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Abstract

In this thesis, we study qualitative properties of broad classes of nonlinear neutral integro-
differential equations and systems of second-order delay differential equations with singu-
larities. We start by giving some fixed point theorems and results for delay differential
equations. Second, by using the Krasnoselskii’s fixed point theorem, we study the pe-
riodicity and positivity of solutions for a class of nonlinear neutral integro-differential
equations with variable delay. Also, by appealing the contraction mapping principle, we
show the existence of a unique periodic solution and the asymptotic stability of the zero
solution. Finally, by applying the Schauder’s fixed point theorem and the Green function,
we obtain the existence of positive periodic solutions for systems of second-order delay
differential equations with singularities.

Keywords: Delay differential equations, Neutral integro-differential equations, Fixed
point theory, Periodicity, Positivity, Stability.
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Résumé

Dans cette these, nous étudions les propriétés qualitatives de larges classes d’équations
intégro-différentielles non linéaires neutrales et de systemes d’équations différentielles du
second ordre a retard avec singularités. Nous commencons par donner quelques théoremes
de point fixe et des résultats sur les équations différentielles a retard. Deuxiemement, en
utilisant le théoreme du point fixe de Krasnoselskii, nous étudions la périodicité et la
positivité des solutions pour une classe d’équations intégro-différentielles neutrales non
linéaires avec un retard variable. De plus, en faisant appel le principe de la contraction,
nous montrons l’existence d’une solution périodique unique et la stabilité asymptotique
de la solution zéro. Enfin, en appliquant le théoreme du point fixe de Schauder et la
fonction de Green, nous obtenons 'existence de solutions périodiques positives pour des
systemes d’équations différentielles du second ordre a retard avec singularités.
Mots-clés: Equations différentielles a retard, Equations intégro-différentielles neutrales,
Théoremes des points fixes, Périodicité, Positivité, Stabilité.

Mathematics Subject Classification: 34K13, 34K20, 34K30, 34K40, 45D05, 45J05,
47H10.
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Chapter

Introduction

Fixed point theory becomes, in the last decades, not only a field with a huge develop-
ment, but also a strong tool for solving various problems arising in different fields of pure
and applied mathematics, physics, economics, game theory, biology and chemistry etc.
Classical and major results in these areas are Banach’s fixed point theorem, Schauder’s

fixed point theorem and Krasnoselskii’s fixed point theorem (see [2], [21], [46], [53]).
Let P be a mapping of a set X into itself. An element x € X is said to be a fixed point

of the mapping P if Px = x. By a fixed point theorem we understand a statement which
asserts that under certain conditions on the mapping P and on the space X, a mapping
P of X into itself admits one or more fixed points. Historically, Poincare in 1886 was the
first to work in this field. Then Brouwer in 1912, proved fixed point theorem which asserts
the existence of a fixed point whenever X is the unit ball in R™ and P is continuous. In
this theorem X can be replaced by any homeomorph thereof. Meanwhile Banach principle
came into existence which was considered as one of the fundamental principles in the field
of functional analysis. In 1922, Banach proved that a contraction mapping in the field of a
complete metric space possesses a unique fixed point. The Brouwer’s theorem, where the
spaces are subsets of R are not of much use in functional analysis where one is generally
concerned with infinite dimensional subset of some function spaces. This was investigated
by Schauder in 1930. Subsequently, Schauder extended Brouwer’s theorem to the case

where X is a compact convex subset of a normed linear space (see [46], [53]).

In 1955, Krasnoselskii studied a paper of Schauder on partial differential equations
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and formulated the working hypothesis principle: the inversion of a perturbed differential
operator yields the sum of a contraction and a compact map. Accordingly, he formulated
an hybrid theorem known under its name. The reader is referred to the classical textbook
on fixed point [46].

Delay differential equations, in the broadest sense we mean differential equations which
somehow include information from the past. Incorporating values of functions from the
past to define a vector field is also known as a particular type of what is known as
functional differential equations. For example, 2’ (t) = f (t,z (t),z (t — 7)) with 7 > 0 is
an example of a such equation.

Delay differential and delay integro-differential equations with and without singularities
arise from a variety of applications including in various fields of science and engineering
such as applied sciences, practical problems concerning mechanics, the engineering tech-
nique fields, economy, control systems, physics, chemistry, biology, medicine, atomic en-
ergy, information theory, harmonic oscillator, nonlinear oscillations, conservative systems,
stability and instability of geodesic on Riemannian manifolds, dynamics in Hamiltonian
systems, etc. In particular, problems concerning qualitative analysis of delay differential
delay integro-differential equations with and without singularities have received the at-
tention of many authors, see [1], [3]-[20], [22]-[24], [26]-[29], [32]-[34], [36]-[38], [40]-[45],
[50], [51], [53] and the references therein.

One of the most important qualitative aspects of delay differential and delay integro-
differential equations is determining the stability of a given model. The Lyapunov direct
method has been very effective in establishing stability results and the existence of peri-
odic solutions for wide variety of ordinary, functional and partial differential equations.
Nevertheless, in the application of Lyapunov’s direct method to problems of stability in
delay differential and integro-differential equations, serious difficulties occur if the delay is
unbounded or if the equation has unbounded terms. In recent years, several investigators
have tried stability by using a new technique. Particularly, Burton, Furumochi, Zhang
and others began a study in which they noticed that some of this difficulties vanish or
might be overcome by means of fixed point theory (see [10]-[12], [15]-[18], [22]-[24], [26],
28], [29], [40], [41], [54]). The fixed point theory does not only solve the problem on sta-
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bility but has other significant advantage over Lyapunov’s direct method. The conditions
of the former are often average but those of the latter are usually pointwise (see [23]).

We have been interested in the use of fixed point theory to problem of periodicity and
positivity and stability for delay differential and neutral integro-differential equations. We
have studied and contributed to it and have obtained interesting results. In this thesis we
present a collection of results to some problems of neutral integro-differential equations
and systems of delay differential equations with singularities by using fixed point theory.

This thesis contains five chapters which are briefly presented below. Chapter two is
essentially an introduction to the fixed point theory, delay differential equations, where
we fix notations, terminology to be used. It is a survey aimed at recalling some basic
definitions and theory. While some of the classical and recent results about fixed point
theory, delay differential equations are also presented in this chapter. Fixed point theo-
rems frequently call for compact sets in Banach spaces which may be subsets of continuous
functions. For that purpose, we give topologies which will provide many of those compact
sets.

In the chapter three, we give suitable conditions to obtain asymptotic stability results

about the zero solution for the nonlinear neutral Levin-Nohel integro-differential equation

%x(t) + /t;(t) a(t, s)x(s)ds + %g (t,x(t —7(t))) =0, t > 1. (E)

An asymptotic stability theorem with a necessary and sufficient condition is proved, by
means of fixed point technique. In addition, the case of the equation with several delays
is studied (see [18]).

In the chapter four, we establish sufficient conditions for the periodicity and positivity of
solutions for (E) by appealing the Krasnoselskii’s fixed point theorem and the contraction
mapping principle (see [19]).

Finally in the chapter five, we discuss the existence of positive periodic solutions for

the system of second-order delay differential equations with singularities
2" (t) + a1 )z (t) = f {6y (E =7 (1)) +e (D),
y' () +ax(t)y(t) = fa (L (t =72 (1)) +ea (1)

Our main results are obtained via the Schauder’s fixed point theorem (see [20]).




Chapter 2

Preliminaries

Keywords. Fixed point, Banach, Schauder, Krasnoselskii, delay differential equations.

This chapter deals with the notation of fixed point theory and functional differential
equations, more particularly, the notation of a delay differential equation. We introduce
the basic results of that theory like existence, uniqueness, continuation, and stability. The

main references used in this chapter have been [2], [22], [23], [27], [32], [33], [46], [52], [53].

2.1 Functional analysis

Definition 2.1 A metric d on a set X is a function d : X x X — [0, 00) such that for all
r,y, z€X

i) d(z,y) > 0 and d(x,y) = 0 if and only if 2 = y;

ii) d(z,y) = d(y,) (symmetry);

iii) d(z,y) < d(z,2) + d(z,y) (triangle inequality).

A metric space (X, d) is a set X with a metric d defined on X.

Example 2.1 The real line R with d(x,y) = |z — y| is a metric space. The metric d is

called the usual metric for R.

The metric space (X, d) is complete if every Cauchy sequence in X has a limit in X, i.e.,
every Cauchy sequence is convergent. We say that a sequence (z,,),., € X is a Cauchy

sequence if for all € > 0 there exists an N > 0 such that for all n, m > N, d(z,, z,,) <.
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Definition 2.2 A linear space (F,+,.) is a normed space if for each © € E there is a
nonnegative real number ||z||, called the norm of x, such that

i) ||z|| = 0 if and only if x = 0,

ii) [|ax| = |a|||z| for each o € K (K =R or C), and

i) flz +yll < llzfl + llyll.

Example 2.2 Let £ = R"™; n > 1 be a linear space. Then R" is a normed space with the
following norms

lz|l, = >0 |, for all z = (x4, ...,2,) € R™;

=], = > i, |xi|p)%, for all z = (21, ...,2,) € R" and p € (1, 00);

o = Max |z, for all © = (x4, ...,x,) € R™.

A norm induces a metric on the vector space, by d(z,y) = ||z — y||.

Definition 2.3 A Banach space is a complete normed space.

The following examples of spaces are widely used in this thesis.

Example 2.3 The space C ([a,b],R™) consisting of all continuous functions f : [a,b] —
R™ is a vector space over the real. The number || f|| = max |f ()|, where ||.|| is the norm

in R™, defines a norm making (C, |.||) a Banach space.

Example 2.4 Let ¢ : [a,b] — R™ a continuous function and let S be the set of continuous
and bounded functions f : [a,00) — R™ with f(¢) = (t) fora <t <b. For f, g € S, we

defines

d(f,g)= sup [f(t)—g@®)|=If-yl-

a<t<oo
So (S,d) is a complete metric Spac; <Deﬁne
M={p:[0,00) >R/ peC, |p| <1, ¢(t) > 0 when t — oo},
and
Q={p:[0,00) = R/ peC, |p[<1}.
Let ||.|| the supremum norm and let |.|, a weight norm defined by giving a function

h:[0,00) = [1,00), h(0) =1, h(t) — oo, and for ¢ € M or @, we put

(el = suplio (1) /A ().

2.1. Functional analysis
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Example 2.5 (M, ||.||) is a Banach space.

Example 2.6 (Q,|.|,) is a Banach space.

Proof. Suppose that {¢,} is a Cauchy sequence in this space. The restriction of {¢,} at
the interval [0, k] remains of Cauchy and therefore admits a continuous limit defined on
this last interval. But this is true for every k = 1, 2, ... so we get a continuous limit on

[0, 00) which clearly belongs to Q). =

Definition 2.4 A subset M of a metric space (X, d) is compact if any sequence {z,} of
M admits a subsequence with limit in M. M is relatively compact if every sequence of

M admits a subsequence converging towards a limit belonging to X (i.e. M is compact).

Definition 2.5 Let U be an interval of R and let {f,} be a sequence of functions with
fn:U— RP.

(a) {f.} is uniformly bounded on U if there exists a M > 0 such that |f, (¢)] < M for
allnand all t € U.

(b) {f.} is equicontinuous if for any € > 0 there exists 6 > 0 such that ¢;,¢, € U and
[t1 — to| < 6 imply |f, (t1) — fu (t2)] <€, for all n.

Theorem 2.1 (Ascoli-Arzela [22]) If{f.} is a uniformly bounded and equicontinuous
sequence of real functions on an interval [a,b], then there is a subsequence which converges

uniformly on [a,b] to a continuous function.

Example 2.7 Consider the Banach space C ([a, b] ,R"™) provided by the supremum norm

£l = max |f (t)], with |.| a norm of R™. Given two constant positive o and f3, the set
a<t<

L=A{feC(a,b],R")/If <o, |f (u) = f ()] <Blu—v]},

is compact. This is a consequence of Ascoli’s Theorem.

Definition 2.6 A function f : [0,7] x R® — R is an L'-Carathéodory function if it
satisfies the following conditions
i) For each z € R", the mapping t — f (¢, z) is Lebesgue measurable.

ii) For almost all t € [0, T, the mapping z — f (¢, z) is continuous on R™.

2.1. Functional analysis
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iii) For each r > 0, there exists h, € L' ([0,T],R) such that, for almost all ¢ € [0, T

and for all z with |z| < 7, we have |f (¢, 2)| < h, (t).

2.2 Fixed point theorems

The fixed point theorem, generally known as the Banach contraction principle, appeared
in explicit form in Banach’s thesis in 1922 where it was used to establish the existence of
a solution for an integral equation. Since then, because of its simplicity and usefulness,
it has become a very popular tool in solving existence problems in many branches of
mathematical analysis and forms an attractive tool which facilitates the study of stability

for the differential equations with or without delay.

Definition 2.7 Let P be a mapping in the set M. We call fixed point of P any point
x satisfying P (x) = x. If there exists such z, we say that P has a fixed point, which is

equivalent to saying that the equation P (x) —x = 0 has a null solution.

Definition 2.8 Let (X,d) be a complete metric space. The operator P : X — X is

called the contraction operator, if there exists a constant 0 < o < 1 such that
Va,y € X, d(Pz, Py) < ad(z,y).

Theorem 2.2 (Contraction mapping principle [22]) Let (X,d) a complete metric
space and let P : X — X a contraction mapping. Then there is a unique x € X with
Pr ==x.

Furthermore, if y € X and if {y,} is defined inductively by y1 = Py, Yni1 = Pyn, then
Yn — x, the unique fived point. In particular, the equation Px = x has one and only one

solution.

Definition 2.9 Let K be a subset of a Banach space X and A : K — X application. If
A is continuous and A (K) is contained in a compact subset of X, then we say that A is

a compact mapping (we also say that A is completely continuous).

Theorem 2.3 (Brouwer’s fixed point theorem [21]) Let K be a nonempty, compact

and convex subset of R™. Every continuous map A : K — K has a fized point.

2.2. Fixed point theorems
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The Schauder fixed point theorem is an extension of the Brouwer fixed point theorem

to topological vector spaces, which may be of infinite dimension.

Definition 2.10 Let E be a normed vector space and F' a subset of £. The convex hull

conv (F') is the intersection of all convex sets S C E such that F' C S.

Definition 2.11 M has a finite e-net; that is, by definition, for each ¢ > 0, there exists

a finite number of points x4, ..., z,, € M such that

min ||z — z;|| <e, for all z € M.
1<i<n

Lemma 2.1 (Schauder projection lemma) Let M be a compact subset of a normed
vector space E, with metric d induced by the norm ||.||. Given € > 0, there exists a finite
subset FF C E and a map P : M — conv (F) such that d (P (z),z) < € for all x € M.
This map is called the Schauder projection.

Proof. Take a finite e-net for the compact set M to obtain a set F' = {1, xs, ..., x,}. For
t =1, ...,n, define functions ¢; : M — R by
e —d(z,xz;), if v € B(x;,¢),

Yi =
0, otherwise.

We see that ; is strictly positive on B (x;,€¢) and vanishes elsewhere. Therefore
Yoy > 0for all z € M. We define the Schauder projection P : M — conv (F)
by

Pm:;i@

The map P is continuous since all the ¢; are. Moreover,

v, where () = 3 i (1)
i=1

_[she@ @) | ISt
d”@@‘;w@’;m@HH;wm“ w
—~ i (x) o - %(1’)6_6
<2 o el < o=

because @; () =0 if |[(z; —z)|| > € m

2.2. Fixed point theorems
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Theorem 2.4 (Schauder’s fixed point theorem [46]) Let K be a nonempty closed
bounded convex subset of a Banach space (X,||.||). Then every completely continuous

mapping A : K — K has a fixed point.

Proof. Let M denote the closure of A (K) which, by hypothesis, is compact. For each
natural number n, let F,be a finite %—net for M and let P, : M — conv(F},) be the
corresponding Schauder projection. The convexity of K implies that conv (F,) C M,
define A, : conv (F,) — conv(F,) by A, = (P,0A) |conu(r,). Brouwer’s fixed point
theorem guarantees that A, has fixed points. For each n € N, we choose one such fixed
point of A, and call it z,,. Since M is compact {z,} has a convergent subsequence, which

we denote {z,s}. This sequence converges to some z € M as n’ — oo, which we claim is

the desired fixed point. From lemma 2.1 we obtain
d(A(x),zy) <d(A(x),A(zy)) +d(A(zy), Ap (T)) = 0 as n’ — oo,

since A is continuous and d (A (z,), Ay (zn)) = d(A(zp),xy) < 1/n'. Thus {z,}
converges to both x and A (x). Limits are unique, so A (z) = z, as desired. ®

In 1955 Krasnoselskii’s (see [22], [46]) observed that in a good number of problems, the
integration of a perturbed differential operator gives rise to a sum of two applications, a
contraction and a compact application. It declares then,

Principle: the integration of a perturbed differential operator can produce a sum of

two applications, a contraction and a compact operator.

For better understanding this observation of Krasnoselskii, consider the following dif-

ferential equation
Zt)=—a(t)x(t)—g(t,x), (2.1)

ora(t+7)=a(t)and g(t+T,x) = g(t,z) for a certain T" > 0.

We can transform this equation in another form while writing, formally

e ([awis) = —atr@en([awis) -gtnen( [ awas),

thus

o () exp (/Ota(s)ds) +a(t)z(t)exp </Ota(s)ds) — g (t,z)exp (/Ota(s)ds),

2.2. Fixed point theorems
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(x(t)exp (/Ota(s) ds))l — g (tz () exp </Ota(s)ds> ,

then integrating from ¢t — 7T to t, we obtain

/th (x(U)exp </Oua(5)d8))/du: —/:Tg(u,x(u))exp (/Oua(s)ds> du,

what gives

2 (t) =2 (t — T)exp (— /:Ta(s) ds) - /;Tg(u,x(u))exp (— /uta(s) ds) du. (2.2)

If we suppose that exp <— ftt_Ta (s) ds) =« < 1, and if (X, |.||) is the Banach space of

or

functions ¢ : R — R continuous and 7" -periodic, then the equation (2.2) can be written
as

p(t) = (Be) (t) +(Cp) (1) = (Hp) (1),
where B is contraction provides that the constant o < 1 and C' is compact mapping.

This example shows the birth of the mapping (Hyp) (t) = (By) (t) + (Cy) (t) who is
identified with a sum of a contraction and a compact mapping.

Thus, the search of the solution for (2.2) requires an adequate theorem which applies
to this hybrid operator H and who can conclude the existence for a fixed point which
will be, in his turn, solution of the initial equation (2.1). Krasnoselskii found the solution
by combining the two theorems of Banach and that of Schauder in one hybrid theorem

which bears its name. In light, it establishes the following result [46].

Theorem 2.5 (Krasnoselskii) Let M be a closed convexr nonempty subset of a Banach
space (B, ||.||). Suppose that C' and B map M into B such that

(i) xz,y € M, implies Cx + By € M,

(i1) C is continuous and CM is contained in a compact set,

(iii) B is a contraction mapping,

Then there exists z € M with z = Cz + Bxz.

2.2. Fixed point theorems
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Proof. According to the condition (iii) we have
Il = B)z = (I = B)y| = [[(x —y) = (Bx = By
< |l = yll + [| Bz — Byl

< lz =yl +aflz -y

=1+ a)flz—yl,
and
I(I =B)x— (I = B)y| = [[(x —y) — (Bx — By
> |l —yll = [| Bz — By||
> |lz = yll = alle -y
> (1—a)llz—yll.
In short

(A —a)llz =yl <[l =B)z = (I =B)y| <(1+a)|z -yl

This inequality shows that (I — B) : M — (I — B) M is continuous and bijective. Thus,
(I — B)™" exist and is continuous. Let us pose U = (I — B)"'C. It is clear that U is
compact mapping, because U is a composition of a continuous mapping with a compact.

Under the theorem of Schauder, U has a fixed point, i.e.
3z € M such that (I — B)'Cz = z.
This is equivalent to z = Cz + Bz. m

Remark 2.1 If C' = 0, the theorem become the theorem of Banach. If B = 0, then the

theorem is not other than the theorem of Schauder.

2.3 Retarded functional differential equations

2.3.1 Delay differential equations

Suppose 7 > 0 is a given real number, R = (—o00, +00), R" is an n-dimensional linear

vector space over the reals with norm |.|, C ([a,b] ,R") is the Banach space of continuous

2.3. Retarded functional differential equations
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functions mapping the interval [a,b] into R™ with the topology of uniform convergence.
If [a,b] = [—7,0] we let C = C ([—7,0],R") and designate the norm of an element ¢ in C'

by |p| = sup |¢(s)|. Even though single bars are used for norms in different spaces, no
<s5<0

—T

confusion should arise. If
toeR, A>0and z € C([to — 7,10 + 4] ,R"),

then for any t € [to, to + A], we let z; € C be defined by z; (s) = = (t + s) for s € [—7,0].
For Q CRxC, and f :  — R" is a given function and represents the right-hand

derivative, we say that the relation

o' (t) = f(t,x), (2.3)

is a retarded functional differential equation on €2 and will denote this equation by DDE.
The number 7 is called the delay. The case 7 = 0 corresponds with an ordinary differential
equation. It is clear that an appropriate initial condition at time ¢ = ¢y must at least

specify the vector = for all t € [ty — 7, 1], i.e
x(t)=1 (), telto—T,t). (2.4)

Here v : [ty — 7,t9] — R™ is a known function, usually we suppose ¢ to be a continuous
function. The function 1 is called the initial function of the delay differential equation.

Hence, the initial value problem of (2.3) is given by the following relation

' (t) = f(t,z), t > to,
Jf(t):@b(t), tO—TStSto,

(2.5)

where 9 is a given function defined on t € [ty — 7, to].

Definition 2.12 Equation (2.3) is called
i) linear if f (¢,v) = L (t) ¢, where L () is linear for each t.
ii) nonhomogeneous if f (t,v¢) = L (t) ¢ + h (t), where h (t) # 0.
iii) autonomous if f (¢,v) = g (¢»), where g does not depend on ¢.

2.3. Retarded functional differential equations
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Example 2.8 The following equations are delay differential equations

o (t)y=a(t)+x(t—4), (2.6)

Z(t)=a)x(t)+b@) t—71)+h(t), (2.7)

2 (t) = / x(t+ ) ds, (2.8)

where a (), b(t), 7 (t) are continuous functions. Equation (2.6) represents an autonomous
linear differential equation with constant delay 7 = 4, equation (2.7) is a linear differen-
tial equation with non-homogeneous non-autonomous functional delay and equation (2.8)

represents a delay linear integro-differential equation.

Definition 2.13 A function x is said to be a solution of (2.3) on [ty — 7, to + A] if there are
to € R, A > Osuch that x € C ([to — 7, to + A] ,R") and z satisfies (2.3) for t € [to, to + AJ.
In such a case we say that x is a solution of (2.3) on [ty — 7,ty + A] for a given ¢, € R
and a given ¢ € C' we say that x = x (¢,t0,), is a solution of (2.5) with initial value at
to or simply a solution of (2.5) through (¢, ) if there is an A > 0 such that x (¢, ¢, ¢) is
a solution of (2.5) on [ty — T, to + A] and xy, (to, ¥) = 1.

Lemma 2.2 ([32]) Lettg e R, v € C and f : Q@ C R x C — R™ continuous function.
Then x (t,to, %) is a solution of (2.5) at (to,v) if and only if x (t,t9,%) is a solution of

the integral equation

w(t) =1 (0)+ [} f(u,2)du, t>t,
ZEtO = 770

(2.9)

Proof. Necessary condition. Let x (t,%9,%) a solution of (2.5), then

()= f(t,x), t>to,
Tyy = d]

By integration, we get
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As z (tg) =z (to + 0) = 24, (0) = ¢ (0) we obtain
x (1) —i—fto U, Ty)
Ty, = .

Sufficient condition. Let z (¢, %, ) a solution of the integral equation (2.9). So,

2’ (t) = lim rlt+h) —z(t) = lim— / f(u,z,)d

h—0 h h—0h

Since f (t, ;) is continuous in ¢, by applying the mean theorem, we have

hg(l)h/ fu,z,)du= f(t,x;),

hence the result. =

Lemma 2.3 ([32]) Ifz € C([to — 7,to + A] ,R"™), then x; is a continuous function of t,
for t e [to,to + A]

Proof. Since z is continuous on [ty — T,tg+ A, it is uniformly continuous on
[to — T, to + A], so Ve > 0,30 = 0 (¢) > 0, such that |z (t) —x(7)] < eif |t —7|] < .
Consequently for t, 7 in [to,to+ A], |t — 7| < J, we have |z (t+s) —x (T +s)| < €,

Vs € [—7,0]. This proves the lemma. m

Theorem 2.6 (Existence [32]) Suppose €2 is an open subset in R x C' and f (t,v) is
continuous on Q. If (ty,1) € Q, then there is a solution of (2.3) passing through (to,v).

Definition 2.14 We say f (¢,%) is Lipschitz in ¢ in a compact set K of R x C' if there
is a constant k > 0 such that, for any (t,v;) € k, i =1, 2

|f (b)) = ()| < Kby — oo (2.10)

Theorem 2.7 (Existence and uniqueness [32]) Suppose Q) is an open subset in R x
C, f:Q— R" is continuous and f (t,1) is Lipschitz in 1 in each compact set in Q. If
(to, ) € Q, then there is a unique solution of (2.3) through (to, ).

2.3. Retarded functional differential equations



Chapter 2. Preliminaries 17

2.3.2 Method of Steps

The method of steps is an elementary method that can be used to solve some DDEs
analytically. This method is usually discarded as being too tedious, but in some cases
the tedium can be removed by using computer algebra see [34]. Consider the following
general DDE

2 (t) = apr (t) + a1 (t —wy) + .. + apz (t — wy,), (2.11)

where z (t) = H (t) on the initial interval —max (w;) <t < 0. Let b = min (w;). Then it
is clear that the values of x (t — w,,) are known in the interval 0 < ¢ < b. These values

are H (t — w,,). Thus, for the interval 0 <t < b we have
' (t) = apr (t) + a H (t —wi) + ... + @ H (t — wp,) ,
and so
t
x(t) = / (apz (s) +a1H (s —wy) + ... + apH (s —wy,)) ds + x (0).
0

Now that we know x (t) on [0,b] we can repeat this procedure to obtain x (t) on the

interval b <t < 2b. This is given by:
t
z(t) = / (apz (s) + a1 H (s —wq) + ... + @ H (s — wp,)) ds + z (b) . (2.12)
b

This process can be continued indefinitely, so long as the integrals that occur can be
evaluated without too much effort. It is this last restriction that usually causes people to
give up on this method, because the tedium and length of the method quickly overwhelms
a human computer. However, it turns out that for certain classes of problems, where the
phenomenon of ”expression swell” is not too serious, we can take the method quite far,

with a computer algebra system to automate the solution of the tedious sub-problems.
Example 2.9 For an example of this method we look first at a very simple DDE

)=zt -"7), (2.13)
with x (t) = 4 for =7 <t < 0. The solution in the interval 0 < ¢ < 7 is given by:

:E(t):/OtH(S—7)dS—|-$(O):4t—|-4.
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Now we can solve for the solution in the interval 7 < ¢ < 14. This solution is given by:
t
x (t) —/ H (s —T)ds+x(7) = 2t> — 24t + 102.
7

This method can be programmed in Maple using a simple for loop.

2.3.3 Neutral delay differential equations

Definition 2.15 ([32]) Suppose @ C R x C' is open with elements (¢,7). A function
D : Q) — R" is said to be atomic at 5 on € if D is continuous together with its first and
second Fréchet derivatives with respect to 1 and Dy, the derivative with respect to 1, is

atomic at 3 on ).

Definition 2.16 ([32]) Suppose that Q@ CR x C'is open, f: Q — R" D :Q — R" are
given continuous functions with D atomic at zero. Consider the neutral delay differential
equation

d
%D (t,xe) = f(t, ). (2.14)

Definition 2.17 ([32]) A function z is said to be a solution of (2.14) on [tg — 7,ty + 4]
if there are tyo € R, A > 0 such that

$€C([t0—7’,t0+A],Rn), (t,ft) €N, te [to,t0+A],

D (t,z;) is continuously differentiable and satisfies equation (2.14) on [to,to + o]. For a
given t € R, ¢ € C and (tp,¢) € Q we say x (t,1, %) is a solution of (2.14) with initial
value 1 at to or simply a solution through (%o, ), if there is an A > 0 such that z (¢, o, )
is a solution of (2.14) on [ty — 7,ty + A] and x4, (to, ¥) = 1; we say x (t, 19, 1)) is a solution
of (2.14) on [ty — 7,00) if for every A > 0, z (¢,%o,v) is a solution of equation (2.14) on
[to — 7,10 + A et xy (to, ) = 1.

Theorem 2.8 (Existence [32]) if Q2 is an open set in R x C and (to, 1) € Q, then there

exists a solution of the NDDE (D, f) through (to, ).

Theorem 2.9 (Uniqueness [32]) if Q) is an open set in R x C' and f (t,v) is Lipschitz
in ¥ in each compact set in S, then, for any (to,1) € Q) there exists a unique solution of

the NDDE (D, f) through (to, ).
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Example 2.10 The following expressions are neutral delay differential equations
P () =w(t—1)+ [ (t=3)+1)%,

¥ () = <%)+x’(t—1)—x’(t—3).

2.3.4 Examples of delay equations
Economic model

Cooke and Yorke (1973) also briefly consider a related economic model. Let x (t) be the
value of capital stock. Assume that production of new capital depends only on z (t) and
that the rate of production is g (x (t)). Also, assume that the lifetime of equipment is L
and that depreciation is independent of the type of equipment; in particular, at time s
after production the value of a unit of capital equipment has decreased in value to P (s)
times its original value. Here, P (0) =1, P (L) = 0.

Now, at any time ¢, x (t) equals the sum of capital produced over the period [t — L, t

plus a constant ¢ denoting the value of nondepreciating assets. Thus,
L
x(t) :/ P(s)g(z(t—s))ds+c
0
t
:/ P(t—u)g(z(u))du+c (2.15)
t—L

Cooke and Yorke obtain certain boundedness results for (2.15) and they pose the problem

of determining conditions under which (2.15) has a periodic solution.

Controlling a ship

Minorsky (1962) designed an automatic steering device for the battleship New Mexico.
The following is a sketch of the problem see [22].

Let the rudder of the ship have angular position x (t) and suppose there is a friction
force proportional to the velocity, say —ca’ (t). There is a direction indicating instrument
which points in the actual direction of motion and there is an instrument pointing in the
desired direction. These two are connected by a device which activates an electric motor

producing a certain force to move the rudder so as to bring the ship onto the desired
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course. There is a time lag of amount h > 0 between the time the ship gets off course

and the time the electric motor activates the restoring force. The equation for z (t) is
2" (t) + e’ (t) + g (x (t — h)) =0,

where zg (x) > 0 if x # 0 and ¢ is a positive constant. The object is to give conditions

ensuring that x (t) will stay near zero so that the ship closely follows its proper course.

Biology model

Early in this century A. J. Lotka (1907) formulated basic principles for the mathematical
theory of population growth. He assumed that

(a) individuals belong to different classes and the relative proportion of members of
each class during any time period is constant,
(b) the life span of an individual in a class is independent of the number of members

of that class and independent of the age distribution in the class, and
(c) the life support conditions remain constant.

On the basis of these assumptions Lotka derived the equation
.ZC/ = Bt — Dta (216)

where z (t) is the population, B; is the number of births per unit time, and D, the deaths.
He generalized the model to the renewal equation (cf. Bellman and Cooke, 1963; Feller,
1941)
B(t):G(t)+/tB(t—s)P(s)m(s)ds, (2.17)
0

where B (t) is the number of births between 0 and ¢, G is the number of births at time ¢
to parents surviving from an initial population at ¢t = 0, P (s) is the probability density of

survival to age at least s, and m (s) is the probability density for a parent of age s giving

birth.

Mixing of Liquids

Consider a tank containing B gallons of salt water brine. Fresh water flows in at the top

of the tank at a rate of ¢ gallons per minute (see [27]). The brine in the tank is continually
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stirred, and the mixed solution flows out through a hole at the bottom, also at the rate
of ¢ gallons per minute.

Let x (t) be the amount (in pounds) of salt in the brine in the tank at time ¢. If
we assume continual, instantaneous, perfect mixing throughout the tank, then the brine

leaving the tank contains x (t) /B (t) 1bs. of salt per gallon, and hence

' (t) = —qu (1) /B(1).

But, more realistically, let us agree that mixing cannot occur instantaneously throughout
the tank. Thus the concentration of the brine leaving the tank at time ¢ will equal the
average concentration at some earlier instant, say t—7. We shall assume that 7 is a positive
constant, although this assumption may also be subject to improvement. The differential
equation for z then becomes a delay differential equation, 2’ (t) = —qz (t — 7) /B (t)or,
setting ¢ = q/B,

2 (t)=—cx(t—1),

where 7 is the delay or time lag.

2.3.5 Stability of delay differential equations

Suppose that f: R x C'— R", is continuous and consider the delay differential equation

' (t)=f(t,z). (2.18)

The function f will be supposed to be completely continuous and to satisfy enough addi-
tional smoothness conditions to ensure the solution x (t, to, ¥) through (¢, 1) is continuous

in (t,to,%) in the domain of definition of the function.

Definition 2.18 ([22]) Suppose that f (¢,0) = 0 for all ¢ € R. The solution x = 0 of
equation (2.18) is said to be stable if for any ¢, € R, € > 0, thereis a § = § (¢, ty) > 0 such
that ||| < ¢ implies |x (¢, to, )| < € for t > t5. The solution x = 0 of equation (2.18) is

said to be uniformly stable if the number ¢ in definition is independent of .

Definition 2.19 ([22]) The solution = 0 of equation (2.18) is said to be asymptotically
stable if it is stable and there is a §; = 9 (t9) such that ||¢|| < é; implies that x (¢, tg,¢) —
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0 as t — oo. The solution z = 0 of equation (2.18) is said to be uniformly asymptotically
stable if it is uniformly stable and there is d; > 0 such that for every n > 0 there is a

¢(n) > 0 such that [[¢|| < d; implies |z (¢, to, )| < n for t >ty + c(n) for every t € R.

Lyapunov’s direct method has long been viewed the main classical method of studying
stability problems in many areas of differential equations. The difficulty of this method

is to look for a suitable Lyapunov functional or Lyapunov function.
If V:R x C — R is continuous and z (t, o, ) is a solution of (2.18) through (to,1)),

we defined

V' (#,4) = Tim Sup% V(£ + hy 2o (8,8)) — V()]

h—0*+
The function V' (t,) is the upper right-hand derivative of V' (¢,1) along the solution of
(2.18).

Theorem 2.10 ([32]) Suppose f : R x C — R" takes Rx (bounded sets of C') into
bounded sets of R", and u, v, w: RT — RT are continuous non decreasing function, u (s)

and v (s) are positive for s > 0, and u (0) = v (0) = 0. If there is a continuous function

V. RxC—=R

u (v (0)) <V (E,4) <v(lg]),
Vit v) < —w([y (0)]),

then the solution x = 0 of equation (2.18) is uniformly stable. If w (s) > 0 for s > 0, then

the solution x = 0 is uniformly asymptotically stable.
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Asymptotic stability in nonlinear neutral

Levin-Nohel integro-differential equations

Keywords. Fixed points, neutral integro-differential equations, asymptotic stability.
The goal of this chapter is to present a very recent work published in [18], namely,
K. Bessioud, A. Ardjouni,A. Djoudi, Asymptotic stability in nonlinear neutral Levin-
Nohel integro-differential equations, J. Nonlinear Funct. Anal. 2017 (2017), Article ID
19, 1-12.
In this chapter we use the contraction mapping theorem to obtain asymptotic stability
results about the zero solution for the nonlinear neutral Levin-Nohel integro-differential
equation. An asymptotic stability theorem with a necessary and sufficient condition is

proved. In addition, the case of the equation with several delays is studied.

3.1 Introduction

In this chapter, we consider the following nonlinear neutral Levin-Nohel integro-

differential equation with variable delay

%x(t) + /t;(t) a(t, s)x(s)ds + %g (t,x(t—7(t))) =0, t > to, (3.1)

with an assumed initial condition



Chapter 3. Asymptotic stability in nonlinear neutral Levin-Nohel
integro-differential equations 24

where ¢ € C' ([m (ty) ,to],R) and
m (to) =1inf {t — 7 (t) : t € [tg,00)}.

Throughout this chapter, we assume that a € C ([ty,00) X [m (to),00),R) and 7 €
C? ([tg,0) ,RT) with ¢ — 7(t) as ¢ — oo. The function g (¢,x) is globally Lipschitz

continuous in x. That is, there is positive constant £ such that

lg(t,x) —g(t,y)| < Ellz—yll, g(t,0)=0. (3.2)

Our purpose here is to use the contraction mapping theorem to show the asymptotic
stability of the zero solution for (3.1). An asymptotic stability theorem with a necessary
and sufficient condition is proved. In addition, A study of the general form of (3.1) with
several delays is given. In the special case g (t,2) = 0, Dung [29] shows the zero solution
of (3.1) is asymptotically stable with a necessary and sufficient condition by using the
contraction mapping theorem. The results presented in this chapter extend the main

results in [29].

3.2 Asymptotic stability

For each ty, we denote C(ty) the space of continuous functions on [m(ty),to] with the
supremum norm .||, . For each (to,¢) € [0,00) x C(ty), denoted by z(t) = x(t, 1o, ¢) the
unique solution of (3.1).

In order to be able to construct a new fixed mapping, we transform the Levin-Nohel
equation into an equivalent equation. For this, we use the variation of parameter formula

and the integration by parts.
Lemma 3.1 z is a solution of equation (3.1) if and only if

2(t) = (8(to) + g (to, S(to — 7(t)))) € o O — g (1, u(t — 7(1)))

N / [La(s) = A(s)g (t, 2(s — 7(s)))] e~ A% ds, ¢ > 4, (3.3)

to
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where
L.(t) = /t_T(t) a(t, s) (/S (/U_T(u) a(u, v)x(v)dv) du
+g (ta(t —7(t))) — g (s, 2(s — 7(s)))) ds, (3.4)
and t
At) = a(t, s)ds. 3.5
0= a9 (35
Proof. Obviously, we have

z(s) = x(t) — / %x(u)du

Inserting this relation into (3.1), we get

%x(t) + /tT(t) a(t, s) <x(t) - /8 aﬁx(u)du) ds + %g (t,x(t —7(t))) =0, t > to,

u

or equivalently

After substituting ? from (3.1), we obtain
u

d ¢
El’(t) + x(t) /tT(t) a(t, s)ds

+ /ttf(t) alt, s) < / t ( / UT(U) a(u, v)(v)dv + %g (u, 2 — T(u)))) du) ds

d
b (talt =) =0t >ty (3.6)
By performing the integration, we have
b
/ 59 (walu—1(w))du=g(ta(t —7(1)) = g (s,2(s = 7(s))). (3.7)
After substituting (3.7) into (3.6), we have

%x(zﬁ) + AWz (t) + Lo(t) + %g (ta(t — (1) = 0, t > to,
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where A and L, are given by (3.5) and (3.4), respectively. By the variation of constants
formula, we get

x(t) = p(to)e Jip ARz _ /t

to

[Lx(s) + %g (s,z(s—7(s)))| e Iy AR ds >ty (3.8)

By using the integration by parts, we obtain
t a .
/to 55 (s, (s — 7(s))) e~ Js AR
= g (t,a(t = (1)) — g (to,xlto = 7(ta))) ¢ o 1
t
- / A(s)g (s, z(s — 7(s))) e s 4Gz (3.9)
to
Finally, we obtain (3.3) by substituting (3.9) in (3.8). Since each step is reversible, the

converse follows easily. This completes the proof. m

Theorem 3.1 Let (3.2) holds and suppose that the following two conditions hold:

t
lim inf/ A(z)dz > —o0, (3.10)
t—o0 0
t t
sup (E +/ w(s)e s A(Z)dzds> =a<l, (3.11)
>0 0

where

w(s) = /S:(S) la(s, w)| </w (/u:(u) la(u, )| dv) du + 2E> dw + B |A(s)] .

Then the zero solution of (3.1) is asymptotically stable if and only if

¢
/ A(z)dz — o0 as t — 0. (3.12)
0

Proof. Sufficient condition. Suppose that (3.12) holds. Denoted by C' ([m(tg), 00),R)
the space of continuous bounded functions z : [m(ty),o00) — R such that x(t) = ¢(¢),
t € [m(to),to]. It is known that C ([m(ty),00),R) is a complete metric space endowed
with a metric [z]| = sup;s,,q,) [#(t)]. Define the operator P on C'([m(ty), <), R) by
(Pz)(t) = ¢(t), t € [m(to), o] and

(Px)(t) = w@@+gﬁWMm—T%»»fﬁﬂ@“—guwa—rm»
— / [Lo(s) — A(s)g (s, z(s — 7(s)))] e+ A5 ¢t > t,.

to
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Obviously, Pz is continuous for each z € C (|m(ty), 00),R). Moreover, it is a contraction

operator. Indeed, let z,y € C ([m(ty), 00),R)
|(Pz)(t) — (Py)(t)]
<lg @t x(t=7(t) =gyt —7())
+ /t [1La(s) = Ly(s)] + [A(3)| g (5, 2(s = 7(5))) = g (5, y(s = 7(s)))[] e~ 4 %=dis.

Since z(t) = y(t) = ¢(t) for all t € [m(ty), o], this implies that

| L () = Ly(s)]

< (/_() |a(s, w)| (/w (/u:(u) |a(u,v)] dv) du + QE) dw) |z —yl|.

Consequently, it holds for all t > t; that

[(Pz)(t) = (Py)(?)]

< [E + /t: (/_() la(s, w) (/w (/_() la(u, v) dv) du+ 2E) duw

FE|A(s)]) e fiA(z)dzczs] lz -yl
Hence, it follows from (3.11) that
[(Pz)(t) = (Py) ()] < aflz =y, t = to.

Thus P is a contraction operator on C' ([m(ty), c0), R).

We now consider a closed subspace S of C ([m(ty), c0),R) that is defined by
S ={x e C(m(ty),o0),R) : |z(t)] - 0ast — oco}.

We will show that P(S) C S. To do this, we need to point out that for each z € S,
|(Pz)(t)] = 0 as t — oo. Let € S, by the definition of P we have

(Po)(®) = (6lto) +9 1 010 = r(to))) e~ o g (ta(t = (1))
- / [La(s) — A(s)g (s, 2(s — r(s)))] e 4G,

to

= ]1+]2+]3, tZto.
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The first term [; tends to 0 by (3.12) and I, tends to 0 by (3.2) and t — 7(t) — oo as

t — oo. For any T € (ty,t), we have the following estimate for the third term

I < / (Lo(s) — A(s)g (s, 2(s — 7(s)))] e~ 4Gz g

to

+ / [L.(s) — A(s)g (s,z(s —7(s)))] e~ i AGz)dz g

T

(L e ([ (L o)

+2Egll,,) dw + E[A(s)| ]],,) e+ 4 %ds

+/Tt </:T(S) la(s, w)| /w (/uuf(u) |a(u,v)||x(v)|dv) du

FE (s — 7(5))| + E |a(w — 7(w))]) dw + E|A(s)] |[x(s — 7(s))]) e~ = 4%

< [/tT (/:T(S) la(s, ) /w (/UHT(U) la(u, )| dv) du + QE) dw

+E|A(s)) e 49as] (al| + 1o]l,)

S UL (L oot

B 2(s — 7(5))| + E |z(w — 7(w))]) dw + E|A(s)| |z(s — 7(s))]) e AR g

= I31 + I3o.

Since t — 7(t) — oo as t — oo, this implies that © — 7(u) — oo as T — oo. Thus, from

the fact |z(v)| — 0, v — oo we can infer that for any € > 0 there exists T} = T > ¢, such

t s s u
Ly < — (/ la(s, w)] (/ (/ la(u, v)] dv) du + +2E) dw
2a T1 s—7(s) w u—7(u)

+E|A(s)]) e ARz g

that

and hence, I3, < § for all t > T}. On the other hand, ||z|| < oo because x € S. This
combined with (3.12) yields I3; — 0 as ¢ — oo. As a consequence, there exists To > T;
such that I3; < § for all t > Ty. Thus, I3 < ¢ for all £ > T5, that is, I3 — 0 as t — c0. So
P(S) CS.

By the Contraction Mapping Principle, P has a unique fixed point z in S which is a
solution of (3.1) with z(t) = ¢(t) on [m(ty), to] and z(t) = x(t, to, ) — 0 as t — oo.

3.2. Asymptotic stability
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To obtain the asymptotic stability, we need to show that the zero solution of (3.1) is
stable. By condition (3.10), we can define
K =supe Jo AR < o, (3.13)
>0

Using the formula (3.3) and condition (3.11), we can obtain
[e()] < K (1+ E) 9], " *O% + a(|l] + [14]l,,), t = to,

which leads us to .
K (14 E)el’ A= 4
1—

Thus for every, ¢ > 0, we can find § > 0 such that |¢||, < 0 implies that |z[| < e. This

lz]) < 19l (3.14)

shows that the zero solution of (3.1) is stable and hence, it is asymptotically stable.
Necessary condition. Suppose that the zero solution of (3.1) is asymptotically stable

and that the condition (3.12) fails. It follows from (3.10) that there exists a sequence {¢,},

t, — 00 as n — oo such that
tn

lim A(z)dz exists and is finite.
n—o0 0

Hence, we can choose a positive constant L satisfying

ln

— L < lim A(z)dz < L, ¥Yn > 1. (3.15)

n—o0 0

Then, condition (3.11) gives us
t'"/
Cn = / w(s)elo A g < aelo” ABd= oL
0

The sequence {c,} is increasing and bounded, so it has a finite limit. For any J, > 0,

there exists ng > 0 such that

tn R 5
/ w(s)eld ADEgs « 2 yp >, (3.16)

l—«
K(1+E)el+1

x(t) = x(t,t,, @) of (3.1) with the initial data ¢(t,,) = dy and [p(s)| < o, s < tp,. It
follows from (3.14) that

where K is as in (3.13). We choose dy such that §y < and consider the solution

[2(t)] < 1= 0o, Vt > ty,. (3.17)

3.2. Asymptotic stability
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Applying the fundamental inequality |a — b| > |a| — |b] and then using (3.17), (3.16) and
(3.15), we get

[2(tn) + g (tn, 2(tn — 7(t0)))]

tn
> 5 ft”O _ / ( ) f A(z dzdS
TL tn S
tno 5o — 0 A(z)dz / w<s)€f0 A(z)dzds
tng
tno ((50 )efo dzds)
1 t z)dz 1
=gt e 2% =0,

which is a contradiction because z(t,,) + g (tn, x(t, — 7(t,))) — 0 as ¢, — oo. The proof

is complete. ®

Let g(t,z) = 0 we get the following corollary.

Corollary 3.1 Suppose that the following two conditions hold

¢
lim inf [ Ay(z2)dz > —o0, (3.18)
t—o0 0
t s s u
sup/ (/ ]a(s,w)\/ / la(u,v)| dvdudw) em s Az — o <1, (3.19)
>0 Jo s—T(s) w Ju—7(u)

where

Then the zero solution of

1s asymptotically stable if and only if
t
/ Ap(z)dz — 00 as t — oo. (3.20)
0

Next we turn our attention to the following neutral Levin-Nohel integro-differential

equations with several delays

M

Za(t) + ; /”k(t) s)ds + Z —gk — (1)) =0, t > tq, (3.21)

3.2. Asymptotic stability
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where aj, € C ([tg,00) X [m (tg),00),R) and 75, € C* ([tg, 00) , RT) with t—7 (t) as t — oo,
1 <k < M. The function g (¢, z) is globally Lipschitz continuous in . That is, there is

positive constant Fj such that
|gk (t,l‘) — 9k (t,y)| < Ek ||ZL‘ - y” » 9k (t,O) = 07 1 < k < M. (3'22>

Lemma 3.2 x is a solution of equation (3.21) if and only if

x(t) = (wo) + 3 i (to, St — wo)))) e hoMDE N7 g (1 a(t - mi(1)))

k=1 k=1

—/t lzm(s) — ZZ(s)gk (t,z(s — Tk(s)))] e_fstz(z)dzds, t > to,

where
_ :;/tw (/ (Z/ )@)d
+§gz 7i(t))) —;gz- (Sax(s—ﬁ(é’)))> ds,
and _ . t_
At) = ; /”k(t) ar(t, s)ds.

The proof follows along the lines of Lemma 3.1, and hence we omit it.

Theorem 3.2 Let (5.22) holds and Suppose that the following two conditions hold
t_

lim inf/ A(z)dz > —o0,
0

t—o00

and

t>0

(5) = Z/S lax (s, w)| (/ (Z/ |azuv|dv>du

k=1 k=1

sup (ZEk—i-/ —JAG dzds) =a<l,

where

gl

3.2. Asymptotic stability
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Then the zero solution of (3.21) is asymptotically stable if and only if

t
/ A(2)dz — o0 as t — co.
0

The proof is similar to that of Theorem 3.1, and hence, we omit it.

3.2. Asymptotic stability
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Periodicity and positivity in neutral nonlinear

Levin-Nohel integro-differential equations

Keywords. Fixed points, periodicity, positivity, Levin-Nohel integro-differential equa-
tions, functional delay.

The goal of this chapter is to present a very recent work [19], namely,
K. Bessioud, A. Ardjouni and A. Djoudi, Periodicity and positivity in neutral nonlinear
Levin-Nohel integro-differential equations, Submitted.

Our chapter deals with the neutral nonlinear Levin-Nohel integro-differential with vari-
able delay. By using Krasnoselskii’s fixed point theorem we obtain the existence of peri-
odic and positive periodic solutions and by contraction mapping principle we obtain the

existence of a unique periodic solution. An example is given to illustrate this work.

4.1 Introduction

In this chapter, we consider the following neutral nonlinear Levin-Nohel integro-

differential equation with variable delay

%x (t) + /tT(t) a(t,s)x(s)ds+ %g (t,x(t—7(t)) =0, (4.1)

where a, 7 and g are continuous functions with 7(¢) > 0. Equation (4.1) has a long

history and the simpler form of it was considered in 1928 by Volterra with a biological

33
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application in mind (see [17]). In [18], the authors used the contraction mapping principle
to show the asymptotic stability of the zero solution for (4.1). The purpose of this chapter
is to transform (4.1) into an integral equation and then use the Krasnoselskii’s fixed point
theorem to show the existence of periodic and positive periodic solutions. The obtained
integral equation is the sum of two mappings; one is a contraction and the other is
compact. Also by employing the contraction mapping principle, the existence of a unique

periodic solution has been established. An example is also given to illustrate this work.

4.2 Existence and uniqueness of periodic solutions

For T' > 0 let Pr be the set of all continuous scalar functions x, periodic in ¢ of period 7T

Then (Pr, ||.||) is a Banach space with the supremum norm

l2]l = sup |z (1) = sup |z (1)].
teR te[0,7)

Since we are searching for the existence of periodic solutions for (4.1), it is natural to

assume that

at+T,s+T)=ualts), T(t+T)=r1(t), (4.2)

with 7 being scalar, continuous and 7 (t) > 7 > 0. Also, we assume

/OTA(Z) d=> 0, At) = /: e (4.3)

The function g (¢, z) is periodic in ¢ of period T, it is also globally Lipschitz continuous

in z. That is

gt+Tz)=g(tz), (4.4)
and there is positive constant F such that
lg(t.x) —g(ty) < Ellz—yl. (4.5)

The next lemma is crucial to our results.

4.2. Existence and uniqueness of periodic solutions
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Lemma 4.1 Suppose (4.2)-(4.4) hold. If v € Pr, then x is a solution of equation (4.1)
if and only if

w(t)=—gta(t—7(t)

(e ) L)~ A g (s (s - (] F s, (1)

where

Lo () = /t ;@) ot s) < / t ( / :(u) o (u,v) 2 (v) dy) du

+g(tx(t—7(1) —g(s,2(s =7 (s)))) ds. (4.7)

Proof. Obviously, we have

Inserting this relation into (4.1), we get

d K b d
pri (t) + /t_T(t) a(t,s) (1’ (t) — /S R (u) du) ds + 77 (t,x(t—7(t)) =0,

or equivalently

%x (t) + x (t) /:T(t) a(t,s)ds — /t;(t) a(t,s) </St (%x (u) du) ds

+%g (t,x(t—7(t))) = 0.

After substituting 2% from (4.1), we obtain

d ' d
i (t) + x (t) /tT(t) a(t,s)ds+ P (t,z(t—7(1))

+ /ttT@ o (t,s) (/t (/UUT(U) o (u, )z (v)dv + %g (w,z (u—7 (u)))) du) ds — 0.

(4.8)

By performing the integration, we have

/ %g (w2 (u=7())du=g(t,z{t-7())-g(s2(s=7(s)).  (49)

4.2. Existence and uniqueness of periodic solutions
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Substituting (4.9) into (4.8), we have

%x (t)+A{t)z(t)+ L, () + %g (t,x(t—7(1)) =0,

where A and L, are given by (4.3) and (4.7), respectively. We rewrite this equation as

S0+t l—T(0)

=AW @@ +gtx(t-70))+AW) gtz (t=7(1)) = Lo (1) (4.10)

Multiply both sides of (4.10) with elo A)4= and then integrate from ¢ — T to ¢ to obtain

S

/tt d [(x (s)+g(s,z(s—7(s)))) el 4@ gg

_rds
S /tT (L, (s)—A(s)g(s,z(s—7(s)))] i Az g

As a consequence, we arrive at
(x(t)%—g(t,x(t-T(tD))eﬁjAuyk
_(l’(t—T)+g(t—T,x(t_T_T(t_T))))efOt—TA(Z)dZ
:_Z;ﬂ%@%wﬂﬁg@x@—rgmkﬁmm%&

Dividing both sides of the above equation by elo ARz and using the fact that = (t — T) =

x (t), we obtain

z(t)+ gt —7(t))

= (1= ) ) A (s = ()]s,

Since each step is reversible, the converse follows easily. This completes the proof. m

Define a mapping H by

() () = ~g (6. (¢ = 7 (1)
— (1= ) () = A g s (s = r ()] A

(4.11)

4.2. Existence and uniqueness of periodic solutions
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It is clear form (4.11) that H : Pr — Pr by the way it was constructed in Lemma 4.1.

We note that to apply the Krasnoselskii’s fixed point theorem we need to construct
two mappings; one is contraction and the other is compact. Therefore, we express (4.11)

(He) (1) = (Be) (1) + (Co) (1),

where C, B : Pr — Pr are given by

(Be) (1) = —g (Lo (t =7 (1)), (4.12)

and

(Cp) (1) = — (1 — e i A<Z>dZ>_1 /t Lo () = As) g (50 (s =7 (5))] e I Az g
_ (4.13)

To simplify notations, we introduce the following constants

—1 s
n = (1 — e ftt_TA(z)dz> , p= sup (/ ‘a (37w)‘ dw) ,
selt-1,1) \Js—r(s)

v = sup e LAOE 5= sup sup / (/ ]a(u,l/)\dy) du | (4.14)
sE[t—T,t] sG[t—T,t] ”LUE[t—T,t] w u—'r(u)

Lemma 4.2 Let C be given in (4.13). Suppose that (4.2)-(4.4) hold. Then C' : Pr — Pr

s continuous and the image of C contained in a compact set.

Proof. To see that C' is continuous, we let ¢,v € Pr. Given € > 0, take 8 = & with

N =nyTp(d + 3E) where FE is given by (4.5). Now, for ||¢ — || < S, we obtain

t
ICo = Cull <my [ p8llo = vl +3pE i~ wllds < N o — ] <.
t—T

This proves that C' is continuous. To show that the image of C' is contained in a compact
set, we consider D = {p € Pr: ||¢|| < R}, where R is a fixed positive constant. Let

¢, € D where n is a positive integer. Observe that in view of (4.5) we have

|g(t>$)‘ = |g(t>$)_g(t70)+g(ta0)’
< Jg(t,z) —g(t,0)[ + g (£,0)]
< Bl +a,

4.2. Existence and uniqueness of periodic solutions



Chapter 4. Periodicity and positivity in neutral nonlinear Levin-Nohel
integro-differential equations 38

where v = sup |g (¢,0)|. Consequently
te[0,7)

(Con @) < m [ o6+ 2ER+ )+ p (ER+ o)l ds

< T p(0+3(ER+«w))] =L.

Next we calculate (Cp,) (t) and show that it is uniformly bounded. By making use of
(4.2)—(4.4) we obtain by taking the derivative in (4.13) that

(Con) (1) = =A(t) (Copn) () = Ly, (1) + A(t) g (£, 00 (t = 7 (1))

Thus, the above expression yields ||(C’g0n)/H < F, for some positive constant F. Thus
the sequence (C'y,,) is uniformly bounded and equicontinuous. Hence by Ascoli-Arzela’s

theorem C' (D) is compact. m

Lemma 4.3 If B is given by (4.12) with E < 1, then B : Pr — Pr is a contraction.

Proof. Let B be defined by (4.12). Then for ¢, € Pr we have

1Be = Bel = sup |(Bo) (1)~ (BY) (1)
< B ot =T(0) = v (=7 ()
< Elle—ull.

Hence B defines a contraction. =

Theorem 4.1 Suppose the hypothesis of Lemma 4.3. Let « = sup |g(t,0)|. Suppose
te[0,7]

(4.2)—(4.5) hold. Let J be a positive constant satisfying the inequality
EJ+a+mT (p(0J+3(EJ+a))) < J.

Let M = {p € Pr:|lp|| < J}. Then equation (4.1) has a solution in M.

Proof. Define M = {p € Pr: ||¢| < J}. By Lemma 4.2, C': M — Py is continuous and
C' (M) is contained in a compact set. Also, from Lemma 4.3, the mapping B : M — Pr is
a contraction. Next, we show that if ¢, € M, we have |[Co + By| < J. Let p,p € M

4.2. Existence and uniqueness of periodic solutions
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with ]|, [¢]] < J. Then

|Ce + By
S E¢ll+a+ W/t_T [ (@ llell + 2 (E el + @) + p (Ellell + )] ds

<EJ+a+mT (p(6] +3(EJ+a))) < J

We now see that all the conditions of Krasnoselskii’s theorem are satisfied. Thus there
exists a fixed point z in M such that z = C'z + Bz. By Lemma 4.1, this fixed point is a

solution of (4.1). Hence (4.1) has a T-periodic solution. m
Theorem 4.2 Suppose (4.2)-(4.5) hold. If
E+mTp(d+3E) <1,

then equation (4.1) has a unique T-periodic solution.

Proof. Let the mapping H be given by (4.11). For ¢, € Pr, in view of (4.11), we have
[He — H|| < (E+myTp (6 +3E)) lg — .
This completes the proof by invoking the contraction mapping principle. =

Corollary 4.1 Suppose (4.2)-(4.4) hold and let o be the constant defined in Theorem
4.1. Let J be a positive constant and define M = {p € Pr : ||¢|| < J}. Suppose there is

positive constant E* so that for x,y € M we have
g (t,2) —g (ty)| < E™ [l —yll.
IfE* <1and||Hp| < J foro € M, then (4.1) has a T-periodic solution in M. Moreover,
of
E*+mTp (6 +3E") <1,
then (4.1) has a unique T-periodic solution in M.

Proof. Let M = {p € Pr: ||¢|| < J}. Let the mapping H be given by (4.11). Then, the

results follow immediately from Theorem 4.1 and Theorem 4.2 m

4.2. Existence and uniqueness of periodic solutions
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Example 4.1 For small positive €; and e¢; we consider the nonlinear neutral integro-

differential equation with variable delay

ccli (t) + e /tjg (1+cosw(t—3))x(s)ds+62% <cos(wt):c3 (t— g)) =0, (4.15)

where w is a positive constant. So, we have a(t,s) = ¢ (1 +cosw(t —s)), 7(t) = Z

w?

g(t,x(t—7(t)) =€ (cos(wt)2® (t — ) + 1). Define M = {gp € P 1 ||]] < J}, where

J is a positive constant. For ¢ € M, we have

[(Hep) (t)]
=|=g ot —7(1))

— (1 — e Jir A(Z)dZ>_1 /1: [L,(s) —A(s)g(s,o(s—7(s)))]e” i AGz)dz g

T
—2eq 72 _14 2 4
§€2J3+€2+(1—6 w% ) i61( Elﬂ- J+362J +3€2).
W

Thus, the inequality

w?

an2e \ T 42 4

which is satisfied for small w, €; and €5, implies || He|| < J. Hence, (4.15) has a 2Z-periodic

solution, by Corollary 4.1.
For the uniqueness of the solution we let ¢,1 € M. From (4.15) we see that

—272¢; ! 2T
’[’]: 1—6 w2 7p:—€1,’)/§].
w

Also a = €y, E = 3e3J%, where J is given by (4.16). If

Am? on2e \ T [deq 7
3ep2 4 1 ° (1—6 ) { an —|—9€2J21 <1,

w? w?
is satisfied for small €; and g, then (4.15) has a umque T_periodic solution, by Corollary

4.1.

4.3 Existence of positive periodic solutions

For some non-negative constant L and a positive constant K, we define the set

M={pePr:L<p<K},

4.3. Existence of positive periodic solutions
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which is a closed convex and bounded subset of the Banach space Pr.

In this section we obtain the existence of a positive periodic solution of (4.1) by con-
sidering the two cases; g (t,z) > 0 and g (t,z) < 0 for all t € R, x € M. To simplify
notation, we let

0 = max e’fstA(Z)dz, o= min e JsA@d
se[t—T,t] se[t—T,t]

In the case ¢ (t,xz) < 0, we assume that there exist a non-negative constant k; and a

positive constant ko such that
kix < —g(t,z) < kow, for all t € [0,T], x € M, (4.17)

ky <1, (4.18)

and for all t € [0,T], x € M

L(1—Fk)
no’l

K (1— k)

S Lo+ AWM g () < — 5

. (4.19)

Theorem 4.3 Suppose (4.2)-(4.5) and (4.17)-(4.19) hold. Then equation (4.1) has a

positive T-periodic solution x in the subset M.

Proof. By Lemma 4.1 x is a solution of (4.1) if
xr = Cx + Bz,

where C' and B are given by (4.13), (4.12) respectively. By Lemma 4.2, C' : M — Pr
is continuous and compact. Also, from Lemma 4.3, the mapping B : M — Pr is a
contraction. We just need to show that condition (i) of Theorem 2.5 is satisfied. Toward

this, let p,9¥ € M, then

(BY) (t) + (Cop) (1)
=—g(t,p(t—"1(t)))— n/t_T [L,(s) —A(s)g(s,0(s—7(5)))] o~ Ji AR)dz
hk )

4.3. Existence of positive periodic solutions
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On the other hand,

(By) (1) + (Co) (1)
=9 (tvqp (t -7 (t))) - n/tT [L<P (S) —A (3) g (s, © (S — T (3)))] e‘f; A(2)dz 1 g
no’l

Clearly, all the hypotheses of the Krasnoselskii theorem are satisfied. Thus there exists a
fixed point x € M such that © = Bx + Cz. By Lemma 4.1 this fixed point is a solution

of (4.1) and the proof is complete. m
In the case g (t, ) > 0, we substitute conditions (4.17)-(4.19) with the following condi-

tions respectively. We assume that there exist a negative constant k3 and a non-positive

constant k4 such that
ksr < —g (t,z) < kyz, for all t € [0,T], x € M, (4.20)

—ky <1, (4.21)

and for all t € [0,T], x € M

L —FksK K — k4L

<—L,(t)+A{t)g(ta) < T (4.22)

nol
Theorem 4.4 Suppose (4.2)-(4.5) and (4.20)-(4.22) hold. Then equation (4.1) has a

positive T -periodic solution x in the subset M.

The proof follows along the lines of Theorem 4.3, and hence we omit it.

4.3. Existence of positive periodic solutions



Chapter

Positive periodic solutions of second-order
systems with singularities and deviating

arguments

Keywords. Positive periodic solutions, Second-order systems, Singularity, Deviating

arguments, Schauder’s fixed point theorem.
The goal of this chapter is to present a very recent work published in [20], namely,

K. Bessioud, A. Ardjouni and A. Djoudi, Positive periodic solutions of second-order sys-
tems with singularities and deviating arguments, Communications in Applied Analysis 20

(2016), 223-237.

In this chapter, we use Schauder’s fixed point theorem to prove that the second-order
systems with singularities and deviating arguments has a positive periodic solution. An

example is also given to illustrate our work.

5.1 Introduction

Due to their important in numerous applications, for example, physics, population dy-
namics, industrial robotics, and other areas, many authors are studying the existence of
positive periodic solutions for second-order differential equations with singularities; see

[25], [30], [31], [35], [39], [47]-[49] and references therein.
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The study of singular problems began with the paper of Taliaferro. In 1979, Taliaferro

[47] discussed a model equation with singularity

p q(t) _
I<t)+x>‘(t) = 0,0<t<1,

z(0

~—
I
8
—~
—_
~—
I
=

and obtained the existence of solution for the problem. Here, A > 0, ¢ € C'((0,1)) with
g > 0 on (0,1) and folt(l —t)q(t)dt < co. We call this equation with a strong force
condition if A > 1 and with a weak force condition if 0 < A < 1.

In 1987, Lazer and Solimini [35] proved that a necessary and sufficient condition for

the existence of a positive periodic solution of the problem

2" (t) = x/\l(t)-i—C(t),

z(0) = (1),

is that the mean value of ¢ is negative, i.e.,

1 T
E:f/o ¢ (t) dt <0,

for A > 1. Moreover, if 0 < A < 1, they found examples of functions ¢ with negative mean

values and such that periodic solutions do not exist.

Recently, Ma, Chen and He [39] discussed the existence of positive periodic solutions

of second-order differential equations with weak singularities

' () +a(t)x(t)=f(tz@)+elt),

where a € L' (R/TZ,R,), e € L' (R/TZ,R), f is a Carathéodory function and is singular
at x = 0. By employing Schauder’s fixed point theorem, the authors obtained existence
results for positive periodic solutions, which improve and generalize some results of Torres
[49].

In this chapter, we are interested in the analysis of qualitative theory of positive periodic
solutions of second-order systems with singularities and deviating arguments. Inspired and

motivated by the works mentioned above and the references therein, we concentrate on

5.1. Introduction
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the existence of positive periodic solutions of the second-order systems with singularities

and deviating arguments
(5.1)

where a;,7; € L' (R/TZ,R,), ¢; € L' (R/TZ,R), and f; € Car (R/TZ x R, ,R) which
means f; |7 [0,7] x Ry — R (i =1,2) are L'-Carathéodory functions, and have
singularities at the origin, i.e. xli}rgl+ sup f; (t,z) = +oo. By means of Schauder fixed point
theorem, we obtain sufficient conditions of the existence of positive periodic solutions
for (5.1). An example is also given to illustrate our results. For a given function £ €
L'[0,T], we denote the essential supremum and infinimum of £ if they exist by &* and &,,

respectively.

5.2 Existence of positive periodic solutions

It is the purpose of this section to study the existence of positive periodic solutions of

(5.1) under the assumptions.

(A1) The linear equation z” (t) + a; (t) z (t) = 0 is nonresonant and the corresponding

Green’s function
Gi (tu S) Z 07 (ta S) € [07T] X [OvT} ) (Z = 172) ’

(A2) f; lo: [0,T] x Ry — Ry, (i = 1,2) are L'-Carathéodory functions.
(AB) There exist bi,CZ‘ S Lt (O,T) with bi,Ci > 0, ozi,ﬁi S R+, m; < 1< MZ', (Z = 1,2),

such that
bi (t)
ngz(t,f[})g ] [EE(MZ,OO), a'e'te[O’T]v
ri
and
ci (1)
0<fi(tz) < , x€(0,m;), ae te[0,T].

2P
(A4) There exist bh‘,bgi,ci € Ll (O,T) with bh’,bgi,Ci Z 0 and ai,ﬁi,,ui,ui c
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(0,1), (i = 1,2), such that

0 = lxa(-)ﬁfi@ax)ﬁ 1307 rel[l,), ae tel0,T],
0 < ;5.)§fi(t,x)§cw’<j.), z e (0,1), ae. t€[0,T].

Now, we introduce the following notations.
T
wt) = [ Giltoet)ds (=12,
0
T
Bi(t) = / Gi(t,s)b; (s)ds, (i=1,2),
0
T
Ci(t) = / Gi(t,s)ci(s)ds, (i=1,2),
0

T
Bii (t) = / Gl (t, S) b“ (8) dS, (Z = 1, 2) s
0
p;i = Cf + By, o5 =max{p;, ), 6 = max{v;, fi}.

Theorem 5.1 Let (A1), (A2) and (A3) hold. If vy > 0, then (5.1) has a positive T-

periodic solution.

Proof. We denote the set of continuous T-periodic functions as Pr. A T-periodic solution
of (5.1) is just a fixed point of the completely continuous map A : Pr x Pr — Pr X
PT7 A (1:7 y) = (A1y7 AZSE)7 where

A0 = [ G (oo =) +er (s
= [ G Al -n s+ 0.
)0 = [ G009 (s (=m0 + e ) ds
= [ G Ba - noN st ),

By Schauder’s fixed point theorem, the proof is finished if we prove that A maps the

closed convex set defined as

K={(z,y) € Pr xPr:ri <z(t) < Ry, 1o <y(t) < Ry, Vt€[0,T]},

5.2. Existence of positive periodic solutions
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into itself, where Ry > r1 > 0, Ry > ro > 0, are positive constants to be fixed properly.

For given (z,y) € K, let us denote
L, = {te {O,T] |7’1 SI(t) < maq, ngy(t) <m2},

I, = {te€[0,T]| Ry >x(t)> My, Ry >y(t)> M},
Iy = [0, T\ (LUI).
Given (z,y) € K, by the nonnegativity of G; and f;, we have
A0 = [ 608 s~ () + e () s
- /OTel<t,s>f1<s,y<s—ﬁ<s>>>ds+m<t>
= [ Gt (s —n s+ [ Gl i(suls — i () ds

I Ip)

+ [ Gi(ts) fis,y(s =mi(s)))ds +m (t)

I3
Y1 (t) = Y1 = 71,

v

(As2) (t) = /O G (t,s) (f2(s,2 (s —T2(s))) +e2(s)) ds
= [ @ has=n)ds 0
= /GQ(t78)f2(87$(8_7—2<S)))d8+/GQ(t,S)fQ(S,I(S_TQ(S>))d8

+/1 Gz (t,5) f2(s,2 (s — 12 (s5))) ds + 72 (t)
V2 (t) = 72x = T2

v

Let

M= s {ma [ Gy 09) £ 5o = () ds s < (s = () < 0 |

te[0,7

Ay = sup{max/OTGg(t,s)fg(s,x(s—Tg(s)))ds:m1Sm(s—TQ(S))SMl}.

te[0,7)

Then, it follows from (A2) that A; < +oo, Ay < 400, and consequently, for every

5.2. Existence of positive periodic solutions
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(z,y) € K,

(Aw) (1) = / G (t.9) fi (5,9 (5 — 71 () ds + 7 (1)

= | Gits) fi(s,y(s—=m(s)ds+ [ Gi(t,s) fi(s,y(s—7(s)))ds

I Ip)
Gi(t,s) fi(s,y(s —7(s))) ds+ 7 (t)
I3
b1 (s)
< G (t, 1 (5) ds+ | Gi(t,s ! —ds+ A+
n 0 >y(5—ﬁ(5)) I 3 )9(3—71(8))1 e
T
< / G (t, s) a1 (s) ﬁds+/G1(t,s)b1(s)ds+A1+7f
0 y(s—m1(s))™" I
T 1() T
< / Gi(t,s) —5 d3+/ Gy (t,s) by (s)ds+ Ay + 7
0 Ty 0
< S+ (Bi+ A+
T2
< 5 + (Bl + A +97) = Ry,
T2

(Agz) (t) = /0 Go (t,8) f2(s,x (s —T1a(s)))ds + 72 (t)

= /IGQ (t,8) fa(s,x(s—m (s)))d8+/ Go (t,8) fa(s,x(s— 12 (s)))ds

1 Iz

ds + Ny + 75

+ | Ga(ts) fa(s, (s —72(s)))ds + 72 (1)
I3
bs (s)
< Gy (t, s 2(5) ds+/G t,s 2 —~
a /11 a )1’(8—72(8))& I 4 )93(5—72(8))2
’ c2 (s)
< / G (t, s) Bds+/Gg(t,s)bg(s)ds+A2+fy§
0 x(s—m1(s))” I
T (S) T
< G2 (t, ) 3 d8+/ GQ (t, S) bg (S) dS‘FAQ—l—’)/;
0 ™ 0
Cék * *
S r52+(BQ+A2+72)
1
C; * *
< r52+(BQ+A2+72)=R2.
1

Therefore, A(flf,y) = (A1y7A2:E) € Kif T1 = TYix, T2 = V24, Rl =

Ry = % (B; + Ay +3), and the proof is finished. m
1

S+ (Bi + A +90),

2
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Theorem 5.2 Let (A1), (A2) and (A4) hold. If v = 0, then (5.1) has a positive T-

periodic solution.

Proof. We follow the same strategy and notations as in the proof of Theorem 5.1. Define

a closed convex set
K={(z,y) €Pr:r <z(t) <Ry, m<y(t) <Ry, Vt€[0,T], Ry >1, Ry > 1}.

By a direct application of Schauder’s fixed point theorem, the proof is finished if we prove
that A (z,y) = (A1y, Asx) maps the closed convex set K into itself, where Ry, Ry and
r1, T9 are positive constants to be fixed properly and they should satisfy Ry > r; >

0, Ro >ry >0and Ry > 1, Ry > 1. For given (z,y) € K, let us denote
Jio = {tel0,T)|n<z(t)<l, rmn<y(t) <1},
Jo = {tel0T][Ri>z(t)>1, Ry >y(t) >1}.

Then for given (z,y) € K, by the nonnegative sign of G; and f;, it follows that

(Aw) (1) = / Gy (£.3) fi (5, (5 — 71 () ds + 7 ()
_ / Gy (t,5) i (5,5 (s — 71 (5))) ds

+/J Gy (t,5) fi (5,9 (s — 71 () ds + 7 (t)

( ) ba1 (3) "
: /J Grhs) (s P R PR Rl

T
< / Gl(t /GltSbgl )dS—f—’Yl
0 Jo

T
< [ e
0

C* * *
< 711+(le+’71)7
Ty

/ GltSbgl )dS""Yik

5.2. Existence of positive periodic solutions



Chapter 5. Positive periodic solutions of second-order systems with singularities
and deviating arguments 50

and

(Agr) (1) = / Ga (t,5) fo (5,2 (5 — 72 (5))) ds + 7 (1

= Gy (t,s) fa(s,z (s —T2(s)))ds

Ji

Ga (L) f2 (8,2 (5 = 72 (s))) ds + 72 (1)

Ja
( ) baa (S) "
< G, (1, oy d L, ds +
= / AR <s—a<s>> Calts) e
T
< / GQ( VQ dS+/G2t8b22 d8+’72
Js
S / G2 / G2 tS b22 )dS—l-’Yz
0
< TVQ (B§2+’YQ)
1
On the other hand, for every (z,y) € K,
T
A @) = [ Git9) il (s = (D) ds+ 71 (1)
0
- / Gi (t,5) i (5,3 (s — 71 (5))) ds
Ji
[ Gt fits (s = @) ds 47 1)
Ja
b11 (S) / b11 (S)
> G (t, —ds + G (t, ards + Vix
. / R ey 5y Rl M P O
bn( ) b11 (3)
> G (t, ds + G (t,s o ds
J11<)R2 J21(>R2
b11 (S) bll (S)
> Gi(t,s sods+ [ Gi(t,s) —(55ds
J11<)R2 le()R2
T
bll (S)
> Gi(t,s S ds
> /0 {09 2y
> Bll*)
> _Rgl
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and
(Agt) (1) = / G (£,3) fo (5, (s — 73 (5))) ds + 2 (1)
_ / Ga (t,5) fo (5,5 (s — 7 (5))) ds

+ [ Ga(t,s) fa(s,z(s—72(s)))ds+ v (t)

J2
b12 (S) / b12 (S)
>
= /J1 G2 (t,5) z(s—m(s))" dst 2 Galts9) z (s =1 (s))" At
> /J Gs (t, s) blélgf)ds + /J Gy (t,s) bl;—csj)ds
1 1 1 1
b12 (S) / bl? (S)
Z G t,S o) d3+ G t7S T2 ds
/J1 ? ( ) Rl Ji ’ ( ) Rl
T
b12 (S)
> G, (t, -d
/(; 2 ( ) Rl
BlQ*
- R(lfz

Thus A (z,y) = (A1y, Asx) € K if r1, o and Ry, Ry are chosen so that

Bll* Cr * *
i < Ry r—?+(321+%)3317
B * C* * *
ry = %a 722+(BQ2+’}/2)SR2
1 T

Note that By, > 0, CF > 0 and taking r; = ro =17, Ry = Ry = R, and R = %, it is
sufficient to find R > 1 such that

BiR"™ 21, CIR'+(By++) <R
and these inequalities hold for R big enough because o; <1l and v; < 1. =

Remark 5.1 It is worth remarking that Theorem 5.2 is also valid for the special case

that e; (t) =0, (i = 1,2), which implies that ~;, = 0.
Theorem 5.3 Let (A1), (A2) and (A4) hold. Assume that

pT > max {((510’2312*)61 , ((5102312*)%} , (52)
: } . (5.3)

Q‘,_.

p> > max {(5201311*)62 , (0201 B11+)
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If vy <0 and

By = 1
« > |—0 1-——, 5.4
T = [(/)3)1 201] ( 5201) (5:4)
Bl?* 1751102 1
R =t 1—— ), 5.5
= hﬁVlQ} ( 5mJ (55)

then (5.1) has a positive T-periodic solution.

Proof. Define a closed convex set

K = {(z,y) € Pr x Pr:r <z(t) < Ry, 1o <y(t) < Ry,

Vie[0,T], 0<ri <1< Ry, 0<ry<1<Ry}.

By a direct application of Schauder’s fixed point theorem, the proof is finished if we prove
that A maps the closed convex set K into itself, where R, Ry and 1, o are positive

constants to be fixed properly and they should satisfy Ry > 1 >7r; >0, Ry > 1> 19 > 0.
Recall that 0; = max {v;, ;} and r < 1, ro < 1; therefore for given (z,y) € K,

(&wﬁ)—.AC%@Qﬁ@y@—ﬁ@D%+%@)
==LC%@$ﬁ@w@—ﬁ@»@

/JG1(75 s) fi(s,y(s—m(s)))ds+ (t)

bar (s) .
< /JI Gl (t 8) (8—7‘1 8))1/1 y s—T (S))51d5+71

< /Gl( /Gl b21 )ds
Ja
T
/ G1 t 8 / G1 b21 )dS
0

51
2

IN

IN

5.2. Existence of positive periodic solutions



Chapter 5. Positive periodic solutions of second-order systems with singularities
and deviating arguments 53

and

(Age) (1) = / Ga (t,5) fo (5,2 (5 — 72 (5))) ds + 7 (1

= Gy (t,s) fa(s,z (s —Ta(s)))ds

J1
+ | Ga(t,s) fa(s,x(s—12(s)))ds+ 12 (t)
Jo
ca (s)
< Gy (t,s 5 ds
< [ 6 2
bgg (S)
+ | Gy (s ds +
/JQ 2 )l'(S—TQ(S))’BQ Tz
Co 5) b22 (S)
< G (t,s) —5,ds+ [ Ga(t,s) —5—ds
J1 ™ Jo 7"12
T T
< / Gs (t, ) @ gf)ds +/ Gs (t, s) b226<28)ds
0 U1 0 (1
P3
< 2
J— /r’f2 9

where J;, d;, pf, (1 = 1,2), are defined previously in this Section.
On the other hand, since o; = max {p;, o}, and Ry > 1, Ry > 1, for every (z,y) € K,

A © = [ Gt filsys=n)ds (0
= /J Gy (t,s) f1(s,y(s—mi(s)))ds
+/J Gi(t,s) f1(s,y(s —71(s)))ds+ 7 (t)

> [ Guttn) S e

+ /J Gits) b_“TfS()S))m ds + .
> ch;l(t, ) 1}1%; d +/JQG (t, s) ;{ig(fd + e
> /OTGl(t, )blég(f)dsqh/(]TG 0 )bljl%;)d e
z %-ﬁ-%*a
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and
(Agz) (1) = / Go (t,5) fo (5,2 (5 — 73 (5))) ds + 72 (1

= Go (t,s) fa(s,2(s— 12 (s)))ds

J1
’ G (t,s) fa(s,2 (s — 12 (s))) ds + 72 (¢)
2
b12 (S) b12 (8)
> d d *
> /;1G2< s) P P s+ 05— 7 () 5+ 7
> / Go (¢, s b12 ds+/ G, (t bw S)ds+72
- " ) RU2 n Ro—2 *
T T
b12 8)
- 0 G2 (t, s) Ra2 /0 Calt RU2 ds + 72
B12*
- R?Q +P)/2*,

where By, and oy, (i = 1,2), are defined previously in this Section.
In this case, to prove that A (K) C K, it is sufficient to find

ry < Ry, 19 < Ry with Ry >1>17r; >0, Ry > 1> ry > 0 such that

Bll* pT
e + Y. = T, r_gl < Ry, (5.6)
B, 2
Ri’g + Vo Z ra, 7“_? S RQ' (57)

If we fix Ry = pTTl’ Ry = TQ then to get the first inequality of (4.8), we need to find r;
) 1

such that
Bll* 18
(7 =T
or equivalently,
Bll* o010
Ve = f(r) =m— — "
(p3)! '
-
1-o1d2
The function f(r;) possesses a minimum in 79 = [(5}%0152 . Taking r1 = ry,
2

(5.2) implies that r; < 1. Then the first inequality in (5.6) holds if vy, > f (r10), which is

just condition (5.4).
The first inequality of (5.7) holds when

5.2. Existence of positive periodic solutions
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1
1—0907

Since g (r2) get the minimum at 799 = [(?)2?;2 0201 ; taking ro = 799, (5.3) implies

1

that ro < 1. Then the first inequality in (5.7) holds if ya. > g (r90), which is just condition
(5.5).
Now we choose 1 = rig, 79 = 799. The second inequality in (5.6) holds directly by the

choice of Ry, and it would remain to prove that Ry = pTi; > 1. To the end, it follows from

720
(5.2) that
" 51 " _S109 51 6%&
R, = 1 > (5102B12*) <p1)175102 > ((510’2312*) ((510’2312*)1*61‘72 1
1= 757 5 5 — 4L
20 (5102312*)% (5102312*)ﬁ

and therefore Ry > 1 > r; > 0.

The second inequality in (5.7) holds directly by the choice of Ry, and it would remain
to prove that Ry = % > 1. To the end, it follows from (5.3) that

T10

6%0

_Og01 6201

_ P > (8201B11.)" (p3) ™7 > (6201 B114)* (8301 Byy.) =2
o T o
"1 (5201311*)1_52“1 (5201311*)1—5201

and therefore Ry > 1 > ry > 0, this completes the proof. m

Ry

Example 5.1 Let us consider the second order periodic boundary value problem

" () + 32 (1) = fi(t,y) — e,

te(0,7), (5.8)
y' () + 3y (t) = fa(t,2) — e,

where

filt,y) = 7_, y € (0,00), ae. te]0n],

fa(t,x) = , x€(0,00), ae tel0n],

e 03( ! )g
€ s\ T /= )
' 4\ 415
9/1\7
ey € <0,5(1—6) ],

5.2. Existence of positive periodic solutions
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are a constants.

It is easy to check that (5.8) is equivalent to the operator equation

(Ary) (1) = /G1 (t,s) f1(s,y (s ds—i—/ G (t,s) (—eq)ds, te 0,7,

(Agz) (1) = / Go (t,s) fa(s,x (s ))d3+/ G (t, s) (—eq) ds, te|0,m],

0 0
where
sin 7= + sin 52, 0<s<t<m,
G1 (t, S) =
Sinﬂ' s+t—|—81n7 OStSSSﬂ'7
\/5 s m—t+s \/5 . ﬂ < < t <
Ga(t.5) 2<1_C0 %) sin === + 2(1_COS%> sin =, 0<s T,
S =
2 \Y 7r8+t+ \/3 Sins—_t 0<t<3<7T
(1 cos \%) <1fcos %) V5 — 7 = —

Clearly, G; (t,s) > 0 for all (¢,s) € [0, 7] x [0, 7] and f; satisfies (A2).
Let

bll(t) = 5, blg()—l b21()—7 b22(t>25, Cl(t)—g, Cg(t):7,
1 3 1 3 1 1 1 1 1
(8% g (8% = — _— — = — = — = — %4 — Vo — —.
1 2 9 1 3’ 2 6’ H1 9’ H2 7 1 5 2 B
Then
1 1 1
o1 =02= 3, 51=g, (52257
and
2 T—t 7
2 < — < —, y€[l,00), ae tel0,n],
y2 y7 ys
1
5 7T—t 9
2 < — < —, y€(0,1), ae tel0,7],
yo yr ys
1 5—1t 5
— < — < —, z€[l,00), ae.te]0n],
€xr2 €Trs €xre
1 5—1t 7
— < — < —, x€(0,1), ae tel0,mn].
x7 €Trs €xr2
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Thus, the condition (A4) is satisfied. By simple computations, we get

By (t) = /7r G1(t,s)b1 (s)ds =2, By (t) = /7r Go (t,s) b2 (s)ds =5,
Bgl (t) == /ﬂ— Gl (t, S) b21 (S) ds = 28, B22 (t) == /ﬂ— GQ (t, S) b22 (S) ds = 25,

0 0

Ci) = [ Gitts)ar(s)ds =36, Colt) = [ Galts)ea(s)ds =35
0 0

Ci. = CF =36, Cy = C; =35,

(0109B12.)"" = % (8102B12,)7F = 111’
(5201311*)52 = g (5201311*)‘% = iv
p; = Cj+ By =64> %2 = max {(5102312*) (5102312*)‘%} )
2

Q‘,_.

p; = C* + B22 = 60 > 7 = max {((520'1B11*) ((520'1.811*)

3

and therefore the condition (5.2), (5.3) is satisfied. Moreover,

T (t) = /07r G1 (t,s) (—ey1) ds = —4ey,

o (t) = /0W02<t,3)(—62>d3:—562,

and so

Vi = .= —4e1 <0,

Yo = Yax = —dey < 0.

Finally

3 % Bll* 1751201 1
. = —dey > —4° _ | Bu s o)
=z () == () =[eoe] ™ ()
9 % 1 ?0 B, s 1
i — 1——).
() (@) -] (-5)

Consequently Theorem 5.3 yields that (5.8) has a positive T-periodic solution.

Yox = _5622 —9.

5.2. Existence of positive periodic solutions
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