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Abstract

Our work, in this thesis, lies in the study, under some conditions on p, m and the functional g, the
existence and asymptotic behavior of solutions of a nonlinear viscoelastic hyperbolic problem
of the form t
uy — Au— wAu + [ g(t — s)Au(s, x)ds
0

+alw" P uy=bulf e, zeQ, >0

u(0,2) =ug (), v €8
w (0,2) =uy (z), € Q

u(t,z) =0, z€l, t>0
where 2 is a bounded domain in RY (N > 1), with smooth boundary T, a,b, w are positive

constants, m > 2, p > 2, and the function ¢ satisfying some appropriate conditions.

Our results contain and generalize some existing results in literature. To prove our results many

theorems were introduced.

Keywords: Nonlinear damping, strong damping, viscoelasticity, nonlinear source, local solutions,

global solutions, exponential decay, polynomial decay, growth.




Résumé

Notre travail, dans ce memoire consiste a étudier I’éxistence et le comportement asymptotique des

solutions d’un probléme de viscoelasticité non lineaire de type hyperbolique suivant:

(

¢
uy — Au — wAu + [ g(t — s)Au(s, x)ds
0

+alu" P uy =bluff Pu, zeQ, t>0

u(0,2) =ug (), x €Q
w (0,2) =y (z), € Q

u(t,z) =0, z€l, t>0
ot, 2 est un domaine borné de RY (N > 1), avec frontiére assez reguliére I', a,b, w sont des
constantes positives, m > 2, p > 2, et la fonction ¢ satisfaite quelques conditions.

Nos résultats contiennent et généralisent certains résultats d’existences dans la littérature.

Pour la preuve, beaucoup théorémes ont été présentés

Mots clés: Dissipation nonlinéaire, viscoelasticité, source nonlinéaire, solutions locale, solutions

globale, décroissance exponentielle de I’énergie, décroissance polynomiale, croissement.




Notations

Q : bounded domain in RY.
I' : topological boundary of €.
x = (71,29, ...,xy) : generic point of RY.
dr = dxdx,y...dry : Lebesgue measuring on ).
Vu : gradient of u.
Awu : Laplacien of u.
ft, f~ : max(f,0), max(—f,0).
a.e : almost everywhere.
p' : conjugate of p, i.e E + l, =1.
D(Q) : space of diﬁ'ererzlgtiabll)e functions with compact support in .
D'(§2) : distribution space.
C* () : space of functions k—times continuously differentiable in €.
Co (€2) : space of continuous functions null board in €.
(

LP (§2) : Space of functions p—th power integrated on {2 with measure of dz.
1

111, = ([ 7o)

W (Q) = {u € LP(Q), Vue (L (Q))N} .

leully, = (llully + I 7ul2)”

Wy () : the closure of D () in W (Q).
WP (Q) : the dual space of W, ().

H : Hilbert space.

HY =Wy

p

If X is a Banach space

T
LP(0,7;X) = {f :(0,T) — X is measurable ; [ || f(£)|[% dt < oo}.
0

L>(0,T;X) = {f : (0,T) — X is measurable ;ess — sup || f(¢) |5 < oo} .

te(0,T)

C* ([0, T]; X) : Space of functions k—times continuously differentiable for [0, 7] — X.
D ([0,7];X) : space of functions continuously differentiable with compact support in [0, 7] .

Bx ={z € X;||z|| <1} : unit ball.




Introduction

In this thesis we consider the following nonlinear viscoelastic hyperbolic problem

(

¢
uy — Au — wAuy + [ g(t — s)Au(s, x)ds

0
+a ™" Puy=bulfPu, zeQ, t>0
U(O,IL’) :Uo(fﬁ), ut(()?m) = U (.CU), SRV

u(t,z) =0, z€l', t>0

where () is a bounded domain in RY (N > 1), with smooth boundary T', a, b, w are positive constants,
and m > 2, p > 2. The function ¢(t) is assumed to be a positive nonincreasing function defined on
R and satisfies the following conditions:

(G1). g : RT — R* is a bounded C'-function such that

o0

g(0) >0, 1—/g(s)ds:l>0.

(G2). g(t) = 0,4 (t) <0, g(t) < —Eg'(t), V>0, &> 0.

In the physical point of view, this type of problems arise usually in viscoelasticity. This type
of problems have been considered first by Dafermos [12], in 1970, where the general decay was
discussed. A related problems to (1) have attracted a great deal of attention in the last two
decades, and many results have been appeared on the existence and long time behavior of solutions.
See in this directions [2,3,5 — 8,18,29, 33, 34, 38| and references therein.

In the absence of the strong damping Auwu,, that is for w = 0, and when the function g vanishes
identically ( i.e. g = 0), then problem (1) reduced to the following initial boundary damped wave

equation with nonlinear damping and nonlinear sources terms.
A m—2 b p—2
wy — Au+ alug|" " uy = b lu|" . (2)

Some special cases of equation (2) arise in quantum field theory which describe the motion of

charged mesons in an electromagnetic field.

Equation (2) together with initial and boundary conditions of Dirichlet type, has been extensively

studied and results concerning existence, blow up and asymptotic behavior of smooth, as well
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as weak solutions have been established by several authors over the past three decades. Some

interesting results have been summarized by Said-Houari in his master thesis [42].

For b = 0, that is in the absence of the source term, it is well known that the damping term
a |ut|m72 u; assures global existence and decay of the solution energy for arbitrary initial data ( see
for instance [17] and [21]).

For a = 0, the source term causes finite-time blow-up of solutions with a large initial data ( negative
initial energy). That is to say, the norm of our solution u(¢,x) in the energy space reaches +oo
when the time ¢ approaches certain value T* called " the blow up time", ( see [1] and [20] for more
details).
The interaction between the damping term a|ue|™ > u, and the source term b|ul’*u makes the
problem more interesting. This situation was first considered by Levine [23,24] in the linear
damping case (m = 2), where he showed that solutions with negative initial energy blow up in finite
time T*. The main ingredient used in [23] and [24] is the " concavity method" where the basic
idea of this method is to construct a positive function L(t) of the solution and show that for some
v > 0, the function L~7(¢) is a positive concave function of ¢. In order to find such ~, it suffices to
verify that:

d?L7(t)

= —y L7 () [LL" — (1 +4)L?(t)] <0, vVt > 0.

This is equivalent to prove that L(t) satisfies the differential inequality

LL" — (14 ~)L™(t) > 0, Vt > 0.

Unfortunately, this method fails in the case of nonlinear damping term (m > 2).

Georgiev and Todorova in their famous paper [14], extended Levine’s result to the nonlinear damp-
ing case (m > 2). More precisely, in [14] and by combining the Galerkin approximation with the
contraction mapping theorem, the authors showed that problem (2) in a bounded domain 2 with
initial and boundary conditions of Dirichlet type has a unique solution in the interval [0, T) provided
that T is small enough. Also, they proved that the obtained solutions continue to exist globally in
time if m > p and the initial data are small enough. Whereas for p > m the unique solution of
problem (2) blows up in finite time provided that the initial data are large enough. ( i.e. the initial
energy is sufficiently negative).

This later result has been pushed by Messaoudi in [35] to the situation where the initial energy
E(0) < 0. For more general result in this direction, we refer the interested reader to the works of
Vitillaro [47], Levine [25] and Serrin and Messaoudi and Said-Houari [32].
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In the presence of the viscoelastic term (g # 0) and for w = 0, our problem (1) becomes

(

¢
uy — Au+ [ g(t — s)Au(s, z)ds

0
+alu" Py =bulfPu, x€Q, t>0
U(O,SL’) ZUO(':C)a ut(()?m) = U (x)u r e

u(t,r)=0,zel, t>0

For a = 0, problem (3) has been investigated by Berrimi and Messaoudi [3]. They established the
local existence result by using the Galerkin method together with the contraction mapping theorem.
Also, they showed that for a suitable initial data, then the local solution is global in time and in
addition, they showed that the dissipation given by the viscoelastic integral term is strong enough to
stabilize the oscillations of the solution with the same rate of decaying ( exponential or polynomial)
of the kernel g. Also their result has been obtained under weaker conditions than those used by

Cavalcanti et al [7], in which a similar problem has been addressed.

Messaoudi in [29], showed that under appropriate conditions between m,p and ¢ a blow up and
global existence result, of course his work generalizes the results by Georgiev and Todorova [14]
and Messaoudi [29].

One of the main direction of the research in this field seems to find the minimal dissipation such
that the solutions of problems similar to (3) decay uniformly to zero, as time goes to infinity.
Consequently, several authors introduced different types of dissipative mechanisms to stabilize these
problems. For example, a localized frictional linear damping of the form a(x)u, acting in sub-domain
w C 2 has been considered by Cavalcanti et al [7]. More precisely the authors in [6] looked into
the following problem

t
uy — Au + /g(t — 8)Au(s,x)ds + a(x)uy + |u|"u = 0. (4)

0

for v > 0, g a positive function and a :  — RT a function, which may be null on a part of the
domain ().
By assuming a(x) > ap > 0 on the sub-domain w C {2, the authors showed a decay result of an

exponential rate, provided that the kernel g satisfies

—(9(t) < g'(t) < —(ag(t), t >0, (5)
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and [|g|| ;1o ) is small enough.

This later result has been improved by Berrimi and Messaoudi [2], in which they showed that the
viscoelastic dissipation alone is strong enough to stabilize the problem even with an exponential
rate.

In many existing works on this field, the following conditions on the kernel

g(t) < —Cg"(t), t=0, p=1, (6)
is crucial in the proof of the stability.

For a viscoelastic systems with oscillating kernels, we mention the work by Rivera et al [36]. In
that work the authors proved that if the kernel satisfies g(0) > 0 and decays exponentially to zero,
that is for p = 1 in (6), then the solution also decays exponentially to zero. On the other hand,
if the kernel decays polynomially, i.e. (p > 1) in the inequality (6), then the solution also decays

polynomially with the same rate of decay.

In the presence of the strong damping (w > 0) and in the absence of the viscoelastic term (g = 0),
the problem (1) takes the following form

( utt—Au—wAut—l—a|ut|m_2ut:b\u|p_2u, €N, t>0

U(O’x):uo(x)aut(07$)2u1($)7x69 . (7)

| u(t,r)=0, z€l, t>0

Problem (7) represents the wave equation with a strong damping Awu,;. When m = 2, this problem
has been studied by Gazzola and Squassina [13]. In their work, the authors proved some results
on well posedness and asymptotic behavior of solutions. They showed the global existence and
polynomial decay property of solutions provided that the initial data is in the potential well.

The proof in [13] is based on a method used in [19]. Unfortunately their decay rate is not opti-
mal, and their result has been improved by Gerbi and Said-Houari [16], by using an appropriate
modification of the energy method and some differential and integral inequalities.

Introducing a strong damping term Aw; makes the problem from that considered in [42] and [14],
for this reason less results where known for the wave equation with strong damping and many

problem remain unsolved. ( See [13] and the recent work by Gerbi and Said-Houari [15]).

In this thesis, we investigated problem (1), in which all the damping mechanism have been considered

in the same time (i.e. w > 0, g # 0, and m > 2), these assumptions make our problem different
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form those studied in the literature, specially the blow up result / exponential growth of solutions
(chapter4).

This thesis is organized as follows:

Chapterl:
In this chapter we introduce some notation and prepare some material needed for our work. The
main results of this chapter such as: the LP— spaces, the Sobolev spaces, differential and integral
inequalities and other theorems of functional analysis, can found in the books [4] and [43].
Chapter2:
This chapter is devoted to the study of the local existence result, the main ingredient used in this
chapter is the Galerkin approximations ( the compactness method) introduced in the book of Lions
[26], together with the fix point method.
Indeed, we consider first for u € C'([0,T], Hy) given, the following problem
t
vy — Av — wAvy + /g(t — 5)Av(s, x)ds + a|v|" P, =bluff Pu, z€Q, t>0 (8)

0
with the initial data

v(0,2) =up (x), v (0,2) =uy (z),z € Q 9)

and boundary conditions of the form
v(t,x)=0, x €T, t>0, (10)

and we will show that problem (8) — (10) has a unique local solutions v by the Faedo-Galerkin
method, which consists in constructing approximations of the solution, then we obtain a priori
estimates necessary to guarantee the convergence of these approximations. We recall here that the
presence of nonlinearity on the damping term a |vt]m_2 vy forces us to go until the second a priori
estimate. We point out that the contraction semigroup method fails here, because of the presence
of the nonlinear terms.
Once the local solution v exists, we will use the contraction mapping theorem to show the local
existence of our problem (1). This will be done under the assumption that 7" is required to be small
enough (see formula (2.77)).
Chapter 3:
Our main purpose in this chapter is tow-fold:
First, we introduce a set W defined in (3.5) called " the potential well" or " stable set" and we
show that if we restrict our initial data in this set, then our solution obtained in chapter 2 is global
in time, that is to say, the norm

Juelly + 1Vully
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in the energy space L*(Q) x H}(Q) of our solution is bounded by a constant independent of the
time ¢.

Second, We show that, if our solution is global in time, ( i.e. by assuming that the initial data
up € W) and if our function g satisfies the condition (6) ( for p = 1), then our solution decays time
asymptotically to zero. More precisely we prove that the decay rate is of the form (1 + ¢)% =™
if m > 2, whereas for m = 2, we obtain an exponential decay rate. (See Theorem 3.2.1). The
main tool used in our proof is an inequality due to Nakao [37], in which this inequality has been
introduced in order to study the stability of the wave equation, but it is still works in our problem.
Chapter 4:

In this chapter we will prove that if the initial energy FE(0) of our solution is negative ( this means

that our initial data are large enough), then our local solutions in bounded and
[utlly + [[Vully = o0

as t tends to +o00. In fact it will be proved that the LP—norm of the solution grows as an exponential
function. An essential tool of the proof is an idea used by Gerbi and Said-Houari [15], which based
on an auxiliary function ( which is a small perturbation of the total energy), in order to obtain a
differential inequality leads to the exponential growth result provided that the following conditions

o)

p—2

d -

/ﬂﬁ8<p_r
0

holds.




Chapter 1
Preliminary

Abstract

In this chapter we shall introduce and state some necessary materials needed in the proof of our
results, and shortly the basic results which concerning the Banach spaces, the weak and weak star
topologies, the LP space, Sobolev spaces and other theorems. The knowledge of all this notations

and results are important for our study.



Chapter 1. Preliminary 2

1.1 Banach Spaces - Definition and Properties

We first review some basic facts from calculus in the most important class of linear spaces "Banach

spaces".

Definition 1.1.1 A Banach space is a complete normed linear space X. Its dual space X' is the

linear space of all continuous linear functional f : X — R.

Proposition 1.1.1 ([43])
X' equipped with the norm ||.||y, defined by

1fllx = sup {|f ()] : [Jul] <1}, (1.1)

1$ also a Banach space.

We shall denote the value of f € X’ at u € X by either f(u) or (f, u)x/, x.

Remark 1.1.1 ([43]) From X' we construct the bidual or second dual X" = (X')'. Furthermore,
with each uw € X we can define p(u) € X" by o(u)(f) = f(u), f € X', this satisfies clearly
lo(@)|| < |lu|l. Moreover, for each w € X there is an f € X' with f(u) = ||u|| and || f]| =1, so it
follows that ||(x)| = ||ul| .

Definition 1.1.2 Since ¢ is linear we see that
o: X — X",
is a linear isometry of X onto a closed subspace of X", we denote this by
X — X"
Definition 1.1.3 If ¢ (in the above definition) is onto X" we say X is reflexive, X = X" .

Theorem 1.1.1 (4], Theorem I11.16)
Let X be Banach space. Then, X is reflexive, if and only if,
Bx ={x e X :|z|| < 1},
is compact with the weak topology o (X, X'). (See the next subsection for the definition of o (X, X"))
Definition 1.1.4 Let X be a Banach space, and let (uy), oy be a sequence in X. Then u, converges
strongly to u in X if and only if
lim [ju, —ul/y =0,

and this is denoted by u,, — u, or lim u, = u.

n—oo

Section 1.1. Banach Spaces - Definition and Properties
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1.1.1 The weak and weak star topologies

Let X be a Banach space and f € X’. Denote by

1.2
T = ng(l'>, 2

when f cover X', we obtain a family ((p f) of applications to X in R.

fex:

Definition 1.1.5 The weak topology on X, denoted by o (X, X"), is the weakest topology on X for

which every ((pf) fex: 1S continuous.

We will define the third topology on X', the weak star topology, denoted by o (X', X). For all
x € X. Denote by
v, X' =R
f = pr(f) - <f7 x>X',X7

when z cover X, we obtain a family (¢, ),y of applications to X’ in R.

(1.3)

Definition 1.1.6 The weak star topology on X' is the weakest topology on X' for which every

(©2)pex 8 continuous.

Remark 1.1.2 ([4]) Since X C X", it is clear that, the weak star topology o (X', X) is weakest
then the topology o (X', X"), and this later is weakest then the strong topology.

Definition 1.1.7 A sequence (u,) in X is weakly convergent to = if and only if

lim f(uy) = f(u),

n—oo

for every f € X', and this is denoted by u,, — u.

Remark 1.1.3 ([42], Remark 1.1.1)
1. If the weak limit exist, it is unique.
2. Ifu, — u e X (strongly), then u, — u (weakly).

3. If dim X < 400, then the weak convergent implies the strong convergent.

Proposition 1.1.2 ([43])
On the compactness in the three topologies in the Banach space X :
1- First, the unit ball
B={re X:|z| <1}, (1.4)

Section 1.1. Banach Spaces - Definition and Properties
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in X is compact if and only if dim(X) < oo.
2- Second, the unit ball B' in X' (The closed subspace of a product of compact spaces) is weakly
compact in X' if and only if X is reflexive.

3- Third, B’ is always weakly star compact in the weak star topology of X'.

Proposition 1.1.3 ([4], proposition III.12)
Let (f,,) be a sequence in X'. We have:
1. [fn X fin g(X',X)] & [fulz) — f(2), Vo € X].
2. If fn — f (strongly), then f, — f, in o (X', X"),
If fo = fin o (X', X"), then f, > f, in o (X', X).
8. If fu > f,in o (X', X), then || fo|| is bounded and || f|| < liminf | f,]|.
4. If fo = f, in o (X', X) and x, — x (strongly) in X, then f,(x,) — f(x).

1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to be the most
important function space in modern physics and modern analysis, known as Hilbert spaces. Then,

we must give some important results on these spaces here.

Definition 1.1.8 A Hilbert space H is a vectorial space supplied with inner product (u,v) such that
|lu|| = v/{u,u) is the norm which let H complete.

Theorem 1.1.2 ([42], Theorem 1.1.1)
Let (un),cy 15 a bounded sequence in the Hilbert space H, then it possess a subsequence which

converges in the weak topology of H.

Theorem 1.1.3 ([42], Theorem 1.1.2)

In the Hilbert space, all sequence which converges in the weak topology is bounded.

Theorem 1.1.4 ([42], Corollary 1.1.1)
Let (uy,)

which converge weakly to v, then

nen be a sequence which converges to u, in the weak topology and (vy),, oy s an other sequence

lim (vy,, u,) = (v, u). (1.5)

n—oo

Theorem 1.1.5 ([42], Theorem 1.1.3)
Let X be a normed space, then the unit ball

B = {z e X' ||l < 1}, (1.6)

of X' is compact in o (X', X).

Section 1.1. Banach Spaces - Definition and Properties
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Proposition 1.1.4 ([42], Proposition 1.1.1)
Let X andY be two Hilbert spaces, let (uy), . € X be a sequence which converges weakly to u € X,
let Ae L(X,Y). Then, the sequence (A (uy)), ey converges to A(u) in the weak topology of Y.

Proof. For all u € X, the function
u > (A(u),v)

is linear and continuous, because
[(Au), ) < [ Allzx, vy lullx [[olly, Vue X, veY.
So, according to Riesz theorem, there exists w € X such that

(A(u),v) = (u,w), Yu € X.

Then,
(A 0 = Jim ()
= (u,w) = (A(u),v). (1.7)

This completes the proof. m

Section 1.1. Banach Spaces - Definition and Properties
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1.2 Functional Spaces

1.2.1 The L?(Q2) spaces

Definition 1.2.1 Let 1 < p < oo, and let Q2 be an open domain in R™, n € N. Define the standard

Lebesgue space LP(£2), by

LP(Q) =< f:Q— R: [ is measurable and /\f(a:)\pda: < 00

Q

Notation 1.2.1 Forp € R and 1 < p < 0o, denote by

SR

i1, = | [ 1f@r iz

If p = 0o, we have

L>*(Q)={f:Q — R: fis measurable and there exists a constant C'

such that, |f(z)| < C a.e in Q}.

Also, we denote by
| fllo = Inf {C, |f(z)] < C aein Q}.

1 1
Notation 1.2.2 Let 1 < p < oo, we denote by q the conjugate of p i.e. —+ — = 1.
p q

Theorem 1.2.1 ([48])

(1.8)

(1.9)

(1.10)

(1.11)

It is well known that LP(SY) supplied with the norm .||, is a Banach space, for all 1 <p < oco.

Remark 1.2.1 In particularly, when p =2, L? (Q) equipped with the inner product

(f, 92 Z/f(a:)g(ac)da:,

Q

18 a Hilbert space.

Theorem 1.2.2 ([43], Corollary 3.2)
For 1 < p < oo, LP(Q) is reflexive space.

(1.12)

Section 1.2. Functional Spaces
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Some integral inequalities

We will give here some important integral inequalities. These inequalities play an important role

in applied mathematics and also, it is very useful in our next chapters.

Theorem 1.2.3 ([48], Holder’s inequality )
Let 1 < p < oo. Assume that f € LP(Q) and g € LY(R), then, fg € L' () and

/ Folde < 1£1, lgll, (1.13)
Q

Corollary 1.2.1 (Hélder’s inequality - general form)

Lemma 1.2.1 Let fi, fo,...fr be k functions such that, f; € L (), 1 <i<k, and

1 1 1 1
-—=— 4+ —4+ ...+ —<1.
p pP1 D2 Pk

Then, the product fi fo...fr € LP(Q) and || fufa--fell, < Ifill,, - 1 fell,, -

Lemma 1.2.2 ( [48], Young’s inequality)

1 1 1
Let f € LP(R) and g € LY(R) with 1 < p < oo,1 <g<ooand — = -+ -—12>0. Then
r p 9
fxge L"(R) and
1 * 9l ey < Nl ogy 9] oy - (1.14)
Lemma 1.2.3 ([43|, Minkowski inequality)
For 1 <p < oo, we have
lu+ ol < lull o + (0]l 2o - (1.15)
Lemma 1.2.4 ([43])
1 a 1-«a
Let 1 <p<r<gq, —-=—+ ,and 1 < a <1. Then
r.p q
ot l1—a
[l e < Nlullze llull ™ - (1.16)

Lemma 1.2.5 ([43])
If u () <oo, 1 <p<qg<oo, then L9 — LP, and

Q=

1
Jull gy < p()2 2 flullL, -

Section 1.2. Functional Spaces
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1.2.2 The Sobolev space W"™"(2)

Proposition 1.2.1 (]26])
Let 2 be an open domain in RN, Then the distribution T € D'() is in LP() if there exists a
function f € LP(Q)) such that

(T, ¢) = / f(@)p(@)dz, for all g € D),

where 1 < p < 0o, and it’s well-known that f is unique.

Definition 1.2.2 Let m € N and p € [0,00]. The W™P(Q) is the space of all f € LP(R?), defined

as
WmP(Q) = {f € LP(Q), such that 0*f € LP(QQ) for all o« € N™ such that (1.17)
la] = >0 <m, where, % = 97" 057..05" }. .
Theorem 1.2.4 ([9])
Wm™P(Q) is a Banach space with their usual norm
1 lwmoiy = D 10%fllws 1< p < oo, for all f € W™P(Q). (1.18)

la<m

Definition 1.2.3 Denote by Wy""(Q) the closure of D(2) in W™P(Q).

Definition 1.2.4 When p = 2, we prefer to denote by W™2(Q) = H™ (Q) and WJ"*(Q) = Hy* ()
supplied with the norm

iy = D WO°fll)* | (1.19)

laj<m

which do at H™ (2) a real Hilbert space with their usual scalar product

(Us V) gy = Z /Go‘uﬁo‘vdx (1.20)
lo|<m @
Theorem 1.2.5 ([42], Proposition 1.2.1)
1) H™ () supplied with inner product (., .)gm(q) is a Hilbert space.
2) Ifm >m/, H™ (Q) — H™ (Q), with continuous imbedding .

Lemma 1.2.6 ([26])
Since D(R2) is dense in HJ (), we identify a dual H™™ (2) of HJ" (?) in a weak subspace on 2,
and we have

D(Q) — Hy' () = L*(Q) — H ™ (Q) — D'(Q),

Section 1.2. Functional Spaces
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Lemma 1.2.7 (Sobolev-Poincaré’s inequality)

If
2 < g<- 2 n>3
n— 2
q Z 27 n:1727
then
Jull, < Clg, Q) [IVull,, (1.21)

for all u € H} ().

The next results are fundamental in the study of partial differential equations

Theorem 1.2.6 ([9] Theorem 1.3.1)
Assume that Q2 is an open domain in RY (N > 1), with smooth boundary T'. Then,

(i) if 1 < p < n, we have WP C L4(Q), for every q € [p, p*], where p* = np_
n—p

(ii) if p = n we have WP C L4(Q), for every q € [p, o).
(iii) if p > n we have WP C L>®(Q) N C**(Q), where a = b=

Theorem 1.2.7 ([9] Theorem 1.5.2)
If Q is a bounded, the embedding (ii) and (i1i) of theorem 1.1.4 are compacts. The embedding (i) is
compact for all q € [p, p*).

Remark 1.2.2 ([26])
For all p € H*(Q2), Ap € L3(Q) and for T sufficiently smooth, we have

120y < CllALD 120 - (1.22)

Proposition 1.2.2 ([43], Green’s formula)
For all w € H?(2),v € HY(Q) we have

—/Auvda: = /Vqudx— /%vda, (1.23)
Q Q o) 7

ou N
where 8_77 18 a normal derivation of u at T'.

Section 1.2. Functional Spaces
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1.2.3 The L? (0,7, X) spaces

Definition 1.2.5 Let X be a Banach space, denote by LP(0,T, X)) the space of measurable functions

Fi10,T[— X
t— 10
such that
. s
J 15Ot | =1l < o0, for 1< p< oo, (124
0
If p = o0,
1m0 = s ess (0] (125
t€]0,T|

Theorem 1.2.8 ([42])
The space LP(0,T, X) is complete.

We denote by D’ (0,7, X) the space of distributions in |0, 7'[ which take its values in X, and let us
define
D'(0,7,X)=L(D]0,T[,X),

where £ (¢, ¢) is the space of the linear continuous applications of ¢ to ¢. Since u € D' (0, T, X),

we define the distribution derivation as

%(@ = —u (C;—f) , Yo eD(0,T]), (1.26)

and since u € LP (0, T, X), we have

u(yp) = /u(t)gp(t)dt, Vo € D(]0,T7]). (1.27)

0

We will introduce some basic results on the LP(0, T, X) space. These results, will be very useful in

the other chapters of this thesis.

Lemma 1.2.8 ([26] Lemma 1.2 )
Let f € LP(0, T, X) and g—{ € Lr0, T, X), (1 <p< o), then, the function f is continuous from
0,7] to X.i.e. f € C1(0, T, X).

Section 1.2. Functional Spaces
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Lemma 1.2.9 (]26])
Let ¢ =10, T[xQ an open bounded domain in RxR", and let g,,, g are two functions in L7 (]0,T[, L1(S2)),
1 < q < oo such that

190l oo, pagy < €5 Vi €N (1.28)
and
Gu = g M P,
then
gu = g in L (p).

Theorem 1.2.9 ([9], Proposition 1.4.17)
LP(0, T, X) equipped with the norm ||.||Lp(07T7X), 1 < p < o is a Banach space.

Proposition 1.2.3 ([14])
1 1

Let X be a reflexive Banach space, X' it’s dual, and 1 < p < 00, 1 < q < o0, —+ — = 1. Then the
b q

dual of LP(0, T, X) is identify algebraically and topologically with L1(0,T, X").

Proposition 1.2.4 ([9])
Let X, Y be to Banach space, X C'Y with continuous embedding, then we have L*(0, T, X)) C L?(0,

T, Y) with continuous embedding.

The following compactness criterion will be useful for nonlinear evolution problems, especially in

the limit of the non linear terms.

Proposition 1.2.5 ([26]).
Let By, B, By be Banach spaces with By C B C By, assume that the embedding By — B is compact
and B — By are continuous. Let 1 < p < 0o, 1 < q < oo, assume further that By and By are
reflexive.
Define

W={uel”(0, T, By):u €L, T, B)}. (1.29)

Then, the embedding W — LP (0, T, B) is compact.
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1.2.4 Some Algebraic inequalities

Since our study based on some known algebraic inequalities, we want to recall few of them here.

Lemma 1.2.10 ([48],The Cauchy-Schwarz inequality)

Every inner product satisfies the Cauchy-Schwarz inequality
(@), x2) <zl |22

The equality sign holds if and only if x1 and x5 are dependent.

Young’s inequalities :

Lemma 1.2.11 For all a, b € RT, we have

b2
ab < da® + —

45’

where § is any positive constant.

Proof. Taking the well-known result

(20a —b)*>0 Va, beR

for all 9 > 0, we have

46%a% + b? — 46ab > 0.

This implies

45ab < 46%a® + b?

consequently,

1
ab < da* + —b%.

44
This completes the proof. m

Lemma 1.2.12 ([43])
For all a,b > 0, the following inequality holds

a? bl
abS _+_7
p q

1 1
where, — + — = 1.
p q

(1.30)

(1.31)
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Proof. Let G = (0,1), and f : G — R is integrable, such that

1 1
forall a,b >0 and — + — = 1.

Since ¢(t) = €' is convex, and using Jensen’s inequality

1 1
—_ d < — dx. 1.32
o\ [ F@r | < = [ et as (1.32)
G G
Consequently, we have
) 1 1/p 1
—N @ /go(f(m))dm = /ef(x)dm: /eplog“dm—i—/eqlogbdx
G 0 0 1/p
1/p 1
= /apdx+/qux
0 1/p
1 1
= —(a’)+ <1 — —) be.
p p
(1.33)
a? b
p g
where, 11 (G) =1 and
1 / (fl f(:r)d:p) ( 1/pp10gadw+f1 qlogbd:c)
o\ —= | fla)de | = el = e\o 1/p
1 (G) @)
G
e(loga+10gb) _ elog ab
= ab. (1.34)

Using (1.32), (1.33) and (1.34) to conclude the result. m
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1.3 Existence Methods

1.3.1 The Contraction Mapping Theorem

Here we prove a very useful fixed point theorem called the contraction mapping theorem. We will

apply this theorem to prove the existence and uniqueness of solutions of our nonlinear problem.

Definition 1.3.1 Let f : X — X be a map of a metric space to itself. A point x € X is called a
fixed point of f if f(x) = z.

Definition 1.3.2 Let (X,dx) and (Y,dy) be metric spaces. A map ¢ : X — Y s called a contrac-

tion if there exists a positive number C' < 1 such that

dy (¢(2), o(y)) < Cdx(z,y), (1.35)

forall x,y € X.

Theorem 1.3.1 (Contraction mapping theorem [45] )
Let (X, d) be a complete metric space. If ¢ : X — X is a contraction, then ¢ has a unique fixed

point.

1.3.2 Gronwell’s lemma

Theorem 1.3.2 ( In integral form)
Let T > 0, and let ¢ be a function such that, ¢ € L*(0,T), ¢ > 0, almost everywhere and ¢ be
a function such that, ¢ € L'(0,T), ¢ > 0, almost everywhere and ¢p € L' [0, T], Cy, Cy > 0.

Suppose that
t

o(t) < Cy+ C’g/go(s)gb(s)ds, for a.et €]0,T7, (1.36)
0
then,
o(t) < Crexp C’g/go(s)ds , for a.et €]0,T7]. (1.37)
0
Proof. Let .
F(t)=Cy+ Cy / o(s)o(s)ds, for t € [0,T7, (1.38)
0
we have,
o(t) < (),
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From (1.38) we have

F(t) = Cop(t)o(t)

< Chp(t)A(t), for a.et €]0,T]. (1.39)
Consequently,
¢
d
&3 Flt)exp ( / Coo(s)ds | & <o, (1.40)
0
then,
t
F(t) < Ciexp | Cy [ ¢(s)ds |, fora.ete€]0,T]. (1.41)

0
Since ¢ < F| then our result holds.
In particle, if C; = 0, we have ¢ = 0 for almost everywhere t € ]0,7]. =

1.3.3 The mean value theorem

Theorem 1.3.3 Let G : [a,b] — R be a continues function and ¢ : [a,b] — R is an integral positive

function, then there exists a number x in (a,b) such that

b b
/ Gt)p(t)dt = G() / S(1)dt. (1.42)
In particular for (t) = 1, there exists x € (a,b) such that
/G(t)dt =G(z)(b—a). (1.43)
Proof. Let
m = inf {G(z),z € [a,b]} (1.44)
and
M =sup{G(z),z € [a,b]} (1.45)

of course m and M exist since [a, b] is compact.
Then, it follows that

m/go(t)dt < /G(t)go(t)dt < M/gp(t)dt. (1.46)

a
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By monotonicity of the integral. dividing through by f; ©(t)dt, we have that

b
G(t)p(t)dt
m < o OO _ (1.47)
[ o(t)dt
Since G(t) is continues, the intermediate value theorem implies that there exists x € [a, b] such that

_ J GWe(dt (1.48)

Gz
(@) [P o(t)dt

Which completes the proof. =
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Chapter 2
Local Existence

Abstract

Our goal in this chapter is to study the local existence ( local well-possedness) of the problem (P),
for u in C ([0, T], H}(Q)). For this purpose we consider, first the related problem for u fixed in
C([0,77, Hy ()

(

v — Avy — Av + fotg(t — s)Av(s, x)ds
+ |%ﬁ|mi2 v = |U|pi2 w, t€Q, t>0

v(0,2) =ug(x), v (0,2) =uy (z), z €

v(t,z) =0, z €, t>0

and we will prove the local existence of this problem by using the Faedo-Galerkin method. Then,
by using the well-known contraction mapping theorem, we can show the local existence of (P).
Our techniques of proof follows carefully the techniques due to Georgiev and Todorova [14], with
necessary modifications imposed by the nature of our problem. The first step of our proof is the
choice of the space where the local solution exists. The minimal requirement for this space is that
u(t, z) be time continuous. The weak space satisfying the above requirement is C ([0, 7], H), where
H = H}(Q) x H}(Q) is the natural energy space for (P).

17
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2.1 Local Existence Result

In order to prove our local existence results, let us introduce the following space
w: we (0,77, Hy(),
Yr = ) (2.2)
u, € C([0,T], HY () N L™([0,T] x Q)

Our main result in this chapter reads as follows:

Theorem 2.1.1 Let (ug,uy) € (HE())? be given. Suppose that m > 2, p > 2 be such that

2(n—1)

> 3. 2.3
n_2 = (2:3)

max {m, p} <

Then, under the conditions (G1) and (G2), the problem (P) has a unique local solution u(t,z) € Yr,

for T small enough.

The proof of theorem 2.1.1 will be established through several lemmas. The presence of the term
|u|P72 u in the right hand side of our problem (P), gives us negative values of the energy. For this
purpose we fixed u € C ([0,7], Hy(2)) in the right hand side of (P) and we will prove that our

problem (2.1) , admits a solution.

Lemma 2.1.1 ([14], Theorem 2.1) Let (ug,u,) € (HL(Q))?, assume that m > 2, p > 2 and (2.3)
holds. Then, under the conditions (G1) and (G2), there exists a unique weak solution v € Yr to the
problem (2.1), for any u € C ([0,T], Hy(Q)) given.

The proof of the above Lemma follows the techniques due to Lions [26], in order to deal with the
convergence of the non linear terms in our problem, we must take first our initial data (ug,u1) in a
high regularity (that is, uo € H2(Q) N H}(Q), and u; € HE(Q2) N LA™=D(Q)).

Lemma 2.1.2 ([26], Theorem 3.1) Let u € C ([0,T], H}(2)). Suppose that

uy € H*(Q) N H), (2.4)
w, € HYQ)N L2 D(Q), (2.5)

assume further that m > 2, p > 2. Then, under the conditions (G1) and (G2) there exists a unique
solution v of the problem (2.1) such that

ve L= ([0,T], H*(Q) N Hy (), (2.6)
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v € L ([0,T], Hy (),
vy € L™ ([O,T] 7L2(Q)) )

vy € L™ ([0,T] x ().
The following technical Lemma will play an important role in the sequel.

Lemma 2.1.3 For any v € C* (0,T, H*(Q))) we have

//g(t—s)Av(s).v’(t)dsdx _ %%(gow) () — %% [/g(s)/Vu(t)2dxds

0 Q
1

~3 (0 o) (0 + 39(0) [ 1900 dads.

t

where (gou)(t) = /g(t — s)/ lu(s) — u(t)|” deds.

0 Q

The proof of this result is given in [31], for the reader’s convenience we repeat the steps here.

Proof. It’s not hard to see

—

/ j g(t — 5)Av(s)' (t)dsde = — tg(t_s> / Vo' (£).Vo(s)duds

0
t

|
|
o\
Q
=
~
|
Va)
N—
50\

Consequently,

//tg(t_S)AU<S)-U/(t)dsdx _ %
Q 0

Jot-95
0 Q
- / 9(s) (%% / w<t>2dax) s

Vo' (t). [Vu(s) — Vo(t)] dzds
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which implies,

N | —

//tg(t—s)Av(s).v’(t)dsda; - % /tg(t—s)/|vv(5)_vv(t)|2dxd8

N| —

% /tg(s)/|Vv(t)]2dxds

_%/g’(t_g)/|vv(s)—Vv(t)|2dxds
0 Q

+%g(t) / IVo(t)|? dzds.
0

This completes the proof. m
Proof of Lemma 2.1.2.
Existence:

Our main tool is the Faedo-Galerkin’s method, which consist to construct approximations of the so-
lutions, then we obtain a prior estimates necessary to guarantee the convergence of approximations.
Our proof is organized as follows. In the first step, we define an approach problem in bounded
dimension space V,, which having unique solution v, and in the second step we derive the various
a priori estimates. In the third step we will pass to the limit of the approximations by using the
compactness of some embedding in the Sobolev spaces.

1. Approach solution:

Let V = Hg(Q2) N H?(Q) the separable Hilbert space. Then there exists a family of subspaces {V},}
such that

i)V, CV (dimV,, < 00), ¥n € N.

i1) V,, — V, such that, there exist a dense subspace ¢ in V' and for all v € ¥}, we can get sequence

{vn},en € Vo, and v, — v in V.
iii) Vi, C Vipr and Upen-V,, = H} (Q) N H2(Q).
For every n > 1, let V,, = Span {w, ...,w,}, where {w;}, 1 < i < n, is the orthogonal complete
system of eigenfunctions of —A such that ||w;||, = 1, w; € H*(Q) N LA™ D(Q) for all j = 1,...,n.
Denote by {\;} the related eigenvalues, where w; are solutions of the following initial boundary
value problem
—Aw; = \w;
j=1,.., inQ. (2.10)

wj =0 onT[
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According to (i7i) , we can choose v, vn1 € (w1, ..., w,| such that

Vo = Y agw; — ug in Hy(Q) N H?(Q), (2.11)
j=1

v =Y Byaw; — up in HY(Q) N LD (), (2.12)
Jj=1

where
Wy, = fQ uow,dx

Bin = Jquiw;dz.
We seek n functions 7, ..., " € C?[0,T], such that

= @htw;(x), (2.13)
j=1
solves the problem

J (Wi(t) = A, (£) = Avn(t)) ndz

Q

+f(fmt—$A%®Ms+wu>W2 %))mm
2 , (2.14)

IS{! O ut)ndz

| Un (0) = vpo, v}, (0) = v

where the prime ”’” denotes the derivative with respect to t. For every n € V,, and ¢t > 0. Taking
n = wj, in (2.14) yields the following Cauchy problem for a ordinary differential equation with

unknown ¢7:
( t

P () + X (1) + Aep (8) + Ay [ g(t = )5 (s)ds
0

+ )] () = (1) , (2.15)

k @"(0) = [uow;, ©7(0) = [ww;,  j=1,..,n
Q Q

for all j, where

%@z/w@P%@weCMﬂ~

Q
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By using the Caratheodory theorem for an ordinary differential equation, we deduce that, the
above Cauchy problem yields a unique global solution ¢’ € H 3[0,T], and by using the embedding
H™[0,T] < C™'[0,T], we deduce that the solution ¢} € C*[0,7]. In turn, this gives a unique
v, defined by (2.13) and satisfying (2.14).

2. The a priori estimates:

The next estimate prove that the energy of the problem (2.1) is bounded and by using a result in
[9], we conclude that, the maximal time ¢, of existence of (2.15) can be extended to T
The first a priori estimate:

Substituting n = v/ (t) into (2.14), we obtain

/ o ()0l () — / A (£, (F)dar — / A (£, (H)da

Q

—i—//g(t—S)Avn(s)dsv;(t)dx—i—/]v;(t)\m_zv;(t)v;(t)dx (2.16)
~ [ fwi @,

for every n > 1, where f(u) = |u(t)[" > u(t), Since the following mapping
L*(Q) — L*Q)

u —  |uff?u

is continues, we deduce that,

"2 u € L ([0,T], LA(Q)) .

So, f € H*([0,T], H'(£2)). Consequently, by using the Lemma 2.1.3 and (G1) we get easily

1d ,, 2 , o 1d 2
L O + IO+ 2L Va0
1d ] 1d /
2 2
sy | ot =) [190u(6) = V(o dods| = 3 5 (190,01 [ o()ds
0 Q 0

=5 [ 9= [ 196.(5) = Vo0 deds + 590 Vo013 + [0 O
Q

0

- / F(u).0), (t)da.

Q
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Therefore, we obtain

B0 = [ )l @z + |V 013+ 01

= (o Vu)(0) — 39(0) IVu D3,
where

En(t)Z% o5, (0)115 + 1—/9(8)d8 IVoa()ll3 + (9.0 Voa)(t) ¢,

is the functional energy associated to the problem (2.1).

It’s clear by using (G2), that

d

En(t) = /f(u)-v%(lf)dﬁhL IV0,(@)]l5 + 040l < 0, ¥t > 0.
Q

Which implies, by using Young’s inequality, for all 6 > 0

d 2 / 2
B0 + Vo, O + o @) < oy ||f( Mz 40 v ()15 - (2.17)

Integrating (2.17) over [0,¢], (t < T, we obtain

(/Wv mw+/m

T
1
< 5 [ I mw+§ﬁw s+ 5 (w3 + [ Vo] 3)
0

Since f € H*(0,T, H}(2)), we deduce

t
ﬁﬂW%@ﬁ%+/Wﬂﬁﬁ%§GMWMEHWw£% (2.18)
0 0

for, 9 small enough and every n > 1, where C'r > 0 is positive constant independent of n.
Then, by the definition of E,(t) and by using (2.11), (2.12), we get

t

[EAGIE 1—/9(8)d8 IVon ()15 + (g © Vo) (t) < K, (2.19)

0

and

/Hv ds < Kr, (2.20)
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and

[Ive )R ds < Ko (2.21)

where Kr = Cr (HulnH; + ||Vu0n\|§) , by (2.19), we get t,, = T, Vn.

However, the insufficient regularity of the nonlinear operator, |v,5|m72 v, with the presence of the
viscoelastic term and strong damping, we must prove in the next a prior estimates that, the family of
approximations v, defined in (2.13) is compact in the strong topology and by using compactness of
the embedding H'([0,T], H'(2)) — L?([0,T], L*(£2)), we can extract a subsequence of v,, denoted
also by v, such that v, converges strongly in L?([0, 7], L*(R)). To do this, it’s suffices to prove
that v,, is bounded in L>([0,T], H}(R)) and v;; is bounded in L*([0,7T], L*(€2)), then by using

Aubin-Lions Lemma, our conclusion holds.
The second a priori estimate:

Substituting 7 = w; in (2.14) and taking —Aw; = A\;w;, multiplying by go;-”(t) and summing up the

product result with respect to j, we get by Green’s formula.

t

/VUZ.Vv;d:E—f—/Av;.Av;d:ﬁ—l—/Avn.Av;dx—//g(t—s)Avn.Av;dsdx

Q Q Q Q 0

m—2 ;Y\ Ouy
+Z/a o n) 8Zida: (2.22)

2
vl | 2 6;) dx (2.23)
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Also, the fourth term in the left hand side of (2.22) can be written as follows

¢
//g(t — 8)Av,. Avl dsdx = —%g(t) ||Avn||§ + %(g’ o Av,)
Q 0

t

1d

5 3 oo e = g [ glo)ds
0

Therefore, (2.22) becomes
t

d
& |1vel + (g0 den) + 1wl {1 [ g(s)as
0

4(m —1) — o [, m=2 \\°
o N ()
’iZIQ

, 1 1
AR+ S0 [Avl; = 5 (' 0 Avy)

1
2

= / Vf(u).Vu,dz.
Q

Let us define the energy term
t

1
Ka(t) = 5 IV, l5 + (9 0 Avy) + || Ava I 1—/9(S)d8
0

Then, it’s clear that (2.25) takes the form

d
)= [ V).l do + 80
Q
n O m—2 ) 2
+Z/(8xi (|v;| 2 vn)) dz
i:lg

1 1,
= —5l9(0) |Av,[13) + 5(g' 0 Avy).

Using (G1), (G2) and integrating (2.27) over [0, ], we obtain
t t
K (t)+i// O (1o "5 2dxds+/HAv’||2ds
n ~— 8% n n nlli2
Yo oQ 0

T
, 1
< [ [ Vs drds + S01T0m 3+ vl
0 Q

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Obviously, by using Young’s inequality, we get

T T
//Vf(u).Vv;dxds /HVf ||2d8+5/||VUnH2ds
0 9 0

Inserting the above estimate into (2.28), to get

t t
n m—2 2
K0+ 3 [ [ (5 (1072 00) ) dods+ [ 1auilas
=0 Q ' 0

< Cr(l|Volls + | Avea|l3).

wo %/ [ G

Thus,

1

t
_9 2
(yvn| 2 %)) dmds+/ymv;\|§dsg@,
0

for, 0 small enough and every n > 1, where C'r > 0 is positive constant independent of n. Therefore,

this equivalent by the definition of K, (%)

t

VLI + (g0 Avy) + [[Aval2 | 1 - / o(s)ds | < Cr,
0

L 2
(|vn| 2 1;1’1)) dzds < Crp,

/ |Ad | ds < Cr.

and

/[

and

Then, from (2.29), (2.30) and (2.31), we conclude
v/, is bounded in L>([0,T], Hy(Q2)),

vy, is bounded in L>([0,T], H*(Q)),

0

o0x;

The third a priori estimate:
It’s clear that

n

t t

% /g(t — 8)Av,(s)ds| = g(0)Av, + /g’(t — 8)Av,(s)ds.

0 0

m—2
(|v' | 2 U;) is bounded in L*([0,7],L*(Q)), i =1,...,n.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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Performing an integration by parts in (2.35) we find that

4 [/ g(t — s)Avn(s)ds] = g(t)Aupo + /g(t — 8)Av (s)ds. (2.36)

dt
0 0

Now, returning to (2.14), differentiating throughout with respect to ¢, and using (2.36), we obtain

/ (0" (t) — Av(t) — Al (8)) nda

+/ (/ (t = $)Ad,(s)ds + g(t) Mg + (m — 1)(Jor, ()" vl (¢t ))) ndx

0

/ ) )nd, (2.37)

or

where, (f(u)) = T

. By substitution of n = v}/ (¢) in (2.37), yields

/ (B (1) da — / AV (1) (#)da — / A ()0 (1) da
Q Q Q
—|—/ (/g(t — $)Av! (s)ds + g(t)AunO) vl (t)dx

0

m—1) / ol ()2 0 ()l (1) da (2.38)
— [ Gy s

The fourth term in the left hand side of (2.38) can be analyzed as follows. It’s clear that Lemma
2.1.3 implies

/ j g(t = s) By (s)vp(dsdr = — / j gt — )V (s). Vo (t)dsdz
@0 Q 0

t

& [ Ive s

0

iy
2dt

DO | —

goVu,)(t) —
(2.39)

_% (' o VL) (t) + %g(t) IV, ()]l
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Also,
=00 ao.gm = 0D (2 () ) e e

m
Inserting (2.39) and (2.40) into (2.38), we obtain

t
1d 1d
5 g W2+ IV + 2 S IVl + 5 {<gow;> @ - Ivul; [ g(s)ds}

0

4(m_ 1) d m—2 / ? o
t— onl 2 v (8) ) | dz+ (9(t) Auno) [ vn(t)da (2.41)
(o]
= [ () v+ 5 (60 V) () - 590 Vul-
Q
Let us denote by
{v I3 ++ (g0 Voj,) (¢ )+(1—/9(8)d8) WLI%}- (2.42)

We obtain, from (2.41), (G2) that

/ d”%g/(; <|vn| 5 v;(t)))gdx

Q
IV + (9(0)Auyg) / o (t)dz
Q

= L oV ()~ 5o(0) [0 (1)

< 0.

Integration the above estimate over [0,t], we conclude

Mtﬂ%/t/ (% (|v;1mT2U;(t)>>2dxds
" / V12 ds + (9(0) Atno) / [tz
0 0 Q

T T
1 1112 "
< 5 Iotolls+ 5 IVl + 55 [ ) s +5 [ 1l as.
0 0
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Then, for ¢ small enough, we deduce
Mm—1) [ [0 2 \\?
m— _
w.(0) + // (& (|U;| 2 U;)) drds
0 Q
t t
+/||Vv;{||§ds+ (g(O)Auno)//vxdmds (2.43)
0 0 Q
< Cr (Il + I Vomll3)
In order to estimate the term |[v”, ||, taking ¢ = 0 in (2.14), we find
[N /Avnl.vgod:t—l-/Avno.vZOd:U
Q
= [l vnsafda + [ Fu(0).02d
Q Q
Thanks to Cauchy-Schwartz inequality (Lemma 1.2.10), we write
1
lo5olls < llo5ollz | 1 Avally + [ Avaolly + I (w(0)) 5 + /|vln| Y
which implies, by using (2.11) and (2.12), that
1
2
lvnolly < [1Avnally + [ Avnolly + [1.f (u(0))]l, + /|U W[V de | <0
(2.44)
Then,
U,(t) < Ly, (2.45)
dm—1) [ [ (0 —2 ?
%// <§ <|v;| 2 v%)) dxds < L, (2.46)
0 0
and
[ ds < Lo, (2.47)
and
t
//v;’dxds < L. (2.48)
0 0
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where Lr > 0.
From (2.11), (2.12) and (2.44) — (2.48) , we deduce
v is bounded in L*([0, 7], L*(2)), (2.49)
vy, is bounded in L>([0,T], Hy (), (2.50)
m—2
% <\v;\7 v%) is bounded in L*([0,7], L*(Q)), i =1,...,n. (2.51)
3.Pass to the limit:
By the first, the second and the third estimates, we obtain
vy, is bounded in L>®([0,7], H*(Q) N Hy(Q)), (2.52)
v/, is bounded in L>([0,T], Hy(Q2)), (2.53)
v is bounded in L*(]0, 7], L*(2)), (2.54)
v, is bounded in L™((0,7T) x ). (2.55)

Therefore, up to a subsequence, and by using the (Theorem 1.1.5), we observe that there exists a

subsequence v, of v, and a function v that we my pass to the limit in (2.14), we obtain a weak

solution v of (2.1) with the above regularity
v, —*vin L®([0,T], Hy(Q) N H*()),
vl —*v'in L®([0,T], Hy(Q) N L™(Q)),
v —*v"in L([0,T], L*(Q)).

By using the fact that
L=([0,T7], L*(Q)) — L*([0, 7], L*()),

L=([0, 7], Hy () — L*([0,T], Hy ().

We get
v/ is bounded in L*([0, 7], Hi()),
v” is bounded in L*([0,T], L*(Q)),
therefore,

v/, is bounded in H*([0, 7], H'(2)).

Consequently, since the embedding

HY([0,T], H'(Q)) = L*([0,T], L*(2))

(2.56)
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is compact, then we can extract a subsequence v, such that
vl — v in L*([0,T], L*(Q)).

which implies

v, = v a.eon (0,7) x Q.

By (2.20), we have
v, is bounded in L™ ([0, 7] x ).

and by using Theorem 1.2.2

ol "2 0l — 9 in L™ ([0, T], L™ ()

m /

m.

where T =
m j—
The estimates (2.34) and (2.46) imply that

m—2
]2 o~ v in HY((0,T], H(Q)

(2.57)

by using the fact that, the mapping u — |u|™ > u is continuous, (Lemma 1.2.9) and since the weak

topology is separate, we deduce
9=

m—2

v=P'] 2

Then, by using the uniqueness of limit, we deduce
[P0y = " i ([0, T, L(R))

m— m—2
W7 oL — | 2 o in HY((0,T], HY(Q)

Now, we will pass to the limit in (2.14), by the same techniques as in [26].
Taking n = wj, n = 7 and fixed j < T,

/U’T’(t).wjdx—l-/VUT(t).ijdm—l—/Vv;(t).ijdx
Q Q Q
t

- / / ot — )V, (s).Vuydsda + / ()™ (1) de
Q

Q 0

- / F(w).w;dz.

Q

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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We obtain, by using the property of continuous of the operator in the distributions space

/U'T’(t).wjdx —* /v”(t).wjdx, in D'(0,7)
Q Q

/VUT<t).ijdI —* /Vv(t).ijdx, in L>(0,7)
Q

/VU;_(t).ij'dl‘ —* /VU'(t).ijdx, in L>(0,7)

t

// (t —5)Vu(s).Vw;dsde —* // (t — s)Vu(s).Vw;dsdx, in L= (0,T)

/| )™ (t) wda —* /|U ()™ 20 (t).w;dz, in L®(0,T)
We deduce from (2.62), that

/ v (t).w;ds + / Vo (t).Vw;dr + / Vo' (t).Vw;dz

Q Q
//g (t —s)Vu(s ijdsdm+/\ ("2 (t) wydx (2.63)
Q0
/f )w;dx.
Q
Since, the basis w; (j = 1,...) is dense in Hg(Q) N H? (), we can generalize (2.63), as follows

/v”(t).god:c—l—/Vv(t).Vgpdx—l—/Vv'(t).Vgod:c

- / /t g(t — $)Vu(s).Vipdsdr + / 0 (1) 20 (1) pd
Q 0 Q

f(u).odz, Yo € HY(Q) N H*(R).

SEAN

Then,
ve L™ (0,71, H*(Q) N Hy(2))
v € L ([0,T], Hy (),
vy € L ([0,T], L*()),
v € L™ ([0,T] x ().

This complete the our proof of existence.
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Uniqueness:

Let vy, vg two solutions of (2.1), and let w = v; — vy satisfying :
t
w” — Aw — Aw' + /g(t — s)Awds + (|v'1|m_2 A vé) = 0. (2.64)
0
Multiplying (2.64), by w’ and integrating over €2, we get

t

1d |,

35 [l + (1= [ ao)ds | 19w, @18 + (90 Vun
0

i [ (2ot = 1 ) wda

Q

= VLI + 56 0 V(1) — 59(0) [V (0)]3

Denote by
t

J(t) = Il ()l + | 1~ /g(S)ds IVwa(t)ll5 + (g9 0 Vawa) (). (2.65)

. . -2 . . .

Since the function y — |y[m y is increasing, we have
|/’m—2/_‘/|m—2/ /d >0
vy vy — |V vy | wdr >

Q
and since

1
S{g' o Vun)(t) <0,

we deduce
L1 <o) 2.66
(lt () < ) (2.66)

This implies that J(¢) is uniformly bounded by J(0) and is decreasing in ¢, since w(0) = 0, we

obtain w = 0 and v; = vs.

Proof of Lemma 2.1.1.

As in [14], since D(2) = H*(Q), we approximate, ug, u; by sequences (), (u;1) in D(2), and u
by a sequence (u) in C ([0, 7T],D(2)), for the problem (2.1). Lemma 2.1.2 guarantees the existence
of a sequence of unique solutions (v") satisfying (2.6) — (2.9) . Now, to complete the proof of Lemma

2.1.1, we proceed to show that the sequence (v") is Cauchy in Y7 equipped with the norm

2 2 2
||u||YT = |lullz + Hut”Lm([O,T}XQ) :
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where

2 2 2

|lullz = Jax / [u + 1| Vul”] (z,t)dx
Q

Denote w = v* — v¢ for p, € given. Then w is a solution of the Cauchy problem:

;

wy — Aw — Awy + L(w) + k(v!) — k(@)

= f(u*)— f(u®), v€Q, t>0

, (2.67)
w(0,x) = uuo — ugo, wi(0,2) = uyy —ugy, x €
| w(t,r) =0, v €I, t>0
where,
k(o) = |of ™ v
Py = [
t
L(w) = /g(t — s)Aw(s, x)ds.
0
The energy equality reads as
t
oo w3+ (1= [ g(s)ds | 1Vul2+ (g0 Vu)(t)
0
+/ (k(vf) - k:(vf)) wdz + || Vw3
Q
(2.68)

t

= [ (1)~ 1) wde + 5 0 V) (5)ds = 319w [ o(s)as.

Q 0

/ (k) — k(o)) wde = / (|vf|m—2 o ﬁ) (o — o) da

Q Q

The term,

is nonnegative.

We need to estimate

/(f(U) — f@) (v =) dz| < C|lullz + [[all )"~ llu =@l [lv =l

Q
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fulfilled for u,w,v,v € Hy(f2), where C' is a constant depending on ), [, p only. Then, Holder’s

1 1 2
inequality yields, for —+ —+ - =1 (¢ = i ),
qg n 2 n—2

[ty = sy wde) = | [ (w2 = ) (o = of) da

Q Q

vf = vf

IN

C " =]

gy + 7)
(2.69)

The Sobolev embedding L? — Hy () gives
[l = | oy = OV = V|| o

Then,
-
w122 ) + [ ]]7 sy < CClw [Fatay + [l
The necessity to estimate |[u”||,,_,) by the energy norm ||u|| 5 requires a restriction on p. Namely,

2
we need n(p — 2) < —n2, then the Sobolev embedding L? — Hj () gives
n —

a7y < llull ™
Therefore, (2.69) takes the form
l/ﬁ@%—ﬂfnwm
Q
] 170 = Vel (19058 + [Velly) 270

under the fact that .

t/@%VwM@%§07

we conclude
t t

—/@%V@MQ@+@0V@@HWVM@@/ﬂ@@z&

0 0
Thus,

§m<mH_2w<>m+0/Mww V| gy e, )l .

The Gronwell Lemma and Young’s inequality guarantee that

lw(t, Ml < w0, g+ CT [ = 4| o0, -
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Since
| (t,.) — v* (2, )HH < C[v*(0,.) = v*(0, )HH +CT Hu“

- ugno([O,T],H) , (2.71)

then {v"} is a Cauchy sequence in C([0,¢], H), since {u"} and {v"(0,.)} are Cauchy sequences in
C([0,T),H) and H, respectively.
Now, we shall prove that {v)'} is a Cauchy sequence, in L™ ([0,T] x ©), to control the norm

[ (0.7]x0) - BY the following algebraic inequality
(ala[™*=B18" %) (@ = B) = Cla— 5", (2.72)

which holds for any real o, 8 and ¢, we get

m—2
t/@wm—mﬁﬁmm::t/wawﬁ—ﬁvf )(w-ﬁ)m
Q Q

2
< O ot —of :
L ([0,T]xQ)

This estimate combined with (2.68) gives

2
ot = of
L™ ([0, x9Q)

< Clv(0,.) = v¥(0, ')HLm([O,t]xQ)

—o5(t,.) ds.

Lm([0,t]x9)

Lm([0,]x9) HUN(tﬂ )

t
H%/Wqu
0

So by using Gromwell Lemma, we obtain {v}'} is a Cauchy sequence, in L™ ([0, 7] x Q) and hence
{v"} is a Cauchy sequence in Yr. Let v its limit in Y7 and by Lemma 2.1.2, v is a weak solution of
(2.1).

Now, we are ready to show the local existence of the problem (P)
Proof of Theorem 2.1.1.

Let (g, u1) € (H(Q))?, and
R* = (| Vuoll3 + [[ur3) -

For any T" > 0, consider
My = {u € Yy : u(0) = uo, u(0) = uy and Jully, < R} .

Let
(O MT — MT

u— v = d(u).
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We will prove as in [13] that,
(4) @(Mr) C Mr.
(17) ® is contraction in Mrp.
Beginning by the first assertion. By Lemma 2.1.1, for any v € Mr we may define v = ®(u),
the unique solution of problem (2.1). We claim that, for a suitable 7" > 0, ® is contractive map
satisfying

O(Mp) C My.

Let uw € My, the corresponding solution v = ®(u) satisfies for all ¢ € [0, 7] the energy identity :

t

@3+ (1= [ aeds | IVoI+ (g0 Vo)
+ [Iv@lds+ [ 1eds

1
:§mmmﬂwmm+//m O *u(s)o'(Bydrds

0

(2.73)

We get
%H”( My < 5 0Oy, + //lu )" uls)o! (t)dads. (2.74)

We estimate the last term in the right-hand side in (2.74) as follows: thanks to Holder’s, Young’s

inequalities, we have

/m ()P uls)o/ () < Cully, ol
then,
o1y, < 10Oy, +CRP/ [vlly, ds,
where C' depending only on 7', R. Recalling that wug, u; converge, then
[o(®)lly,, < lv(0)ly, + CRT.
Choosing 7" sufficiently small, we get||v||y.,. < R, which shows that

®(My) C M.
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Now, we prove that ® is contraction in My. Taking w; and wsy in M7p, subtracting the two equations
n (2.1), for v; = ®(w;) and vy = ®(wy), and setting v = v; — vy, we obtain for all n € H}(Q2) and
a.e. t € (0,7

¢
/vtt.ndx+/VvVndm+/VvtVndx+//g(t—s)VvVndsdm
Q 0 Q0

e}

+/<‘“t’m2 Ut) ndx
Q
= / (\wlyp_2 wy — |wyl ws) nda. (2.75)
Q

Therefore, by taking n = v, in (2.75) and using the same techniques as above, we obtain

t

lo(t, )iy, < C/ (horll3? + w2 15,°) llwr = welly, [lo(s, - )lly,, ds. (2.76)
0

It’s easy to see that
2 2 2
[o(t, Iy, = [@(w1) — P(wa)lly, < aflwr —wsly, (2.77)

for some 0 < a < 1 where o = 2CTRP~2.

Finally by the contraction mapping theorem together with (2.77), we obtain that there exists a
unique weak solution u of u = ®(u) and as ®(u) € Yy we have u € Yr. So there exists a unique
weak solution u to our problem (P) defined on [0,7], The main statement of Theorem 2.1.1 is

proved.

Remark 2.1.1 Let us mention that in our problem (P) the existence of the term source ( f(u) =
lul? 2u ) in the right hand forces us to use the contraction mapping theorem. Since we assume a
little restriction on the initial data. To this end, let us mention again that our result holds by the

well depth method, by choosing the initial data satisfying a more restrictions.
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Global Existence and Energy Decay

Abstract

In this chapter, we prove that the solution obtained in the second chapter (Local solution ) is
global in time. In addition, we show that the energy of solutions decays exponentially if m = 2 and
polynomial if m > 2, provided that the initial data are small enough. The existence of the source
term (|u\p -2 u) forces us to use the potential well depth method in which the concept of so-called
stable set appears. We will make use of arguments in [44] with the necessary modifications imposed

by the nature of our problem.

39
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3.1 Global Existence Result

In order to state and prove our results, we introduce the functional

t

I(t) = I(u(t)) = 1—/9(S)d8 Va5 + (g0 Vu)(t) = b Ju®)]}. (3.1)

0

and
t

30 =Iw®) =5 (1= [oeds | IVuOIE+ 5o T© - 2 Julo)ly, (32
for u(t,z) € Hy (Q),t > 0.

As in [19], the potential well depth, is defined as

d= inf  supJ (\u). (3.3)
weHHQ)N{0} x>0

The functional energy associated to (P) is defined as fallows

B(u(t), (1)) = B(t) = 5 lu(t) 3 + (). (3.4

Now, we introduce the stable set as follows:

W={ueHy(Q):J(u) <d, I(u)>0}U{0}. (3.5)

We will prove the invariance of the set W. That is if for some tq > 0 if u(tg) € W, then u(t) € W,
YVt > to.

Lemma 3.1.1 d is positive constant.

Proof. We have

Jow =2 [ [1- / g(s)ds | [Vu(t)]2 + (g0 Vu)(t) —gvuu@nz. (3.6)

2
Using (G1), (G2) to get
J(Au) = K(X),
)\2

b
where K ()) = - IVul) - 5»” [
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By differentiating the second term in the last equality with respect to A, to get

d

_ 2 -1
SKO) = ALl = o
1
2 p—2
For, Ay =0 and Ay = (llllﬂvzj\%) , then we have
p
d
—K(AN) =0
)

As K (A1) =0, we have

(v LIVl
K(A\2) = §<W [ Vu ||2——
) P
= bR ()2 (n 7)™  (1ul2) 2
12 T o2\
_ _php—2 p -2
b2 (072 (Jull) " (19ul)?

; p2b—_22 1
= - p—
() €

1

2p —2p
) Il fulld 2

By Sobolev-Poincaré’s inequality, we deduce that K (A2) > 0. Then, we obtain

sup{J(Au), A >0} > sup{K(N), A >0}

>

0.

Then, by the definition of d, we conclude that d > 0. =

Lemma 3.1.2 ([19]) W is a bounded neighbourhood of 0 in H} ().

Proof. For v € W, and u # 0, we have

It - %

Y
T~
‘%
SN
i)
)
~——

|Vu(t

g9(s

\

0
0

I+

(g o Vu)(t) =~ lu(®Il;

V()]s +

IVu(®); +

b

(g0 Vu)(t)

(g0 Vu)(t)

_p_
p—2
P
blu ”p > Hqu

(3.7)

(3.9)

(3.10)
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By using (G1) and (G2) then (3.10) becomes

It > (p;z) - / g(s)ds | [Vu()]

> 1(252) Ivuol:

then,
IV} < 7 (=25 g0
2 = p— 9
1 2p
-|——=|d=R
= l<p-—2)
Consequently, Vu € W we have u € B where
B={uec H)Q):|Vu®)|; < R}. (3.11)

This completes the proof. m
Now, we will show that our local solution u(t,x) is global in time, for this purpose it suffices to
prove that the norm of the solution is bounded, independently of ¢, this is equivalent to prove the

following theorem.

Theorem 3.1.1 Suppose that (G1),(G2) and (2.3) hold. if ug € W, uy € Hp () and

p—2

bC? 2p 2
l (@—QHEmO <1, (3.12)

where C, is the best Poincaré’s constant. Then the local solution u(t,x) is global in time.

Remark 3.1.1 Let us remark, that if there exists ty € [0,T) such that u(ty) € W and w(to) €
H}(Q) and condition (3.12) holds for ty. Then the same result of theorem 3.1.1 stays true.

Before we prove our results, we need the following Lemma, which means that, our energy is uniformly

bounded and decreasing along the trajectories.

Lemma 3.1.3 ([44]) Suppose that (G1), (G2), (2.3) hold, and let (ug,u;) € (HL(Q))?. Let u(t, z)

be the solution of (P), then the modified energy E(t) is non-increasing function for almost every

(3.13)
< 0, Vte|0,T).
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Proof. By multiplying the differential equation in (P) by u; and integration over {2 we obtain

t

d |1 , 1 , 1 b
S S5 (1= [ o()ds | IVuIE + 300 Vo) = 2 (o)l
0
m 1 / 1 2 2
= —allu(®)l + 5 (g o Vu) (t) = 59() [Vu)ll; — w[[Vult)l;
L.
< §(g oVu)(t) <0, Vt€[0,T).
By the definition of E(t), we conclude
iE(t) <0 (3.14)
dt - '

This completes the proof. m
The following lemma tells us that if the initial data ( or for some ¢y > 0) is in the sat W, then the

solution stays there forever.

Lemma 3.1.4 ([44]) Suppose that (G1), (G2), (2.3) and (3.12) hold. If ug € W, u; € H} (Q),
then the solution u(t) € W, ¥t > 0.

Proof. Since ug € W, then
2
1(0) = [[Vuolly = [Juoll; > 0,
consequently, by continuity, there exists 7, < T such that

I(u(t)) = | 1- /Q(S)ds IVu(®)[l5 + (g0 Vu)(t) = blu(®)]}; =0, Vte0,T,].

This gives

= <E> 1—]9(S)d8 Va5 + (g0 Vu)(t) | +

1= [ go)ds | [Fule)l3 + (g0 Vo) (3.15)

Y
T~
‘%
SN
i)
)
~——

Section 3.1. Global Existence Result



Chapter 3. Global Existence and Energy Decay

44

t 00
By using (3.1), (3.15) and the fact that [ g(s)ds < [ g(s)ds, we easily see that
0 0

wul < 1 (525) 90

VAN
o~ =
VR

[N

C
~_
5

I
=

< ! <2—p> E(0),  Vtel[0,Tn].

(3.16)

We then exploit (G1), (3.12), (3.16), and we note that the embedding H} (Q) < L? (), we have

[u@®)l, < Cl[Vu@®)l,

2n
for2 <p<

2ifn23,orp>2ifn:1,2,andC:C’(n, p, Q).
n—

Consequently, we have

bllu)ll, < bCZ[Vu)ly, vt e [0,Tn]

< oCP||Vu®) |57 IVu®)|;
bC?P _

< IVl L Vu®)l;

< BLVu®)|3,

which means by the definition of [

blu(o)ly < 5(1 / g<s>ds) V(o)

< (1 - /g(s)ds) ||Vu(t)||§, vt € [0, T,,] .

0

where
p—2

bor [ 2
B = (p

I\ 2>zE(O>)

Therefore,

1(1) = (1 -/ g(s)ds) Va2 + (g0 Tu)(t) = blu(] > 0.

0

(3.17)

(3.18)

(3.19)

(3.20)
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for all ¢ € [0,T,,],

By taking the fact that
p—2

)ZE(O)) <B<l1 (3.21)

. ber 2p
lim
=T [ (p—2

This shows that the solution u(t) € W, for all t € [0,T,,] . By repeating this procedure 7,,, extended
toT. m

Proof of Theorem 3.1.1.

In order to prove theorem 3.1.1, it suffices to show that the following norm
IVu()ly + llue ()]l (3.22)

is bounded independently of ¢.
To achieve this, we use (3.4), (3.14) and (3.15) to get

BO) > B(t)=J(0)+ 5 |u():

t

p—2 2
= (%52 |- / o(s)ds | IVu(t)I + (g0 Vu)(o)
3 @l + 16
> (252) II9ulE + o vu)t] + (0l + 1)

(3.23)
p—2 1
> (222) (119ulf + 5 o).
since I(t) and (g o Vu)(t) are positive, hence
IVu@®)l; + llu(t)]l5 < CE(0),

where C' is a positive constant depending only on p and [.

This completes the proof of theorem 3.1.1.
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The following lemma is very useful

Lemma 3.1.5 ([44]) Suppose that (2.3) and (3.12) hold. Then

t

bllu@, < (1—mn) | 1- /9(8)018 V()3 (3.24)

0

where n =1— 0.

3.2 Decay of Solutions

We can now state the asymptotic behavior of the solution of (P).

Theorem 3.2.1 Suppose that (G1), (G2) and (2.3) hold. Assume further that ug € W and u; €
H} () satisfying (3.12) . Then the global solution satisfies

E(t) < E(0)exp(—=At), Vt >0 if m =2, (3.25)
or
E(t) < (E(0)™" + Kort)", V¢t >0 if m > 2, (3.26)
2
where X\ and K, are constants independent of t, r = % —1 and s = Cp—
—m

The following Lemma will play a decisive role in the proof of our result. The proof of this lemma

was given in Nakao [34].

Lemma 3.2.1 ( [37]) Let ¢(t) be a nonincreasing and nonnegative function defined on [0,T],
T > 1, satisfying
() Sko(p(t) —p(t+1)), te[0,T],

for kg > 1 and r > 0. Then we have, for each t € [0,T],

p(t) <@ (0)exp (=k[t=17), r=0
, (3.27)

et) <{p0)"+krit—1"}", r>0

k
where [t —1]" = max {t — 1,0}, and k = In (k: ° 1).

0 —
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Proof of Theorem 3.2.1.

Multiplying the first equation in (P), by u; and integrate over €, to obtain

d .1 1
SB() +w |Vl + allwlly = 5 (90 Tu) () = 39() [ Vu(t)3

Then, integrate the last equality over [t,t + 1] to get

t+1 t+1

E(t+1)—E(t)+w/||Vut||§ds+a/||ut||st
t t

t+11 t+11
= [ 3@ eV s [ Solo) V(o] ds

t t

Therefore,
1 t+1 1 t+1
B0 - Et+1) = F"0) - 5 [ 0oV s+ [ o) [Vt ds,
t t

where

t+1 t+1

P =a [ Julyds+w [ [Vulias
t t

Using Poincaré’s inequality to find

t+1 t+1

[ dzas <€) [l as.
t t

Exploiting Holder’s inequality, we obtain

m=2 2
t+1 t+1 m t+1 m
2 2\%
[hwdias < fas) | [ qui)®) as
t t t
2
t+1 m
2\%
< [ az®) as
t

Combining (3.29), (3.30), and (3.31), we obtain, for a constant C7, depending on §2

t+1
[ulias < iz, ¢ o
t

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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1
By applying the mean value theorem, ( Theorem 1.3.3. in chapterl), we get for some t; € [t, t+ é_l] ,

3
ty € {H—, t+1}

4
lus(t:), < 2C ()2 F(1), i =1, 2 (3.33)
Hence, by (G2) and since
t+1
t

1 3
there exist t; € {t, t+ Z] , 12 € {t + 1 t+ 11 such that

[Vue(t)]|2 < 4C(Q) F(t)?, i=1, 2. (3.35)

Next, we multiply the first equation in (P) by u and integrate over € x [t1, t3] to obtain
to t
[ (1= [ o | 1vueizas vl | as
t1 0
to

to to
= —//u.uttdxds —w//Vu.Vutda:ds —a//u. |ut|m72 uidxds
t1 Q Q t1 Q

t1

+f/sg(s —7) /Vu(s). [Vu(r) — Vu(s)] dedrds.

Obviously,
to to

to to
/I(s)ds = —//u.uttdxds—w//Vu.Vutda:ds—a//u.\ut|m2 uydzds
t1 Q Q t1 Q

t1 t1

—{—]Q/Sg(s — T)/Vu(s). [Vu(r) — Vu(s)| dedrds

t2
+ / (g o Vu) (s)ds. (3.36)
t1
Note that by integrating by parts, to obtain
to to

to
//u.uttdasds = /utud$ —//ufda:ds
t1 Q 1 t1 Q

Q t

= /ut(tg)u(tz)dfﬁ—/Ut@l)u(tl)dx—f”ut”;ds ;
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Using Holder’s and Poincaré’s inequalities, we get

to 2 to
[ [tz < 23 vl Ivu@)l + 02 [ 19l
t1 Q i=1 t1

By using Holder’s inequality once again, we have

to to
//Vu.Vutdxds §/||Vu\|2||Vut||2ds
t1 Q t1

Furthermore, by (3.35) and (3.16), we have

IV (to)ly [V, < Cs (C()2 F(#) sup E(s)2,

t1<s<t2

1
2p 2
h Cs =2 .
v, €5 =2 7,y
From (3.34) we have by Holder’s inequality

t2

to 1
11 2p 2
IVully [Vuclydt < [ E(s)2 |5 b2 [V, ds
t1

t1

N t1<s<ts

to
1 1
< 503 sup E(s)2/|\VutH2ds,
t1

which implies

1 1
to to 2 to 2
/||Vut||2dt < /1dt /||Vut||§dt
t1 t1 t1
< 302F(t).
2
Then,
to
1
[ 19l [Vl dt < CiF ) sup B(s)?
t1<s<t2
t1
C3/3C:
where Cy = —> 2 Therefore (3.37) , becomes

4

t1<s<ts

to

1
//u.uttdmds < 2C%C3F(t) sup E(s)2 + C2CyF(t)2.
t1 Q

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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We then exploit Young’s inequality to estimate
p g q Yy

j//g s — 1)Vu(t). [Vu(s) — Vu(t)] drdxdt
1 (3.42)

t2

1
< 5//g sS—T HVqudet—i-M (g o Vu) (t)dt, V> 0.
tp O

t1

Now, the third term in the right-hand side of (3.36), can be estimated as follows

to to
// ug|" % upudads < // g™t Ju| dads.
t1 Q t1 Q

By Holder’s inequality, we find

m—1 1
m m

to to
//|ut|m_1.|u|dxds < / /]ut|mdx /|u| dx ds
t1 Q t1 Q
t2
-1
= [ el s
t1

By Sobolev-Poincaré’s inequality, we have
to to
-1 -1
[l ds < 0@ [ a2 IVl ds.
t1 t1

for 2 <m <

ifn>3,or2<m<ooifn=1, 2.
n_
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Using Holder’s inequality, and since ¢y, t2 € [t, t + 1] and E(t) decreasing in time, we conclude from

the last inequality, (3.16) and (3.29), that

N[ =

to to
m— 2p m— 1
[l vl as < e ( [l (2 as
t1 t1

N[

[l )z ds

N[ =

X

IN
Q
—~
=2
Y
—~

’E[\D
(RS
[\

~—

N———— N———— N————

IN
Q
=
7~
)
3

sup (E(u))

t1<s<t2
m—1

t2
/ e ds / ds (3.43)
t1

t1

m—1

(%)T C(Q2) sw (E(t))% <Z<L>%F(t)m—l

t1<s<ts p—2)

Then, taking into account (3.41) — (3.43), estimate (3.36) takes the form

to

/ I(tdt < <2of+ \/?Fw) CyF(1) sup E(s)2 + C2CyF(t)?

t1<s<t2

-I—%CE;C’ (Q) sup (E(t))% F(t)y™!

t1<s<tg

(3.44)
to t 1 to
—|—5//g(t — 5) || Vul|3 dsdt + <4—5 + 1> /(g o Vu) (t)dt.
t1 O t1
Moreover, from (3.4) and (3.10), we see that
1 2
B(t) = L lwld+ ()
1 2 /
p
= Sl (P52) (1 [ atoas | Ivuls
0
p— 2) 1
+ | — oVu) (t) + —1(1). 3.45
(252 eovn o+ 510 (3.49

Section 3.2. Decay of Solutions



Chapter 3. Global Existence and Energy Decay 52

By integrating (3.45) over [t1, 3], we obtain
to

to to t
1 -2
/E(t)dt _ §/||ut||§dt+ (%)/ 1—/g(s>ds IVull3 dt
t1 t1

t1 0

+ (p2;2> j(goVu) (t)dt+%i](t)dt, (3.46)

t1 t1

which implies by exploiting (3.32)

(3.47)
2 to t
+ <%> / = /g(s)ds IVl dt.
t1 0
By using (3.11), Lemma 3.1.5, we see that
/ 1
- / gl)ds | [Val} < 1100 (3.48)

0
Therefore, (3.47), takes the form

to

/ B(ydt < @(F(t))u (%92) / (g0 Vu) (t)dt

i (]13 4 %) / 1(t)dt. (3.49)

Again an integration of (3.14) over [s, ts], s € [0, t3] gives
t2
E(s) = E(t2) —i—a/Hut mdr + = / () || Vu(t)|2 dr

t2

_%/<g o vu) (¢ dT+w/||Vut )13 dr (3.50)

1
By using the fact that t5 —t; > 2 we have

to to

/ E(s)ds > / Elty)ds > %E(tg). (3.51)

t1 t1

Section 3.2. Decay of Solutions



Chapter 3. Global Existence and Energy Decay 53

The fourth term in (3.44), can be handled as

t t

/ gt —9) [Vullds = |Vul / olt - s)ds

O : (3.52)
2p(1=1)
L(p—2) B(b).
Thus,
//g(t _8) |VulPdsdt < %/E(t)dt
p(1—=1)
< p—2) E(t1)
p(1-1)
< PO (3.53)
Hence, by (3.53), we obtain from (3.44)
/I(t)dt < (203 + \/?w) CgF(t)t s<u[<)t E(s)% + C2CyF(t)?
+gC’3C’ (Q) _sup (E(t))% F(t)y™!
+5%Eu) + ( 415 4 1) / (g0 V) (£)dt. (3.54)
From (3.50) and (3.51) we have
Et) < 2/ s)ds + a/ u ()| dr + = /g(T) IVu(t)|? dr
1 t+1 t+1
= / (¢ 0 V) (H)dr +w / IV (t)|2 dr. (3.55)
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Obviously, (3.49) and (3.55) give us

E(t) < 2 (@ (F(t)” + (%ﬁ) 7(goVu) (t)dt + (}% +1)2%772) f[(t)dt)

t1 t1

t2 t2 2}

sa [luzde+ 5 [o@1Va@lid -5 [ (oo V) (e

t1 t1 t1

Consequently, plugging the estimate (3.54) into the above estimate, we conclude

t2

Bt) < 0@ <F<t>>2+($) [ 5o v

t1

4o (1 N P;?) [(203 + \/?U,) C3F(t) sup E(s)? + CngF(t)Q}

P 2pn t1<s<ta

+ (1 + E) amCyC () sup (E(1)2 F(t)™ !
p . 2m Y e

+2 <% + Z;:) {57;((;2[;13@ + (% + 1) 7(9 o Vu) (t)dt)}

(3.56)
1] 17
+EFM(t) — 5/(g’ovu) (t)dt+§/g(t) Vu(t)|? dt.
t1 t1
We also have, by the Poincaré’s inequality
[u(s)lly < Cl[Vu(s)l,
1
2p )2 1
< C|——— | E():2, 3.57
< o(ity) B0 (357)
Choosing ¢ small enough so that
1 p— 2> p(1—1)
1—-21 -+ 4] > 0, 3.58
<p 2pn ) L(p—2) (3:58)
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we deduce, from (3.56) that there exists K > 0 such that

N[

E(t) < K [F(t)2 + E(t)3F(t) + B(t)2 ()™ +F(t)m1

t+1 t+1

+5 [ 96 IVulEds — 5 [ (6o ) (s)ds

t t

(3.59)
. ) t+1
p— p—=
+il— | +2(=+1)|=-+—F— / oVu) (s)ds
Kp) <45 ><p 2pn)]t(g )
Using (G2) again we can write
to to
[gov < —¢ [ (¢ o V) (at. € > 0.
t1 t1
Then, we obtain, from (3.59),
1 1
Elt) < K [F(t)2 +E)2F@) + Et)2F()™* + F(t)m]
(3.60)
. t+1 . t+1
v3 [0 1T - (64 5) [ (090 Gas
t t
p—2 1 p-— 2) ( 1 >]
where &, = — | +2| -+ ) =+1)].
o 5[( p ) (p 2pn ) \40
An appropriate use of Young’s inequality in (3.60), we can find K; > 0 such that
E(t) < Ky [F@)>+F@)*™ Y+ Ft)"] (3.61)

t t

+ [g 79(3) [V u(s)|2 ds - (51 " %) 71@/ 0 V) <5>ds} ,

for K, a positive constant.
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Using (G2) again to get

Elt) < K [F@)*+F@®)*™ Y+ F(t)"]

' [(5 = 719(8) vue)tids -~ (&+3) 71@' 0 V) <s>ds]

t t

< Ky [F@)?+ F@)*™ Y 4+ F(t)™]
(3.62)
1 t+1 1 t+1
F+22) [5 [ 9 1vus) s - 5 [ (oo va) <s>ds]
t t
At this end we distinguish two cases:
Case 1._.m = 2. In this case we use (3.28) and (3.62), we can find K5 > 0 such that
E(t) < K F(t)?
. t+1 . t+1
+426) |5 [ o IVats)ds - 5 [ 0w <s>ds]
t t
< K, [E(t)— E(t+1)]. (3.63)

Since E(t) is nonincreasing and nonnegative function, an application of Lemma 3.2.1 yields
E(t) < KR [E({) - E(t+1)], t=0, (3.64)

which implies that
E(t) < E(0)exp (At —1]"), on [0,00), (3.65)

K
Where)\—ln<K2j1>.

Case 2. m > 2. In this case we, again use (3.28) and (3.62) to arrive at

S

t+1 t+1
1 1
Fit)Y = |(B(t) - E(t+1)) - 5 / g(s) ||Vu(s)||§ ds + 3 / (¢' o Vu) (s)ds] . (3.66)
t t
We then use the algebraic inequality
(w+m%§2%<ig+b%),7nzz. (3.67)
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To infer from (3.62), and by using (3.67), that

[E(t)] < Kj [1 + F(t)Q(m*Q) + F(t)m*Q]

2|3

(1+26)% {% [ 9 1vus) s -5 [ (oo vu) <s>ds]

(3.68)
1 t+1 1 t+1 %
1o (142¢,)% |:§/g(s)Vu(s)|§ds 5 [ @ovu (s)ds]
t t
where K3 = Z%Kl. We use (3.28) to obtain
] t+1 ) t+1 2
(5 [ o) 1vulis 5 [ (g0 vu) <s>ds)
t t

< (B(t)—E({t+1)2 (3.69)

A combination of (3.68), (3.69) yields

[E(1)] < Kj [1 + F(t)2(m_2) + F(t)m_z]

m

[B(t) — E(t+1)]2 ' [B(t) = E(t+1)]

|3

127 (14 2€¢)
- Pﬁsﬂ-%PTﬂ“m*”—%ﬁ(@m—ﬂ

[E(t) — E(t +1)] (3.70)

By using (3.62), the estimate (3.70) takes the form

m
2

|3

E@)? < {K2" [1+ B0 + (E(0)2 "
(B(t) - B(t+1))

< Ko(E(t)— E(t+1)). (3.71)
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Again, using Lemma 3.2.1, we conclude

E@t) < [E(0)™" + Kor [t —17]7,

m
ithr=——-1>0,s=
with r = § =g

This completes the proof.

and K is some given positive constant.

(3.72)
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Chapter 4
Exponential Growth

Abstract

Our goal in this chapter is to prove that when the initial energy is negative and p > m, then, the

= —2
solution with the LP—norm grows as an exponential function provided that [ g(s)ds < p—l’ by
0 p—

using carefully the arguments of the method used in [16], with necessary modification imposed by

the nature of our problem.

29
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4.1 Growth result

Our result reads as follows.

2(n—1
Theorem 4.1.1 Suppose that m > 2 and m < p < oo, ifn=1,2, m < p < (71—2), ifn > 3.
n_

o —2
Assume further that E(0) < 0 and [ g(s)ds < p—l holds. Then the unique local solution of problem
0 D=

(P) grows exponentially.

Proof. We set
H(t) = —E(t). (4.1)

By multiplying the first equations in (P) by —uy, integrating over € and using Lemma 2.1.3, we

obtain
d |1 1 / 1 b
2 2
g g Tl 5 1= [ oeas ) IVall+ 5 g0 Vu) )= ful
0
m 1 1
= afluly -5 (9" o Vu) (t) + 59(%) IVull + w [[Vul3 (4.2)

By the definition of H(t), (4.2) rewritten as

w1 1
H'(t) = alluglly, — 5 (9" o V) (1) + 59(2) IVulls + w [[Vue|l; > 0, VE > 0. (4.3)

Consequently, £(0) < 0, we have

1 1 b
H(0) = = lully = 5 [Vuoll5 + — fJuoll} > 0. (4.4)
p
It’s clear that by (4.1), we have
H(0) < H(t), Vt > 0. (4.5)
Using (G2), to get
b 1 /
1
H(t) =~ luly = — |5 llwl+5 |1 —/Q(S)ds IVull3 + 5 (g0 V) (1)
P 2 2 2
0
< 0, Vt>0. (4.6)
One implies
b
0 < H(0) < H(t) < 2 [l (47)

D p
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Let us define the functional
L(t)=H(t)+ s/utudx + 6% |Vul3. (4.8)
Q
for € small to be chosen later.
By taking the time derivative of (4.8), we obtain
L'(ty = H(t)+ 5/uutt(t, x)dz + € ||ul|5 + 6w/VutVuda:
Q Q
2 m 1 / 1 2
= |w IVl + allwls — 5 (60 V) (1) + So(r) |Vl
+e Jlug) + Ew/VutVudx + E/uttuda:. (4.9)
Q Q
Using the first equations in (P), to obtain
/uuttd:c = bllull} - |Vul)3 —w/VutVud:c — a/ g™ wpuda
Q 0 Q
t
+ / Vu/g(t — 5)Vu(s,x)dsdz. (4.10)
Q 0
Inserting (4.10) into (4.9) to get
1 1
() = wlVul +aull — 5 (50 V) (1) + 59(0) [Vul?
t
+e w3 — e | Vull3 + €/g(t —3) / Vu.Vu(s)dxds
0 0
b ull? - ca / a2 wuda. (4.11)
Q
By using (G2), the last equality takes the form
L't) > wlVuls+alluly +ellul; — e [Vull; +eblful;
(4.12)

t

—l—é/g(t—s)/Vu.Vu(s)da:ds—aa/|ut]m_2 uudo.
0 0

0

To estimate the last term in the right-hand side of (4.12), we use the following Young’s inequality

T —-q

xy<Pxry 6—Y‘1, X,Y >0,
r q

(4.13)
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1 1
for all 6 > 0 be chosen later, — + — = 1, with r = m and ¢ = Ll
roq m —
So we have
/|ut|m2 wudr < /|ut|m1 |u| dx
Q Q
o -1 —m
< Ol () 0l vezo (414
m m

Therefore, the estimate (4.12) takes the form

2 m 2 2
L) = wl|[Vully +allully, + € lludly = [Vully + b fJull;

t

te / ot — s) / V. Vu(s)deds

0 Q

om -1 —=m
a7 = ca (m—) 5 Gt g
m m

> wl|Vully + alluelly, + e lludlly = & [Vully + b ully

t t

+e|yvu||§/g(s)ds+s/g<t—s>/vu () [V (s) — V()] dads

0 0 Q

om -1 =m
—ea’ u||" - ca (m—> 5 Gt g™ (4.15)
m m
Using Cauchy-Schwarz and Young’s inequalities to obtain
m—1 —m m
v 2 wlval+a(1-e (7o) s ) i + e uld

t
e |Vl + b ull? + < | Vul 2 / o(s)ds

0

t
m

0 m
~ [ gtt = 5) [Vull [ Vuls) - Fu(6)lyds o’ ull;
0

m—1

> wlVul+a (12 (Z0) 6D ) full+ e o + b ol
(4.16)

t
1 1 0" m
+e 3 /g(s)ds -1 ”VUH% — 5§(g o Vu(t) — eaa |l
0
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Using assumptions to substitute for b [lu|[} . Hence, (4.16) becomes

, m—1 —m m
v = wlival+a(1-e (") s ) e uld

t

ve | pHO + 5l + 2 9o vy 00+ 5 (1= [ g(s)as | [Vl
0
t
1 , 1 g
v |5 [ atods = 1) 19l = <5 (g0 Vat) - ol

0

m—1 =m m
> 0|Vl +a (1 e (T) 5(m1>) el + (14 ) fluel
(4.17)

m

0 m
+ear | Vull; +eax(g o Vu(t) — ca— [Jull;} +epH(t).

1—p\ = 9 1
where a; = (Tp) [ g(s)ds + (PT) >0, ay = pT > 0.
0
In order to undervalue L'(t) with terms of E(t) and since p > m, we have from the embedding
Lr(Q) — L™ (Q),

Jullz < Clully < € (Jully)?, ¥t >0, (4.18)

m
for some positive constant C' depending on €2 only. Since 0 < — < 1, we use the algebraic inequality
p

1
F<(z+1)< <1+—> (z4w), V2>0, 0<k <1, w>0,
w

to find

3

(Ilal) < & (Il + H(0) ) v =0, (4.19)

1
where K =1+ H0) > 0, then by (4.7) we have

b
lul™ < © (1 + ]—?> a2, vt > 0. (4.20)

Inserting (4.20) into (4.17), to get

, m—1 —m m P
0 = wlVuld+a(-e () o) e (14 )
(4.21)

+eay ||Vuls + caz(g o Vu(t) — eCy [ull? + epH(t).

where C; = aC’é— (1 + é) > 0.
m p
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By using (4.1) and by the same statements as in [16], we have

t
2b
20(t) = —Hut\lg—HVUI|§+/9(8)d8HVUH§—(QOVU) (t)+EHUHZ
0

(4.22)
2
> —Jully = [IVull3 = (g0 Vu) (t) + > [ul[;, ¥t > 0.

Adding and substituting the value 2a3H (t) from (4.21), and choosing § small enough such that

az < min {ay, as}, we obtain

-1 =m
L) = wlvali+o(1-e (20 ) o))

p
e (145 —a) el + (a1 — as) |Vl

2b
+e (az —az) (go Vu(t) + ¢ (?ag — C'1> [[ully

Ve (p— 2as) H(?). (4.23)

Now, once ¢ is fixed, we can choose ¢ small enough such that

1-¢ (mT_l) 5(i=1) 5 0, and L(0) > 0. (4.24)

Therefore, (4.23) takes the form
L) > <0 {HE) + 2+ [l + (g0 Vu(t)) + ul2)}. (4.25)

for some 6 > 0.

Now, using (G2), Young’s and Poincaré’s inequalities in (4.8) to get
L(t) < 61 {H(#) + [luelly + | Vul5} (4.26)

for some 6, > 0. Since, H(t) > 0, we have from (4.1)
t
1, 1 , 1 b
—glula=5 | 1= f g(s)ds [ [IVuly = 5 g V) () + ull, > 0, ¥ = 0. (4.27)
0
Then,

t

b
- / o()ds | IVul} <~ fulf
0

1

< g [ull? + (g 0 Vu) (1) (4.28)
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In the other hand, using (G1), to get
t
1 2 2
=D lVull; = 5 (1= [ g(s)ds | [[Vul
0
b p
< 5l + (g o Vu) @), (4.29)
Consequently, ;
2
|Vul3 < " [ully +2 (g 0 Vu) (t) + 21 IVull2, b,1> 0. (4.30)
Inserting (4.30) into (4.26), to see that there exists a positive constant A\ such that
b
1) <2 H@) + uld 4 IVl + o Vo 0+ 2l b vezo @a
From inequalities (4.25) and (4.31) we obtain the differential inequality
L'(t)
—— > pu, for some p >0, Vt > 0. (4.32)
L(t)
Integration of (4.32), between 0 and t gives us
L(t) > L(0) exp (ut), ¥t >0, (4.33)
From (4.8) and for ¢ small enough, we have
b p
L(t) < H(t) < p [l - (4.34)
By (4.33) and (4.34) , we have
[ull? > Cexp (ut), C' >0, Vt > 0. (4.35)

Therefore, we conclude that the solution in the LP—norm growths exponentially. m

4.1. Growth result
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