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ملخص
باستعمال الاستشعار أجهزة علىكشفوعزلأخطاء بالتركيز نقوم الأطروحة، فيهذه
أجهزة قياسات في الإرتياب يؤدي العملية، الحالات في الرئيسية. المكونات تحليل
مما الكشف، بعملية القيام عند القرار صنع عملية في كبيرة صعوبة إلى الاستشعار
الإعتيادي، شكلها في الدقيقة. غير والقرارات الكاذبة الإنذارات عدد من ويزيد يثير
القياسالمرتبطة وأخطاء البيانات نقاط بين الرئيسية المكونات تحليل طريقة تميز لا
ومتين، حديث حل في نحقق فإننا وبالتالي، التجريبية. للظروف تبعا تختلف التي
قياسات ملاحظات مختلف تمثل والتي البيانية النطاقات إستعمال في يتمثل الذي

زمنية. فواصل خلال للمتغيرات الاستشعار أجهزة
المكونات تحليل طريقة يسمى ما أساس على تتم العمليات نمذجة فإن وبالتالي،
المعروفة، الطرق أكثر من أربع تفصيل يتم حيث النطاق، ذات للبيانات الرئيسية
الرئيسية المكونات تحليل علىطريقة القائم الرصد عملية منهجية تمديد تقديم ويتم
تعريفمؤشرات يلي: ويشملذلكما ذاتالنطاق. البياناتالجديدة فيحالة التقليدية
الأعطال، المتغيراتلعزل بناء إعادة وإدخالمبدأ الأعطال، والكشفعن للرصد جديدة
الرئيسية المكونات عدد لتحديد جديد معيار استنباط في أيضا يستعمل ما وهو
ونوضح النطاق. ذات للبيانات الرئيسية المكونات تحليل نموذج في بها للاحتفاظ
المقترحة الخوارزمية باستعمال وعزلها الاستشعار أجهزة الكشفعنأخطاء تنفيذ كيفية
محاكاة باستخدام ومقارنة معمقة دراسة إجراء حيثيتم بياناتاصطناعية، باستخدام
وتطبيقها مؤشراتالرصد، ذاتالنطاقو المكوناتالرئيسية لمختلفنماذج مونتكارلو

التقطير. عمود جهاز و الطحن آلة على

عن الكشف النطاق، ذات البيانات الإرتياب، الرئيسية، المكونات تحليل المفاتيح:
المتغيرات. بناء إعادة مبدأ الرصد، مؤشرات والعزل، الأخطاء

iii
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Abstract
In this manuscript, we emphasis on the detection and isolation of process sensor
faults based on Principal Component Analysis (PCA). In real life cases, the
sensor data uncertainties cause a significant difficulty in control decision making,
which evokes and increases the number of false alarms and imprecise decisions.
In its standard form, PCA makes no distinction between data points and the
associated measurement errors which vary depending on experimental conditions.
Thus, we investigate a recent and robust solution which consists in capturing
the variability of the multivariate observations by interval-valued variables.

Process modelling is therefore performed based on the so-called PCA for interval-
valued data, where four of the most known methods are detailed , and the
extension of the methodology of conventional PCA based statistical process
monitoring is presented for the new interval-valued data case. This includes : the
introduction of new interval monitoring statistics for the detection of faults, the
introduction of an interval reconstruction approach for the isolation of faults,
which is also used in deriving a new criterion for the determination of the number
of principal components to retain for the interval PCA model.

The implementation of the proposed sensor fault detection and isolation methods
are illustrated using synthetic data, where a more in-depth study and comparison
is performed using Monte-Carlo simulations for the various PCA methods and
monitoring statistics, and applied to milling machine data and distillation column
process benchmark.

Keywords : Principal Component Analysis, Uncertainties, Interval Data, Fault
detection and Isolation, Monitoring statistics, Reconstruction Principle.
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Résumé
Les travaux présentés dans ce manuscrit sont axés sur la détection et la localisa-
tion de défauts en utilisant l’analyse en composantes principales (ACP). Dans
les cas réels, les incertitudes des données de capteurs provoquent des difficultés
dans la prise de décision par-rapport à la présence des défauts, ce qui augmente
le nombre de fausses alarmes et de décisions imprécises. Sous sa forme standard,
l’ACP ne fait aucune distinction entre les mesures collectées et les erreurs de
mesure associées, qui varient en fonction des conditions expérimentales. Ainsi,
nous étudions une solution récente et robuste qui consiste à capturer la variabilité
des observations multivariées par des variables de type intervalle.

La modélisation des processus est donc basée sur ce que l’on appelle l’ACP par
intervalles. Dans une première partie, nous detaillons quatre des méthodes les
plus connues. Par la suite, nous proposons une extension de la méthodologie
de detection et localisation de défauts à base d’ACP conventionelle, au cas
intervalle. Cela comprend : l’introduction de nouvelles statistiques de détection
des défauts pour le cas intervalle du modèle ACP, l’introduction d’une approche
de reconstruction par intervalles pour la localisation des défaut, et qui est
également utilisée pour dériver un nouveau critère de détermination du nombre
de composantes principales à retenir pour le modèle ACP par intervalle.

Les méthodes de détection et localisation des défauts proposées (à base d’ACP
intervalle) sont illustrées par des données synthétiques avec une étude approfondie
et une comparaison à l’aide de simulations de Monte-Carlo. Une application
réele est presenté à la fin sur les données d’une fraiseuse, et un benchmark de la
collonne de distillation

Keywords : Analyse en Composantes Principales, Incertitudes, Données inter-
valles, Detection et Localisation des Défauts, Statistiques de détection, Principe
de Reconstruction.



vi

Contents

Page

List of Figures ix

List of Tables xi

Introduction 1
Thesis Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
Thesis Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Part 1 PCA And its Application for FDI

1 Principal Component Analysis 9
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2 Principle of Linear PCA . . . . . . . . . . . . . . . . . . . . . . 10

1.2.1 Pre-processing of Data . . . . . . . . . . . . . . . . . . . 14
1.2.2 Simulation Example . . . . . . . . . . . . . . . . . . . . 15

1.2.2.a Interpretation of principal components and resid-
uals . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3 Determining the Number of Useful Components . . . . . . . . . 19
1.3.1 The Eigenvalue Greater Than One Rule . . . . . . . . . 20
1.3.2 Cumulative Percentage of Variance . . . . . . . . . . . . 20
1.3.3 Cross-Validation Criterion . . . . . . . . . . . . . . . . . 21
1.3.4 Variance of the Reconstruction Error . . . . . . . . . . . 21

1.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2 PCA based Fault Detection and Isolation 26
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2 Fault detection . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2.1 Squared Prediction Error (SPE) . . . . . . . . . . . . . . 28
2.2.2 Hottelling T 2 statistic . . . . . . . . . . . . . . . . . . . 29
2.2.3 Squared Weighted Error (SWE) . . . . . . . . . . . . . . 30
2.2.4 Fault Detection Scheme . . . . . . . . . . . . . . . . . . 30

2.2.4.a Generalized indices and detectability conditions 31
2.2.5 EWMA Filtering . . . . . . . . . . . . . . . . . . . . . . 32

2.3 Fault Isolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34



vii

2.3.1 Contribution Plots . . . . . . . . . . . . . . . . . . . . . 34
2.3.2 Partial PCA . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.3.3 Reconstruction-based Approach . . . . . . . . . . . . . . 36

2.4 Simulation Example . . . . . . . . . . . . . . . . . . . . . . . . 37
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

Part 2 PCA for Interval-Valued Data and Applica-
tion to FDI

3 Interval-Valued PCA for FDI 42
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.2 Interval-valued Data . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.1 Interval Arithmetic and Statistics . . . . . . . . . . . . . 45
3.2.2 Interval-valued Data Normalisation . . . . . . . . . . . . 46

3.2.2.a normalisation using the dispersion of interval
center and range . . . . . . . . . . . . . . . . . 46

3.2.2.b normalisation using the dispersion of the interval
centers . . . . . . . . . . . . . . . . . . . . . . . 47

3.2.2.c normalisation using the dispersion of the interval
boundaries . . . . . . . . . . . . . . . . . . . . 48

3.2.2.d normalisation using the global range . . . . . . 48
3.3 PCA for Interval-valued Data . . . . . . . . . . . . . . . . . . . 48

3.3.1 Vertices PCA . . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.2 Centers PCA . . . . . . . . . . . . . . . . . . . . . . . . 52
3.3.3 Symbolic Covariance . . . . . . . . . . . . . . . . . . . . 53
3.3.4 Midpoints-Radii PCA . . . . . . . . . . . . . . . . . . . 54
3.3.5 Complete Information PCA . . . . . . . . . . . . . . . . 56
3.3.6 Determining the Number of PC’s for interval-Valued PCA 58

3.3.6.a Reconstruction of variables for VPCA model . . 59
3.3.6.b Reconstruction of variables for CPCA model . . 60
3.3.6.c Reconstruction of variables for MRPCA model 60
3.3.6.d Reconstruction of variables for CIPCA model . 61
3.3.6.e Variance of interval reconstruction error . . . . 61

3.4 Interval-valued PCA for Fault Detection . . . . . . . . . . . . . 62
3.4.1 Univariate Chart . . . . . . . . . . . . . . . . . . . . . . 62
3.4.2 Multivariate Charts . . . . . . . . . . . . . . . . . . . . . 67

3.4.2.a Interval-valued SPE . . . . . . . . . . . . . . . 67
3.4.2.b Interval-valued T 2 and SWE . . . . . . . . . . 67
3.4.2.c Thresholds for interval-valued statistics . . . . . 68
3.4.2.d New Interval fault detection indices . . . . . . . 70

3.5 Fault Isolation Using PCA for Interval-Valued Data . . . . . . . 72
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4 Comparative Studies and Applications 76
4.1 Comparative Study and Validation on Synthetic Data-sets . . . 76

4.1.1 Monte-Carlo Simulation . . . . . . . . . . . . . . . . . . 76



viii

4.1.2 Univariate Case . . . . . . . . . . . . . . . . . . . . . . . 77
4.1.3 Multivariate Case . . . . . . . . . . . . . . . . . . . . . . 78

4.1.3.a Comparison between IVD PCA’s for diagnosis . 78
4.1.3.b Comparison between interval statistics . . . . . 80

4.2 Application on Milling Machine Data . . . . . . . . . . . . . . . 83
4.2.1 Description of the process . . . . . . . . . . . . . . . . . 83
4.2.2 The Data . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3 Application to the Distilation Collumn Benchmark . . . . . . . 91
4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

Conclusion and Perspectives 98

A Moore’s Algorithm 100

Bibliography 101



ix

List of Figures

1 Categorization of Methods for Instrumentation Fault Detection
and Identification . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1 Geometrical Representation of Linear PCA . . . . . . . . . . . . 12
1.2 Mapping and Inverse Mapping Using Linear PCA . . . . . . . . 13
1.3 Different variables of raw data simulated in example 1 . . . . . . 16
1.4 Box plots of different variables of data before and after normalization 17
1.5 Time evolution of principal components . . . . . . . . . . . . . 19
1.6 Iterative approach for reconstruction . . . . . . . . . . . . . . . 22
1.7 Evolution of the different presented criteria in terms of principal

components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.8 Comparison between measures and estimates of example 1 using

PCA model for ` = 2 components . . . . . . . . . . . . . . . . . 25

2.1 Fault Detection Scheme Based on PCA Model . . . . . . . . . . 31
2.2 SPE indicator for example 1 . . . . . . . . . . . . . . . . . . . 38
2.3 SWE indicator for example 1 . . . . . . . . . . . . . . . . . . . 38
2.4 T 2 indicator for example 1 . . . . . . . . . . . . . . . . . . . . . 39
2.5 Reconstructions based on SPE indicator of example 1 for fault

isolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.1 Interval PCA (projection of a hyper-rectangle on principal com-
ponents) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 Generated Interval-valued variables of Example 1 . . . . . . . . 64
3.3 Evolution of VIRE in terms of the number of PC’s . . . . . . . 64
3.4 Interval-valued Residuals for Example 1 . . . . . . . . . . . . . . 65
3.5 Univariate Fault detection method using PCA for interval-valued

data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
3.6 Interval-valued Residuals for Example 1 in faulty case . . . . . . 66
3.7 Time evolution of [SPE] index . . . . . . . . . . . . . . . . . . . 69
3.8 Time evolution of [T 2] index . . . . . . . . . . . . . . . . . . . 69
3.9 Time evolution of [SWE] index . . . . . . . . . . . . . . . . . . 69
3.10 Time evolution of ISPE index . . . . . . . . . . . . . . . . . . . 71
3.11 Time evolution of ISWE index in fault free and faulty cases . . 72
3.12 Time evolution of the filtered ISPE(f) with EWMA filtering . . 72
3.13 Time evolution of the filtered ISWE(f) with EWMA filtering . . 73
3.14 Time evolution of SPE(i)

(f) calculated after the reconstruction of
different variable i = 1, 2, . . . , 6 . . . . . . . . . . . . . . . . . . 74



x

3.15 Reconstruction of the faulty variable [x1] . . . . . . . . . . . . . 74
3.16 Reconstruction of the faulty variable [x4] . . . . . . . . . . . . . 75

4.1 Univariate chart comparison for interval-valued PCA model . . . 78
4.2 Interval SPE variations comparison using VPCA model . . . . . 79
4.3 Interval SPE variations comparison using CPCA model . . . . . 79
4.4 Interval SPE variations comparison using MRPCA model . . . . 80
4.5 Interval SPE variations comparison using CIPCA model . . . . 80
4.6 Different Parts of Milling Machines . . . . . . . . . . . . . . . . 83
4.7 Tendency of variables before/after normalization for the milling

machine data-set . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.8 Normalized variables of milling machine data-set . . . . . . . . . 86
4.9 Number of PCs According to the VRE criterion for the milling

machine data-set . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.10 Milling machine fault detection using classical PCA and SPE

indicator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.11 Milling machine fault detection using interval [SPE] indicator . 88
4.12 Milling machine fault detection using ISPE indicator . . . . . . 88
4.13 Milling machine fault detection using EWMA filtered ISPE

indicator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.14 Milling machine fault isolation using reconstrcutions principle

and the EWMA filtered ISPE indicator . . . . . . . . . . . . . 90
4.15 Basic distillation column controlled with LV-configuration . . . 91
4.16 Distillation column Benchmark . . . . . . . . . . . . . . . . . . 92
4.17 Interval estimation based on PCA for interval-valued data model 93
4.18 Classical PCA fault detection charts (SPE and SWE) . . . . . . 94
4.19 Fault detection based on ISPE variations for interval-valued PCA 95
4.20 Fault detection based on ISWE variations for interval-valued PCA 95
4.21 Reconstructions based on ISPE(i)

(f) . . . . . . . . . . . . . . . . 96



xi

List of Tables

1.1 Correlation levels between variables and principal components . 18

2.1 Detection statistics . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2 Highly isolating incidence matrix . . . . . . . . . . . . . . . . . 36

4.1 Diagnosis performances using [SPE], ISPE and ISPE(f) indices 81
4.2 Diagnosis performances using [T 2], IT 2 and IT 2

(f) indices . . . . 81
4.3 Diagnosis performances using [SWE], ISWE and ISWE(f) indices 82
4.4 Isolation performances using ISPE(f), IST 2

(f) and ISWE(f) indices 82
4.5 Milling machine variables . . . . . . . . . . . . . . . . . . . . . 84
4.6 Monitored milling machine variables . . . . . . . . . . . . . . . 85
4.7 Diagnosis performances based on Monte-Carlo simulation using

SPE, [SPE], ISPE and ISPEf for the mill data set . . . . . 89
4.8 Distillation column process variables . . . . . . . . . . . . . . . 91
4.9 Monitored Distillation Column Process Variables . . . . . . . . 93



1

Introduction

With increasing demands for efficiency and product quality, and progressing
integration of automatic control systems in high-cost and safety-critical processes,
the field of monitoring, fault detection and fault diagnosis has gained a very
important role. Indeed, fault detection and diagnosis has been very much
regarded as an integrated part for many process control systems. High reliability
and safety of many industrial processes require the development of an effective
fault detection and isolation (FDI) algorithms. In this context, many methods
have been developed to improve the reliability and durability of systems, so
that the faults related to system operations should be detected, isolated, and
corrected in time to avoid severe damages to the systems.

The successful operation of modern complex systems is also largely dependent
on the validity of sensor signals providing information for display and control.
To enhance safety and improve plant performance, redundant sensors are often
installed for measuring critical variables, which can generally be categorized into
hardware and analytical redundancies. The general idea of hardware redundancy
approaches is to measure one critical variable using two or more sensors and
then detect and isolate the faulty sensor. These approaches have been widely
used in safety-critical systems for their simplicity and robustness. Without the
use of additional sensors, the analytical redundancy approaches identify the
functional relations between the measured variables via a mathematical model
that can be either developed based on the underlying physics or derived directly
from the measurements. Residuals between the sensor measurements and the
modeled outputs can then be generated for the detection and isolation of the
faulty sensor. Analytical redundancy approaches can be further categorized
according to the type of their required a priori knowledge as model-based methods,
knowledge-based expert systems, and data-driven methods. This classification
was used to present the state of the art methods for process fault detection and
diagnosis (Venkatasubramanian et al., 2003a; Venkatasubramanian et al., 2003b;
Venkatasubramanian et al., 2003c) as presented in Figure 1.

Fault diagnosis strategies possess both advantages and disadvantages, and the
suitable approach should be selected according to the specific applications
(Isermann, 2005). In the late seventies, expert systems were largely employed for
diagnosis; nonetheless the use of expert knowledge in diagnosis started to show
some major limitation. The acquiring and maintenance of the needed expert
knowledge became a hard task in the deployment of diagnostic expert systems.
As a possible alternative, model based diagnosis approaches have been developed
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Instrument Fault
Detection and
Identification

Hardware Redundancy
Approaches

Analytical Redundancy
Approaches

Model-based
methods

parity relations

Luenberger observers
and Kalman filters

parameter estimation

Knowledge-based
expert systems

Data-driven
methods

multivariate statistical
methods

Bayesian belief
networks

artificial neural
networks

Figure 1 – Categorization of Methods for Instrumentation Fault
Detection and Identification

by exploiting models of the diagnosed system that had been created while
designing it. However, generalized diagnosis-oriented system models are usually
difficult to obtain. In this case, data-driven fault diagnosis approaches seem to
be more relevant for practical use, especially in large scale complex systems. The
data-driven approach makes use of the information from the system’s history
data. In other words, diagnosis can be done based on different variables that are
measured through various sensors of the process. However, most manufacturers
still rely on traditional Statistical Process Control (SPC) methods which use
univariate statistical analysis such as mean, median, standard deviation, etc.
Unfortunately, univariate statistics often miss the underlying patterns in process
data. This is where advanced Multivariate Statistical Process Control (MSPC)
methods come in handy. Among the most common approaches used in MSPC is
Principal Component Analysis (PCA), which is the main subject of this thesis.
PCA was originated by (Pearson, 1901) and later developed by (Hotelling, 1933;
Jolliffe, 2002). The applications of PCA is discussed in (Cooley and Lohnes,
1971), (Wax and Kailath, 1985), (Rao, 1964), (Jackson, 1991), (Harmon and
Duboc, 1995) and many others works. PCA based diagnosis strategies have
shown their high performances in the last two decades, and have received much
attention for fault detection and isolation applications (Jackson and Mudholkar,
1979), (Piovoso et al., 1992), (MacGregor and Kourti, 1995), (Ku et al., 1995),
(Qin, 2003), (Harkat et al., 2006). The principle of PCA based diagnosis can
be summarized as follows: A PCA model is first established from history data,
which is considered as the training phase. Then, by using the trained model,
new data can be tested according to that model, giving feed about the state of
the system, corresponding to healthy or faulty state. This is considered as the
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testing phase. Thus, fault detection and isolation (FDI) can be achieved with
these two phases.

Principal component analysis (PCA) method is among the most popular statis-
tical data-based approaches used for process modeling and monitoring purposes.
However, in several situations, the process is uncertain and the available infor-
mation is formalized in terms of intervals.

These uncertainties have a negative impact on the established model, and thus,
on the fault detection and isolation (FDI) performances. The need for interval-
valued data may arise in connection with the imprecision of measurement devices,
process uncertainties or with the data fluctuations in the case of recorded mea-
sures during a specific interval of time. In fact, considering the minimum and
maximum recorded values offers a more complete insight about the measured
phenomenon than considering the average values. For more precision in repre-
senting the real data, this uncertainty can be treated by considering an interval
representation (Tulsyan and Barton, 2017a; Tulsyan and Barton, 2017b; Tulsyan
and Barton, 2017c), instead of a single-valued representation. In this case, the
determination of such model requires using new techniques adapted for the
interval-valued data. For this propose, several PCA models for interval-valued
data are proposed in literature (Cazes et al., 1997; Gioia and Lauro, 2006; Irpino,
2006; Le-Rademacher and Billard, 2012; Palumbo and Lauro, 2003; D’Urso and
Giordani, 2004; Wang et al., 2012).

Thereby, the FDI performances can be improved significantly by taking into
account additional information on all measurements to keep the systems in
operation. In other words, have a more in depth knowledge on the precision
of the measurements. Indeed, a more complete information on measurements
can be achieved by taking into account the uncertainty of sensor measurement.
A recent solution including such additional information can be addressed by
describing a set of measurement uncertainty in terms of interval-valued data.
Thus, the new interval-valued measurement encloses all the recorded sensor
measurements, during a period of time between minimum and maximum values
which correspond to the bounds of the interval. However, FDI techniques,
and more specifically those based on statistical methods like PCA, have been
developed for the analysis of single-valued variables, and are not adapted for
the interval-valued case.

First, let us note that the PCA model is based on the eigen-decomposition
of covariance data matrix (Wold et al., 1987). So, considering the new type
of interval-valued data, the determination of such model is a quite hard task,
given the absence of well-established mathematical methods in the matter (for
the time-being). Therefore, many researchers investigated the use of geometri-
cal approaches, giving birth to many well approximated interval-valued PCA
methods, such as vertices PCA (VPCA), centers PCA (CPCA) (Cazes et al.,
1997), midpoints-radii PCA (MRPCA) (Palumbo and Lauro, 2003), symbolic
covariance interval-valued PCA (Le-Rademacher and Billard, 2012) and complete-
information PCA (CIPCA) (Wang et al., 2012). Other methods for computing
interval-valued PCA models can be found in the literature, as in (D’Urso and
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Giordani, 2004), (Gioia and Lauro, 2006), (Irpino, 2006), and many others,
which tend to work for narrow intervals only, and are not considered in this
work.

Therefore, the main objective of this work is to extend the FDI based PCA
approaches to deal with interval valued data. In other words, we have to define
the new FDI strategies for interval-valued data. For that, we investigate the use
of the four most known interval-valued PCA methods CPCA, VPCA, MRPCA,
and CIPCA, and extend various FDI techniques based PCA to the interval-valued
PCA case.

Thesis Contributions

This thesis presents a first step towards a long term goal of developing a well-
established theory for FDI based interval-valued PCA. In this case, dealing
with static interval-valued PCA. Especially, we are interested in answering the
following questions:

— How to apply PCA based modeling to deal with interval-valued data (IVD)
(interval-valued PCA)? and how to apply FDI strategies in the case of
IVD based PCA?

— What are the differences between the conventional PCA and IVD-PCA in
term of performances for FDI?

— What are the methods used to determine the number of principal compo-
nents (PCs) for the IVD-PCA model?

— Is IVD-PCA’s use limited to small amount of data? or can it be used for
large scale processes?

— Can IVD-PCA based FDI be extended to the dynamic or non-linear case?

First, we studied the possibility of using the VPCA model for FDI, but covering
only the univariate FDI problems. This involved studying the means of generat-
ing residuals based on IVD-PCA model, and their use in detection. The isolation
of faults was performed based on an extended version of the reconstruction
principle for VPCA model (Ait-Izem et al., 2014a). Next, we moved to the
second model, which is the CPCA, also for the univariate case and following
the same steps (Ait-Izem et al., 2014b). We then tried doing the same with
the MRPCA model, but this time by including a comparison in terms of FDI
performances for the three models (VPCA, CPCA and MRPCA) (Ait-Izem
et al., 2015a).

After covering the univariate case, we made a first attempt on the multivariate
one using VPCA and CPCA models. This involved the introduction of improved
interval statistics, and isolation of faults using the reconstruction principle,
(Ait-Izem et al., 2015c). While studying the multivariate case, we noticed the
lack of precision of the so-called interval-valued statistics, and decided to develop
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a new statistic based on the interval-valued norm, also, including the use of a
new model called the CIPCA model (Ait-Izem et al., 2015b).

To investigate the applicability of the proposed FDI strategies in real processes,
we used the NASA prognostic center’s milling machine data set. We also lead a
comparative studies, using Monte-Carlo simulations, between the performances
of the proposed interval index and that of the other statistics, based on the
CIPCA model, and also in comparison with the conventional PCA (Ait-Izem
et al., 2017b). Finally, a global study of all the interval-valued PCA models and
FDI statistics was addressed, using Monte-Carlo simulation, with the purpose of
finding the best combination of model and statistics to use for FDI. This work
included the introduction of the new interval variance of reconstruction error
(IVRE) for the determination of the number of PCs to be kept in the IVD-PCA
model. Also, an application on a larger scale process (distillation column) is
presented (Ait-Izem et al., 2018).

As an attempt to answer the last question, we developed a new dynamic interval-
valued PCA scheme for process monitoring. The strategy is based on a combi-
nation between MRPCA model and the generalized hebbian algorithm (GHA)
learning, in order to update the parameters of the model on-line. A promising
work, which was validated using an application on the Tennessee Eastman
Process (Ait-Izem et al., 2017a).
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Thesis Organization

This thesis is divided in two main parts and is organized in four chapters as
follows:

1. PART I - PCA and Application for FDI
Chapter 1: Principal Component Analysis
This chapter covers the basic notion of PCA model. It includes a brief intro-
duction on the principle of linear PCA and the procedure for constructing
a PCA model, followed by the necessary rules for the determination of
the number of retained components in the PCA model. The presented
approaches are illustrated through a simulation example.
Chapter 2: PCA based Fault Detection and Isolation
This chapter is dedicated to the theoretical knowledge of PCA for FDI.
Different detection statistics and isolation approaches for use with PCA
are presented. Also, the previously presented simulation example is used
for illustration of the PCA based FDI scheme.

2. PART II - PCA for IVD and Application to FDI
Chapter 3: IVD-PCA for FDI
This chapter contains a literature review of the most well known PCA
approaches for interval-valued data (VPCA, CPCA, MRPCA, CIPCA),
which are then dedicated to fault detection and isolation purposes. All the
developed theory on interval-valued PCA for FDI, including: definitions of
interval-valued statistics, and introduction of new statistics based on the
interval squared norm are presented. Extension of the well-known PCA
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based reconstruction principle for the interval-valued data and definition
of a new criterion for the selection of the number of retained PCs in the
IVD PCA model. A simulation example is used to illustrate the presented
FDI strategies.
Chapter 4: Comparative Studies and Applications
This chapter covers various applications of the proposed FDI strategies
based on PCA for interval-valued data. The first section is dedicated to
an in-depth study of the interval-valued FDI strategies (univariate and
multivariate) for the different IVD PCA models. The study is lead using
Monte-Carlo simulation on synthetic data, where a comparison is made in
terms of modeling and FDI accuracies. In the next section, the validation
of the developed techniques is done using two real application: milling
machine data and distillation column process.

At the end of this thesis, conclusion summarizes the contributions of the thesis,
and highlights the directions of future works.
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1.1 Introduction

Data-driven methods, also known as process history based methods, only require
the availability of sufficient data from the process. Various methods have been
developed to establish the knowledge database for the underlying system by
extracting characteristic features directly from its past performance data. For
large-scale processes, such as chemical plants, the development of model-based
fault-detection or the gathering of expert knowledge on the process both require
a considerable and eventually a too high effort. Then, data driven analysis
methods offer an alternative and efficient way. Especially based on methods of
multivariate statistical analysis, but mostly using Principal Component Analysis
(PCA) and Projection to Latent Structures (PLS) which have received the most
attention.

Principal Component Analysis (PCA) is a non-parametric procedure for or-
thogonal linear transformation of the input data to a new coordinate system,
such that the greatest variance by some projection of the data comes to lie on
the first coordinate (called the first principal component), the second greatest
variance on the second coordinate, and so on. In other words, PCA first selects a
normalized direction in m-dimensional space (m is the number of columns in the
input data,i.e. variables) along which the variance in input data is maximized –
this is referred to as the first principal component. It then repeatedly finds other
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directions (principal components) in which the variance is maximized. At every
step, PCA restricts the search for only those directions that are perpendicular
to all previously selected directions. By doing so, PCA aims to reduce the
redundancy among input variables. To understand the notion of redundancy,
consider an extreme scenario with a data set comprising of two variables, where
the first one denotes some quantity expressed in liters, and the other variable
represents the same quantity but in gallons. Both these variables evidently
capture redundant information, and hence one of them can be removed. In a
general scenario, keeping solely the linear combination of input variables would
both express the data more concisely and reduce the number of variables. This is
why PCA is often used as a dimensionality reduction technique. Of course if, for
instance we start out with 2 independent (thus completely unrelated) variables
there is no hope of reducing the dimensionality of the problem, and there is no
multi-dimensional phenomenon, then all the information will be contained in
the sequence of the 2 one-dimensional analyses of the variables.

In this Chapter, we first present the principle of principal component analysis,
and how it is used for dimensionality reduction, illustrated with a simulation
example. The determination of the PCA model parameters, i.e. the number of
components is a critical point. Thus, different choices for criteria to determine
the number of components are presented and compared. The optimal choice of
components is determined for the simulated example, and the projections onto
different sub-spaces are presented and discussed.

1.2 Principle of Linear PCA

Suppose that X = [X1, X2, . . . , Xm] is a set of m random variables of n obser-
vations, with mean vector M and variance-covariance matrix Σ. The original
data matrix X is usually of rank = min(n,m). We want to bring that rank
down using an approximation of X by a matrix of lower rank, say `, where
` < rank(X). In order to loose as little as possible of the information we use
a decomposition of X that is equal to the sum of ` matrices of rank 1, their
relative importance is measured by what is called eigenvalues.

So, our aim is then to define m linear combinations of X that represent the
information in X more parsimoniously. Specifically, we need to find p1, . . . ,pm
such that pT1X, . . . ,pTmX gives the same information as X.

Σ = 1
n− 1X

TX (1.1)

The covariance matrix Σ is of dimension m × m, real, and symmetric. The
diagonal elements are the variances of the individual random variables, while
the off-diagonal elements are their covariances. Let λ1 ≥ λ2 ≥ · · · ≥ λm ≥
0 be the m roots (eigenvalues) of the matrix Σ, and let p1, . . . ,pm be the
corresponding eigenvectors. We have to choose an eigenvector pi so that pTi pi =
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1, (i = 1, . . . ,m), i.e., a normalized eigenvector. Then, pTi X is the ith principal
component of the random variables in X. The sample covariance matrix Σ of
data can then be represented by:

Σ = [p1, . . . ,pm]


λ1 · · · 0
... . . . ...
0 · · · λm




pTm
...

pTm

 (1.2)

Here are some properties:
1. V ar(pTi X) = pTi Σpi = λi

We know that Σpi = λipi, because pi is the eigenvector for λi; thus,
pTi Σpi = pTi λipi = λi. In other words, the variance of the ith principal
component is λi, the ith eigenvalue.

2. pi and pj, (j = 1, . . . ,m) are orthogonal, i.e., pTi pj = 0
3. Cov(pTi X,pTj X) = pTi Σpj = pTi λjpj = λjpTi pj = 0
4. Tr(Σ) = λ1+· · ·+λp = the sum of variances for allm principal components,

and for the variables X1, . . . , Xm. Also, the importance of the ith principal
component is λi/Tr( Σ) , which is equal to the variance of the ith principal
component divided by the total variance in the system of the m random
variables, X1, . . . , Xp; it is the proportion of the total variance explained
by the ith component.

To explain why an eigen-decomposition is used for PCA, we recall that PCA is
a technique to reduce dimension by:

— Taking linear combinations of the original variables.
— Each linear combination explains the most variance in the data it can.
— Each linear combination is uncorrelated with the others

Or, in mathematical terms:
— For Tj = pTX (linear combination for jth component)
— For i < j, V ar(Ti) < V ar(Tj) (first components explain more variation)
— pTi pj = 0 (orthogonality)

Finding linear combinations that satisfy these constraints leads us to successive
optimizations problems based on Lagrange multipliers, (Jolliffe, 2002) : (maxi-
mizing variance) constrained such that P TP = 1 for coefficients P (to prevent
the case when variance could be infinite) and constrained to make sure the
coefficients are orthogonal. This ultimately leads us at the end to eigenvalues
and eigenvectors.

So, Given that P = [p1, . . . ,pm] is the global eigenvector matrix of data matrix
X, and Λ = diag(λ1, . . . , λm) contains the associated eigenvalues positioned
diagonally, PCA can be viewed as a linear mapping of the form:

T = P TX (1.3)
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Where T ∈ Rn×m is the principal component matrix, which is the generated
new set of variables out of the original variables X. The eigenvectors P are the
coefficients for the linear transformation. The projection can be reversed back
with:

X = TP T (1.4)

For a basic geometric interpretation of principal components, suppose we have two
variables, X1 and X2, that are centered at their respective means. In Figure 1.1,
the ellipse delimits a population of sample points. The first principal component
is a line through the widest part of the ellipse and the second component is the
line that goes through the less wide part of the ellipse. Or, we take our original
frame on the two X1 and X2 axes and perform a transformation around the
origin to get a new set of axes according to the computed eigenvectors P . The
best-fit line (or axis in this case) corresponds to the first principal component
which goes through the wide part of points. In PCA, the more correlated the
original data, the better this line will explain the actual values of the observed
measurements, this line will best explain all the observations with minimum
residual error. In other words, the line goes in the direction of maximum variance
of the projections.

X1

X2 first component
second component

Figure 1.1 – Geometrical Representation of Linear PCA

The principal components (PC’s) are sorted by descending order of the eigen-
values, which are equal to the variances of the components. Now if the first
few ` PC’s account for most of the variation of X, then we might interpret
these components, obtained via the first ` eigenvectors P` = [p1, . . . ,p`], as
“factors” underlying the whole set X1, . . . , Xm. This is, in other words, the basis
of principal component analysis. The mapping is then performed from Rm to a
lower dimensional space R`.

Thus, further multiplying the PC’s by the corresponding principal axes P`, ` < m
yields matrix X̂ that has the original n×m size but is of lower rank (of rank `).
This matrix X̂ provides an estimate of the original data from the first ` PC’s and
has the lowest possible estimation error. Hence, The transformation matrix P
can then be decomposed in two parts, as presented in Figure 1.2. That is, matrix



Chapter 1. Principal Component Analysis 13

t1

t2 P `

...

P t`

t`+1

... P m−`

tm

x

Data

x̂

e

Etimate
data

Residuals

Principal
space

Residual
space

Figure 1.2 – Mapping and Inverse Mapping Using Linear PCA

P` ∈ Rm×` generated by choosing ` eigenvectors or columns of P corresponding
to ` largest eigenvalues, which transforms the space of the measured variables
into the reduced dimension space T̂ , or principal components, and allows to
obtain the estimate reduced rank matrix X̂ via inverse mapping. And matrix
Pm−` ∈ Rm×(m−`) generated by choosing the last (m− `) eigenvectors or columns
of P allows the projection in the residual sub-space T̃ , which allows to obtain
the estimation error or residuals E, also denoted X̃.

Σ =
[
P` Pm−`

] [ Λ` 0
0 Λm−`

] [
P T
`

P T
m−`

]
(1.5)

T̂ = X P` (1.6)

T̃ = X Pm−` (1.7)

X̂ = X P` P
T
` = X C` (1.8)

E = X − X̂ = X (I − C`) (1.9)
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The formulas in 1.6, 1.7, 1.8 and 1.9 are given for the whole population, i.e.
for global data matrix X, but everything translates more-or-less directly for a
sample vector x.
With all its properties, including the powerful capability of analysing correlation
between variables, PCA is mostly used as a tool in exploratory data analysis,
but also for making predictive models for systems based on their history. In a
practical situation, if we consider that the different variables are the sensors of
a given process, and the different values of these variables are the corresponding
sensor measurements, we can qualify PCA as a modelling approach for the
process through it’s historical data, i.e. sensor measurements. PCA is considered
as one of the most famous methods in the area of latent variable modelling. This
statistical model have shown to be a very powerful tool in dealing with complex
process data, especially chemical processes. Various uses of such model include
process optimization and control, predictive modelling, and process monitoring.
This later is the main subject of this thesis.

1.2.1 Pre-processing of Data

Let us consider the data matrix Xg ∈ Rn×m gathered from a process in normal
operating conditions (NOC), that is, under safe operating conditions or when
there is no fault in the system. Given that the process is equipped with
j = 1, . . . ,m sensors, and the measurement are obtained at each time sample k,
the collected initial data matrix Xg is given by:

Xg =



x1(1) x2(1) . . . xm(1)
x1(2) x2(2) . . . xm(2)
... ... ...

x1(k) x2(k) . . . xm(k)
... ... ...

x1(n) x2(n) . . . xm(n)


(1.10)

There have to be no missing data in the used set, and missing values should be
excluded or estimated using dedicated algorithms.

It is important to point out that PCA assumes approximate normality of the
input data distribution. More precisely, PCA assumes that the distribution of
the data to explain can be described by a mean (of zero) and variance alone.
This formalism is known as : mean and variance are sufficient statistics. Or, the
only zero-mean probability distribution that is fully described by the variance is
the Gaussian distribution. In order for this assumption to hold, the probability
distribution of input data must be Gaussian, and deviations from a Gaussian
could invalidate this assumption. However, PCA may still be able to produce
a good low dimensional projection of the data even if the data isn’t normally
distributed.
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Another important matter to discuss before going any further is the fact that
the data matrix Xb must be centred and scaled to zero mean and unit variance
prior to using PCA. The reason is that variables may all be on completely
different scales, and thus the comparison of their relative importance is then
impossible, as well as the creation of linear combinations between them. This
problem is solved by doing what we call "Normalization" of data, i.e. centring
and standardization (scaling) of the data before the actual analysis takes place,
in order to avoid unwanted differences between the different variables. Thus,
each variable Xj of the new normalized matrix X is given by:

Xj =
Xb
j −Mj

σj
(1.11)

Where Xb
j is the j-th column of matrix Xb, and Mj is its mean defined as:

Mj = 1
n

n∑
k=1

xbj(k) (1.12)

and σj is its estimate variance calculated as:

σj = 1
n

n∑
k=1

(xbj(k)−Mj)2 (1.13)

Normalized matrix X is then given by:

X = [X1, X2, . . . , Xm] (1.14)

1.2.2 Simulation Example

We focus in this section on interpretation of the PCA model that we obtain from
an eigenvalue decomposition. For that, let us consider the following example
constituted of 6 variables, which are defined at different time samples k by the
following:

Example 1 :



x1 (k) = 0.5v1 (k)− 1.3 sin (k/N) cos (k/3) + ε1(k), v1 (k) ∼ N (0, 1)
x2 (k) = 0.9v2 (k)− 1.2 cos (k/4)3e(−k/2N) + ε2(k), v2 (k) ∼ N (0, 1)
x3 (k) = x1 (k) + x2 (k) + ε3(k)
x4 (k) = 2x1 (k) + x3 (k) + ε4(k)
x5 (k) = x2 (k) + x3 (k) + ε5(k)
x6 (k) = 2x1 (k) + x2 (k) + ε6(k)

(1.15)

Where v1(k) and v2(k) are realizations randomly generated from a normal distri-
bution with zero mean and unit variance, i.e. ∼ N (0, 1), and εj(k), j = 1, . . . , 6
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represents Gaussian noise in the range [−0.2, 0.2] added to the measurements.
The rest of variables is constituted by different linear analytic redundancy
relations. The raw data variables are presented in Figure 1.3.
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Figure 1.3 – Different variables of raw data simulated in exam-
ple 1

The first step is to center and standardize the data. The box plots in Figure 1.4
show the tendency of raw data and normalized data. We notice that normalizing
removes any differences between the different variables of the data.

The covariance matrix of data is then computed, and is given by

Σ =



1.0000 0.0246 0.6207 0.9096 0.3961 0.8380
0.0246 1.0000 0.7340 0.3798 0.8852 0.5279
0.6207 0.7340 1.0000 0.8698 0.9376 0.8828
0.9096 0.3798 0.8698 1.0000 0.7033 0.9432
0.3961 0.8852 0.9376 0.7033 1.0000 0.7726
0.8380 0.5279 0.8828 0.9432 0.7726 1.0000


(1.16)

Next, we perform an eigen-decomposition of Σ, thus obtaining the eigenvalues
and their corresponding eigenvectors. Matrices Λ and P are sorted in decreasing
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order, and are given by:

Λ =



4.5525 0 0 0 0 0
0 1.3011 0 0 0 0
0 0 0.0898 0 0 0
0 0 0 0.0250 0 0
0 0 0 0 0.0204 0
0 0 0 0 0 0.0112


(1.17)

P =



0.3471 0.5830 0.1230 0.2316 −0.3793 −0.5718
0.3155 −0.6346 0.4290 −0.3065 −0.4196 −0.2091
0.4561 −0.1202 −0.5242 −0.3609 0.4551 −0.4066
0.4373 0.2957 −0.2299 −0.3830 −0.3799 0.6144
0.4221 −0.3579 −0.2847 0.7558 −0.0781 0.1881
0.4500 0.1654 0.6262 0.0653 0.5679 0.2262


(1.18)
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1.2.2.a Interpretation of principal components and residuals

According to PCA, the principal components are given by the following linear
relations in terms of eigenvectors :



t1 = 0.34x1 + 0.31x2 + 0.45x3 + 0.43x4 + 0.42x5 + 0.45x6

t2 = 0.58x1 − 0.63x2 − 0.12x3 + 0.29x4 − 0.35x5 + 0.0118x6

t3 = 0.12x1 + 0.42x2 − 0.52x3 − 0.22x4 − 0.28x5 + 0.62x6

t4 = 0.23x1 − 0.30x2 − 0.36x3 − 0.38x4 + 0.75x5 + 0.062x6

t5 = −0.37x1 − 0.41x2 + 0.45x3 − 0.37x4 − 0.07x5 + 0.56x6

t6 = −0.57x1 − 0.20x2 − 0.40x3 + 0.61x4 + 0.18x5 + 0.22x6

(1.19)

In order to visualize the impact of the PCA projection, i.e. principal components
presented in Figure 1.5, in redefining the data in a new set of axis, let us compute
the coefficients of correlation between each variable (x1, . . . ,x6) and each component
(t1, . . . , t6), which are presented in table 1.1. The correlation coefficient of two
variables A and B is a measure of their linear dependence. So, if each variable has n
observations (samples), then the correlation coefficient is defined as:

r(A,B) = 1
n− 1

n∑
i=1

(
Ai − µA
σB

)(
Bi − µB
σB

)
(1.20)

where µA and σA are the mean and standard deviation of variable A, respectively,
and µB and σB are the mean and standard deviation of variable B. Alternatively, the
correlation coefficient can be defined in terms of the covariance matrix of A and B, as:

r(A,B) = Cov(A,B)
σAσB

(1.21)

The values of the coefficient r can range from -1 to 1, with -1 representing a direct
negative correlation, 0 representing no correlation, and 1 representing a direct positive
correlation.

Let us now examine the magnitudes of the coefficients, the larger the absolute value
of the coefficient, the more important the corresponding variable is in calculating
the component, i.e. the more of information from that variable is contained in that
component. The sign of the coefficients reveals the direction of the projection.

Principal components
Variables t1 t2 t3 t4 t5 t6

x1 0.7062 0.6563 0.1076 0.0514 0.0062 -0.0818
x2 0.6879 -0.7526 0.1333 -0.0780 -0.0980 0.0349
x3 0.9726 -0.2018 -0.1039 -0.0807 0.0685 -0.0007
x4 0.9293 0.2868 -0.0093 -0.0659 -0.0218 0.0805
x5 0.9005 -0.4686 -0.0353 0.0693 -0.0166 0.0749
x6 0.9562 0.1471 0.2516 0.0255 0.1217 0.0408

Table 1.1 – Correlation levels between variables and principal
components
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Figure 1.5 – Time evolution of principal components

We can clearly notice that the first two components t1 and t2 account for most of
the information contained in the original covariance matrix X, this is further shown
in Figure 1.5 which represents the evolution of principal components in time. In the
other hand, the four remaining components contain very few information on the data,
and are considered useless. Or, these components are not much needed to estimate
the data. The loss of information between the original data matrix X and its estimate
from the first chosen components is defined as the distance between them (difference)
as in 1.9, and is known as residual distance, estimation error, or simply residuals. The
question that logically comes after is what are the method to compute the number of
components (or axes, or factors, or dimensions) to retain in order to have the most
accurate model ?

1.3 Determining the Number of Useful Com-
ponents

While conducting PCA on a set of variables, the number of extracted components is
equal to the number of variables being analysed, necessitating that we decide how
many of these components are truly meaningful and worthy of being kept. The
expectation is that the first few components will account for meaningful information
(high variance), and that the last components will tend to account for less meaningful
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information (low variance). Therefore, The next step of the analysis is to determine
how many useful components should be retained for the PCA model. However, The
most common problem in the use of PCA is specifically the determination of this
number of components to retain. Several comparisons have been lead in literature
that focus on the effectiveness of various criteria (Zwick and Velicer, 1986)(Valle
et al., 1999), such as: parallel analysis (Horn, 1965), minimum average partial (MAP)
(Velicer, 1976), scree test (Cattell, 1966), Chi-square test (Bartlett, 1950), eigenvalue
greater than one rule (Kaiser, 1960), cross-validation (Wold, 1978), the cumulative
percentage of variance, and the variance of reconstruction error (VRE) (Dunia and
Joe Qin, 1998). All methods give fairly good results, and have each advantages and
drawbacks, it is then advisable to carefully choose the criterion that is most suitable
for the desired application. We describe in what follows some of the most common
criteria that may be used in choosing the number of components.

1.3.1 The Eigenvalue Greater Than One Rule

In principal component analysis, one of the most commonly used criteria for solving the
number of components problem is the eigenvalue-one criterion, also known as the Kaiser
rule (Kaiser, 1960). This approach simply retains the components corresponding to an
eigenvalue greater than 1 (λi > 1). The logic behind this criterion is straightforward,
the more variables that load (or project) onto a particular component (i.e., have a high
correlation with the component), the more important the component is in summarizing
the data. In other words, the eigenvalue is an index indicating how good a component
is in summarizing the data. Recalling that data matrix is of dimension n×m , and
that we have m eigenvalues when diagonalizing its covariance, we can be sure that
an eigenvalue greater than 1.0 means that the corresponding component contains at
least the same amount of information as a single variable. Thus, components with
eigenvalues less than 1.0 are viewed as trivial, and are not retained. This rule has been
often criticized that it sometimes results in the selection of too many components.
The general advice is to use this method as a starting point, try another method, and
then select a number of components such that the resulting components seem valid.

1.3.2 Cumulative Percentage of Variance

PCA is all about variance of data, high variance means signal or meaningful information,
and low variance means noise. This means that PCA filters data by estimating the
data with only high variance components. The optimality criterion for component
determination used in this case is an information criterion. Recalling that principal
components are ordered according to decreasing variance, we have to retain enough
PC’s so that their cumulated variance (CV) approximates the total variance of the
original variables. In practice, we consider the following information ratio:

CPV (`) = 100


∑̀
j=1

λj

m∑
j=1

λj

% (1.22)
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Therefore, we have to choose ` so that the cumulative percentage of variance CPV (`)
is sufficiently high. Generally, values in the range 70-80% are considered satisfactory,
but for more accurate models higher CPV ratio is often required (over 90%).

1.3.3 Cross-Validation Criterion

Another mean of choosing the number of principal components is to fit the model to
only part of the available data (training set), and to measure how well models with
different numbers of extracted components fit the other part of the data (validation
set). In other words, perform a cross-validation. The number of principal components
to be retained is then usually one that optimizes some criterion or selection rule.
Various choices exist in the litterature, but here we only present the criterion known
as the predicted residual sum of squares (PRESS) described by (Wold, 1978). This
criterion is given by,

PRESS(`) = 1
Nm

N∑
k=1

m∑
i=1

(
x̂`i(k)− xi(k)

)2
(1.23)

where N is the size of the used validation set. By calculating PRESS(`), (for
` = 1, . . . ,m), we pick the first value of ` that minimizes PRESS(`) and consider it
as the desired number of components to keep in the model. Drawbacks of this method
are high computational cost, as we construct various PCA models for (` = 1, . . . ,m).
Also, it leads in some cases to extracting too many components, and thus having an
overfit model, i.e. a model that matches the training data too well, inducing the loss
of the model’s predictive ability.

1.3.4 Variance of the Reconstruction Error

Perhaps the most suitable and accurate approach for the determination of the PC’s for
practicel purpose, is the variance of reconstruction error (VRE) introduced in Dunia
and Joe Qin, 1998. It’s principle consists in estimating a variable from other process
variables using the PCA model. The reconstruction accuracy is thus related to the
capacity of the PCA model to reveal the redundancy relations among the variables.
First of all, we begin by defining the reconstruction principle then we show how to use
this principle for determining the accurate number of components for the PCA model.

Let x(k) be a sample vector of the data matrix X in 1.14, x(k) is given by:

x(k) = [x1(k), . . . , xm(k)]T (1.24)

We know that an estimation, or reconstruction, of vector x(k) can be performed via
matrix C` = P`P

T
` . That is one of the basic properties of a PCA model. Now let’s

choose from x(k) a sample corresponding to variable i, we thus write our vector x(k)
as:

x(k) = [x1(k) . . . xi−1(k) xi(k) xi+1(k) . . . xm(k)]T (1.25)

The highlighted element xi(k) is the sample k of variable i that we would like to
reconstruct. The estimate x̂i(k) from PCA model can be used as a reconstruction of
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xi(k). However, we need this reconstruction to be based on the linear PCA model
established from the rest of variables, meaning all process variables except the i-th
one, in order to eliminate its influence. The drawback of conventional estimation
approach is that the xi(k) contained in x(k) is used in the estimate. Therefore, the
estimate is somewhat contaminated or affected by xi(k). To eliminate the effect of
the ith sensor or variable, we feedback the estimation of the ith variable x̂i(k) to
the input to replace xi(k) and iterate until it converges to a value zi(k) as shown in
Figure 1.6. Every iteration through the PCA model is an orthogonal projection to the
principal component subspace as explained in (Harkat, 2002). The iteration is defined
by (Dunia and Joe Qin, 1998), and can be represented by the following expression:

zi (k) =
[cT−i 0 cT+i]

1− cii
x(k) (1.26)

Where zi(k) is the reconstructed value of measurement xi(k) and c−i, c+i denote,
respectively, the first (i− 1) and last (m− i) elements of the i-th column of matrix C`.
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Figure 1.6 – Iterative approach for reconstruction

Thus, the new reconstructed vector x(i)(k) denotes the vector that contains all the
elements of x(k) except the i-th element which is replaced by its reconstruction zi(k)
calculated as in 1.26. x(i)(k) is then given by:

x(i)(k) = [x1(k) . . . xi−1(k) zi(k) xi+1(k) . . . xm(k)]T (1.27)

Remark. PCA has the ability to "Reconstruct" the original variables from the principal
component, or at least from the ` first ones, using an inverse mapping. However, we’d
rather like to refer to this operation as "Estimation" and not reconstruction in order
to avoid ambiguity with the reconstruction explained here.

A more generalized form of the reconstructed vector x(i)(k) can be defined as:

x(i)(k) = G(i)x(k) (1.28)
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The projection matrix G(i) is given by:

G(i) =
[
ξ1 ... gi ... ξm

]T
, gTi =

[
cT−i 0 cT+i

]
1− cii

(1.29)

Or, G(i) is expressed in terms of C` as:

G(i) = Im − ξj(ξTj C`ξj)−1ξTj C`) (1.30)

Where ξi = [0 . . . 1 . . . 0] is the vector of reconstruction direction with all elements
equal to 0 except the i-th which value is 1, and Im is the identity matrix of size m.

The variance of reconstruction error quantifies the information lost during the recon-
struction process. In fact, there is always a part of the measurement variation that
cannot be reconstructed. This part is called the reconstruction error, and it can be
computed in the reconstruction direction ξj by the difference between the original and
reconstructed measures by ξTj (x(k)− x(i)(k)).

In the same way that the estimation error using PCA model is calculated in 1.9 based
on matrix Cm−` = I − C`, the reconstruction error is calculated as:

ξTj (x(k)− x(i)(k)) =
ξ̃Tj x(k)
ξ̃Tj ξ̃j

(1.31)

Where ξ̃j = (I − C`)ξj , and ξ̃Tj ξ̃j = (1− cii). The variance of reconstruction error is
then equal to the variance of the difference between the original and reconstructed
variable, and is given by:

ρi(`) = V ar
{
ξTj (x(k)− x(i)(k))

}
=

ξ̃Tj Σξ̃j
(ξ̃Tj ξ̃j)2 (1.32)

Thus, the number of components to be retained according to the the variance or recon-
struction error criterion (VRE), is the one that minimizes the global reconstruction
error given by:

V RE(`) =
m∑
j=1

ρi(`)
ξTj Σξj

(1.33)

In other words, the criterion defined in 3.48 must ensure that the chosen number
of components is the optimal `opt that have the best reconstruction possible .i.e the
lowest reconstruction error.

`opt = arg min
`
{V RE(`)} (1.34)

With its ability to eliminate the effects of a variable in a desired direction, the
reconstruction of variables principle can serve for various purposes including the use
for filling missing values in the data. Applied in process monitoring, and in the case
of a sensor problem/fault, the reconstruction technique can be applied to the process
to restore in-control operations, i.e. determining optimal replacement values of faulty
values in data. The reconstruction of variables is also a powerful method for isolation
of detected faults.
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Figure 1.7 – Evolution of the different presented criteria in
terms of principal components

In order to compare between the different criteria presented in this section, let us
discuss the results for the determination of the number of components for the simulation
example in 1, which are presented in Figure 4.6. The eigenvalue rule in 1.7a and the
variance of reconstruction error in 1.7d give the same number of components to retain,
which corresponds to two (` = 2) components. This resulting number of PC’s perfectly
matches the results of the correlation study given in table 1.1. In the other hand, the
PRESS criterion in 1.7c yields three components, where the cumulative percentage of
variance in 1.7b depends on the required variance to obtain (1 component for more
than 80% and 2 components for 98%). The VRE criterion is by far the most accurate
criterion for best results in a practical situation, that is because it minimizes the error
in variable reconstruction, and even though the eigenvalue rule gives the same results,
it tends to perform poorly in practical situations.

So, if we consider that the number of components retained for the example 1 is ` = 2,
we can estimate the reduced rank matrix X̂ from the first two components by reverse
mapping as in 1.8. The estimated variables are presented in Figure 1.8, we can clearly
see that the PCA model yields a good estimation of data based on only the first two
principal components.
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1.4 Conclusion

In this chapter, we presented the basic principle of process modeling using linear
principal component analysis approach. The different steps to follow in order to
construct an adequate PCA model are presented. We also presented interpretations
of the different projection onto sub-spaces, i.e. principal components and residuals,
and their relation to the initial data. The identification of the PCA model requires
the determination of the number of principal components (PCs). Several approaches
are used in the literature to identify the optimal number of components to retain for
the PCA model, we presented four most known criteria: the eigenvalue one rule, the
cumulative percentage of variance, the cross-validation criterion, and the variance of
reconstruction error criterion. This last criterion is very interesting for diagnostic
purposes, because it allows the exploitation of the redundancies that exist between
the different variables, and ensures a minimum reconstruction error by the model. A
simulation example is used to illustrate the use and accuracy of these critera for the
determination of the PCA model’s structure.
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2.1 Introduction

The classical approaches to supervision is to check the limits of single variables
based on univariate statistical techniques and alarm the operators in case of fault
occurrence. However, these approaches determine limits for each observation variable
without using any information from the other variables. Because process data are
in general serially correlated, and especially in chemical complex processes, classical
univariate approaches lack sensitivity to many faults occurring in such processes. The
need to handle these correlations between variables has led to the development and
employment of process monitoring statistics based on multivariate approaches for
monitoring complex processes.

Multivariate statistical methods, such as Principal Component Analysis (PCA), have
been widely applied in the process industry. Due to their capability of dimension
reduction and the non-necessity of an explicit input-output model, these methods
have been used for performance monitoring in high-dimensional complex systems that
have correlated inputs/outputs. In (Kresta et al., 1991), a multivariate monitoring
procedure analogous to the univariate Shewart Chart was proposed, in which methods
are employed to compress available measurements into a low-dimension space while
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retaining most of the information. A considerable number of researchers have centred
their interest in the application of multivariate statistical methods for process modelling
and fault detection in various applications, and especially using PCA (MacGregor
and Kourti, 1995), (Doymaz et al., 2001), (Qin, 2003), (Tien et al., 2004), (Wang and
Xiao, 2004), (Harkat et al., 2006), (Sharmin et al., 2008), (Harrou et al., 2013), (Nasri
et al., 2015).

In general, the procedure begins by establishing a principal component plan or model
under normal operations, and then an index is calculated to evaluate the process
performance. Among the commonly used indices are the Squared Prediction Error
(SPE) that calculates the perpendicular distance between a new observation and the
established estimate using principal components, and the Hotelling’s T 2 statistic that
represents the variability in the principal component subspace (Qin, 2003). Other
indices include the Squared Weighted Error (SWE) and the combined index. Based
on the calculated index, a proper threshold can be established for fault detection,
where exceeding values with respect to that threshold are considered as faulty entries.
The fault isolation field using PCA has also been explored, and many solution were
introduced, including the contribution chart by (MacGregor et al., 1994), the multi-
block method (Chen and McAvoy, 1998), the partial PCA (Huang et al., 1999), the
reconstruction based isolation (Dunia et al., 1996a), (Dunia et al., 1996b), and many
others. The contribution chart determines the contribution from each process variable
to the prediction errors, while the multi-block method groups the process variables
into several blocks with each corresponding to a specific section of the monitored
process. The partial PCA consists in constructing several partial models, where the
reconstruction based approach relies on the reconstruction of variables in several
directions, both method eliminate the effect of the fault by eliminating its effect, one
by constructing partial model, and the other by performing a fault free reconstruction.
All the proposed methods demonstrated their capabilities to identify the variables
that causes the deviation of the process performance from its normal conditions.

A limitation of PCA is that most real industrial processes operate at a number
of different conditions and modes. So, applying classical static PCA approach to
such a process can produce excessive number of false alarms or alternatively, missed
detection of process faults, which significantly compromises the reliability of the
monitoring strategy. Hence, extensive research has been carried out to address this
limitation of PCA, and many solutions are available which can be resumed in three
classes (De Ketelaere et al., 2015), (Rato et al., 2016), and these are Dynamic PCA
(DPCA) (Ku et al., 1995), Recursive PCA (RPCA) (Li et al., 2000), and Moving
Window PCA (MWPCA) (Wang et al., 2005). DPCA was developed to handle
autocorrelation, whereas RPCA and MWPCA are able to handle non-stationary
data. Other adaptations of PCA have been proposed to cope with non-linearities in
processes such as the auto-associative neural networks (Kramer, 1991), the principal
curves and neural networks approach (Dong and McAvoy, 1996), the method based on
input-training neural network (Jia et al., 2000) and the Kernel PCA (Scholkopf et al.,
1998). However, despite these existing research efforts, the detection and isolation of
sensor faults in real system remains always a challenging problem.

In this chapter, we present different approaches for sensor fault detection and isolation
based on static version of PCA. The first section is dedicated to the different statistics,
or control charts that are common with all applications of PCA based FDI strategies.
That is, the squared prediction error (SPE), the Hotteling’s T 2, and the squared
weighted error (SWE). Also, the threshold calculation for each index is presented.
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Next, we present the fault detection strategy based on static PCA, and the procedures
for the isolation of faults with particular focus on the reconstruction based approach.
Then we illustrate the presented strategy with a simulation example.

2.2 Fault detection

The PCA based monitoring scheme, as any SPC scheme, is carried out in two phases.
Phase l is dedicated to elaborating a model of the process, where monitoring charts
are built according to a set of historical in-control data. Once the performances of the
process has been understood and modelled, and the assumptions of its behaviour and
process stability are checked, the next phase is engaged. Phase II is the exploitation
of the model, the charts are used to monitor the process using new available data
from new runs on the process.

One of the most powerful tools in process quality control is the statistical control
chart first developed in the 1920’s by Walter Shewhart. Multivariate control charts
however were introduced in 1947 by Harold Hotelling (Hotelling, 1947). They allow to
aggregate information concerning a few process variables on one control chart using
some statistic. This statistic is a measure of distance between the values of these
variables while taking into account the structure of correlations between variables in
the form of covariance matrix. In the case of PCA, it can serve as model established
from collected data on a process, where new observation measurements in the testing
set can be projected into the lower dimensional space. This new data can then be
decomposed into a principal component part and a residual part. Each of these
projections can be monitored separately or jointly using control charts, where several
Shewhart type statistics can be used for this purpose.

2.2.1 Squared Prediction Error (SPE)

A typical statistic to detect abnormal situations in data is the squared prediction
error (SPE), also known as the Q statistic. This statistic measures the total sum of
variations in the residual space, i.e. the portion of the observation space corresponding
to the m−` smallest eigenvalues. It is defined as the residual distance and is computed
as the squared 2-norm of this residuals, or, as its sum of squares. For an observation
vector x(k), the SPE is given by,

SPE(k) = ‖e(k)‖ =
m∑
i=1

(ei(k))2 (2.1)

given that :
e(k) = x(k)− x̂(k) = (1− C`)x(k) (2.2)

A threshold can be applied to define the normal variations of noise for the SPE statistic,
and a violation of this threshold would indicate that the noise has significantly changed.
i.e. indicating the presence of abnormal situation or fault in the data. The control
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threshold for the SPE statistic (δ2
α), with a significance level α, has been approximated

by (Jackson and Mudholkar, 1979), as:

δ2
α = θ1

[
h0cα
√

2θ2
θ1

+ 1 + θ2h0(h0 − 1)
θ2

1

]1/h0

(2.3)

Where θi =
m∑

j=`+1
λij , given that λj is the j-th eigenvalue of covariance matrix Σ, and

i = 1, 2, 3. h0 = 2θ1θ3
3θ2

2
. cα is (1−α)×100 percentile for a standard normal distribution.

Later on, (Nomikos and MacGregor, 1995) demonstrated that the control limit for
the SPE can also be calculated from the approximate solutions based on quadratic
forms developed in (Box, 1954). The distribution of SPE is approximated in (Box,
1954) by a non-central chi-square (χ2) distribution where g is the scale parameter and
h the freedom degree.

δ2
α = gχ2

h,α (2.4)

(Nomikos and MacGregor, 1995) used this approach and proceeded to estimate the
parameters of the non-central chi-square (χ2), which are computed in terms of the
mean and the variance of the SPE calculated under NOC. Thus, g and h for the
SPE threshold in 2.4 are given by:

g = b

2a (2.5)

h = 2a2

b
(2.6)

where a is the estimate mean of SPE and b is its estimate variance.

2.2.2 Hottelling T 2 statistic

Another common statistic is the Hotteling T 2 statistic. This statistic provides an
indication of unusual variability within the principal subspace. It is calculated as the
scaled squared 2-norm of first principal components vector t̂(k). Or, the value of one
sample is equal to the sum of squares of the adjusted (unit variance) projections on
each of the principal components, and is given by:

T 2(k) = t̂(k)TΛ−1
` t̂(k) =

∑̀
i=1

t2i (k)
λi

(2.7)

where Λ` is the diagonal matrix consisted of the ` largest eigenvalues λi = [λ1, . . . , λ`]
of Σ, this is acting as a scaling in respect of the variances for the ` first components.
The process is considered normal for a given significance level α if T 2 < τ2

α. The
control threshold τ2

α can be obtained by different approaches, but it is frequent to use
the following expression (Tracy et al., 1992):

τ2
α = `(N − 1)2

N(N − `)F`,(N−`),α (2.8)
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where F`,(N−`),α is the (1 − α) × 100 percentile of the Fisher distribution with `
and (N − `) degrees of freedom. The T 2 index can also be well approximated by a
Chi-square (χ2) distribution with ` degrees of freedom (Qin, 2003),

τ2
α ∼ χ2

`,α (2.9)

2.2.3 Squared Weighted Error (SWE)

Another control statistic is the squared weighted error (SWE) which is a symmetric
implementation of the T 2 statistic in the residual sub-space, it is also know as the
Hawkins T 2

H statistic, and is defined as:

SWE(k) = t̃(k)TΛ−1
m−`t̃(k) (2.10)

The process is considered faulty if it exceeds its detection threshold ε2α for a given
significance level α, given by

ε2α = (m− `)(N2 − 1)
N(N −m− `) Fm−`,N−m−` (2.11)

where Fm−`,N−m−` is the (1−α)×100 percentile of the Fisher distribution with m− `
and (N −m− `) degrees of freedom. Similarly, the control threshold for the SWE
statistic can be approximated by a Chi-square χ2 with m− ` degrees of freedom.

ε2α = χ2
(m−`),α (2.12)

As in the case of the Hotelling T 2 statistic, the SWE statistic is scaled with respect
to the (m− `) eigenvalues/variances.

2.2.4 Fault Detection Scheme

A typical process monitoring scheme contains one or more measures, that are collected
by process sensors. These measures in some way represent the state or behavior of
the process. The idea is to convert the data collected from the process into a few
meaningful measures, and thereby assist the operators in determining the status of the
process, and if necessary in diagnosing the faults. So, Assuming that we have collected
a large number n of measurements during a training period for a given process, the
first step in fault detection scheme is building the model. The establishment of an
accurate PCA model is one of the key issues in the design of a PCA fault detection
scheme. This model, constructed under NOC, is used for the residual evaluation
process. Considering that the process will be monitored by one/several statistics,
these need to be computed along with their corresponding control thresholds. The
next phase is the exploitation of the constructed model, i.e. fault detection phase.
Now if we consider new data available from the process, fault detection is defined as
the practice of determining whether these new observations from the process are in
control or not. This is done by calculating the new monitoring charts, and controlling
them using the computed thresholds during the previous phase. A faulty condition is
declared if the computed statistic exceeds its detection threshold.



Chapter 2. PCA based Fault Detection and Isolation 31

PCA model Fault Detection

Training
Data

System New Data

Normalize
Data

Normalize
New Data

Build PCA
ModelΣ, P,Λ, `

Compute
SPE, δ2

α

Compute
new SPE

SPE < δ2
α

ALERT

no

NOC

Figure 2.1 – Fault Detection Scheme Based on PCA Model

Process fault detection with PCA will proceed as described in Figure 2.1. This is the
case where the SPE statistic is used to control the process. In the fault detection
phase, first the SPE statistic for the new observation is computed, then the SPE is
checked against the corresponding threshold δ2

α. If the SPE statistic exceeds the
threshold (SPE > δ2

α) then a fault is detected and we proceed to the isolation of
the fault. In this case the detected fault has broken the correlation structure of the
model. On the contrary, if the SPE is in-control (SPE < δ2

α) then the process is
considered in control. This type of detection scheme is mostly adapted for stationary
processes as it is based on a static PCA model. The trained model in this case remains
static as new observations are obtained. Therefore, it will not adjust as underlying
parameter values change, i.e. changes in mean and variance, and does not attempt to
model relationships between observations at different time samples, i.e. changes in
autocorrelation structure.

2.2.4.a Generalized indices and detectability conditions

For a generalized fault detection scheme, let us consider that Υ and Γ2 are respectively
a quadratic statistic and its corresponding threshold, where Υ could be any of the
detection statistics presented above. In fact, each of these detection indices is a
quadratic distance, and is defined as a squared euclidean norm of a projection of the
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sample vector x(k), given by:

Υ(k) =
∥∥∥H 1

2 x(k)
∥∥∥2

= x(k)TH
1
2 x(k) (2.13)

Where H
1
2 is a positive semi-definite matrix, which is defined according to table 2.1

for different detection statistics, (Mnassri, 2012).

Detection index Υ Characteristic Matrix H 1
2 Detection threshold Γ2

SPE Pm−`P
T
m−` δ2

T 2 P`Λ
1
2
` P

T
` τ 2

SWE Pm−`Λ
1
2
m−`P

T
m−` ε2

Table 2.1 – Detection statistics

A generalized control limit Γ2 for a significance level (1− α) can be computed based
on quadratic form approximations (Box, 1954), for the index Υ, as:

Γ2
α = gΥχ

2
(hΥ,α) (2.14)

Where gΥ and hΥ are the scale parameter and the degrees of freedom computed as
follows:

gΥ = tr
[
(ΣH)2]

tr [ΣH] (2.15)

hΥ = (tr [ΣH])2

tr [(ΣH)2] (2.16)

Given that Σ is the covariance matrix of data, and tr[.] is the trace of square matrix.
Let us recall that in a faulty case the data are corrupted with faults f(k) at sample
time k, in different projection directions Ξj . The sample vector x(k) index can be
rewritten as:

x(k) = x∗(k) + Ξjf(k) (2.17)

where Ξj is the matrix which columns are those of an identity matrix corresponding
to fault directions. The necessary condition of detectability for the fault Ξjf(k) using
an index Υ is then given by the following inequality:∥∥∥H 1

2 Ξjf(k)
∥∥∥2
> 2Γ2 (2.18)

The condition in 2.18 is valid for all quadratic indices defined in table 2.1.

2.2.5 EWMA Filtering

For further enhancement of the performances of detection statistics, (Wold, 1994) suc-
cessfully combined EWMA filters in conjunction with PCA and PLS. The Exponontial
Weighted Moving Average (EWMA) filter can be used on the generated residuals to
reduce noise’s impact on the data, thus reducing false alarms. The EWMA filter is
much more efficient in the case when the treated data are not normally distributed.
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Consequently, the filtered residuals are closer to normal distribution than the unfiltered
residuals (Qin et al., 1997). The expression of EWMA filter applied on a residual
vector e(k) is given by:

e(f)(k) = (1− β)e(f)(k − 1) + βe(k) (2.19)

Where e(f)(k) is the filtered residuals, and β is a diagonal matrix which elements are
the forgetting factors. If we note β = γI, then 0 < γ < 1 is adjusted according to
the faults to detect, i.e. γ close to zero to favour abrupt changes detection (mean
changes), and close to one to favour slow changes detection (variance changes).
The filtered SPE, denoted SPE(f), is then computed from the filtered residuals
e(f)(k) as:

SPE(f)(k) =
∥∥∥e(f)(k)

∥∥∥ (2.20)

However, control threshold δ2
α for the SPE in 2.3 and 2.4 cannot be used for detection

changes in the filtered version SPE(f), as the filtered SPE defines a smaller region
than the SPE. (Qin et al., 1997) defined the control threshold for the SPE(f) in
terms of the conventional SPE’s limit (δ2

α) and the forgetting factor γ, as:

δ2
α(f) = γ

2− γ δ
2
α (2.21)

This EWMA scheme for filtering residuals and SPE can also, more or less, be applied
for the T 2 and SWE statistic. However, it is necessary to point out that these statistics
measure different situations of the process, and have different behaviors as of detecting
abnormal situations. The SPE and SWE statistics measure variability in the residual
space, i.e. variability that is not included in the normal process correlation, which
often indicates an aberrant information, while the T 2 index measures the distance
from the origin in the principal component subspace. As the normal region defined by
the control limit for T 2 is usually much larger than that of the SPE, it usually takes a
much larger fault magnitude to exceed the T 2 control limit, while the SPE can detect
any small to moderate faults. In the other hand, the use of the SWE index may be
more effective in some cases, because taking into account the residual variances can
enable to detect faults that can not be detected using the SPE index. However, as
the SWE statistic is scaled with respect to the last (m − `) eigenvectors, this can
result in some ill-conditioning results when the last (m− `) eigenvalues are very close
to zero, and can also be not defined in some cases.

A similar EWMA filtering scheme can be applied directly on the desired statistic,
without having to filter residuals. Thus, for a given statistic Υ, the general expression
of EWMA filtered index Υ(f) is given by:

Υ(f)(k) = (1− γ)Υ(f)(k − 1) + γΥ (2.22)

The corresponding control threshold Γ2
(f) then has to be computed from the approxi-

mate distribution of the filtered index Υ(f)(k) using equations 2.4, 2.9 and 2.12 , for
SPE(f), T 2

(f) and SWE(f), respectively.
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2.3 Fault Isolation

Once a fault has been detected, the next step is to determine the cause of the out-
of-control status, i.e. the isolation of faults. Isolating or identifying the fault in
processes can be a challenging task, especially in chemical processes that are highly
integrated and complex. Practically, many variables of the process go out-of-control
simultaneously and in a short time period when a fault occurs. The aim of fault
identification is then to determine which variables are most relevant to diagnosing the
fault, or in other words which variables are responsible of the fault. In the literature,
many researches treated the topic of fault isolation, and several approaches have been
proposed for isolation of faults in MSPC based on PCA models.

The most popular approach to fault isolation is the contribution plot approach
(MacGregor et al., 1994), (Miller et al., 1998). This approach requires no prior
knowledge except for a normal PCA model, and is classified as an unsupervised
method for isolation. The principle of contribution based isolation is to determine
the effects of the fault, on the observed vector of measurements, by quantifying the
contribution of each process variable to the individual scores of the PCA representation.
Other methods, so-called supervised methods, include Partial PCA, reconstruction-
based approach, and many others. Partial PCA, introduced by (Gertler et al., 1999)
was inspired by ideas borrowed from parity relations. By performing PCA on subsets
of variables, a set of structured residuals can be obtained in the same way as structured
parity relations. The structured residuals are utilized in composing an isolation scheme
for sensor and actuator faults, according to a properly designed incidence matrix. If
prior knowledge or historical data of the faults are available, the reconstruction-based
approach, (Dunia et al., 1996a), (Dunia et al., 1996b) and (Dunia and Qin, 1998), can
lead to more conclusive results.

Different other methodologies based on fault reconstruction on fault signature extrac-
tion (Yoon and MacGregor, 2001) in addition to different classification techniques
based on the use of partial least squares discriminant analysis (Sjöstrjöm et al., 1986)
were successfully applied to fault diagnosis. A good review on isolation methods and
applications developed during the last two decades can be found in (Qin, 2012) and
(Russell et al., 2012).

2.3.1 Contribution Plots

This method was proposed by (MacGregor et al., 1994) and (Miller et al., 1998) and
is a widespread solution for fault identification when there is no a priori knowledge
about the different types of fault in the process.

In the case of the SPE, for a new observation x(k), and in a given direction j, the
contribution of the variable xj(k) to the SPE is given by the following expression:

Contj(k) =
(
ξTj (x(k)− x̂(k))

)2
=
(
ξTj C(m−`)x(k)

)2
(2.23)

Where ξj is the direction vector with all elements equal to 0 except the j-the which value
is 1. The contributions calculated are based on the residuals of each sensor/variable
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at every sample. Thus, the sensor with the largest error is considered faulty, since it
has a major contribution to the SPE index used for fault detection.

Using the definition of (Alcala and Qin, 2009), the contributions of variables in the
genralized case for the quadratic index Υ is given by :

ContΥj (k) =
(
ξTj H

1
2 x(k)

)2
(2.24)

where H
1
2 is defined in table 2.1 for the SPE, the Hotteling’s T 2 index and the

Hawkins SWE statistic.

The j-the variable is considered faulty if:

ContΥj (k)
Γ2 > 1 (2.25)

where ContΥj (k) is the contribution calculated for the index Υ, and Γ2 is the corre-
sponding control threshold. Using the previous formulas for the corresponding index,
the total contribution of variable Xj is calculated as:

CONTΥ
j =

n∑
k=1

ContΥj (k) (2.26)

This contributions arranged in the corresponding bar charts for all variables are known
as contribution plots and are excellent tools for quickly identifying the observation
variables that are related to the detected fault.

2.3.2 Partial PCA

Partial PCA, introduced in (Gertler et al., 1999), is a PCA performed on a reduced
rank matrix X(i), where some variables in the original data matrix X are missing.
Therefore, the residuals will only be sensitive to faults in the variables which are
present in the reduced model. In other words, structured residuals are designed so that
each residual is sensitive to a particular subset of fault. Thus, the faults associated
with the variables i eliminated from the partial PCA model will yield a fault free
residuals. The structured residuals are characterized by an incidence matrix, where
the rows of this matrix correspond to residuals and its columns to faults. Table 2.2
is an example of a highly isolating structure for 3 variables, also know as theoretical
signature matrix. The intersections between lines and columns in matrix of table
2.2 indicate the relation of the residual (e1, e2, e3) to the faults (f1, f2, f3), where a
"1" indicates that the residual is sensitive to the fault, where a "0" indicates that the
residual is not sensitive to the fault.

A more compact solution for the isolation of faults based on partial PCA models is
then performed using the desired fault detection index calculated from the structured
residuals. The global procedure is done in two phases and is resumed in the following
steps, as explained in (Harkat, 2002)

Phase I: PCA sub-models
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f1 f2 f3

e1 0 1 1
e2 1 0 1
e3 1 1 0

Table 2.2 – Highly isolating incidence matrix

1. Conduct a PCA on the data matrix.
2. Construct highly isolating incidence matrix.
3. Construct a set of PCA sub-models, i.e. Partial PCA’s, corresponding to the

theoretical structure predefined in step 2.
4. Determine the thresholds of the desired statistic for fault detection.

Phase II: Isolation of faults
1. Acquire a new set of testing data.
2. Compute the new fault detection index for each partial PCA model.
3. Compare the index to the corresponding threshold and construct the experi-

mental signature faults, i.e. put "1" in case of presence of fault, and "0" in case
of its absence.

4. Compare the experimental signature of the faults with the columns of the
incidence matrix to determine the faulty variable.

2.3.3 Reconstruction-based Approach

(Dunia et al., 1996a) introduced an approach to process sensor fault detection and
isolation using PCA, based on the reconstruction principle. The obtained PCA
considers the best model for fault reconstruction using the variance of reconstruction
error criterion, see section 1.3.4. The reconstruction of process faults consists of
estimating the sample vector x(k) by eliminating the effect of the fault f(k) in
direction ξi (Dunia et al., 1996a), (Dunia et al., 1996b), (Dunia and Qin, 1998), thus :

x(i)(k) = x(k)− ξif(k) (2.27)

The reconstruction of the corrupted observation vector x(k) is conducted in direction
i, which replaces the observation in this direction by its fault-free reconstruction using
the following expression.

x(i)(k) = G(i)x(k) (2.28)

The projection matrix G(i) is given by:

G(i) =
[
ξ1 ... gi ... ξm

]T
, gTi =

[
cT−i 0 cT+i

]
1− cii

(2.29)

Or, G(i) is expressed in terms of C` as:

G(i) = Im − ξj(ξTj C`ξj)−1ξTj C`) (2.30)
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Where ξi = [0 . . . 1 . . . 0] is the vector of reconstruction direction with all elements
equal to 0 except the i-th which value is 1, and Im is the identity matrix of size m.
This method for isolation then suspects that each variable is faulty and suggests to
reconstruct it using the PCA model from the remaining variables. Subsequently, the
residual vector is defined by:

e(i)(k) = (I − C`)G(i)x(k) (2.31)

So, if we note by SPE(i) the expression of the SPE index computed after reconstructing
the i-th variable, this particular index will not be affected with faults in this direction.
In a more generalized way, the fault reconstruction methodology is explained in terms
of various detection statistics. Let us consider the case of an unknown fault ξjf(k).
The detection statistic Υ(i) is the calculated index after reconstruction of the i-th
variable, i.e. in direction ξi, and is given by:

Υ(i)(k) =
∥∥∥H 1

2 x(i)(k)
∥∥∥2

(2.32)

Given that Γ(i)2 is the corresponding control threshold for the index Υ(i)(k) , and
according to the reconstruction principle, the reconstructed index Υ(i)(k) will be in
control (not faulty) in the case when the direction of the real fault ξjf(k) is the same
as the reconstruction direction ξi, that is, when ξi = ξj . The isolation can then be
performed based on a comparison between a predetermined theoretical signatures
matrix (incidence matrix) as in 2.2, and the experimental signatures matrix established
after reconstructions in different directions ξi, or using the following isolation index:

AΥ(k) = Υ(i)(k)
Γ(i)2 (2.33)

The variable for which the isolation index AΥ(k) is lower than one is declared faulty.

2.4 Simulation Example

To demonstrate the application of the FDI strategy based on PCA model according to
the scheme explained in 2.1, let us recall the previous simulation example in 1. After
constructing a PCA model in the first phase, based on ` = 2 principal components (as
detailed in section 1.3.4), we compute the off-line thresholds for the used statistics
(SPE, T 2 and SWE). A new set of 500 data samples are generated based on relations
of example 1, and a fault is added to variable 3 from sample time 350 to 500, as a
bias corresponding to 10% of the variable variation.

The first computed statistic is the SPE indicator which is represented by Figure 2.2.
We notice that the injected fault is correctly detected based on this index with around
5 missed detections, and with the presence of a small amount of false alarms. Figure
2.3 represents the detection of faults based on the SWE indicator, which exhibits a a
slightly better results than the SPE, with barely one missed detection. This is due to
the sensitivity of the SWE, because of its weighting by the eigenvalues. Finally, the
T 2 statistic is presented in Figure 2.4, in which we note that the statistic could not
detect the injected fault. As stated before, the T 2 by definition measures variations in
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the principal space, thus can only detect faults that are much higher in amplitude
than the ones detected by the SPE or the SWE statistic.

Once the fault is detected, the next step is to isolate the fault, in this case only
using the SPE indicator. We emphasis in our case on the isolation based on the
reconstruction approach. Figure 2.5 represents reconstructions in different directions
of the SPE index, denoted SPE(i), i = 1, . . . , 6. By definition, the reconstruction of
variables gives an estimate of the variables while eliminating the effect of a certain
variable of rank i, thus the reconstructions will be fault free if the fault is in this
ith variable. According to Figure 2.5, we notice the absence of the fault in SPE(3),
i.e. when eliminating the effect of third variable, which subsequently means that this
variable is the faulty one. This statement is obviously true given that the fault was
initially injected to the 3rd variable during our simulation.
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Figure 2.2 – SPE indicator for example 1
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Figure 2.3 – SWE indicator for example 1

2.5 Conclusion

Principal components analysis reduces the data representation subspace and enables the
determination of the redundancy relationships (linear relations among the variables).
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Figure 2.4 – T 2 indicator for example 1
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Figure 2.5 – Reconstructions based on SPE indicator of example
1 for fault isolation

The redundancy relations are then used to detect and isolate the faulty data. PCA is
constructed with fault-free data from a decomposition in eigenvalues and eigenvectors
of a covariance matrix. Then, the new data is referenced to this model where any
faulty condition can be detected. The detection of faults based on a PCA model is
mainly performed using a certain statistic or indicator, then the fault is isolated.
In this chapter, we presented the fault detection and isolation scheme based on a PCA
model. Various statistics are presented, namely the SPE , T 2 and SWE indicators
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and their corresponding thresholds. The isolation methods presented in this chapter
are the contribution plots method, the partial PCA method, and the reconstruction
based approach. The FDI scheme is illustrated based on a simulation example where
the different statistics (SPE , T 2 and SWE) are used for fault detection. The fault
isolation phase is performed based on the reconstruction based approach, which
demonstrates its effectiveness for the task.

PCA is a rather popular approach for sensor fault detection and isolation. It is
however limited, in its classical off-line case to stationary processes, and can not
handle dynamic processes, or non-linear processes. Therefore, other PCA variants
should be used depending on the process at hand, such as Recursive PCA, Moving
window PCA, Non-linear PCA, or Kernel PCA. In addition to that a more robust
approach is required in the case of uncertain processes, which is mostly the case, as the
real data sets always include uncertainties. This particular case motivated the research
presented in this manuscript for using PCA for interval-valued data for diagnosis.
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3.1 Introduction

The main idea of Multivariate Statistical Process Control (MSPC) approach is to
extract the useful data information from the original data samples obtained in large
quantities from a process under normal operating conditions, and construct some
statistics for monitoring the state or condition of the process. So far, the most widely
used MSPC method may be the principal component analysis approach. By implicitly
providing a model of the system while reducing the dimension of the used data, PCA
can handle high-dimensional and correlated process variables, and provide detailed
monitoring results for each process data samples. Along the past several decades,
different improvements and modifications have been made to the traditional PCA in
order to handle different natures of processes/data. Most of these PCA methods were
originally proposed in other areas, such as neural PCA (Kramer, 1991) and kernel
PCA (Scholkopf et al., 1998) for non-linear processes, as well as recursive PCA (Li
et al., 2000) and moving-window PCA (Wang et al., 2005) for time-varying processes,
among many others. These PCA variations have been widely investigated for use
in MSPC as a tool for sensor fault detection and isolation. However, none of these



Chapter 3. Interval-Valued PCA for FDI 43

approaches treats the particular case where process data are highly noisy due to sensor
uncertainties. i.e. there is no sufficiently robust approach with regard to uncertainties
of sensor measurements, though it is mostly the case in practical cases.

Indeed, real life data are approximate values given by the process sensors, and are
generally stained with uncertainties due to different factors, including measurement
noise, degradation from age, environmental exposure, and even maintenance inter-
ventions, which affects the measured signals and can lead ultimately to a mass of
misstatement and false alarms. A contemporary way of representing the influence of
these uncertainties on sensors is the representation in the form of interval-valued data.
In this case, each measurement is no longer represented as a value, but as a set of
values limited by the minimum and maximum recorded values. Interval-valued data
can be assumed as special case of Symbolic Data (SD) that were first introduced by
(Diday, 1987). Unlike a classical observation which takes a single value, a symbolic
observation takes multiple values. A symbolic observation can represent a category, an
interval, a sequence of categorical values, a sequence of weighted values, a bar chart,
a histogram, or a distribution. As a consequence, symbolic data have an internal
structure which does not exist in classical data and traditional methods of analysis of
classical data do not account for this structure. Therefore, new analytical methods
need to be developed to account for this special characteristic of symbolic data.

Statistical methods for handling symbolic data data have been considered in the
context of Symbolic Data Analysis. SDA’s emphasis is the analysis of data sets
where individuals are described by variables that can represent variation. In the
framework of SDA, PCA was adapted to the statistical treatment of symbolic data,
and mainly in the context of interval-valued data. In the last two decades, various
approaches were proposed. The first PCA adaptations for interval-valued data are
known as the vertices PCA (VPCA) and the centers PCA (CPCA) introduced by
(Cazes et al., 1997) and (Chouakria, 1998). Both methods involve a transformation
of the interval input matrix. The first approach uses the vertices matrix to compute
principal components, whereas the second uses centers matrix. (Lauro and Palumbo,
2000) proposed a multi-stage method called the symbolic object PCA (SO-PCA)
attempting to account dependency among the vertices of each observation. Other
PCA for interval-valued data methods include the midpoints-radii PCA (MRPCA)
introduced by (Palumbo and Lauro, 2003), which treats midpoints and interval ranges
as two separate variables to enhance CPCA by incorporating radius. (D’Urso and
Giordani, 2004), proposed an alternative approach using least squares for MRPCA.
(Gioia and Lauro, 2006) proposed an analytical approach based on an interval-valued
covariance matrix. A hybrid approach to PCA of multidimensional interval-valued
data has been proposed by (Irpino, 2006) so-called Spaghetti PCA. (Le-Rademacher
and Billard, 2012) employed symbolic covariance for interval-valued data to extend
the classical PCA. (Wang et al., 2012) proposed a new PCA for interval-valued data
method with an enhanced covariance matrix calculation , and is called the complete-
information PCA (CIPCA). (Chen et al., 2015) proposed the probabilistic symbolic
PCA for symbolic data with general probability distributions of data.

As an alternative to classical PCA, (Benaicha et al., 2013), (Ait-Izem et al., 2014a),(Ait-
Izem et al., 2014b), (Ait-Izem et al., 2015a), have shown that it is most likely possible
to apply PCA for interval-valued data methods in monitoring uncertain systems by
modeling sensors uncertainties in the form of intervals. Thus, ensuring a maximum
robustness of the diagnosis routine.
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3.2 Interval-valued Data

The true value of the quantity is a concept. In almost all cases, the true value cannot
be measured and the collected data on a process are only approximations given by
the sensors, and are thus imprecise. This is due mainly to the uncertainties induced
by measurement errors or determined by specific experimental conditions.
Let X ∈ Rn×m be the conventional data matrix containing n samples of m process
variables collected under NOC, where xj(k) is the k-th observation of the j-th variable.
In order to preserve the variable information, it is more appropriate to represent such
measure by an uncertain or interval value rather than a single value. The uncertainty
being unknown; we suppose that its variation is limited and can be represented by
an interval of the form [xj(k), xj(k)], where xj(k) and xj(k) denote, respectively, the
lower bound (LB) and the upper bound (UB) of the interval, precisely, they represent
the minimum and maximum values registered for the j-th interval valued variable
with respect to the k-th observation unit. To take into consideration the parameter
uncertainties and thus to provide strict bounds of the estimated measurements, only
real intervals are considered. Thus, the k-th real interval observation for the j-th
variable is denoted [xj(k)], and the new global interval matrix [X] is formalized as a set
of interval valued observation for the different description variables by the following:

[X] =


[x1(1), x1(1)] . . [xm(1), xm(1)]

. . .

. . .

[x1(n), x1(n)] . . [xm(n), xm(n)]

 (3.1)

Let δxj(k) be the error in a measurement, where xj(k) is the quantity of interest.
δxj(k) is the difference between the true value x∗j (k) and the value reported as a result
of a measurement xcj(k).

δxj(k) = xcj(k)− x∗j (k) (3.2)

Equivalently, when defining an interval model of the measured data, the radius of
the interval observation is given by the measurement error δxj(k), also denoted xrj(k),
while the center of the interval is given by the measurement xcj(k). Thus, the standard
intervation construction formula is given by:

[xj(k)] =
[
xcj(k)− xrj(k), xcj(k) + xrj(k)

]
(3.3)

The interval [xj(k)] can also be expressed in the form known as the midpoint-radius
form by the couple (midpoint,radius), as:

[xj(k)] =
{
xcj(k), xrj(k)

}
(3.4)

Choosing the bounds on a measurement, i.e. the width of the interval, depends on
the corresponding uncertainty, and is an important step for constructing accurate
data of the process. Neither measurements nor estimates are 100 % accurate, so in
reality, the actual value x∗j (k) of a quantity can differ from the result xcj(k) obtained
by measurement. The measurement errors being δxj(k) = xcj(k) − x∗j (k). The
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manufacturer of the measuring instrument must supply us with an upper bound δxj(k)
on the measurement error. If no such upper bound is supplied, this means that no
accuracy is guaranteed, and the corresponding measurement instrument is practically
useless. In this case, once we perform a measurement result xcj(k), we know that
the actual (unknown) value x∗j (k) of the measured quantity belong to the interval
x∗j (k) = [xj(k) xj(k)], where xj(k) = xcj(k)− δxj(k) and xj(k) = xcj(k) + δxj(k).

Dealing with quantitative variables, there are many other cases in which a more
complete information can be surely achieved by describing a set of statistical units in
terms of interval data. For example, daily temperatures registered as minimum and
maximum values offer a more realistic view on the weather conditions variations with
respect to the simple average values. Another example can be given by air quality data
where each concentration measurement is taken as a mean of several measurements over
15 minutes (sample time), the minimum and the maximum concentration, recorded
over 15 minutes, represent a more relevant information for experts in order to evaluate
tendency and variability of pollutants concentrations.

3.2.1 Interval Arithmetic and Statistics

This section reviews basic interval arithmetic operations and statistics for interval
computations used in this dissertation. Modern developments on interval analysis and
algebra go back to Moore’s work (Moore, 1966). Considering the generic interval-valued
datum [x], the definitions of real arithmetic operators and functions are extended to
interval-valued case.

Definition 3.1 : Interval-valued object
A real interval-valued object [x], is a closed and connected subset in R, defined by:
[x] = [x, x] = {x ∈ R/x < x < x}

Definition 3.2 : Trivial interval
An interval [x] = [x, x] is defined to be trivial if x = x. [x] is then reduced to a single
value and becomes a classical observation.

Definition 3.3 : Interval midpoint
The midpoint of a generic interval [x], or center, is given by:
xc = x+ x

2

Definition 3.4 : Interval radius and range
The radius of a generic interval [x] is given by:
xr = x− x

2
the range of an interval [x] is its width given by:
w([x]) = x− x

Definition 3.5 : Interval Sum
the sum of two generic intervals [x] and [y] is the set {x+ y : x ∈ [x], y ∈ [y]} where
x+ y < x+ y < x+ y, and is implemented as [x] + [y] = [x+ y, x+ y]
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Definition 3.6 : Interval Difference
the difference between two generic intervals [x] and [y] is the set {x− y : x ∈ [x], y ∈ [y]}
where x− y < x− y < x− y, and is implemented as [x]− [y] = [x− y, x− y]

Definition 3.7 : Interval Product
the product of two generic intervals [x] and [y] is the set {x× y : x ∈ [x], y ∈ [y]}
where MinS < x× y < MaxS, given that S =

{
xy, xy, xy, xy

}
, and is computed as

[x]× [y] = [MinS,MaxS]

Definition 3.8 : interval-valued vector and matrix
An n-dimensional interval vector [x], is the ordered n-tuple of intervals given by:
[x] = [[x1], [x2], . . . , [xn]].
The n ×m dimensional matrix X is the ordered m-tuple of interval-valued vectors
[xi], i = 1, . . . ,m given by: X =

[
[x1]T , [x2]T , . . . , [xm]T

]
Definition 3.9 : Interval mean
the interval mean [m] of an interval-valued vector [x] is defined as: [m] = 1

n

∑
i[xi]

Definition 3.10 : Interval distance
The distance between two generic intervals [x] and [y] is given by:
d ([x] , [y]) = |xc − yc|+ |xr − yr|
where d ([x] , [y]) satisfies the Euclidean distance properties.

This distance is based on a quadratic extension of the distance proposed by (Neumaier,
1990), and is better known as the Hausdorff distance between two intervals.

3.2.2 Interval-valued Data Normalisation

Typically, some normalisation must be performed prior to processing data in order to
objective or scale-invariant result. Three alternative normalisation methods for the
case of interval-valued data have been proposed in (Carvalho et al., 2006), and are
described below. Interval valued variables are normalised according to the procedure
described below, proposed by (Lauro et al., 2008). These results were obtained by
referring to some basic interval arithmetic concepts in section 3.2.1.

3.2.2.a normalisation using the dispersion of interval center and
range

Taking into account definition 3.10, the following properties can be verified. Let
{[xj(1)] , [xj(2)] , ..., [xj(k)]} be a set of finite interval, so that [xj(k)] ⊂ R ∀k ∈
{1, ..., n} and [mj ] is their corresponding mean interval, then:
n∑
k=1

[(
xcj(k)−mc

j

)
+
(
xrj(k)−mr

j

)]
= 0. and

n∑
k=1

d2 ([xj(k)] , [mj ]) is minimized. Where

xcj(k) and xrj(k) are the midpoints and the radius of [xj(k)] according to definitions
3.3 and 3.4, and mc

j ,mr
j are their respective means. Definition 3.10 allows to introduce

the notation of scalar variance for interval valued data. We define the variance as
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the sum of squared distances with respect to the mean interval, as a consequence the
variance σ2

j for interval valued data is defined as follows: σ2 = 1
n

n∑
k=1

d2 ([xj(k)] , [mj ]).

Variance definition can also be written according to the following formula:

σ2 = 1
n

n∑
k=1

(∣∣∣xcj(k)−mc
j

∣∣∣+ ∣∣∣xrj(k)−mr
j

∣∣∣)2
(3.5)

where [mj ] =
[

1
n

n∑
k=1

xj(k) 1
n

n∑
k=1

xj(k)
]
, mc

j = 1
n

n∑
k=1

xcj(k) and mr
j = 1

n

n∑
k=1

xrj(k).

With a little algebra we obtain:

σ2 = 1
n

[
n∑
k=1

(
xcj(k)−mc

j

)2
+

n∑
k=1

(
xrj(k)−mr

j

)2
+ 2

n∑
k=1

∣∣∣xcj(k)−mc
j

∣∣∣ ∣∣∣xrj(k)−mr
j

∣∣∣]
(3.6)

The expression in 3.6 affirms that the variance for interval valued data can be decom-
posed into three components: variance among midpoints, variance among ranges and
twice the connection between midpoints and ranges, given by

n∑
k=1

∣∣∣xcj(k)−mc
j

∣∣∣ ∣∣∣xrj(k)−mr
j

∣∣∣ ≥
0.

The remarked properties in the definition 3.10 indicate that the distance between
intervals can be generalized to the Euclidean distance in the space Rm. A normalised
interval is

[ 1
σ

(
xcj(k)−mc

j −
∣∣∣xrj(k)−mr

j

∣∣∣) , 1
σ

(
xcj(k)−mc

j +
∣∣∣xrj(k)−mr

j

∣∣∣)] (3.7)

3.2.2.b normalisation using the dispersion of the interval centers

The first method considers the mean and the dispersion of the interval centers
(xj(k) + xj(k))/2 and normalises such that the resulting transformed midpoints
have zero mean and unit variance for each variable.

The mean value and the dispersion of all interval midpoint are given by:

mj = 1
n

n∑
k=1

(
xj(k) + xj(k)

)
2 and σ2

j = 1
n

n∑
k=1

(
xj(k) + xj(k)

2 −mj

)2

(3.8)

with this notation the normalised interval is defined with boudaries

[
xj(k)−mj

σj
,
xj(k)−mj

σj

]
(3.9)
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3.2.2.c normalisation using the dispersion of the interval boundaries

The second normalisation method transforms, for each variable [Xj ], the n intervals
[xj(k)] such that the mean and the joint dispersion of the rescaled interval boundaries
are 0 and 1, respectively. The joint dispersion of a variable [Xj ] is defined by:

σ2
j = 1

n

n∑
k=1

(
xj(k)−mj

)2
+ (xj(k)−mj)2

2 (3.10)

Then, for k = 1, ..., n, the intervals [xj(k)] = [xj(k), xj(k)] are transformed into:

[
xj(k)−mj

σj
,
xj(k)−mj

σj

]
(3.11)

3.2.2.d normalisation using the global range

The third normalisation method transforms, for a given variable, the intervals [xj(k)] =
[xj(k), xj(k)], (k = 1, ..., n) such that the range of the n rescaled intervals is the unit
interval [0, 1]. Let Minj = min

{
xj(k), ..., xj(k)

}
and Maxj = max {xj(k), ..., xj(k)}

be the extremal lower and upper boundary values. With this notation, the interval is
transformed into normalised interval with boundaries:

xj(k)−Minj

Maxj −Minj
and

xj(k)−Minj
Maxj −Minj

(3.12)

3.3 PCA for Interval-valued Data

One key step of performing PCA on a set of data is the calculation of correlation (or
covariance) matrix and it’s eigen-decomposition. Computing eigenvalues of a matrix
is a basic linear algebra task used in several engineering fields. However, real life
applications makes this problem more complicated by imposing uncertainties and
errors on collected measurements. Thus, representing these measurements as interval
imposes using interval computation to solve the eigenvalue problem, which tends to be
a very difficult task. The first results on interval-valued eigenvalues are due to (Deif,
1991) where bounds for real and imaginary parts for complex eigenvalues were studied,
and (Rohn and Deif, 1991) where only real eigenvalues considered. Many works on the
eigenvalue problem were developed afterwards, and several approximation algorithms
were proposed. Unfortunately, the theoretical background for the eigenvalue problem
of symmetric interval-valued matrices is not wide enough and there are few practical
methods. Few existing approaches to interval-valued PCA use these methods, and
are known as interval algebra based PCA’s, but only work for very narrow intervals,
especially with large sample size data, hence limiting their applicability. Alternatively,
and given the absence of well established mathematics in the matter, several interval-
valued PCA methods perform a codification of the initial interval-valued data set
based on a certain geometrical representation.
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In a multidimensional space, each observation unit can be visualized as a hyper-
cube (or a hyper-rectangle) having 2m vertices corresponding to all the possible
combinations of lower bounds and upper bounds, while the length of its segments
are given by the intervals of every description variable. Various interval-valued PCA
approaches are based on this hyper-cube representation of interval-valued data, which
furnishes adequate description to the symbolic objects case given by interval-valued
variables. Figure 3.1 is a graphical representation of a set of three principal components
(PC’s) obtained from a three dimensional object Hk described by (j = 3) interval-
valued variables (Bertrand and Goupil, 2000). In a perfect PCA modeling case, the
shapes formed by the projections on the two interval-valued PC’s, (PC1, PC2) and
(PC2, PC3), constitutes a maximal envelope of the projection points from Hk. Thus,
every point in the hyper-cube Hk lies inside this envelope when projected. However,
there can be some points within the envelope that may not be projections of points
from Hk, i.e. an overestimation of the hyper-cube by the PC’s, or some projections of
the hyper-cube that are not covered by the envelope, i.e. an underestimation of the
hyper-cube by the PC’s.

Hk

Figure 3.1 – Interval PCA (projection of a hyper-rectangle on
principal components)

Undoubtedly, for an FDI adaptation of interval-valued PCA, an accurate PCA model
have to be used. In this section, four most known interval PCA approaches: Vertices
PCA, Centers PCA,Midpoints-Radii PCA and the Complete information PCA are
presented, discussed , and investigated for use in process modelling with a comparison
in terms of effectiveness for FDI purpose.
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As for ordinary PCA, it is advisable to pre-process the data, for all hereby presented
PCA for interval-valued data methods, in order to avoid unwanted differences among
the variables. Without loss of generality, we assume in the following that interval-
valued observations have been normalized according to methods of section 3.2.2.

3.3.1 Vertices PCA

One of the first proposed approaches to implement PCA for interval-valued data is
Vertices Principal Component Analysis (VPCA) (Cazes et al., 1997),(Chouakria, 1998).
VPCA proceeds in two steps. In the first step, classical PCA is applied to vertices
coded matrix corresponding to interval-valued data, and in the second step, a range
of each symbolic object on the scores is reconstructed to visualize the configuration of
the interval data. According to VPCA, each object H(k), described by an interval
valued vector [x(k)] = [[x1(k), x1(k)] . . . [xm(k), xm(k)]] in an m dimensional space,
can be represented by a numerical data matrix V (k) of 2m lines and m columns
containing the vertices of the associated hyper-cubes Hk. Vertices are given by all
the possible combinations between the bounds of the vector [x(k)]. As an example,
given a two dimensional interval vector [x(k)] = [[x1(k), x1(k)], [x2(k), x2(k)]], vertices
matrix V (k) is constructed as follows:

V (k) =


x1(k) x2(k)
x1(k) x2(k)
x1(k) x2(k)
x1(k) x2(k)

 (3.13)

In other words, each bound of the interval-valued observations is a vertex of the
corresponding hyper-cube Hk. Thus, a classical observation, i.e. a point has 1 vertex,
a segment has 2 vertices, a rectangle 4 vertices, and so on. The global VPCA vertices
matrix V is then obtained by concatenating all vertices matrices V (k) for all H(k)
objects as:

V =



V (1)
.

.

V (k)
.

.

V (n)


=




x1(1) . . xm(1)
. . .

. . .

x1(1) . . xm(1)


.

.
x1(k) . . xm(k)
. . .

. . .

x1(k) . . xm(k)


.

.
x1(n) . . xm(n)
. . .

. . .

x1(n) . . xm(n)





(3.14)
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Therefore, PCA can be performed on the classical vertices matrix V as:

V = PΛP T (3.15)

Given that Λ and P are the eigenvalues and eigenvectors of covariance matrix ΣV

computed for the vertices matrix V . Prior to computing the covariance matrix ΣV ,
(Cazes et al., 1997) and (Chouakria et al., 2011) suggest to apply a weighting scheme
on the vertices matrix V according to the nature of the application at hand. Three
main symbolic weighting schemes are proposed, which are presented in the following.

First, let us denote the weight of observation [xj(k)] by wj(k), and let wlj(k),l =
1, . . . , 2m be the weight of vertex l. The weighting scheme should satisfy:

wj(k) =
2m∑
l=1

wlj(k),
m∑
j=1

wj(k) = 1 (3.16)

A First and frequent choice of weight wj(k) gives equal weight to all observations, as
in , wj(k) = 1/m, j = 1, ...,m.

A second choice of weights gives importance to differing internal variations of hyper-
cubes is given by:

wj(k) = νj(k)
m∑
j=1

νj(k)
(3.17)

where νj(k) is the volume of hyper-cube Hk associated with the observation vector
[x(k)] computed as:

νj(k) =
∏

xj(k) 6=xj(k)

(
xj(k)− xj(k)

)
(3.18)

The third weighting scheme is where the weights are inversely proportional to volume,
given by:

wj(k) =

1− νj(k)
m∑

j=1
νj(k)

m∑
j=1

1−νj(k)
m∑

j=1
νj(k)

(3.19)

Hence, the weight matrix D is the n× n diagonal matrix of weights wj(k) associated
with the vertices matrix V . The weighted covariance matrix of vertices is then given
by:

ΣV = V DV T (3.20)

VPCA is then performed by conducting a classical PCA on vertices Matrix V using
covariance matrix ΣV . Let V (k) be the vertices matrix of [x(k)], then principal
components vertices matrix T (k) = [t1(k), t], is given by:

T (k) = V (k)P (3.21)

where P = [p1, ...,pm] is the eigenvectors of the covariance matrix ΣV . (Cazes
et al., 1997) proposed a computation method for the interval-valued components
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[t1(k)] , ..., [tm(k)] using Moore algorithm (see appendix A), from the principal compo-
nents vertices matrix calculated in (3.21), using the following formulas:

{
tj(k) = min (Tj(k))
tj(k) = max (Tj(k))

(3.22)

Consequently, estimates of interval measurements are thus computed. Let V̂j(k) (j =
1, . . . ,m) be the jth column of the the estimated vertices matrix V̂ (k) given by:

V̂ (k) = V (k)P`P T` = V (k)C` (3.23)

the estimated interval-valued measurements for the ` first principal components are
given by:

 x̂j(k) = min
(
V̂j(k)

)
x̂j(k) = max

(
V̂j(k)

) (3.24)

where V̂j(k) is the jth column of V̂ (k) matrix.
Given that an interval-valued observation is represented by its 2m vertices, calculating
the variance–covariance matrix ΣV is of complexity order O(n2m). However, (Cazes
et al., 1997) and (Chouakria, 1998) provided a short-cut for calculation of covariance
matrix ΣV of complexity order O(n), as:

ΣV =

1
2n

n∑
k=1

(x2
1(k)+x2

1(k)) 1
4n

n∑
k=1

(x1(k)+x1(k))(x2(k)+x2(k)) ··· 1
4n

n∑
k=1

(x1(k)+x1(k))(xm(k)+xm(k))

1
4n

∑
k=1

(x2(k)+x2(k))(x1(k)+x1(k)) 1
2n

n∑
k=1

(x2
2(k)+x2

2(k)) ··· 1
4n

n∑
k=1

(x2(k)+x2(k))(x
m

(k)+xm(k))

...
...

. . .
...

1
4n

n∑
k=1

(x
m

(k)+xm(k))(x1(k)+x1(k)) 1
4n

n∑
k=1

(x
m

(k)+xm(k))(x2(k)+x2(k)) ··· 1
2n

n∑
k=1

(x2
m

(k)+x2
m(k))


(3.25)

3.3.2 Centers PCA

PCA for interval-valued data methods presented in literature are mainly based
on the analysis of coded/transformed matrices from initial interval-valued data
as vertices of hyper-cubes or as centers and radii. As an alternative to using the
vertices of the hyper-cubes Hk in VPCA case, the centers of the hyper-cubes
could be used. The Centers PCA (CPCA) (Cazes et al., 1997),(Chouakria,
1998), decomposes the correlation matrix of the centers coded matrix Xc and
it projects the vertices as supplementary points in the factorial subspace. The
interval-valued data matrix in 3.1 is coded in terms of centers by the following :

Xc =


xc1(1) . . xcm(1)
. . .

. . .

xc1(n) . . xcm(n)

 (3.26)
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Where xcj(k) is the midpoint or center of the interval at hand given in definition
3.3. CPCA is then performed by conducting a classical PCA on the centers
matrix Xc, the covariance matrix ΣC is calculated as:

ΣC = 1
n− 1X

cTXc (3.27)

(Cazes et al., 1997) also provided a straightforward way of calculating covariance
ΣC for the interval-valued matrix [X], as:

ΣC =

1
4n

n∑
k=1

(x1(k)+x1(k))2 1
4n

n∑
k=1

(x1(k)+x1(k))(x2(k)+x2(k)) ··· 1
4n

n∑
k=1

(x1(k)+x1(k))(x
m

(k)+xm(k))

1
4n

∑
k=1

(x2(k)+x2(k))(x1(k)+x1(k)) 1
4n

n∑
k=1

(x2(k)+x2(k))2 ··· 1
4n

n∑
k=1

(x2(k)+x2(k))(x
m

(k)+xm(k))

...
...

. . .
...

1
4n

n∑
k=1

(xm(k)+xm(k))(x1(k)+x1(k)) 1
4n

n∑
k=1

(xm(k)+xm(k))(x2(k)+x2(k)) ··· 1
4n

n∑
k=1

(xm(k)+xm(k))2


(3.28)

The principal components of classical PCA on centers matrix, T1
c, ..., Tm

c, are
obtained via mapping using T c = XcP , given that P = p1, ..., pm are the
eigenvectors from spectral decomposition of matrix ΣC . The interval-valued
principal components are then constructed as:


tj(k) =

m∑
i=1,pqj<0

xi(k)pij +
m∑

i=1,pij>0
xi(k)pij

tj(k) =
m∑

i=1,pij<0
xi(k)pij +

m∑
i=1,pij>0

xi(k)pij
(3.29)

Where pij is the ith element of the jth column of eigenvector matrix P . Similarly,
the interval-valued estimates based on CPCA model for the first (`) components
are obtained as:


x̂j(k) =

m∑
i=1,cij<0

xi(k)cij +
m∑

i=1,cij>0
xi(k)cij

x̂j(k) =
m∑

i=1,cij<0
xi(k)cij +

m∑
i=1,cij>0

xi(k)cij
(3.30)

Where cij is the ith element of the jth column of matrix C`.

Summing up, CPCA performed on interval input data is based on a numerical
centers codification of the data, a treatment with classical PCA analysis tech-
nique, and finally a transformation of classical results into interval description.

3.3.3 Symbolic Covariance

An enhanced method based on symbolic covariance was introduced in (Le-
Rademacher and Billard, 2012), that furthermore improves the performance
of the above interval-valued PCA methods. The Idea is replacing the formal
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covariance calculation of covariance (as in VPCA and CPCA approaches) with a
new so-called symbolic covariance which is the maximum likelihood estimator of
the overall variance of an interval-valued variable. Thus, the principal component
space computed from the symbolic covariance matrix correctly accounts for the
total variation of interval-valued data, and it is consistent with the symbolic
data analysis framework.
Let [X] be the interval data matrix defined in (3.1), and Wj be a point of
[Xj], where [Xj] (j = 1, ...,m) denotes the j-th variable of [X]. (Bertrand and
Goupil, 2000) present the formulas for sample mean and sample variance of Wj,
respectively, as:

W̄j =
n∑
k=1

(
xj(k) + xj(k)

)
/ (2n) (3.31)

Var(j, j) =
n∑
k=1

(
x2
j(k) + xj(k)xj(k) + x2

j(k)
)

3n −

 n∑
k=1

(
xj(k) + xj(k)

)
2n

2

(3.32)

The sample covariance of of Wj and W ′
j defined by (Billard, 2008) is given by:

Cov(j, j′) = 1
6n

n∑
k=1

[2
(
xj(k)− W̄j

) (
xj′(k)− W̄j′

)
+
(
xj(k)− W̄j

) (
xj′(k)− W̄j′

)
+
(
xj(k)− W̄j

) (
xj′(k)− W̄j′

)
+ 2

(
xj(k)− W̄j

) (
xj′(k)− W̄j′

)
]

(3.33)

For numerical data, or in other words for a trivial interval (definition 3.2), the
symbolic covariance in (3.33) is equal to the classical covariance. The symbolic
covariance computational complexity is of O(n), the same as for classical PCA

3.3.4 Midpoints-Radii PCA

The above presented methods of PCA for interval-valued data share the same
approach, which is a suitable coding (vertices and centers coding) in order to
define data structures to be handled with classical algorithms. However, The
midpoints-radii PCA (MRPCA), introduced in (Palumbo and Lauro, 2003),
approaches this matter in a different way. Problems with statistical analysis of
interval data using standard interval arithmetic can be avoided by representing
them using interval midpoints and ranges, i.e. [X] = {Xc, Xr}. The midpoints-
radii PCA (MRPCA) on interval-valued data is a hybrid method that is resolved
in terms of midranges (Xr) and midpoints (Xc), given by definitions 3.3 and
3.4, and their interconnection. MRPCA can be considered as an improvement
over CPCA by including radius.
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Considering the definition 3.10, the variance for interval-valued data, (Palumbo
and Lauro, 2003), can be expressed by:

σ2 = 1
n

[
n∑
k=1

(
xcj(k)−mc

j

)2
+

n∑
k=1

(
xrj(k)−mr

j

)2
+ 2

n∑
k=1

∣∣∣xcj(k)−mc
j

∣∣∣ ∣∣∣xrj(k)−mr
j

∣∣∣]
(3.34)

The variance in 3.34 is thus defined as the sum of three components: the
variance between midpoints, the variance between radii, and twice the measure
of congruence between midpoints and radii. It follows that the global covariance
matrix Σ is given by:

Σ = 1
N

(
Xc TXc

)
+ 1
N

(
Xr TXr

)
+ 1
N

(∣∣∣Xc TXr
∣∣∣+ ∣∣∣Xr TXc

∣∣∣) (3.35)

Thus, according to MRPCA, two independent PCA’s are singly exploited on the
two matrices of midpoints and radius. The solutions are given by the following
eigen-systems:

XcΣc
−1P c = ΛcP c (3.36)

XrΣr
−1P r = ΛrP r (3.37)

Where Λc, P c and Λr, P r are, respectively, the eigenvalues and eigenvectors of
the two partial eigen-decomposition of midpoints and radii matrices, and given
that:

Σc = 1
N

(
Xc TXc

)
and Σr = 1

N

(
Xr TXr

)
(3.38)

The two independent PCA’s on midpoints and radius do not however cover
the whole variance in 3.35. (Palumbo and Lauro, 2003) proposed a solution
to include variance of the interconnection between midpoints and raddi given
by the term

(∣∣∣Xc TXr
∣∣∣+ ∣∣∣Xr TXc

∣∣∣), and, at the same time, giving a graphical
interpretation of the interval-valued units. The radius coordinates are thus
rotated and then superimposed on the midpoints PC’s as supplementary points,
in order to get a logical graphical representation of the statistical units based on
MRPCA model. Two choices for rotation of radius are defined below:

A first choice for computing the radius rotation matrix can be achieved by
maximizing the Tucker congruence coefficient between midpoints and radii
(Lauro et al., 2008), which is given by:

f(A) =
m∑
j=1

 aTj XcTXr
j(

aT
j X

cTXcaj
)1/2 (

Xr
j
TXr

j

)1/2

 (3.39)

Under the constraint ATA = 1, and given that A = [a1, . . . am] is the rotation
matrix of radii, and Xr

j denotes the radii of j-th interval-valued variable [Xj].
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A second choice for computing rotation matrix is expressed in terms of singular
value decomposition, (Palumbo and Lauro, 2003).

XcTXr = PΛcrQT (3.40)

where Λcr is the eigenvalues matrix of covariance XcTXr. The matrix A is
defined as:

A = QP T (3.41)

So, let us consider that we have performed two classical PCA’s on Xc and Xr,
then principal components of midpoints radii are given by:T c = XcP c

T r = XrP r
(3.42)

It follows that the construction of the interval-valued component vector [t(k)]
using rotated ranges via matrix A is:

t(k) = tc(k)− Atr(k)
t(k) = tc(k) + Atr(k)

(3.43)

Hence, for a number of components `, the interval-valued estimates of vector
[x(k)] are obtained, similarly, by projecting rotated ranges estimates x̂r(k) on
the estimated midpoints x̂c, as:x̂(k) = x̂c(k)− Ax̂r(k)

x̂(k) = x̂c(k) + Ax̂r(k)
(3.44)

3.3.5 Complete Information PCA

In order to seize more information within interval observations, Huiwen et al.
(Wang et al., 2012) proposed a new interval PCA method called complete in-
formation based PCA (CIPCA). By defining the inner product of hyper-cubes
divided into informative grid data, and based on a rather analytic approach,
CIPCA accomplishes the derivation of interval-valued principal components and
transforms PCA modeling into the computation of some inner products. Thus,
leading to more accurate results and providing an efficient and effective way for
conducting PCA on large-scaled interval data.

According to (Wang et al., 2012), we define the following:

Definition 3.11 : Inner product of interval-valued variables
given any two interval-valued variables [Xj ] and [Xj′ ], the inner product is defined
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as: 〈[Xj], [Xj′ ]〉 =
n∑
k=1
〈[xj(k)], [xj′(k)]〉 where:

〈[xj(k)], [xj′(k)]〉 = 1
4

(
xj(k) + xj(k)

) (
xj′(k) + xj′(k)

)
Definition 3.12 : Interval squared norm
In the case of auto-correlation given by 〈[Xj], [Xj]〉 the inner product is equal to
the squared norm extended to the interval case ‖[Xj]‖2, defined by: ‖[Xj]‖2 =
n∑
k=1
‖[xj(k)]‖2, where:

‖[xj(k)]‖2 = 1
3

(
x2

j(k) + xj(k)xj(k) + x2
j(k)

)

Based on the above definitions of interval norm and inner product, and with
Matrix [X] being normalized, the covariance matrix Σ of Xn×m is given by:

Σ = 1
n


〈[X1] , [X1]〉 〈[X1] , [X2]〉 · · · 〈[X1] , [Xm]〉
〈[X2] , [X1]〉 〈[X2] , [X2]〉 · · · 〈[X2] , [Xm]〉

... ... . . . ...
〈[Xm] , [X1]〉 〈[Xm] , [X2]〉 · · · 〈[Xm] , [Xm]〉

 (3.45)

The determination of the interval-valued principal components [T ] in CIPCA
method is based on a linear combination algorithm for interval-valued variables
first developed by Moore (Moore, 1966), (see appendix A), also adopted in
VPCA and CPCA for the projection procedure.

Let us consider that we performed an eigen-decomposition of the covariance
matrix Σ, where λ1, ..., λm and p1, ..., pm are the resulting eigenvalues and eigen-
vectors respectively. The interval-valued principal components are thus computed
as 

tj(k) =
m∑
i=1

pij (τxi(k) + (1− τ)xi(k))

tj(k) =
m∑
i=1

pij ((1− τ)xi(k) + τxi(k))
(3.46)

with

τ =

0, pij ≤ 0,
1, pij ≥ 0

It follows that interval-valued estimates from CIPCA model are obtained as:
x̂j(k) =

m∑
q=1

C`qj
(
τxq(k) + (1− τ)xq(k)

)
x̂j(k) =

m∑
q=1

C`qj
(
(1− τ)xq(k) + τxq(k)

) (3.47)

with the same condition on τ , and given that C` = P`P`
T , and ` is the number

of chosen principal components.
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3.3.6 Determining the Number of PC’s for interval-Valued
PCA

The number of principal components has a significant impact on each step of the
PCA based sensor FDI scheme as well as it’s performances. Various methods
for determining the number of PC’s exist in the literature that are detailed in
section 1.3, which include: the predicted residual error sum of squares (PRESS)
or cross validation criterion, the average eigenvalues, The cumulative percentage
of variance (CPV ), and the variance of reconstruction error (V RE). Only,
these methods were developed for single-valued PCA approach and do not cover
the interval-valued PCA case. However, The interval-valued PCA methods
detailed above are based on various approximations, and the resulting covariance
matrix, eigenvalues and eigenvector are single-valued. Thus, classical methods
for determining the number of principal components could be employed for
interval-valued PCA, that is, due to the fact that all the methods for selecting
PC’s depend partially or globally on the triplet {Covariance, Eigenvalues, Eigen-
vectors}. The only exclusion is the variance of reconstruction error criterion
(VRE), which more-or-less does not necessarily apply for the interval-valued
PCA case, for a reason that we will discuss further.

Perhaps the most suitable and accurate approach for the determination of the
PC’s, for diagnosis purpose, is the variance of reconstruction error introduced in
(Dunia and Joe Qin, 1998). It’s principle consists in estimating a variable from
other process variables using the PCA model. The reconstruction accuracy is
thus related to the capacity of the PCA model to reveal the redundancy relations
among the variables. The VRE criterion defines the variance ρi(`) which is the
variance of reconstruction error with respect to the number of components `,
given by:

ρi(`) = V ar
{
ξTj (x(k)− x(i)(k))

}
=

ξ̃Tj Σξ̃j
(ξ̃Tj ξ̃j)2

(3.48)

However, in the case of interval-valued data, the equation 3.48 does not account
for the actual reconstruction error of the interval-valued PCA model. The reason
is that the estimation process for classical PCA, and that of interval-valued
PCA (in its different variations) are not the same. In other words, the term
ξ̃T

j Σξ̃j

(ξ̃T
j ξ̃j)2 does not correspond to the variance of the reconstruction error. Thus, an

actual reconstruction based on interval-valued PCA have to be performed via
the relation

{
ξTj (x(k)− x(i)(k))

}
.

In this section, we propose an extension of the reconstruction principle for the
interval-valued PCA case, and we derive the variance of interval reconstruction
error criterion (V IRE) for the determination of the number of PC’s to be
retained in interval-valued PCA model.
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For classical PCA, the reconstruction of the ith variable of a vector x(k) =
[x1(k)x2(k) . . . xm(k)]T is given by:

zi (k) = [cT−i 0 cT+i]
1− cii

x(k) (3.49)

Where zi is the reconstructed value of measurement xi and c−i, c+i denote,
respectively, the first (i − 1) and last (m − i) elements of the ith column of
matrix C`. Let us consider x(i)(k) = [x1(k) . . . xi−1(k) zi(k)xi+1(k) . . . xm(k)]T ,
the reconstructed vector can also be formulated as:

x(i)(k) = G(i)x(k) (3.50)

The projection matrix G(i) is expressed in terms of C` as:

G(i) = I + ξiξi
T

1− ξiTC`ξi
(C` − I) (3.51)

Where ξi is the vector of reconstruction direction with all elements equal to 0
except the ith which value is 1.

For the interval case, calculation of the elements of [x(i)(k)] depends on the
used interval PCA method. In the following, we introduce the extension of the
variable reconstruction, for the four presented interval PCA methods, using the
projection matrix G(i) for the first (`) PCs.

3.3.6.a Reconstruction of variables for VPCA model

For VPCA, a classical PCA is conducted on the the vertices matrix V given in
(3.14). Let us consider an interval vector [x(k)] = [[x1(k)] [x2(k)], . . . , [xm(k)]],
and V (k) be its corresponding vertices matrix of 2m lines and m columns.
Let V (i)(k) be the reconstructed matrix, in the classical way given in (3.50),
performed on the vertices matrix V (k) as:

V (i)(k) = G(i)V (k) (3.52)

V (k) = [V1(k) . . . Vi(k) . . . Vm(k)]

=


x1(k) . . . xi(k) . . . xm(k)
. . . . .

. . . .

x1(k) . xi(k) . xm(k)


(3.53)
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The interval reconstruction [zi(k)] = [zi(k), zi(k)] of an interval measurement
[xi(k)] is then given by:

zi(k) = min V (i)
i (k)

zi(k) = max V (i)
i (k)

(3.54)

where V (i)
i (k) is the ith column of the reconstructed vertices matrix V (i)(k).

3.3.6.b Reconstruction of variables for CPCA model

Similarly, and based on projection matrix G(i) obtained from classical PCA
on centers matrix Xc using (3.51). The reconstructed measurement [zi(k)] for
C-PCA is given by the following relations:


zi(k) =

m∑
q=1,G(i)

q <0
xq(k)G(i)

q +
m∑

q=1,G(i)
q >0

xq(k)G(i)
q

zi(k) =
m∑

q=1,G(i)
q <0

xq(k)G(i)
q +

m∑
q=1,G(i)

q >0
xq(k)G(i)

q

(3.55)

3.3.6.c Reconstruction of variables for MRPCA model

For the MR-PCA case, and by adding the rotated radii points using rotation
matrix A, we compute the reconstructed interval measurement [zi(k)]. Let us
consider that cc−i and cr−i denote, respectively, the first (i− 1) elements of the
i-th column of matrices C`c and C`r. And let cc+i and cr+i denote, respectively,
the last (m− i) elements of the i-th column of matrices C`c and C`r.

g(i)
c = [cT

c−i 0 cT
c+i]

1−cc
ii

g(i)
r = [cT

r−i 0 cT
r+i]

1−cr
ii

(3.56)

Thus, reconstructed interval-valued measurement [zi(k)] for MRPCA model, is
defined as

zi(k) = g(i)
c xc(k)− g(i)

r (Axr(k))
zi(k) = g(i)

r xc(k) + g(i)
r (Axr(k))

(3.57)
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3.3.6.d Reconstruction of variables for CIPCA model

For the CIPCA model the reconstruction [zi(k)] is given by:


zi(k) =

m∑
q=1

G(i)
q

(
τxq(k) + (1− τ)xq(k)

)
zi(k) =

m∑
q=1

G(i)
q

(
(1− τ)xq(k) + τxq(k)

) (3.58)

with

τ =

0, G(i)
q ≤ 0,

1, G(i)
q ≥ 0

3.3.6.e Variance of interval reconstruction error

Once the interval reconstruction [zi(k)] = [zi(k), zi(k)] is obtained for the ith
variable and for a fixed number of components `, the interval reconstruction
error [ei(k)] can be calculated as:

[ei(k)] = {ξTi
(
[x(k)]− [x(i)(k)]

)
} (3.59)

Where [x(k)] is an interval data sample of m sensors,
[x(i)(k)] = [[x1(k)] . . . [zi(k)] . . . [xm(k)]] is the reconstructed vector with [zi(k)]
its ith interval reconstruction, and [ei(k)] = [ei(k), ei(k)]. Afterwards, a cal-
culation of the variance for the interval reconstruction error is performed as:

ρi(`) = 1
n

n∑
k=1
‖[ei(k)]‖2 (3.60)

where
‖[ei(k)]‖2 = 1

3(e2
i (k) + ei(k)ei(k) + e2

i (k)) (3.61)

Note that the variance of reconstruction error can also be computed based
on the symbolic variance in 3.32. Accordingly, and based on the new V IRE
criterion, the determination of the number of components can be formulated by
the following optimization problem with respect to the number of PC’s ` :

V IRE =
m∑
i=1

ρi(`) (3.62)

As in the classical VRE case, the number of principal components to be kept in
the interval-valued PCA model corresponds to the minimum value of VIRE with
respect to `, which ensures the minimum reconstruction error of the interval-
valued PCA model.
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3.4 Interval-valued PCA for Fault Detection

In the case of single-valued data, PCA based FDI aims to detect deviations
from typical process behaviour by evaluating whether a process is statistically in
control or not. This is done by analysing different projections of the new process
data, into the principal or residual sub-spaces, which are obtained according to
the PCA model, established based on data acquired from the different process
sensors in NOC. Application of PCA-based fault detection involves using several
statistics for monitoring the condition of the process. The most used statistics
are the Hotteling’s T 2 test, the squared prediction error SPE and the squared
weighted error SWE (Qin, 2003).

In terms of data mining, a sampling period of time is usually determined
according to the nature of the process, and a measurement is considered as the
average of the collected measured values during that sampling period. When
this type of data is used for a PCA based monitoring, an excessive rate of false
alarms and missing detection may occur depending on the averaging period of
time, due to information loss. In addition to that, to obtain a reliable PCA
model representing the process, we need to use a good amount of samples, which
are not always available.
However, describing the measurement as an interval-valued unit helps covering
the whole averaging period, and thus yields more information about the process
than the averaged measure, even for a few samples. This quality of information
gathered from the process positively impacts on the PCA model for interval-
valued data, which becomes consequently more robust to uncertainties and even
to slight process variations.

The first attempts of adapting PCA for interval-valued data to FDI go back
to the work of (Benaicha et al., 2013). The authors developed a dedicated
interval-valued PCA method which is based on an analytic approach. The model
is constructed based on modelling of eigenvalues and eigenvectors variations,
and has somehow limited applicability, as is the case for analytic interval-valued
PCA methods. In this section, we propose several fault detection strategies
and fault detection indices based on PCA for interval-valued data methods, to
achieve a maximum robustness toward uncertainties.

3.4.1 Univariate Chart

One way of approaching PCA based fault detection, is by separately analysing
the residuals. Let us first define the interval-valued PCA estimation error, or
residuals. Based upon the different methods presented above, interval-valued
residuals e(k) and e(k) can be obtained via the difference between interval-
valued estimates given in (3.24)(3.30)(3.44)(3.47) and original variables, or by
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projection on last (m− `) components, (Ait-Izem et al., 2014a),(Ait-Izem et al.,
2014b), (Ait-Izem et al., 2015a), as:

e(k) = x(k)− x̂(k)
e(k) = x(k)− x̂(k)

(3.63)

In classical PCA, unusual events are projected onto residual space and can there-
fore be detected using several statistics. The same principle can be applied in the
interval-valued PCA case. However, an interesting property of interval-valued
residuals makes it possible to achieve proper fault detection in univariate case,
i.e. without use of detection statistics, that will be discussed further.

In order to demonstrate the use of the interval-valued residuals in fault detection,
let us consider the previous simulation example 1 based on 6 variables j =
1, . . . , 6, let us also recall that this data are based on two variables generated from
two normal distributions, and four linear analytic redundancy relations between
the remaining variables. To simulate the presence of measurement uncertainties,
a variation δX was added to the generated data. This variation is a realization of
centered variables corresponding to 10% of the variation range of each variable.
Thus, we obtain the new interval data matrix [X] = [X − δX,X + δX] as
defined in equation 3.1. The interval-valued variables of data in example 1 are
presented in Figure 3.2 for 100 samples, where we can clearly see the interval
tendency of data.

After measurements normalisation to zero mean and unit variance, according to
section 3.2.2, the eigen-decomposition of the covariance matrix of [X] allows the
determination of its eigenvalues and eigenvectors, i.e. the interval-valued PCA
model according to the various methods described previously. The number ` of
components to be retained for the interval-valued PCA models are determined
using the VIRE criterion, where ` is chosen as the value that minimizes V IRE(`).
Figure 3.3 represents the evolution of the variance of interval reconstruction
error in terms of the number of PC’s `. Accordingly, ` = 2 principal axes are
kept in the interval PCA model, which proves the accuracy of the method, since
the simulation example is based on 2 variables.

Since we are using the a PCA for interval-valued model, let us first inspect
the structure or nature of residuals. Figure 3.4 represent the interval-valued
residuals obtained through an interval-valued PCA model. We note that the
upper and lower bounds of residuals , which are, respectively, residuals of upper
and lower estimations of interval data matrix, are forming an envelope around
the zero line.

Remark. the nature of interval-valued residuals is the same for all the interval-
valued PCA models presented in this manuscript. Thus, we choose to represent
results for a CIPCA model due to its high accuracy, a comparison between
the various models in terms of performances for fault detection will be further
discussed in chapter 4.
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The system in example 1 is simulated a second time on 500 samples, then, two
offsets are added to the data, as follows:
— an offset ζ1(k) added to variable x1(k) from time sample 120 to 150,

simulated as constant bias of amplitude equal to 5% of variation range of
variable x1(k), i.e. ζ1(k) = x1(k) + (x1(k)× 15%). This offset is 5% lower
than the variable range and represents then an uncertainty of measurement.
Or, −δx1(k) < ζ1(k) < δx1(k).

— an offset f4(k) added to variable x4(k) from time sample 300 to 340,
simulated as a constant bias of amplitude equal to 15% of variation range
of variable x4(k). i.e. f4(k) = x4(k) + (x4(k) × 5%). f4(k) is 5% higher
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Figure 3.4 – Interval-valued Residuals for Example 1

than the variable range and represents then a fault. In other words,
δx4(k) < f4(k) < −δx4(k)

For the new univariate fault detection case, an abnormal behavior cannot be
considered as a fault unless one of the residuals bounds changes sign. In other
words, the envelope created by residuals is a safe zone spanned by the interval
of uncertainty in which every unusual event is not considered as a fault but as
an uncertainty, as presented in Figure 3.5.
We can clearly notice the behavior of the residuals in Figure 3.6, which represents

(a) Real fault (b) Uncertainty

Figure 3.5 – Univariate Fault detection method using PCA for
interval-valued data

the interval-valued residuals in faulty case. The highlighted areas correspond
to the zones where offsets have been added, where as stated previously, an
uncertainty is present from moment 120 to 150, and a fault from 300 to 340. In
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the uncertainty zone, the residual envelope slightly changes in different directions
(positive or negative). In other words, both bounds of the residual shift in a
direction, but do not however exceed the middle zero line (no sign change in
residuals). In the fault occurrence zone, we note the sign change of the lower
bound in residual [e4(k)], which confirms a faulty condition. in mathematical
terms we can express the univariate interval-valued PCA detection method as
follows :
— Process is faulty, if:

0 /∈
[
ej(k) ej(k)

]
, j = 1, ...,m (3.64)

or
ej(k)× ej(k) > 0 , j = 1, ...,m (3.65)

— Process is healthy, if:

0 ∈
[
ej(k) ej(k)

]
, j = 1, ...,m (3.66)

or

ej(k)× ej(k) < 0 , j = 1, ...,m (3.67)
However, this method is restricted to processes with small number of variables,
as it can be computationally cumbersome for large processes.
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3.4.2 Multivariate Charts

In classical PCA based fault detection, several statistics that measure variations
in different projection sub-spaces are used in multivariate fault detection based
on PCA model. The most common statistics used as fault indicator being the
SPE, T 2 and SWE, as detailed in section 2.2. For interval-valued data, and
based on an interval-valued PCA model, an extension of these indicators is
required in order to handle the new nature of data.

3.4.2.a Interval-valued SPE

For the interval-valued case, the proposed form of interval-valued SPE calcula-
tion have been introduced in (Ait-Izem et al., 2015c). This statistic is calculated
based on residuals as in the classical case, thus, yielding an interval [SPE] with
an upper and a lower bound, corresponding respectively to the upper and lower
bounds of the calculated residuals, as:SPE(k) = ‖e(k)‖2 = e(k)Te(k)

SPE(k) = ‖e(k)‖2 = e(k)Te(k)
(3.68)

Given that e(k) = [e1(k), . . . , ej(k), . . . , em(k)] and e(k) = [ej(k), . . . , ej(k), . . . , em(k)],
and [SPE](k) = [SPE(k), SPE(k)].

3.4.2.b Interval-valued T 2 and SWE

Based on the interval-valued PCA model, the decomposition of principal com-
ponents, explained for each interval-valued PCA model in (3.22) (3.29) (3.42)
(3.46), is given by:

[t̂(k)] = [[t1(k), t1(k)] . . . [t`(k), t`(k)]] (3.69)
[t̃(k)] = [[t`+1(k), t`+1(k)] . . . [tm(k), tm(k)]] (3.70)

It is well known that the calculation of the Hotelling’s T 2 and the SWE statistics
require both a weighting by the first ` and last (m− `) eigenvalues, respectively.
One may argue that the available eigenvalues from the interval PCA models
presented hereby are single-valued, which brings inconsistency to the theory
of the interval statistics. However, the real meaning of the eigenvalues in this
case is to represent residuals variances. Thus, for the interval case, and for
each statistic ([T 2] and [SWE]), eigenvalues are calculated as the corresponding
empirical variances for the given bound, i.e. the variance of the interval principal
components t̂(k) and t̂(k) for the Hotelling [T 2] statistic, and the variance of
the interval residuals t̃(k) and t̃(k)for the [SWE] statistic.
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For the first interval principal components, the interval [T 2] statistic is calculated
for the two bounds trough a combination of interval eigenvalues and interval
principal components as in the classical way described in (2.7) by:T

2(k) = t̂(k)TΛ−1
` t̂(k)

T
2(k) = t̂(k)TΛ−1

` t̂(k)
(3.71)

Similarly, and according to (2.10), the interval [SWE] statistic is given by:SWE(k) = t̃(k)TΛ−1
m−`t̃(k)

SWE(k) = t̃(k)TΛ−1
m−`t̃(k)

(3.72)

3.4.2.c Thresholds for interval-valued statistics

We propose to use the limit presented in (Jackson and Mudholkar, 1979) and
extend it to interval-valued data case in order to compute the [SPE], [T 2] and
[SWE] control limits based on Box’s quadratic form approximation (Box, 1954).
as in the classical case given in 2.14. Hence, the limits for the corresponding
index can be computed based on its estimate mean (a) and estimate variance
(b) so that,

δ2
α = gindexχ2

hindex,α (3.73)

where g and h can be approximated as b/2a and 2a2/b, respectively. Note that
control limits for the presented interval statistic are calculated for each bound
of the statistic at hand. However, the obtained thresholds (for upper and lower
bound) tend to be equal due to the symmetry of bounds, which leaves us with
one control limit for the interval index.
To illustrate the use of these statistics, let us consider the previous interval-
valued data generated from example 1. We then inject two faults in two different
moments: to variable x1(k) from time sample 120 to 150, and to variable x4(k)
from time sample 300 to 340. These two faults are represented, respectively, by a
constant bias of amplitude equal to 20% of variation range of the corresponding
variable.

In interval PCA based FDI, or generally speaking, in interval approaches based
FDI, a fault is detected if both bounds of the interval statistics exceed the
detection threshold. However, the case where only one bound of the statistic
exceeds the control threshold is not considered as a certain case of fault occurrence
(Benaicha et al., 2013). This scenario can be illustrated in Figure 3.7 regarding
both faults, where only the lower [SPE] bound allows the detection of the fault.
Also the second fault scenario in Figure 3.9, for the [SWE], which presents the
same ambiguous decision. Thus, the detection rate of these interval statistics
drastically decreases, once we consider this detection condition based on both
bounds of the control statistic. A quick analysis of fault detection using the
three interval statistics, represented by Figures 3.7, 3.8 and 3.9 reveals some
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inaccuracy of the used control charts, as we note a great number of missed
detection and false alarms.
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Figure 3.7 – Time evolution of [SPE] index
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Figure 3.8 – Time evolution of [T 2] index

sample number

0 50 100 150 200 250 300 350 400 450 500

[S
W

E
]

0

10

20

30

40

50

60

Lower [SWE] bound

Upper [SWE] bound

95% control limit

Figure 3.9 – Time evolution of [SWE] index

Remark: It has been verified that based on an interval-valued PCA model,
constructed from NOC data, the calculated thresholds (upper and lower thresh-
old) for interval statistics [SPE], [T 2] and [SWE] tend to be equal. Detection
decisions are then made regarding the two bounds of the statistic but using only
one threshold.
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3.4.2.d New Interval fault detection indices

The motivation behind developing a new interval fault detection index, is mainly
the ambiguity in the fault detection decision due to the interval nature of the
statistics presented above. That is, when each bound yields a different decision
from the other regarding the occurrence of faults.

Since, the classical squared prediction error SPE, used as an index for fault
detection based PCA approach, is a norm of residuals vector, the alternative
form of this statistic norm for the interval-valued data may be achieved using
the interval squared norm formula (3.12).

Let us consider a new interval measurement vector given by:

[x(k)] = [[x1(k), x1(k)] [x2(k), x2(k)] . . . [xm(k), xm(k)]] (3.74)

The proposed interval fault detection index is defined as the interval squared
prediction error (ISPE) and is given by:

ISPE(k) = ‖[e(k)]‖2 =
m∑
j=1
‖[ej(k)]‖2 (3.75)

where
‖[ej(k)]‖2 = 1

3
(
e2
j(k) + ej(k)ej(k) + e2

j(k)
)

(3.76)

In the same way, the interval Hotelling T 2 statistic (IT 2) is calculated as:

IT 2(k) =

∥∥∥∥∥∥
[
t̂(k)

]
[Λ`]1/2

∥∥∥∥∥∥
2

(3.77)

and the new interval squared weighted error (ISWE) is computed as:

ISWE(k) =

∥∥∥∥∥∥
[
t̃(k)

]
[Λm−`]1/2

∥∥∥∥∥∥
2

(3.78)

Where [t̂(k)] and [t̃(k)] are respectively the first ` and last m− ` interval-valued
components from data projection using interval PCA model, with [Λ`] and [Λm−`]
being the corresponding eigenvalues which are calculated as in the [T 2] and
[SWE] case.

Based on the previous simulation example (1), we calculated the ISPE and
ISWE indices in faulty case represented in Figures 3.10 and 3.11, respectively.
We note an improvement compared to the [SPE] and [SWE] indices in terms
of fault detection and false alarms, i.e. enhancement of fault detection and
reduction of false alarms. Both indices [T 2] and IT 2 fail to detect the fault in
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this case (1). However, IT 2 outperforms the interval [T 2] index in the case of
high amplitude faults usually detected by Hotelling’s statistic.
A standard statistical test have to be realized in order to validate these control
charts. Thus, a distribution fitting procedure using normality tests have been
lead, which can be done by a calculation of the probability density function for
a number of populations or based on other tests. Under the assumption that
the n samples are independent and the joint distribution of the m variables
is the multivariate normal, the new ISPE statistic follows a chi-squared (χ2)
distribution as in the classical case. The same statement has also been verified
for the the interval Hotelling IT 2 and the ISWE. This will furthermore allow
to compute statistical control thresholds. Hence, the example of the confidence
limit δ2

α for the ISPE can be computed from its approximate distribution, based
on Box’s formula (Box, 1954), as:

δ2
α = gχ2

h,α (3.79)

Where g is a weighting parameter included to account for the magnitude of the
ISPE and h accounts for the degrees of freedom with a significance level of
1− α, typically selected to be 95% to 99%.

Accordingly, the control limits of the IT 2 and the ISWE are calculated similarly,
based on Box’s formula, for the corresponding degrees of freedom and significance
level.
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Figure 3.10 – Time evolution of ISPE index

To further enhance the performances of these statistics, we investigate the
use of filtering to reduce noise’s impact on the data. In this framework, the
exponentially weighted moving average (EWMA) control scheme can be combined
with the concerned index. Thus, If we note by ’S’ the interval statistic (ISPE,
IT 2 or ISWE), and ’S(f)’ its EWMA filtered version, the general expression of
EWMA filtering applied to the interval index at hand is given by:

S(f)(k) = (1− β)S(f)(k − 1) + βS (3.80)

where 0 < β < 1 is a forgetting factor.

For the same conditions of the simulation example given in (1), we demonstrate
the performances of the filtered ISPE based on EWMA filter denoted ISPE(f).
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Figure 3.11 – Time evolution of ISWE index in fault free and
faulty cases

Time evolution of the ISPE(f) and ISWE(f) are depicted in Figures 3.12 and
3.13. Simulation results show that the enhanced interval charts tend to improve
the quality of detection and reduce the rate of false alarms but also introducing
a small detection delay.
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Figure 3.12 – Time evolution of the filtered ISPE(f) with
EWMA filtering

3.5 Fault Isolation Using PCA for Interval-Valued
Data

After the presence of fault has been detected, it is important to identify the faulty
variable and apply the necessary corrective actions to eliminate the abnormal
data. Among the various PCA based isolation techniques, we can find the
variable reconstruction approach proposed in (Dunia and Joe Qin, 1998) which
is an effective approach that is largely employed for that matter in many related
works (Harkat et al., 2006) (Alcala and Qin, 2009).

In conventional PCA, the isolation of faults is achieved via a comparison between
the variables values before and after reconstruction. The variable reconstruction
approach assumes that each variable may be faulty and suggests to reconstruct
the assumed faulty variable using the PCA model from the remaining variables
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Figure 3.13 – Time evolution of the filtered ISWE(f) with
EWMA filtering

(Dunia and Joe Qin, 1998). This reconstructed variable is then used to isolate
the detected faults. In other words, the reconstruction of the ith variable uses
all the other variables data except the ith one. Thus, if only this variable is
faulty; its reconstruction eliminates the fault affecting it.

In this section, an extension of this approach for interval-valued PCA model
is used for fault isolation and reconstruction of the faulty measurements. The
reconstructions for the various interval PCA models are obtained via the pro-
jection matrix G(i), which provides reconstructed projections on principal or
residual sub-spaces based on the chosen number of components, as defined in
equations (3.54) (3.55) (3.57) (3.58).

So, let ISPE(i)
(f)(k) be the filtered variation of index ISPE(k) calculated after

reconstruction of the ith variable. Therefore, if the reconstructed variable is
faulty, the ISPE(i)

(f)(k) index is in the control limit because the fault is eliminated
by reconstruction. In the other hand, if the reconstructed variable is not faulty,
the ISPE(i)

(f)(k) index is outside its control limit because it is affected by the
fault. In summary, when a fault is detected, and in order to isolate it, all indices
ISPE

(i)
(f)(k), (i = 1, ...,m) are computed, and if ISPE(i)

(f)(k) ≤ δ2
α, the ith sensor

is considered as the faulty one.

The general expression of the ISPE(i) calculated after the reconstruction of the
ith variable, is given by:

ISPE(i)(k) =
∥∥∥[e(i)(k)

]∥∥∥2
=

m∑
j=1

∥∥∥[e(i)
j (k)

]∥∥∥2
(3.81)

Figure 3.14 illustrates the time evolution of the different ISPE(i)
(f) (i = 1, ..., 6)

indices, calculated after the reconstruction of the different variables. From this
figure, we can show that between sample time 120 and 150 all indices ISPE(i)

(f)

are out of their thresholds except ISPE(1)
(f), which indicates that variable [x1] is

the faulty one. The same reasoning can be made on ISPE(4)
(f) between sample

time 300 and 340 where variable [x4] is identified as the faulty variable.
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Figure 3.14 – Time evolution of SPE(i)
(f) calculated after the

reconstruction of different variable i = 1, 2, . . . , 6
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Figure 3.15 – Reconstruction of the faulty variable [x1]

Once the faulty sensors are identified, the following task consists in rectifying
the aberrant values of sensors by estimating the present state of the process.
The aim of the variable reconstruction approach is to best estimate the faulty
variable [xi], using the PCA model and fault direction ξi. Figures 3.15 and 3.16
represents the fault free variable, the faulty variable and its estimate values given
by reconstructions, for the contaminated variables [x1] and [x4], respectively.
We can clearly see that the reconstructed measurements are good replacement
values for the faulty measurements.



Chapter 3. Interval-Valued PCA for FDI 75

sample time
290 300 310 320 330 340 350 360

[x
4
]

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3
Faulty measurement LB
Faulty measurement UB
Reconstruction LB
Reconstruction UB
Faut free measurement LB
Faut free measurement UB

Figure 3.16 – Reconstruction of the faulty variable [x4]

3.6 Conclusion

Introducing interval notion to diagnosis of systems, and more precisely using prin-
cipal component analysis, is a novel technique that emphasizes on uncertainties
of measurement. The interval nature of the projections ensures the elimination
of uncertainties during fault detection and isolation procedure. Undoubtedly,
taking benefits of any knowledge about uncertainties is one of the fundamental
points of current research and development in multivariate statistical process
monitoring. Hence, several interval-valued PCA models have been developed
for more efficiency in analyzing the huge-volume of data continuously emerging
from various computerized industries

In this section, we presented different Interval-valued PCA methods, that are
geometric approximations based on the hyper-rectangles corresponding to the
interval-valued data. The most known methods being VPCA, CPCA, MRPCA
and CIPCA approaches. Within the framework of diagnosis, that lead us to
define the theory of Interval-valued PCA based FDI, which includes defining fault
indicators of interval type, and extension of isolation methods to the interval
case. Throughout this chapter, we have introduced new interval-valued statistics
for use with interval-valued PCA along with their threshold calculation. For the
isolation of faults, we introduced an extension of the reconstruction principle
for interval-valued data, which was also used to define a new criterion for the
determination of the number of components to be retained in and interval-valued
PCA model. the new criterion is the variance or interval reconstruction error
(VIRE) which ensure the minimum reconstruction error of the interval-valued
PCA model. The different indices are illustrated using a simulation example and
proven efficient in detecting and isolating faults in uncertain processes. However,
it is necessary to view and compare the performances of such interval-valued
models and statistics in real processes, which will be discussed in the next
chapter.
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4.1 Comparative Study and Validation on Syn-
thetic Data-sets

In this section, we demonstrate the effectiveness of the proposed control charts
and interval diagnosis techniques using simulated data. The performance evalu-
ation includes comparison in the case of univariate and multivariate detection
method using Monte-Carlo simulation. This simulation, also known as the
repeated random sub-sampling validation, randomly splits the dataset into
training and validation data. For each such split, the model is fit to the training
data, and predictive accuracy is assessed using the validation data for a number
of iterations (folds). This method also exhibits Monte-Carlo variation, meaning
that the results will vary if the analysis is repeated with different random splits.

4.1.1 Monte-Carlo Simulation

Let us first describe how the data for the Monte-Carlo simulation are constructed.
Each data set in this experience is an n ×m interval valued matrix [X] with
m = 6 variables and n = 500 samples, which are generated based on example (1).
In this simulation example, radius δX is chosen to be strictly positive and having
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different configurations varying from 10% to 20% of the variables variations. i.e.
xi × 10% < δxi < xi × 20%, i = 1, . . . , 6

To carry on with diagnosis routine, a second set of data, i.e. validation set, is
generated afterwards. In order to test the robustness of the IVD-PCA methods in
terms of modeling and detection abilities, we deliberately choose to simulate two
types of offsets, real faults δxi < ζi < −δxi, and uncertainties −δxi < ζi < δxi,
(i = 1, ..., 6). In the framework of IVD-PCA based monitoring, the radius δX of
data is considered as a safe zone, were small magnitude offsets, i.e. uncertainties
−δxi < ζi < δxi are not detected because considered as normal process variation,
while high magnitude offsets δxi < ζi < −δxi are considered as faults. Thus,
for the m variables of the process we then have ζ1, . . . , ζm added offsets, which
are randomly generated as uncertainties or real faults. Finally, a Monte-Carlo
simulation will be performed for k = 5000 runs or iterations.

The evaluated performances are calculated in order to compare between several
IVD-PCA approaches and are given by the following:
— The good detection rate (GDR) is given by the number of faulty data

points (violated samples) that exceed the control threshold (good detection)
over the total number of faulty data points.

GDR =
(
violated samples

faulty data

)
% (4.1)

— The uncertainties detection rate (UDR) is, roughly speaking, a GDR
calculated for the moments where uncertainties −δxi < ζi < δxi are
injected. From a robustness point of view, the IVD-PCA method with the
best performances tends to neglect −δxi < ζi < δxi, hence having a very
low UDR.

4.1.2 Univariate Case

In the univariate detection case, the interval-valued residuals are used to assess
the existence or not of faults. This method exploits the interval-valued nature
of residuals, such that, a fault is detected if one of the bounds of the residual
changes sign. Or, mathematically, if the product of bounds is negative then
there is no fault (e(k) × e(k) < 0), if the product of bounds is positive then
there is a fault (e(k)× e(k) > 0). In other words, both bounds of residuals are
by nature of opposite signs, i.e. e(k) < 0, e(k) > 0, and their product is then
always negative. So, given that in the case of fault presence only one bound
changes sign (depending on positive or negative nature of fault). Thus, when
this occurs, the product of bounds will be that of two positives or two negatives,
resulting in a positive quantity.

Therefore, based on the data generated using a Monte-Carlo simulation, we
computed the two performances criteria (GDR and UDR) for the four (4)
presented IVD-PCA methods, namely, VPCA, CPCA, MRPCA and CIPCA.
The results are represented by the histogram graph in Figure 4.1
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Figure 4.1 – Univariate chart comparison for interval-valued
PCA model

We note from Figure 4.1, that all the models give fairly good results for the
detection of faults, with the CIPCA model being the one with the highest GDR
rates, followed by the MRPCA model, VPCA model and CPCA model. When
it comes to handling uncertainties, the MRPCA model yields the best results
(lowest UDR ratios) followed by the CIPCA model, the VPCA model and the
CPCA model. Most balanced detection results are then obtained via CIPCA or
MRPCA models, with good performances for the VPCA model, and rather poor
performances of the CPCA model. However, the univariate detection method
is computationally cumbersome, as it depends on singly analysing variables
(residuals) and is therefore limited to processes of small number of variables. In
the case of large scale processes (with huge amount of variables) one might best
consider the multivariate detection approach.

4.1.3 Multivariate Case

4.1.3.a Comparison between IVD PCA’s for diagnosis

A first comparison between the four presented IVD-PCA methods: VPCA,
CPCA, MRPCA and CIPCA is performed in terms of good detection and han-
dling of uncertainties, based on the different variants of the squared prediction
error (SPE) for interval-valued data: [SPE], ISPE and ISPE(f) for a signifi-
cance level of 95%. Results are represented by the histogram graphs in Figures
4.2, 4.3, 4.4 and 4.5, where the different colored bars account for the percentage
of the calculated performance for injected offsets in variables 1 to 6 (from left to
right).
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Figure 4.2 – Interval SPE variations comparison using VPCA
model
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Figure 4.3 – Interval SPE variations comparison using CPCA
model

In general, all the four methods yield fairly well results for detecting real faults,
especially based on the ISPE and its filtered version ISPE(f). The actual
difference showed between the IVD-PCA methods lies mainly in the handling of
measurement uncertainties, which is described on the graphs by the UDR ratios.
The best performances are achieved using CIPCA model which tends to neglect
uncertainties in approximately 95% of the cases (corresponding to a UDR of
5%). This is a rather satisfying result considering that thresholds are calculated
for a significance level of 95%. Other well behaving methods are VPCA and
MRPCA with respectively 92% and 80% of neglected uncertainties. In the other
hand, CPCA method almost detects all the uncertainties as if they are actually
real faults, making it a poor model for diagnosis purpose. This comparison is
conducted based on the ISPE statistic which performs best when combined
with the EWMA filter. However, a global comparison has been held for all the
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Figure 4.4 – Interval SPE variations comparison using MRPCA
model
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Figure 4.5 – Interval SPE variations comparison using CIPCA
model

statistics and IVD-PCA’s with the same overall results.

4.1.3.b Comparison between interval statistics

Based on the engaged simulations on the various IVD-PCA’s presented hereby,
the performance comparison results declare the CIPCA model as the most
accurate method for diagnosis, with the highest fault detection and uncertainties
rejection ratios. Therefore, we choose to demonstrate the performances of the
interval statistics only for CIPCA method.
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The comparative results for the interval SPE variations are shown in Table 4.1.
As can be seen, the ISPE variations have satisfying results based on GDR and
UDR ratios, compared to the relatively poor standard [SPE] indicator. We note
however that the EWMA filter enhances the detection results of the statistic
but reduces its robustness by slightly increasing the UDR ratios.

[SPE] ISPE ISPE(f)

Variables GDR(%) UDR(%) GDR(%) UDR(%) GDR(%) UDR(%)

[x1] 21.92 0.47 90.36 4 85.82 6.86
[x2] 31.68 0.61 84.23 4.14 81.24 8.36
[x3] 37.25 1.72 86.71 4.97 85.44 9.91
[x4] 29.55 1.26 62.02 5.86 75.33 13.07
[x5] 10.16 1.8 70.92 5.1 78 9.3
[x6] 26.62 2.2 61.32 4.97 75.44 8.45

Table 4.1 – Diagnosis performances using [SPE], ISPE and
ISPE(f) indices

For the interval T 2 case, presented by Table 4.2, we notice the superiority of
the EWMA filter based IT 2

(f) over the other statistics. However, the overall
performance of all the interval T 2 statistics is not satisfying given that faults
are only detectable on the first two variables. This is due to the nature of the
T 2 indicator which basically calculates distance in the principal space from the
origin and can only detect high magnitude faults.

[T 2] IT 2 IT 2
(f)

Variables GDR(%) UDR(%) GDR(%) UDR(%) GDR(%) UDR(%)

[x1] 1.1 0 23.43 7.9 54.8 15.53
[x2] 2.81 0 61.45 2.53 77.19 0.33
[x3] 5 0 6.18 3.94 11.52 4.76
[x4] 1 0 5.68 4.33 9.17 5.73
[x5] 0 0 7.51 4.09 18.65 5.35
[x6] 0 0 5.82 4.35 10.18 6.04

Table 4.2 – Diagnosis performances using [T 2], IT 2 and IT 2
(f)

indices

Next, we compare the interval squared weighted error (SWE) statistics presented
in this manuscript based on interval CIPCA model, the results are gathered in
Table 4.3. A slight improvement is perceived in detection ratios compared to
the interval SPE charts, especially for the ISWE(f). Nevertheless, we note a
considerable increase of detected uncertainties explained by the UDR ratios. By
definition, the SWE chart takes into account the residual variances for more
sensibility, which explains the increase in the detection of uncertainties.
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[SWE] ISWE ISWE(f)

Variables GDR(%) UDR(%) GDR(%) UDR(%) GDR(%) UDR(%)

[x1] 15.9 1.59 79.5 4.51 81.22 8.19
[x2] 1.82 0.22 67.22 5.21 75.47 12.74
[x3] 32.7 1.11 88.77 6.67 86.6 23.6
[x4] 7.25 1.49 88.45 5.91 87.48 16.32
[x5] 7.58 1.23 79.02 6.4 82.22 20.34
[x6] 21.35 2.97 88.21 5.27 87.54 12.06

Table 4.3 – Diagnosis performances using [SWE], ISWE and
ISWE(f) indices

Summing up, the interval norm based control charts are a real improvement
over the classical interval-valued charts, especially when combined with a robust
filtering method, which is done in our case using the EWMA filter. Most balanced
results are obtained for the ISPE(f) indicator which demonstrates precision in
distinguishing uncertainties from actual faults. The ISWE(f) indicator has the
highest detection rate but is oversensitive to uncertainties, and the IT 2

(f) yield
rather unsatisfying results. However, it performs at its best in some particular
situations as in the conventional PCA case.

Another important matter to discuss in diagnosis is the isolation of faults. In
this work, we emphasis on the isolation based on the reconstruction principle,
extended for interval valued data. Table 4.4 presents the isolation results for
ISPE(f), ISWE(f) and IT 2

(f), that are considered as the most effective of the
statistics studied hereby. The calculated performance is the good isolation
ratio (GIR) for each sensor/variable, which indicates the ability of the approach
to isolate the detected faults. Good results are obtained in general for all
statistics, thus, demonstrating the effectiveness of the used interval-valued data
reconstruction to isolate the detected faults based on IVD-PCA model.

GIR (%)
Variables ISPE(f) IT 2

(f) ISWE(f)

[x1] 89.09 92.3 89.11
[x2] 82.88 83.23 82.99
[x3] 88.86 71.1 88.62
[x4] 74.98 83.3 71.34
[x5] 77.52 89.42 76.19
[x6] 74.08 76.23 70.65

Table 4.4 – Isolation performances using ISPE(f), IST 2
(f) and

ISWE(f) indices
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4.2 Application on Milling Machine Data

4.2.1 Description of the process

Milling is the most common form of machining, a material removal process,
which can create a variety of features on a part by cutting away the unwanted
material. The milling process requires a milling machine, work-piece, fixture, and
cutter. Milling is typically used to produce parts that are not axially symmetric
and have many features, such as holes, slots, pockets, and even three dimensional
surface contours. Parts that are fabricated completely through milling often
include components that are used in limited quantities, perhaps for prototypes,
such as custom designed fasteners or brackets. Another application of milling is
the fabrication of tooling for other processes. For example, three-dimensional
molds are typically milled. Milling is also commonly used as a secondary process
to add or refine features on parts that were manufactured using a different
process. Due to the high tolerances and surface finishes that milling can offer, it
is ideal for adding precision features to a part whose basic shape has already
been formed.

(a) Vertical Milling Machine (b) Horizontal Milling Machine

Figure 4.6 – Different Parts of Milling Machines

In milling, the speed and motion of the cutting tool is specified through several
parameters. These parameters are selected for each operation based upon the
work-piece material, tool material, tool size, and more.

— Cutting feed: The distance that the cutting tool or work-piece advances
during one revolution of the spindle and tool, measured in inches per
revolution (IPR).

— Cutting speed: The speed of the work-piece surface relative to the edge of
the cutting tool during a cut, measured in surface feet per minute (SFM).

— Spindle speed: The rotational speed of the spindle and tool in revolutions
per minute (RPM).



Chapter 4. Comparative Studies and Applications 84

— Feed rate: The speed of the cutting tool’s movement relative to the work-
piece as the tool makes a cut. The feed rate is measured in inches per
minute (IPM) and is the product of the cutting feed (IPR) and the spindle
speed (RPM).

— Axial depth of cut: The depth of the tool along its axis in the work-piece
as it makes a cut.

— Radial depth of cut: The depth of the tool along its radius in the work-piece
as it makes a cut.

In this section, we present and application of PCA and IVD-PCA based sensor
fault detection and isolation on the milling machine data-set from the NASA
Prognostics Center of Excellence (Agogino and Goebel, 2007).

4.2.2 The Data

The data-set used in this application represents experiments from runs on a
milling machine under various operating conditions. Data were sampled by three
different types of sensors: acoustic emission sensor, vibration sensor and current
sensor, and were recorded at several positions. The experimental conditions
of data used in this application are as in the first case, explained in (Agogino
and Goebel, 2007), with a depth of cut of 1.5mm and a feed of 413mm/min
for cast iron material, the cutting speed was set to 200m/min. The acquired
sensors/variables are explained in Table.4.5. An excellent reference on machining
operations and different possible strategies for process monitoring is given in
(Teti et al., 2010).

ACsmc AC spindle motor current
DCsmc DC spindle motor current
V ibT Table vibration
V ibS Spindle vibration
AET Acoustic emission at table
AES Acoustic emission at spindle

Table 4.5 – Milling machine variables

A correlation analysis, between the different process sensors reveals that the
first variable, which corresponds to the AC spindle motor current (ACsmc), has
a very weak correlation with the other variables. This can clearly be identified
in Eq. 4.2 which represents the correlation coefficients between different sensors,
calculated as in 1.20, 1.21. The off-diagonal coefficients of the first line/column
(highlighted elements) are close to zero, explaining that there is almost no
relationship between the ACsmc and the other sensors. Hence, the ACsmc is
excluded from the PCA model, and the monitored variables are reduced to the
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5 remaining variables, explained in Table 4.6.

1.0000 −0.0022 0.0006 0.0069 −0.0849 −0.0090
−0.0022 1.0000 0.8220 0.8162 0.6133 0.5775
0.0006 0.8220 1.0000 0.8664 0.7350 0.7703
0.0069 0.8162 0.8664 1.0000 0.7907 0.7418
−0.0849 0.6133 0.7350 0.7907 1.0000 0.8620
−0.0090 0.5775 0.7703 0.7418 0.8620 1.0000


(4.2)

x1 x2 x3 x4 x5

DCsmc V ibT V ibS AET AES

Table 4.6 – Monitored milling machine variables

The data are first normalized to zero mean and unit variance, as depicted in
Figure 4.7, the normalization rescales the variables in order to have the same
range of values for each of the variables. The normalized data variables are
presented in Figure 4.8. The number of PC’s to be retained for the PCA model
is chosen based on the VRE criterion, which corresponds to the value of ` = 2
for a minimum of VRE as in Figure 4.9.
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Figure 4.7 – Tendency of variables before/after normalization
for the milling machine data-set
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Figure 4.8 – Normalized variables of milling machine data-set

Number of PCs
1 1.5 2 2.5 3 3.5 4

V
R

E

0

10

20

30

40

50

60

70

80

90

Figure 4.9 – Number of PCs According to the VRE criterion
for the milling machine data-set

To further test the robustness of an interval-valued PCA model for FDI, and to
show the improvements perceived using PCA for interval-valued data, compared
to classical PCA. We perform an empirical study using the different fault
detection statistics presented in this manuscript based on the well-established
CIPCA model, as it is the most precise. This empirical study will also be carried
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out in the framework of Monte-Carlo simulation experiment. Using the milling
machine dataset, we repeat the experiment for K = 5000 times to avoid biased
results. In the kth replication, the following steps will be conducted:

1. Randomly choose the uncertainty range δxj, also called radius xrj , for
each variable/sensor. δxj is randomly selected as 5% to 20% of the
corresponding variable xj from the mill dataset at each iteration k, allowing
for different interval configurations to test. As an example, for a 5% range,
δxj = xj × 0.05

2. Construct the interval valued variables [xj] = [(xj − δxj), (xj + δxj)].
3. Construct a linear PCA model based on the experimental single-valued

milling machine data set, and a PCA for interval-valued data (CIPCA
model) based on the interval-valued milling machine data from step 2. 500
data samples are used as training data, where the principal components
to be retained for each model are determined according to the V RE and
V IRE criteria.

4. The validation samples from the mill data set are selected as n = 1000.
For each variable xj , uncertainties ζxj are added between sample time 300
and 400, and faults dfxj

are added from sample time 800 to the end. Both
offsets have random magnitudes at each iteration.

5. Calculate the corresponding fault detection statistics: SPE for classical
PCA, as well as interval [SPE], ISPE and its EWMA filtered version
for the interval CIPCA model.

6. Determine the performances of both models, and their corresponding
statistics.

The evaluated performances of PCA for interval-valued data and classical PCA,
based on the different detection statistics presented in this manuscript, are the
Good Detection Ratio (GDR%), which represents the ability of the approach to
detect faults, and the Uncertainties Detection Ratio (UDR%), which represents
the sensitivity of the approach to uncertainties, as presented in the previous
section. For a random case in the conducted Monte-Carlo simulation, we give a
graphical representation of the behavior of the different fault detection statistics:
classical SPE, interval [SPE], ISPE and their EWMA filtered versions, illus-
trated in Figures 4.10, 4.11, 4.12 and 4.13, respectively. Performances results
using Monte-Carlo simulation are presented in Table. 4.7
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Figure 4.10 – Milling machine fault detection using classical
PCA and SPE indicator
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Figure 4.11 – Milling machine fault detection using interval
[SPE] indicator
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Figure 4.12 – Milling machine fault detection using ISPE
indicator
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Figure 4.13 – Milling machine fault detection using EWMA
filtered ISPE indicator

SPE [SPE] ISPE ISPEf

GDR(%) UDR(%) GDR(%) UDR(%) GDR(%) UDR(%) GDR(%) UDR(%)

DCsmc 9.89 8.27 99.83 3.52 99.87 2.87 99.82 0.32
V ibT 50.70 8.97 74.68 5.31 75.55 5.61 91.63 6.78
V ibS 44.22 13.91 87.46 5.98 89.46 6.16 99.14 6.87
AET 14.58 9.03 12.88 6.57 32.21 14.87 81.10 18.27
AES 41.94 13.55 66.05 6.45 65.27 6.75 93.13 6.61

Table 4.7 – Diagnosis performances based on Monte-Carlo
simulation using SPE, [SPE], ISPE and ISPEf for the mill

data set

The highest fault detection results, given by GDR’s presented in Table. 4.7, are
mainly obtained using PCA for interval-valued data based on the ISPEf index.
Whilst the lowest UDR’s are mostly for the interval-valued case using [SPE]
index. However, we need to chose the most balanced results between GDR’s and
UDR’s for these fault detection statistics for a better monitoring application.
From the simulation results in Table. 4.7, we note the following:
— Classical PCA based SPE has a rather poor performance in detecting

faults and neglecting uncertainties. This is due to the high influence of
uncertainties on the constructed classical PCA model. Thus, the SPE
index exhibits a huge amount of missed detection and false alarms as
presented in Figure 4.10.

— Interval [SPE] handles the uncertainties of measurement very well, but
demonstrates a certain lack in detecting faults, mainly due to the need of
both bounds to determine the presence of faults, as can be seen in Figure
4.11.

— ISPE is an improvement over the Interval [SPE] in fault detection results,
with slight increase in UDR’s. As illustrated in Figure 4.12, it is of single
valued nature, and has very few false alarms .

— ISPEf has most satisfying detection results compared to the other statis-
tics, and well balanced UDR’s. According to Figure 4.13, false alarms
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are mostly eliminated using this index, which is due to the positive effect
of the application of EWMA filtering. A negative effect of this filter is
introducing a slight time delay in fault detection which doesn’t degrade
the overall quality of the statistic.

In summary, the overall results of the Monte-Carlo simulation confirm the syn-
thetic data simulation results. This simulation also demonstrates the very good
performances of the new fault detection strategy based on PCA for interval-
valued data, for handling large scale complex and uncertain systems, compared
to a classical PCA based FDI scheme. Among the different indices used in the
new interval fault detection scheme, and according to the calculated GDR’s
and UDR’s, the ISPEf index shows the more balanced performances. However,
[SPE] and ISPE indices can also be good choices, and can both have good
performances in fault detection using PCA for interval-valued data.

The fault isolation is performed based on the interval-valued reconstruction
approach. For the case of a fault on the third variable V ibs, the reconstructions
based on the ISPEf indicator are given in Figure 4.14. We can clearly identify
the fault as being in variable 3 due to its absence from the corresponding
reconstructed indicator ISPE3

(f).
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Figure 4.14 – Milling machine fault isolation using reconstrcu-
tions principle and the EWMA filtered ISPE indicator
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4.3 Application to the Distilation Collumn Bench-
mark

The FDI strategy presented in this thesis has been tested in a simulated distilla-
tion column process. The plant is a linearized dynamic model of a continuous
distillation column, the process model and simulation conditions are similar
to the ones provided by (Skogestad, 1997). The so-called "column A" with
LV-configuration have 41 theoretical stages and separates a binary mixture with
relative volatility of 1.5 into products of 99% purity. Figure 4.15 represents the
diagram of a simple distillation column, where the corresponding manipulated
variables are summarized in Table 4.8.
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Figure 4.15 – Basic distillation column controlled with LV-
configuration

F feed rate [kmol/min]
qF fraction of liquid in feed
zF feed composition [mole fraction]
TF feed temperature [ ◦C]
FM feed molar flow [kmol/min]
FV feed volumetric flow [kmol/min]

D, B distillate and bottom flow [kmol/min]
L, V reflux and boilup flow [kmol/min]

MD, MB condenser and reboiler holdup [kmol]
xD, xB distillate and bottom composition [mole fraction]

Ti tray temperature (i = 1, . . . , 41)

Table 4.8 – Distillation column process variables

The linear dynamic model of continuous distillation column, for use with MAT-
LAB and/or SIMULINK, is provided by S. Skogestad (Skogestad, 1997) in
"open-loop" form , i.e. uncontrolled. The column is "column A" studied in several
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papers in the literature. A controlled and optimized version of this model is
given in (P-M. Villalba, 2012) which will be used in this section. The distillation
column benchmark is given in Figure 4.16.
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Figure 4.16 – Distillation column Benchmark

The column has NT=41 stages including reboiler and total condenser, the feed
is at stage NF=21 counted from the bottom. The nominal conditions of the
distillation column are as follows:

— Feed rate F = 1 [kmol/min],
— Feed composition zF = 0.5 [mole fraction units]
— Feed liquid fraction qF = 1 (i.e., saturated liquid)
— Reflux flow LT = 2.706 [kmol/min]
— Boilup V = 3.206 [kmol/min].
— The nominal liquid holdup on all 41 stages is M0i = 0.5 [kmol] (including

the reboiler and condenser).
— The time constant for the liquid flow dynamics on each stage (except the

reboiler and condenser) is τ = 0.063 min. We assume that the vapor flow
does not effect the liquid holdup, i.e. lambda=0.

This results in a distillate product with D = 0.5 [kmol/min] and composi-
tion xNT = 0.99 [mole fraction units], and a bottoms product with B = 0.5
[kmol/min] and composition xB = x1 = 0.01 [mole fraction units].
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We simulated the distillation column plant for 2 hours, under NOC, and collected
2000 samples, the monitored variables being the 12 variables of the process
explained in Table 4.9. Assuming that each sensor measurements are stained with
noise and are imprecise, with the uncertainty ratio for each variable supposedly
represented by 20% of its variability, we construct the new interval data of the
process. Afterwards, and from the NOC interval data, the interval-valued PCA
model with four principal axes (` = 4) was chosen based on the V IRE criterion.
In Figure 4.17 the evolution of the different variables and their estimation based
on interval-valued PCA model is presented, this shows that the estimation error
is relatively small which demonstrates the accuracy of the used model.

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12

B MB D MD FM FV L TF V qF xB zF

Table 4.9 – Monitored Distillation Column Process Variables
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Figure 4.17 – Interval estimation based on PCA for interval-
valued data model

To carry on with the monitoring procedure, a second simulation is performed
where two different offsets are introduced to the system: the first is a sensor
fault simulated as a bias in the feed molar flow (FM), i.e. variable number
5, that starts at moment 1600 and ends at 2000, and represents 30% of the
variable variation. The second offset is an uncertainty in feed composition zF , ,
i.e. variable number 12, explained by 10% of the variable variation lasting from
moment 500 to 1000.
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In order to visualize the improvements perceived using interval-valued PCA in
comparison with the classical PCA case, a conventional PCA model is built
based on the NOC data of the plant. Figure 4.18 represents the time evolution of
SPE and SWE charts. Because of the influence of uncertainties, the monitoring
charts of conventional PCA in Figure 4.18 barely capture the fault in this
uncertain process. Moreover, they exhibit a massive number of false alarms in
the normal condition area, thus deteriorating the reliability of detection decisions
made using this PCA model.
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Figure 4.18 – Classical PCA fault detection charts (SPE and
SWE)

For the interval case, results for fault detection are shown in Figures 4.19 and
4.20 for different variations of ISPE and ISWE respectively. On one hand, we
notice the complete absence of the injected uncertainties, which are a priori to
be detected from moment 500 to 1000, the explanation being that the interval-
valued PCA model used hereby considers it as normal process variation and
not a real fault. In the other hand, the real fault, introduced accounting from
moment 1600, is correctly detected for the two indicators with all variations.
However, the ISPE and ISWE charts contain a light number of false alarms,
that are more frequent in the ISWE case, but are mostly eliminated in the
enhanced versions based on the EWMA filter.
In terms of process monitoring, a sampling period of time is usually determined,
and the measurement is considered as the average of the collected measured
values during that period. When this type of data is used, an excessive rate
of false alarms and missing detection may occur depending on the averaging
period of time. In addition to that, to obtain a reliable PCA model representing
the NOC, one needs to use a good amount of samples. However, describing the
measurement as an interval roughly covers the whole averaging period, and thus
yields more information about the process than the averaged measure, even for
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Figure 4.19 – Fault detection based on ISPE variations for
interval-valued PCA

a few samples. This quality of information gathered from the process positively
impacts on the interval-valued PCA model, which becomes consequently more
robust to uncertainties and even to slight process variations.
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Figure 4.20 – Fault detection based on ISWE variations for
interval-valued PCA

The next step in diagnosis routine is the isolation of the detected faults, which
will be performed based on the interval reconstruction principle. Figure 4.21
represents the reconstructions for the 12 monitored variables based on the
ISPE chart, where the exponent stands for the reconstruction without the
corresponding variable. We note that for different directions, the fault is detected
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except in the 5th variable/direction which corresponds to the faulty variable Fm
according to the reconstruction principle. The isolation procedure is achieved
based on the comparison between theoretical signatures of faults known a priori
and experimental signatures determined from different reconstruction directions,
given in Figure 4.21.
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Figure 4.21 – Reconstructions based on ISPE(i)
(f)

4.4 Conclusion

In this section, the proposed strategy for FDI using PCA for interval-valued
data is applied for process monitoring, which ensures a robust FDI strategy as it
combines sensor measurements and uncertainties using an interval representation.
Throughout the manuscript, we have introduced different interval statistics
based on interval-valued PCA model, namely, ISPE, IT 2 and ISWE, with
improvements using EWMA filter for less noisy charts. In diagnosis framework,
these control charts are validated and compared in terms of good detection and
isolation ratios, along with their ability to neglect uncertainties. This validation
was done based on a simulation example and using a Monte-Carlo simulation.
In addition to that, a comparison between the four most known interval-valued
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PCA methods is performed, namely VPCA, CPCA, MRPCA and CIPCA, where
the latter is chosen as the most accurate model. Two real applications are
presented: on a milling machine data and on a simulated distillation column
process. The application demonstrate the good performances obtained using
PCA for interval-valued data for FDI.
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Conclusions and Perspectives

This thesis presented a new sensor fault detection and isolation strategy for
systems subject to uncertainties, which is based on principal component analysis
for interval-valued data. PCA is a faithful data exploratory tool that has long
been used in several engineering fields, and had known several improvements
over time. Among the newest versions of PCA, is PCA for interval-valued data.
Our purpose in this work, was to investigate the applicability of this powerful
method for the purpose of fault detection and isolation. Indeed, for an FDI
scheme, one can believe that any additional information on the process can only
be beneficial, and especially when this information is about uncertainties.

We showed throughout this manuscript, that PCA for interval-valued data does
apply for FDI, and performs better then conventional PCA approach, in addition
to providing an ultimate robustness towards uncertainties of measurements.
However, most of the theory behind PCA based FDI has been developed for
single-valued data, so we had to forge most of the theory for an interval-valued
PCA case. So, starting from the four most know PCA models for interval-valued
data, known as VPCA, CPCA, MRPCA and CIPCA, we had to define fault
indicators of interval type, and extensions of isolation methods to the interval
case, in order to come up with a new strategy for FDI using interval-valued PCA.
Overall, the main aspects of this dissertation can be summarized as follows.

— The key performance of PCA for interval-valued data for sensor FDI is
its ability to neglect uncertainties of measurement by considering them
as normal process variation. In other words, due to the interval nature of
data, any information inside the interval is considered as normal variation
of the process, while any data outside this interval is considered as a fault.

— Two strategies are presented. The first strategy is a univariate fault
detection and isolation approach, i.e. FDI performed on generated residuals
from the model. The second strategy is a multivariate strategy which is
based on fault detection statistics.

— Several extensions for detection statistics are proposed for the interval-
valued PCA case, from interval extensions of well known SPE, T 2 and
SWE, to the new interval-norm based ISPE, IT 2 and ISWE. These new
statistics give considerably better results in terms of decision preciseness,
and are furthermore enhanced based on EWMA filtering method.

— Isolation of faults is presented based on an extension of the reconstruction
principle for the interval-valued data case. This extension is different for
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every interval-valued PCA model, and is detailed, then demonstrated for
fault isolation.

— For the determination of the number of PC’s, a new criterion is introduced,
which is based on the different extensions of reconstruction principle. the
so-called variance of interval reconstruction error (VIRE) ensures the
minimum reconstruction error in the interval-valued PCA model for an
accurate model, and consequently better performances in FDI.

— The proposed strategy is tested on a simulation example, then a Monte-
Carlo simulation is lead in order to compare different interval-valued
models and statistics. Then, a real application is presented for the milling
machine data, and the distillation column process, showing the substantial
improvements in precision for detecting faults, while perfectly handling
uncertainties by considering them as process variations.

This research axis is proving itself very promising, and several open issues deserve
further study for interval valued variables. One is the extension of the diagnosis
strategy to the dynamic case, which is limited by the updating abilities of the
interval model. Another possibility is the use of interval distances to construct
kernel functions in order to handle the high dimensional non-linear data.
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A | Moore’s Algorithm

An interval-valued variable x is represented by an interval of the form [x] = [xx],
where x < x (The upper bound of the interval is always greater than the lower
bound).

Let γ ∈ R be a real scalar, then the interval-valued variable [x] times γ is given
by:

γ
[
x x

]
=


[
γx γx

]
if γ > 0

[
γx γx

]
if γ < 0

(A.1)

This linear combination rule is called Moores’s rule and used in order to avoid
the problem in which the resulted lower bound value is greater than the upper
bound value 1. Equations for computation of interval components and estimates
in VPCA, CPCA and CIPCA are obtained using the moore’s rule to guarantee
that the upper bound of the computed interval valued component or estimate is
always greater than the lower bound.

1. Moore R. E., Interval Analysis, Prentice Hall, Englewood Cliffs, NJ., 1966.
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