}%2, € P, from the sequence {P,};°; € P
being weakly compact, which converges weakly to some S € P. Thus, As a
result of (4.24) for each v € R, it follows that

JS(w) = lim J" (v) > supJ® (fip) + <.
j—00 PeP

Particularly, we obtain for a given v° € R,

J0F) = supJS(o®) + <,
PepP

which is a contradiction with the fact that ¢ > 0. m

4.4 Economics model

As an implementation of our theoretical finding, defining the rate of change of
capital K and labor L in a market adopting Ramsey’s in 1928 system of ODEs
(for more details, see [66]), given by

dK
K. — p _C
ds s S
{ ddL; a.l.. (4.25)

where

P : production,

66



C' : consumption rates,

as : the rate of growth of labor (population).

In [33] the production, capital and labor related by Cobb-Douglas formula
as follow
P,=DKSL?, (4.26)

where D, a, 8 > 0 are a constants. If & = 3 = 1, we get the linearity of (4.26)
under certain scenario, which we will assume throughout our problem. The
labor is constant given by Ls = Lo, which verify a specific markets, or we take
in many years a relatively short time intervals. As a result, the production rate
and capital have a dependent formela P; = M K, where M = DLy.

The major causes for affecting economic development are massive random
perturbations (big noise) caused by political decisions, wars, and atmospheric
conditions, they are the real reasons for influencing the change of the economy.
The production rate may therefore be calculated as follows:

P, = MK, + 7 big noise”. (4.27)
By using (4.27) in (4.25), we obtain

dK,
ds

= MK, — Cs + 7 big noise”.
Then, we obtain the following system
dKs = MK, — Cslds + yo(K)dWs, (4.28)

where Wy is a typical Brownian motion with + is unknown parameter and the
coeflicient o varies on K as it is greatly influenced by variables that change the
economy because of the significant amount of noise. In many economic condi-
tions during the war, such as the rise in oil and the impact on wheat production,
the essential period is usually required for transition owing to the influence and
change of the economy, such as the length of the production process.

As a consequence, given the change in the rate of capital K, the most reliable
assumption is that the investment was made at time s — 7, where s is the
current time and is the length of the cycle needed to generate working funds
during wartime delays and political decision delays, and as time passes, the
noise increases.

dK, = [MK,_, — CJ|ds + yo(K,_,)dW,, (4.29)

which means that we can not estimate the value of 7, the only infromation that
we can know is that gamma in [0pin, Omaz], for some o.in, Omar € RY, the
idea is to consider the worst case senario; i.e.,

sup  EP[p(K)] = E[¢(K)),

YE [O'Tnin ;Unzaz}
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where EF~ is an expected valued over P,, with [P, is the probability indexed
induced by (4.29), and E is the non-linear expectation, with ¢ is a given function,
and K is the solution of the following equation

~

dK, = [MK,_. — C,)ds + o(K,_.)dBs, (4.30)

where By is the G-Brownian motion follow N (0, s[o2 ;,,02,..]). It is necessary
to study how we make decisions when we are often faced with probabilistic
uncertainty. The main question isto control the consumptionrate C by a

control u_, i.e., it is of the form u,C,, then
AR, = [ME,_, — u,Cylds + o (IA{S_T) dB,, (4.31)

with R
Ky=k(@0), t—17<0<t. (4.32)
We recommend investigating the modified Ramsey model uncertainty with

delay introduced by (4.31) and (4.32). We aim to minimize the investment
capital under the above mentioned assumptions by employing the cost function

below.
[Rr—a] +3 /

The objective is to bring our capital K in the future at time T closer to a
with minimal energy, where « is a random variable.

T

~

J(u;t, k) =E

u%dr] ,

4.4.1 Optimization problem

To solve our optimal control, we join its HJB with a numerically solved G-
FBSDDE. In fact, for random variables and processes in [64], the condition of
quasi-continuity is not required. As a consequence, see [64] may be utilized in
practical conditions that do not take place in quasi-continuous space. In the
context of super-linear expectation, we assume some independence among com-
ponents of G-Brownian motion and construct an obvious kind of HJB equation
with a vector-valued control variable. It’s obvious that the following conclusion
employs stochastic control and the uncertainty volatility model.

To solve our optimal control, we connect its HJB with a G-FBSDDE that
we solve numerically. In fact, the condition of quasi-continuity is not required
for random variables and processes in [64].

Let define (K{)¢cjo,7], as a C-valued stochastic processes from the space
SP([0,T]; C)(1 < p < ), and the norm defined by

K15, 0. rscy =Bl sup |Kf2] =B sup  sup |K,(0)]"] < oo,  (4.33)
t€[0,T] t€[0,T]0e[—T7,0]

with C-continuous paths.
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The gradient V.V (¢, k) at (¢,k) € [0,T] x C([-7,0];R™) is an n-tuple of
finite Borel measures on [—7,0]. Let define

VoV (t k) = ViV (t, k) (0)}, (4.34)

with |V V (¢, k)| is a total variation norm and define where VoV (¢, k) is a
vector in R™ which represent the masse at point 0 of the component of VoV (¢, k),
such that we have the following continuous map on [0,7] x C for every g € C

(£, k) (ViV (1, k), g) = / o(0) - ViV(LE)dO),  (435)

[_7—70]

for more details see [32].
Then the value function define by

T

V(t,k) = ir&fIAE} l[KT —a]? + %/

u?dr |K;_k] : (4.36)
t

Then, the HJB equation given by

QR 4 int {LV (1, k) + Ju?} =0, (437
V(T.k) = [k~ o],
where v is a control variable is selected dynamically within R"™.
The infinitesimal generator L given by
1
L= 502 (k) Vi + MkVy — uC;Vy, (4.38)
then, we get
ov (t, k 1
% + 502 (k) V2V (t,k) + MEV,V (t, k)
1
+i2f {u CiVoV (t, k) + 2uf} =0. (4.39)

Hence, the infinum is achieved when

u* — CyVoV (t, k) = 0.

Therefore
u* = CtVOV (t, k) .

As a converse of Eq. (4.39), we have

VLK) 4 162 (k) ng (t,k) + MEVoV (t, k) — 3C2 (VoV (t,k))* =0,
V(T7k) = [k_a] )
(4.40)
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where V € C’;’z define the processes Y/* =V (s, k) and
ZUk = o (k) VoV (s, k),
where o is non-degenerate diffusion.
k_ [tk 2 17 k Stk \1? Tk
yik _ [KT’ - a] - 5/ [CTZg o1 (KTLT)} dr +/ ZtkdB,,
and the G-FBSDDEs defined on [t,T] C [0,T7]: for s € [t,T],
Rtk = k() + [ (Mf(ﬁi) dr+ [ o (f(ﬁ;’z) dB,,
~ 2 ~ 2
vik = [RiF —a| =1 [T [cozihat (REE)] dr+ [ 2hab,.
(4.41)

4.4.2 Numerical study

In this section, we report numerical findings for G-FBSDE with delay (4.41),
based on a variation of the least-squares Monte Carlo algorithm approach sug-
gested in [10]. It has two phases, as do most numerical methods for G-FBSDDE:

e G-FBSDDE explicit time discretization with delay.

e The approach for approximation of conditional expectations.

In first, for the time discretization we consider a partition of the interval
[—T,T] as m = {t07t17...7t1\[}, t.e., —T =1tg <t <ty < tn, = 0< tn, 41 <<
ty = T. For the pair (Kj,Y;). We motivate a natural time discretization that

goes backwards in time. Defining At,, = t,41 — t,, AB;, = By, — By, for
tn € {tN ,tN. 41, tN}, We have

I?tn = [A(thrl + M[?tn—TAtn +o (I?tn—T) ABtny

~ 2 (4.42)
Yrtn = Ytn+1 + % I:Ctn Ztn+10-_1 (Ktnf'f—):| Atn - Ztn+1ABtn7
N 2
where Y;, = [KtN - a} .

By taking a conditional expectation on both sides of G-BSDDE in (4.42) to
get an approximation of Y;, , given Y; ., from the joint process (K, ,Y;,) which
is adapted to the filtration generated by (B, )o<r<s, and by using the property
of symmetric martingale, we obtain that

&)

. r 1 N 2
Vi, =E[Y, | R, ] = (Yi, o + 3 [CthtnU_l (Ktn—fﬂ At — ZtnABtn)th}

I
&

i+ 3 (O™ (o) a1,

(=21, ABy, | F, ]

_ ]E-(Ytnﬂ—i—%[Cthtna—l (IAQ"T)]QAME"}, (4.43)

+
&

)
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from (4.43) we have the time discretization (Y;", Z[ ) for (Y, Z) by

1 (5 2
+ylonze (Ri))

vy -BlvilA.) =B |0, ai,).

Let use the value of Z, = o (k) VoV (s,k) (vesp. Zt,,, = o (ki) VoV (tn, kt,))

to get Y3, .
By least squar method [44],

- % cr 2z o (K;,T)r A’

Y;, = argminE o

YeL?

)

(4.44)
~ ~ N\ |2
Y iterates through all measurable functions with E “Y (Kt)‘ } < oo.

tnt1

‘Y (f{t) vy

Finally, we get that

2
Y;, = argmin E
Y=Y (K,,)

tnt1

1 ~ 2
—slenz o7 (Br )] s

’Y (f{tn) _yr

(4.45)
o~ L -~
By using Y (Ktﬂ) ~ iwi (tn) X; (Ktn) , for some Ly € N, where w (.), ...
i=1

,@r, (.) € R is the coefficients of the basis x,...,xz, : R® — R. By least-
squar method

2

wLrl2) () = arg min ‘Wt(nLl’LQ)w — A || (4.46)
a€eRl1
where Wt(nLI;LZ) - (Xz' (f(z;)>1:1 it 11 Then, we get that

-1
w2 1) = (W 2) (Wi ) - ()

is the solution to the least-squares problem (4.46), and for further information
(see [43]) .

To solve the forward backward G-SDDE, we must first simulate the incre-
ment of the G-Brownian motion, and then adopt the same approach as described
in [76] to simulate the density (resp. distribution) of the G-Normal BM by using
the finite difference method to simulate its equivalent G-PDE.

The simulated result in figure 4.1 (resp. Figure 4.2) illustrate the G-Normal
density (resp. distribution) with ¢, = 0.75 and opax = 1.25.
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Figure 4.1: The G-Normal density and the standard normal density.
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Figure 4.2: The G-Normal distribution and the standard normal distribution.
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Concerning the choice of the parameters, we take the value of 0, =
0.75,0maz = 1.25,T = 1,M = 1,7 = 0.1, = 0, and o(K) = 2% K. We
take the value of K in the interval [-7,0] are uniform random values in the
interval [1,2]. For this choice of coefficients and data, we obtain the following
simulation result: Figure 4.3, shows that the trajectories of the solution of the
G-FSDDE corresponding to 04 = 1.25, 0ppin = 0.75.

0
20 f
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P e e " = 1,
o i et LT
e — [ !
Tk ' 'l
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10 F | | b
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20 b HI
..I
I
=0 Y
o7 0 0w na ne 0& 1

Figure 4.3: The solution of the G-FSDDE.

In Figure 4.4, we represent the trajectories of the solution of the G-BSDDE.
According to a least-squar Monte Carlo scheme and based on the Euler discreti-
sation.

-40

Time

Figure 4.4: The solution of the G-BSDDE.
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The simulation of G-FBSDDE give us the value of Y at unitial time Yy =
3.9281, which represent our optimal cost of our optimal control.
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Conclusion and perspectives

Within this thesis, we have tackled compelling and complex problems, yielding
results within the framework of sub-linear expectation spaces. These systems
are characterized by the utilization of a recently introduced process known as G-
Brownian motion. By examining existing outcomes in traditional scenarios and
harnessing stochastic calculus principles associated with G-Brownian motion
and its quadratic variation, we have achieved th following:

e We have provided the existence and uniqueness of the solution for a G-
NSFDE and presented a numerical analysis using EMM for the G-NSFDE.
We have proved the existence of a G-relaxed optimal control for G-NSFDE
that verifies the regularity conditions using the results of Redjil et al.
(2018). The main result is to prove that the infimum of the cost function
in the space of strict controls is the same.

e We have also studied the existence of G-relaxed optimal control for G-
SDDE and considered an economic uncertainty model with a delay con-
nected with the worst-case scenario. Our finding is to minimize the in-
vestment capital under some assumptions, we connected its HJB with a
decoupled G-FBSDDE and presented simulation results to get the optimal
strategy.

We will continue our research about the existence of G-relaxed optimal con-
trol and their necessary conditions of optimality for other delay types of sto-
chastic differential systems with a controlled diffusion coefficient that models
phenomena in finance, biology, physics, etc.
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