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ABSTRACT

of some porous elastic systems.

The first system is a one-dimensional swelling porous elastic system with neutral delay
and porous damping acting on the second equation. We prove that the porous damping dissipation
is powerful enough to stabilize the system exponentially even in the presence of neutral delay.
The second system is a Lord-Shulman porous-elastic system with dissipation due to microtemper-
ature effects, where the thermal conduction has a single-phase-lag that acts as a relaxation time.
We show that the system is exponentially stable provided that the new stability number y = 0.
Otherwise, we prove the lack of exponential stability under the assumption y # 0. Furthermore,
in the last case, we show that the solution decays polynomially.

The final system is the same as the preceding system. However, the energy associated with the
solution is not required to be positive definite (éu* = ,u(z)). We introduce a stability number y and
prove the exponential decay of the system if y =0 is valid. Otherwise, we show that the system
decays polynomially.

The method we have used for studying the asymptotic behavior of solutions is the multiplier
method based on the energy estimate and Lyapunov direct method. Semi-group and Faedo-
Galerkin techniques are those used for the study of the existence and uniqueness.

T his thesis is devoted to the study of the existence, uniqueness and the asymptotic behavior

Key Words and Phrases: Swelling porous; neutral delay; porous damping; Faedo-Galerkin
method; Lyapunov functional; exponential stability; microtemperature effects; lack of exponential
stability; polynomial stability; Lord-Shulman thermoelasticity; stability number.
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RESUME

totique de certains systémes élastiques poreux.

Le premier systeme est un systéme élastique poreux de gonflement unidimensionnel avec
un retard neutre et un amortissement poreux agissant sur la deuxiéme équation. Nous prouvons
que la dissipation d’amortissement poreuse est suffisamment puissante pour stabiliser le systéme
de maniére exponentielle, méme en présence d’'un retard neutre.

Le deuxiéme systéme est un systéme poreux-élastique de Lord-Shulman avec dissipation due
aux effets de microtempérature, ot la conduction thermique a un décalage monophasé qui agit
comme un temps de relaxation. Nous montrons que le systéme est exponentiellement stable a
condition que le nouveau nombre de stabilité y = 0. Sinon, nous prouvons le manque de stabilité
exponentielle sous 'hypothése y # 0. De plus, dans le dernier cas, nous montrons que la solution
se désintegre polynomialement.

Le systeme final est le méme que le systéme précédent. Cependant, I’énergie associée a la solution
n’est pas nécessaire congue pour étre définie positive ({ o= pg). Nous introduisons un nombre de
stabilité y et prouvons la décroissance exponentielle du systéme si y = 0 est valide. Sinon, nous
montrons que le systéme se désintegre polynomialement. La méthode que nous avons utilisée
pour étudier le comportement asymptotique des solutions est la méthode multiplicateur basée
sur 'estimation de I’énergie et la méthode directe de Lyapunov. Les techniques de semi-groupes
et de Faedo-Galerkin sont celles utilisées pour I'étude de 'existence et de I'unicité.

C ette theése est consacrée a I'étude de I'existence, de 'unicité et du comportement asymp-

Mots clés et phrases: Gonflement poreux; retard neutre; amortissement poreux; méthode de
Faedo-Galerkin; fonctionnelle de Lyapunov; stabilité exponentielle; effets de 1a microtempérature;
absence de stabilité exponentielle; stabilité polynomiale; thermoélasticité de Lord-Shulman,;
nombre de stabilité.
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THESIS STRUCTURE

This manuscript is divided into five chapters:

1. The first chapter reviews the fundamental concepts and mathematical techniques re-
quired for this thesis.

2. The second chapter is meant to provide a broad introduction.

3. The third chapter is devoted to the study of the existence, uniqueness, and exponential
stability of a swelling porous elastic system with neutral delay and porous damping using
the Faedo-Galerkin approach and the multiplier technique. This result has been published
in the Filomat journal.

4. The fourth chapter focuses on the study of the well posedness and stability result of
Lord-Shulman system with only microtemperature effects. A new number of stability was
introduced and proved that the unique dissipation due to micro-temperatures is strong
enough to drive the system to equilibrium exponentially. This study has been submitted for
prospective publication.

5. The fifth chapter extends the results obtained in chapter 4 by studying the same Lord-
Shulman system with only micro-temperature effect, but this time under different condi-
tions. Exponential and polynomial stability were identified. This result has been published
in the Mathematical Methods in the Applied Sciences journal.
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CHAPTER

GENERAL INTRODUCTION

Understanding and predicting the long-term behavior of solutions to evolution equations and
systems originating from mechanics and physics is crucial for practical applications, which makes
the study of their asymptotic behavior an important topic. Asymptotic behavior of differential
equations has been studied since Bellman [10, 11], Fubini [28], and Sansone [64] published their
papers. The concept of asymptotic behavior and its relationship to stability and boundlessness
were provided by Bellman [10]. Recall that the comparison of a differential equation’s solution or
its norm with elementary functions as ¢ goes to infinity is known as the asymptotic behavior of
the solution. As we will explain later, the stability notion introduced by A. Lyapunov in 1899 has
a strong connection to the idea of asymptotic behavior of different systems. Here we will provide a

brief overview of the ideas related to porous elastic systems with various damping circumstances.

1.1 Porous elastic materials

Elastic solids with voids are a straightforward extension of classical elasticity theory. This method
treats porous materials with elastic matrix and void interstices. Goodman and Cowin [29] pro-
posed a continuum theory of granular materials with interstitial spaces. Aside from the normal
elastic effects, these materials contain a microstructure with an interesting property: the mass in
each location can be calculated as the product of the mass density of the material matrix and the
volume percentage. Nunziato and Cowin [52] utilized this concept to present a nonlinear theory
of elastic materials with voids. This refers to materials with elastic skeleton or matrix material
and interstices. Iesan and others have spoken about these kinds of materials extensively [39].
The large number of papers that have been published in the previous three decades addressing
applications to many sectors of physics and engineering (such as the petroleum industry, material

science, biology, etc.) clearly indicate the relevance of elastic materials with microstructure. Solids
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with tiny, dispersed pores, including rocks, soils, wood, ceramics, pressed powders, or biological

materials like bones, should be treated according to the poroelasticity principle.

Figure 1: Building materials’ pores. Figure 2: Bone pores.

In [21], Cowin outlined the linear theory of elastic materials with voids. For an isotropic

material, he emphasized that the equations are of the form

i Tijj+pby,

pxp; = hi;+g+pl,
where T';; ;j represents the symmetric stress tensor, b; is the body force vector, x is the equilibrated

inertia, h; denotes the equilibrated stress vector, g and [/ are the intrinsic and the extrinsic

equilibrated body forces, respectively. The theory’s constitutive equations are provided by

Tij,j = AaijEkk+2/JEij+ﬁ(p5ij,
h; api, g8 =—wp; — P~ PErz,

the details of this argument A, u, 8, @, w, ¢, ¢, 6;; and Ey;, are described in [29], satisfying the
relations
©=0,a=0,¢=0, K:/1+2u/320and1<§—ﬁ220.

The substitution of the constitutive equations into the evolution ones gives the following one-

dimensional porous elastic system:

w1 { POl = Pty + PPr, in (0,L) x (0,00),

POKPst = APyx — Py —Ep, in (0,L) x (0,00).

In [56], Quintanilla studied the previous system in the presence of a viscoporous damp occurring
in the second equation of (1.1) and found a slow decay, deducing that —7¢; was insufficient to
stabilise system (1.1) exponentially. In [3], Apalara demonstrated that the system studied in [56]
is exponentially stable with identical wave propagation speeds. In [50], Magafia and Quintanilla

considered the case where viscoelasticity and porous dissipation (yus, and —t¢; ) were both

2



1.2. THERMOELASTICITY

present. They proved by using the semigroup arguments, due to Liu and Zheng (1999), that the
two dissipations were enough to have exponential stability. Determining the stability result for
elastic systems with voids has generally been the subject of several articles [65, 66].

Eringen (1994) developed a complete formulation of mixture theory for a porous elastic solid
filled with fluid and gas. This formulation has many applications in various practical problems,
such as swelling fields, oil explanation, slurred, and consolidation. Thus, Eringen has classified
expansive (swelling) soils under the classification of porous media theory. The discussion of the

mathematical study of the swelling porous elastic systems is the primary focus of Chapter 3.

1.2 Thermoelasticity

Both mechanical and thermal loadings are applied to structures in many significant stress analy-
sis issues. Heat transmission by conduction is caused by thermal processes in an elastic solid,
and this movement of thermal energy creates a temperature field within the material. Since most
solids experience a volumetric change in response to temperature changes, the existence of a
temperature distribution often results in strains resulting from internal or boundary limitations.
These stresses have the potential to cause structural damage if the temperature change is large
enough, particularly for fragile materials. Thus, understanding thermal stress analysis may be

crucial for many issues requiring large temperature variations.

Using the temperature effect on porous elas-
tic materials (Thermo-Poro-Elasticity) as an
example, the figure on the right illustrates
the detrimental effects of temperature on

pores: the higher the temperature, the more

the pores enlarge and the more fragile the

material. Temperature effect on porous elastic
materials.
Fourier law is the renowned law for modeling heat conduction, which is also known as the

thermoelasticity law.
q= _Kex,
where 6 is the difference temperature, ¢ is the heat conduction vector and « is the coefficient of

thermal conductivity. Several authors investigated thermo-porous system using Fourier’s law.
Where in [15], Casas and Quintanilla established system (1.1) with thermal effects, as follow

PU = HUyxx + b(px — POy,
JPit = 0Py —bur —Ep—TPr + MO,
cO; = k¥ 0y — Puy—me;.

3
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they proved that the combination of porous-viscosity and thermal factors results in exponential
stability of solutions. In [50], Magana and Quintanilla showed that viscoelasticity damping and
temperature produced slow decay in time for the same system.

We observe that the previous studies applied the classical linear theory of thermoelasticity,
allowing the traditional dilemma of unlimited propagation speeds of thermoelastic perturbation.
The infinite speed of propagation phenomenon leads to an unrealistic property that a sudden
disturbance at one point will be noticed instantly everywhere else in the materials. Experiments
have shown that this paradox also produces inadequate or inaccurate representations of how a
solid might behave to a short transient loading, such as that induced by brief laser pulses. Several
experts have advanced numerous generalized thermoelasticity theories that use hyperbolic
governing equations as a result of these drawbacks. In the footsteps of Maxwell and Cattaneo,
Lord and Shulman’s extended thermoelasticity theory, involving one relaxation time known as the
single-phase-lag model and Green and Lindsay’s temperature-rate-dependent thermoelasticity
theory involving two relaxation times called dual-phase-lag model, are two major concepts of the
generalized theory of thermoelasticity. For more details, we refer the reader to the introduction of

chapter 5.

1.3 Microtemperature

The term microtemperature is a blend word that consists of two words: microscopic and tempera-
ture which means the effect of temperature on a micro-volume.

The latter idea was first introduced by Nunziato and Cowin [52] in their seminal work on elastic
materials with voids. Temperature and microtemperatures were added to the concept by Iesan
[39—41] and Iesan and Quintanilla [42]. In [16], Casas and Quintanilla utilized the semigroup

technique for the following system

PUtt = W Uyy + Dy — B0y,
JQi = APy —buy —Ep—dwy +mo,
c0; = kOyy — YUty — l([)t T K1Wy,

dw; = szxx —d @i — K30y — KoWw,

to demonstrate the exponential stability of solutions in a one-dimensional porous-elastic system
with thermal effect and microtemperature damping. The solutions were stable regardless of wave
propagation speed. In [50], viscoelasticity combined with microtemperatures created exponential

stability, as shown by Magana and Quintanilla in the following system

PUtt = Hlyx + bPy + YUpyy,
J(Ptt = 6(Pxx —bu, - Sp— dwy,
AW = KqWyy — APsx — KoW.

4



1.3. MICROTEMPERATURE

Similarly, for the case of porous-viscosity combined with microtemperatures and in the absence

of elastic dissipation, as introduced below

PUt = MUy + OPy,
JPi =0y — buy —&p— dwy — TQYt,
QWi = KqWyy — A Ppy —KoW.

The same authors proved a slow decay when Ju # §p. And they summarized their main results

as below:

thermal effect microthermal effect

viscoporous effect

viscoelastic effect

Combining effects from the right and left squares results in exponential stability. However,
considering two simultaneous impacts from a single square results in slow decay. Of course,

combining more than two of these processes results in exponential stability.



CHAPTER

PRELIMINARIES

In this chapter, we provide different lemmas, inequalities and definitions of various basic tools
that will be employed later. For more details see [14, 68—70]

2.1 Basic spaces

This section covers the basic spaces (Banach, Hilbert, Lebesgue and Sobolev).

2.1.1 Banach space

Banach space (pronounced ['banax]), named
after the Polish mathematician Stefan Ba-
nach, is a complete normed vector space.
Thus, a Banach space is a vector space with
a metric that allows the computation of vec-
tor length and distance between vectors and

is complete in the sense that a Cauchy se-

quence of vectors always converges to a well-
defined limit that is within the space. Stefan Banach.

Definition 2.1.1. A Banach space is a complete normed linear space X. Its dual space X' is the

linear space of all continuous linear functional f : X — R.

Proposition 2.1.2. X' equipped with the norm |.|x defined by

(2.1 Ifllx: = sup{lf @ :llull <1}

is also a Banach space.
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2.1.1.1 The weak and weak star topologies

Let X be a Banach space and f € X’. Denote by

(OF S X—-R
(2.2) x— ¢rlx),

when [ cover X', we obtain a family (¢f)rex of applications to X in R.

Definition 2.1.3. The weak topology on X, denoted by o(X,X'), is the weakest topology on X for
which every (¢r)rex' is continuous.
We will define the third topology on X', the weak star topology, denoted by o(X',X). For all x€ X

¢r: X' —>R
(2.3) f—¢ou(f)=<f, x>xx,
when x cover X, we obtain a family (¢py)cex of applications to X' in R.

Definition 2.1.4. The weak star topology on X' is the weakest topology on X' for which every

(px)xex IS continuous.

Remark 2.1.5. Since X c X", it is clear that, the weak star topology o(X',X) is weaker than
o(X',X") topology, and this later is weaker than the strong topology.

Definition 2.1.6. A sequence (u,)nen in X is weakly convergent to X if and only if
Jim f(u,) = f(w),
for every f € X', and this is denoted by u, — u.
Remark 2.1.7. We have:
1. If the weak limit exist, it is unique.
2. If u, — u € X (strongly), then u, — u (weakly).
3. If dim X < +oo, then the weak convergent implies the strong convergent.
Proposition 2.1.8. On the compactness in the three topologies in the Banach space X :
1. First, theunit ball B={xe X : |x| <1} in X is compact if and only if dim(X) < co.

2. Second, the unit ball B' in X' (The closed subspace of a product of compact spaces) is weakly

compact in X' if and only if X is reflexive.
3. Third, B' is always weakly star compact in the weak star topology of X'.

8



2.1. BASIC SPACES

Proposition 2.1.9. Let (f,)nen be a sequence in X'. We have:
1 £ 2 fin a(X',X)] o [fn(x) —fx), VxeX|.

2. If fn — f (strongly), then f, — f in o(X',X"),
If fo = fin o(X',X"), then f, = f in o(X',X).

3. If fn A fin o(X',X), then ||ful is bounded and |f|l <lim inf |fall.

4. If fn = fin o(X',X) and x, — x (strongly) in X, then f,(x,) — f(x).

2.1.2 Hilbert space

Hilbert space, named after David Hilbert, ’
the most significant function space in con-
temporary physics and analysis, are crucial

for rigorously studying partial differential

equations.

David Hilbert.

Definition 2.1.10. A Hilbert space H is a vectorial space supplied with inner product < u,v >

such that |u|| = /<u,u > is the norm which let H complete.

Theorem 2.1.11. Let (uy)nen be a bounded sequence in the Hilbert space H, then it possess a

subsequence which converges in the weak topology of H.

Theorem 2.1.12. In Hilbert space, all sequence which converges in the weak topology is bounded.

Theorem 2.1.13. (Lax Milgram) Assume that a(.,.): H x H — R is a continuous and coercive

bilinear form, then for every linear continuous form b € H', there exists a unique element u € H

such that
a(u,v)=b(v), Vve H.

2.1.3 Lebesgue space

LP spaces are an important type of Banach
spaces in functional analysis, as well as
topological vector spaces. Because of their
importance in the mathematical study of
measure and probability spaces, Lebesgue
spaces, named after Henri Lebesgue, are

utilized in the theoretical discussion of is-

sues in physics, statistics, economics, fi-

nance, engineering, and other fields. Henri Lebesgue.
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Definition 2.1.14. Let Q) be a domain in R, the space LP(Q) is defined as follow:

* For 1< p <oo, the space LP(Q)) is for the real functions f on (, such that f is measurable

and

f |f (x)IP dx < o0.
Q
If f e LP(Q), the associated norm is defined by

1Fllp = ( fQ (PP dx)‘l’.

* For p = oo, the space LP(Q) is for the measurable functions f which are essentially bounded
on Q.
If f € L*°(Q), the associated norm is defined by

Ifllo =a lf)=inf{A=0:ufxeQ: f(x)>A} =0}

2.1.4 Sobolev space

Sobolev spaces are named after the Rus-
sian mathematician Sergei Sobolev. Their
importance comes from the fact that weak
solutions of some important partial differen-
tial equations exist in appropriate Sobolev
spaces, even when there are no strong solu-

tions in spaces of continuous functions with

the derivatives understood in the classical

Sergei Sobolev.

sense.
2.1.4.1 Sobolev space W2(Q)
Let C3°(Q2) be the space of functions indefinitely derivable with compact support.

Definition 2.1.15. Let Q be an open domain in R" and 1 < p < oco. Then, the Sobolev space
WLP(Q) is defined by

wirP(Q) = {u e LP(Q), 3 ge LP(Q), such that:f u(x)p'(x)dx = —f gx)p(x)dx, YV € CSO(Q)}.
Q Q

o When p =2, we prefer to denote W-2(Q) by HY(Q).

2.1.4.2 Sobolev space WP (Q))

Definition 2.1.16. Let Q be an open domain in R", m =2 and 1 < p <oo. Then, the Sobolev space
W™P(Q) is defined by

W™P(Q) = {u e LP(Q), Va e N* with |a|<m, 3 g, € LP(Q), such that:

[ wwpgidr =1 [ gowotdx, voecr@),

10



2.2. USEFUL INEQUALITIES

6|0¢|(p

n
where la| = z a; and Da(,b: 31x,0%%3..0% %, "
=1

The Sobolev ._space W™P(Q) is equipped with the following norm

lullwmr) = lwlLe@y+ Y. ID%wlLe)-
O<asm

o When p =2, we prefer to denote W™2(Q) by H™(Q). The H™(Q) space is equipped with the

following scalar product

m
<U,V >gmQ)=< U,V >12Q) + Z <D“u,Dav >L2(Q)> Yu and v €Hm(Q)
a=1

2.1.4.3 Sobolev space Wg P(Q)

Let C#(Q) be the function space k times derivable and the order derivative k is continuous with

compact support.
Definition 2.1.17. Let 1 < p < oo, we denote by Wol’p(Q) the closure of C°(Q) in WLP(Q).
s For p =2, we note Wy*(Q) = HH(Q).

Notation 2.1.18. W~12(Q) is the dual space ofWol’p(Q), where 1< p < oo, and HNQ) is the dual
space ofHé(Q).

Theorem 2.1.19. We have:
1. H™(Q) equipped with inner product < .,.>gm ) is a Hilbert space.
2. Ifm=m/, H*(Q) — H’"’(Q), with continuous embedding.

Lemma 2.1.20. Since C3°(Q) is dense in H{'(Q)), we identify a dual space H ™(Q) of HJ'(Q)) in a

weak subspace on ), and we have

CP(Q) — HMQ) — LAQ) — H™(Q) — (CT(Q).

2.2 Useful inequalities

2.2.1 Holder inequality

The Holder inequality, so named in honor of
Otto Holder, is a fundamental inequality
with regard to L, function spaces, such as
I, sequence spaces.

This is a generalization of the Cauchy-

Schwarz inequality.

Otto Holder.

11
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Lemma 2.2.1. For p and q two conjugated real numbers, i.e. 1% +% =1, for f and g two positive
measurable functions. Then, for all f € LP(Q), g € L1(Q): fg € LY(Q), we have

e If p, g €[1,+00], we have

f If(x)g(x)lde( f If(x)l”dx)p( f |g<x)|qu)".
Q Q Q

° pr:l, q:+oo,wehave
f F0g()dx < ( f If(x)ldx) gl
Q Q

Remark 2.2.2. The Cauchy-Schwarz inequality is a special case of Holder’s inequality when p =2
and q =2.

Theorem 2.2.3. Let aq,...,a, and b1,...,b, be real. Then
(@1bi+..+apbp)? < (a2 +..+a%) (b2 +..+b2),
with equality if and only if the vectors a =(ay,...,a,) and b =(b1,...,b,) are collinear, i.e.,

Ik eR, such that: a =kb.

e Particular case: IfVi=1,..,n:b; =1 Then (@1b1+...+anby)’<n (@2 +...+a2).

2.2.2 Young inequality

A mathematical inequality concerning the
product of two integers is known as Young’s
inequality for products. William Henry
Young is honored by the name of the in-
equality.

Holder’s inequality may be shown using
Young’s inequality for products. Since it en-

ables one to estimate a product of two terms

by a sum of the same terms raised to a

power and scaled, it is also often used to

. ) . Willi H Yo L
estimate the norm of nonlinear terms in tiiam Henry Young

PDE theory.
Lemma 2.2.4. For p and q two conjugated real numbers. Then, for all f and g € R,, we have
1 1
fg=—fP+-g7.
p q
Remark 2.2.5. The above inequality is expressed as follows for p =q =2
1
Ve>0, fg<ef?+—g2.
4e
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2.3. CONVOLUTION PRODUCT

2.2.3 Poincaré inequality

Sobolev’s theory of spaces leads to the math-
ematical inequality known as Poincaré. The
French mathematician Henri Poincaré is
honored by the name of the inequality.

A function may be limited using this in-
equality by estimating its derivatives and

the geometry of its domain of definition. For

the modern, direct approach of estimating

Henri Poincaré.

variations, these estimations are crucial.

Lemma 2.2.6. There exists a positive constant K, for Q a bounded domain in R’}, such that
VI e Hy@Q), IIflmio <KIVFlzxq),

where Vf = ( of of of )

Oxl ’ 6x2 2t 6xn

The following is the usual Poincaré inequality in L2(Q):

Lemma 2.2.7. Let f € H é(Q). Then, there exists a positive constant K, so that

||f||L2(Q) SK||Vf||L2(Q)~

2.3 Convolution product

Definition 2.3.1. The convolution product of two real or complex functions, f and g, results in

another function, denoted as (f * g) and defined by:

(f xg)t)= fot f(rglt—r)dr= j(;tf(t— r)g(rydr, t=0.
Definition 2.3.2. We define the binary operators O and o respectively by
(hOw)(t) = fo V= ) e - i)l dr
(hou)= fo V(=P ue®) = w2 dr

Lemma 2.3.3. We have for t =0

1 t
f ut(t)f h(t —r)uy(x,r)drdx
0 0

1 1 1d 1 pt 1 1 1
(2.4) =-= f h'Oudx+ = — f h(t —rui(x,r)drdx + =h(t) f uldx—h(t) f uy(t)u(0)dx,
2 Jo 2dtJo Jo 2 0 0

for all u; e C*([0,00);L2(0,1)) and h € C1([0,00)).

13
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Lemma 2.34. Let u,€C! ([O,oo) ;L2 o, 1)) and h e C1 ([0,00)). Then, we have
t

@.5) (RO (012 < ( fo Bt —r)] dr) (hou®).

Proof. By applying Cauchy-Schwarz’s inequality, we get

t 2
[(ADu)(OF = fo Bt = )| [ue®) — )] dr

t 1 1 2
_ fo At = )13 1B = )13 () — ()l dr

112

[/ pt 1t 3
( fo |h<t—r)|dr) (/0 |h(t—r)||ut<t>—ut<r)|2dr)

t
fo |h(t—r)|dr) (hou)®).

IA

IN

]
Lemma 2.3.5. Let u; € C!([0,00);L%(0,1)) and h € C1([0,00)). Then, we have
t 2 t
(2.6) [(we * P <2 ( f h(t- r)dr) uZ+2 ( f h(t - r)dr) (houy)t).
0 0
Proof. By using the fact that (f + g)% < 2f2 +2g2, and (2.5), we obtain
t 2
[(as RO = [ | =
0
t 2
-] fo Bt = P+ urd) - ue®ldr)
t t 2
={ f —h(t =) [us(t) — u (P dr + f h(t = rut)dr)
0 0
¢ 2 t 2
<2 f Rt —rurdr| + 2{ f Rt — ) [we(t) - ut(r)]dr}
0 0
¢ 2 ¢
<2 f h(t—r)u(r)dr| +2 ([ h(t— r)dr) (houy)(t).
0 0
[]

2.4 Integral inequalities

In this part, we review several well-known and extensively utilized integral inequalities for
improving the efficiency of dissipative and non-dissipative evolution systems. A. Haraux [34, 35]
and V. Komornik [46] proposed the following lemmas for estimating the energy of dissipative

issues.

14
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Lemma 2.4.1. Let E : R, — R, be a decreasing continuous function and G : Ry — R, a strictly

increasing function of class C1(R.) such as
G(0)=0 and lim G(t) = +oo.
t—+oo
We suppose that 3 p =0 and 3 q > 0 such that
+o00o 1
f G'(HEPdt < ZEP(OE(s), Vs >0.
S
Then,
e E(t)<E(0)e79¢® vt>0, if p=0.

1 .
e E@®) SE(O)(%V ,Vt>0, if p>0.
In the particular case where G(t) = t, we deduce the following inequalities:

* E(t)<E(0)el™% Vt>0,if p=0.

1+p & .
. E(t)SE(O)(m)P, Vt>0, lfp >0,

called respectively, exponential estimation and polynomial estimation.

2.5 Operators notions

Let E and F be two spaces of Banach, and let B(E) be a space of bounded linear operators from E
to E.

Definition 2.5.1. (Unbounded linear operator)
A linear operator is a linear application defined on a vector subspace D(A) c E which has values
in F, (D(A) is called the operator domain of A).

A:D(A)cE —F,
D(A):{uEE, Au eF},
and ¥V u, veD(A), VAinC

A(u +v)=Au + Av,
A(dlu) = AAu.

Definition 2.5.2. A is a bounded linear operator if it exists ¢ = 0 such that
Yu eD(A), [Aullr <cllulg.

We note that A € B(E).

15



CHAPTER 2. PRELIMINARIES

Definition 2.5.3. (Graph-Kernel-Image )
The graph of A is the vector subspace of E x F noted G,(A), defined by

G-(A)= {(u,Au) ‘uUE€ [IZD(A)}.
The kernel of A is the subspace of E noted ker(A), defined by
ker(A) = {u eD(A): Au = 0}.
The image of A is the subspace of F noted Im(A), defined by
Im(A) = {Au, ueD(A)}.
e Ifker(A)=0, then A is injective.
e J[fIm(E)=F, then A is surjective.
e If A is simultaneously injective and surjective, it is bijective.

Definition 2.5.4. (Invertible Operator)

An operator A :D(A) c E — F is invertible if it is bijective and has a bounded inverse
Al:F—-DA)CE.

Definition 2.5.5. (Maximal Monotone Operators)

An unbounded linear operator A :D(A) c H — H is said to be monotone if it satisfies
<Av,v> =0, YveD(A).
In the case of a complex Hilbert space, the previous condition will be
Re < Av,v> =0, YveD(A).

It is called maximal monotone if in addition Im(I +A)=H, i.e.,, Vf € H, Ju € D(A), such that
u+Au=Ff.

Proposition 2.5.6. Let A be a maximal monotone operator. Then
e D(A)is dense in H,
* A is a closed operator,

e V A>0, (I+AA)is bijective from D(A) onto H, (I + AA)~! is a bounded operator,
and ||(I+AA) Y < 1

Remark 2.5.7. If —A is monotone, we say that A is dissipative.
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Definition 2.5.8. (Dissipative operator)
The operator A is called dissipative if

VxeD(A), <Ax,x> <0.
In the case of a complex Hilbert space, the previous condition will be
VxeD(A), Re<Ax,x> <0.
Definition 2.5.9. An unbounded linear operator A in E is said m-dissipative if
* A is dissipative.
e VfeE, VA>0, 3x € D(A), such that Ax—Ax=f.

Theorem 2.5.10. Let E be a Banach space. If A is m-dissipative, then for all A > 0, the operator
AL — A has an inverse, where (AI — A)_lf belongs to D(A), for all f € E and (Al — A) 1 is a bounded

linear operator on E verifying
1

AL-A) <=,
1[¢ )l 1
2.5.1 The spectrum and the resolvent set of an operator

Let H be a space of Hilbert, and B(H) be a space of bounded linear operators from H to H.

Definition 2.5.11. Let A be an operator defined on H. The resolvent set of A, denoted by p(A), is
the set of A € C such that Al — A is invertible.

o(A) = {1 € C: (AT -~ A) is inversible in B(H)}.

Definition 2.5.12. Let A be an operator defined on H. The spectrum o (A) of operator A is the
complement of the resolvent set, i.e.,
o (A)=C\p(A).

Definition 2.5.13. (Resolvent application)

The resolvent application of A is the one defined as follow:

R(,A):p(A)— B(H)
A—RAA)=AI-A)"L, VA€ p(A).

Proposition 2.5.14. For a bounded operator A on a Banach space, the spectrum o (A) is always

compact and not empty, hence its spectral radius

r(A) = sup{w Ve U(A)},
satisfies r(A) < | Al
Theorem 2.5.15. If A € B(H) and ||A| <1, then I — A is invertible and

I-A)1=) A"
n=1

17
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2.6 Exponential stability of C,-semigroup

Let L(H) be the space of all bounded linear operator over H.

2.6.1 Cj-semigroup

Definition 2.6.1. A family {S (t)}tzo of linear continuous operator is called semigroup strongly

continuous (Co-semigroup) on H if it satisfies the following properties
* S(0) =1, (I is the identity operator of x).
* S(t+s)=S®)S(s), Vt, s=0.
o tl_i,%l St)x=x, Vxe H.

Definition 2.6.2. We call an infinitesimal generator of a Cy-semigroup {S (t)}tzo an operator A
defined on the set

D(A) = {x €H, lim S D* =% 3},
t—0* t
for
Ax = lim M Va € DA).

Sometimes we note {e™'},_ instead of {S(t)},,-

Definition 2.6.3. {em} 10 18 said to be exponentially stable if there exist two positive constants, a
and M, such that
le™ L) < Me™™, V¢ >0.

2.6.2 C(Cj)-semigroup generated by a dissipative operator

We suppose that the linear operator A generates a Cy-semigroup ™ on a space of Hilbert H.

Theorem 2.6.4. (Hille-Yosida) A linear operator (unbound) A : D(A) c H — H is the infinitesimal
if and only if:

generator of a Cy-semigroup of contraction {S(t)}tzo’
* Ais closed and D(A) = H.

* The resolvent set p(A) of A contains R*, and

~ 1
VA>0, (AL =A< T

Theorem 2.6.5. (Lumer-Phillips) An unbounded linear operator A in H is the infinitesimal
generator of a Co-semigroup of contractions on H, if and only if A is m-dissipative and dense

domain in H.

18
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Theorem 2.6.6. Let A be a linear operator with dense domain D(A) in a Hilbert space H. If
A is dissipative and 0 € p(A), the resolvent set of A, then A is the infinitesimal generator of a

Co-semigroup of contractions on H.

Theorem 2.6.7. Let A :D(A) c H — H is the infinitesimal generator of a Cy-semigroup of contrac-
tion {S(t), t = 0}. Then, for each & € D(A) and each t = 0, we have S(¢)¢ € D(A) and the mapping

(2.7 t—St)
is of class C* on [0, +o0) and satisfies

2.8) %(S(t)ﬁ) — AS()¢E = S(DAC.

Theorem 2.6.8. (Existence and uniqueness: Hille-Yosida) Let A be a maximum operator

monotone (m-dissipative ) in a space of Hilbert H. Then for all ug € D(A) it exists a unique function
u € C([0, +ool; H) N C([0, +oo[; D(A)),

such that

d
d—L:—Auzo, on Q x[0,+oo],

u(x,0) = up(x).

In addition, we have

lu@ll < luwoll, and Au@®| < |Auoll, V¢ =0.

2.6.3 Exponential stability

Theorem 2.6.9. Let S(¢) = e™ a Cy-semigroup on a Hilbert space. Then S(t) is exponentially
stable if and only if
sup {Re(/l), A€ p(A)} <0,

and

sup|(Al — A)~L L) < oo.

Theorem 2.6.10. (Gearhart-Pruss) Let {em}tzo be a Cy-semigroup of contraction generated by
operator A in a Hilbert space H. Then the semigroup is exponentially stable if and only if

IR= {i/l, Ae IR} c p(A),

and

Lim p)—collGAI = A) L) < 00, AER.
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2.6.4 Lack of exponential decay

According to Gerhart-Priiss-Huang theorem, to prove that a solution U of a linear system

Ui(t)=AU@®), t =0,
U(0) =0y,

is not exponentialy stable, it suffices to prove that there exists a sequence (F,),en € H with
bounded norm ||F,, || < 1, such that

lim | GAI =AY Fyllg = lim |U,lg = oco.
[A] =00 [A]—o0
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CHAPTER

WELL-POSEDNESS AND STABILITY RESULT FOR A SWELLING POROUS
ELASTIC SYSTEM WITH NEUTRAL DELAY AND POROUS DAMPING

3.1 Introduction

In recent decades, the theory of mixtures of solids has received a lot of attention by researchers
and an increasing interest has been oriented to the study of the qualitative properties of solutions
related to mixtures composed by two interacting continua, see [6]-[9]-[13]. Note that one of the
first works in continuity theory applied to mixtures were the contributions of [72]-[31]. Eringen
in [24] developed the first mathematical model consisting of three partial differential equations
that give form to the problem of saturation of porous solids by the action of a gas or fluids. This
mathematical model represents, in fact, the theory of mixtures for the saturation of porous solids
by the action of a gas or fluid. Then, several mathematical results on the existence, uniqueness
and asymptotic behaviour for this theory have been developed by many researchers see [58]-
[5]. Alves et al in [2], considered the one-dimensional system composed of a mixture of two
thermoelastic solids. By using the semigroup method, they established a necessary and sufficient
condition over the coefficients of the system to get the exponential stability of the corresponding
semigroup. As established by Iesan [38], towards the end of the 19th century and simplified by
Quintanilla in [55], the basic field equations for the theory of swelling of one-dimensional porous

elastic soils are given by

(3.1) pz24 =P1x—G1+Hqp
pultst =Poy +Go+ Ha,

here P; denote the partial tensions, H; are the external forces, G; are internal body forces

associated with the dependent variables z and u, respectively. z is the displacement of the fluid,
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u is the elastic solid material and the coefficients p, and p, are the densities of each constituent.
We assume that the constitutive equations of partial tensions are given by
P a; a 2
(3.2) 1|_[ a1 a2 =
Py as as Uy
[ ——
=A
where a1, ag > 0 and ag # 0 is a real number. The matrix A is positive definite such that
aiasg > a%. Ramos et al. [60] studied the case H; =0 and Hy = -y (¢)g(u;) where y(t)g(u;) is a
nonlinear damping term, which acts only in the second equation. Using the multiplier method
and some properties of convex functions, they established an exponential decay rate provided

that the wave speeds of the system are equal. Similarly, in [74] Wang and Guo considered (3.1)

with initial and some mixed boundary conditions and took
(3.3) Gl =G2=0, H1=—pu7/(x)ut, sz(),

where y(x) is an internal viscous damping function with positive mean. Using the Riesz basis
approach, they proved that the whole system can be exponentially stabilized by a single internal
viscous damping. For more interesting results on swelling porous elastic soils, we refer the reader
to [57]-[19].

Now, on the other hand, the scientific community is observing a considerable growth interest
in problems involving time delays, because most phenomena naturally depend not only on the
current state but also on some past events see [59]-[1]. Tatar in [71], considered the following

damped wave equation with neutral delay
¢
Ut = Uxy — ut—f h(t—s)u(s)ds, x€(0,1), t>0,
0

with initial and boundary conditions

u(x,0)=ugp(x), us(x,0)=u1(x), x€(0,1),
u0,t)=u(1,t)=0,t=0,

he demonstrated that the solution decays exponentially under certain conditions on the kernel A.
In many cases, it has been shown that delay is a source of instability unless additional conditions
or control terms are added, as in the work of Kerbal and Tatar [44], where they investigated the

following neutrally delayed viscoelastic Timoshenko beam system
(Ptt:((p;c+W)xa .
(wt +f0 k(¢ _S)Wt(s)ds)t = Yys —fo gt —8)Wax(s)ds—(px+v),
for x € (0,1), ¢t > 0 with initial and boundary conditions

{ @ (x,0) = o (x), @i (x,0)=p1(x), x€(0,1),
W (x,0)=wo(x), ¥ (x,0)=y1(x), x€(0,1).

{ vO.0=9p@,0=y0,n=ya,n=0 , =0,
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they obtained an exponential stability result.
Our present work focuses on the study of system (3.1) with internal and external body forces,
which act only on the elastic solid, present the porous dissipation and the neutral delay term

respectively.

t
(3.4) G1=0,Gg=-Puy, H1 =0, Ho=— [f ht—r)u(r)dr| ,
0

t

where f is a positive constant and 4 is a given kernel.

Thus, when we substitute (3.4) into (3.1), our system becomes

(3.5) Pz2tt = A12xx T A2Uxx, in Q
) Ou [ut + f(f h(t —r)ux,r)dr , = A3Uay + 225y Bu;, inQ

with initial conditions

(3.6) 2(x,0) = zo(x), 2¢(x,0) = z1(x),
‘ u(xyo) = uO(x), Ut(x,o) = ul(x)’ X € [0) 1]
and boundary conditions given by

3.7) 2(0,)=z2(1,8)=u(0,t) =u(1,£)=0, t =0,

where 2 =(0,1) x (0,00).

(H) The kernel A is a nonnegative continuously differentiable and summable function satisfying
+00
(3.8) h'(t) < —nh(2), f e’ |h(t)dr<oo, t =0,
0

for some positive constants n and 1.

The associated energy E(¢) is a nonnegative functional defined as

1 1 1 t
E(t)= Ef (pzz?+a12326+2agzxux+puu?+a3u32c)dx+ f;_uf (f h(t—r)u?(x,r)dr) dx.
0 o \Jo

Observing that

1

2 o2 2

2.2 +az2 == +las——2|u+|a— 2|22

a3uy +2a2Us2: + 12, = 5 as ui+|a; o
ai as

as \? as
aglux+—z,| +a1|zx+ —uy
as ai

2 2

Ao o Ay 2
ag—— |uy+|a1——|z;|.

a1 as

1 r! t
E@#)> 5_[ [p.22 +a 22 +puu?+a'3u32€+puf h(t —ryui(x,r)drldx,
0 0

with the use of assumption aga; > a%, we get

2 21
asuy +2a2Ux2, +a12; > 3

Now, we conclude that

2

2
I —g -2 I —ga_22
where 2a7 =a; o and 2a;=as o
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3.2 Well posedness result

In this part, we will use Faedo-Galerkin technique to demonstrate the global existence and
uniqueness of system’s solutions (3.5)-(3.7), where we shall utilize the regular Lebesgue space
L?(0,1) and the Sobolev space H, é (0,1) with their typical scalar products and norms . The space
H is defined as

(3.9) H=[H10,1)x L2(0,1)]*.

The following theorem is used as the first outcome.

Theorem 3.2.1. For all (z¢,z1,u0,u1) € H, (H) is verified, and T > 0, there existes a unique weak
solution of problem (3.5)-(3.7) on (0,T), such that

(z,u) € C([0,T],Hy(0,1)nC*([0,T],L?(0,1)),
(21,u) € LA([0,T1,(0,1)) nL3([0, T1, H} (0,1)).

Proof. Existence : The main tool of our proof is the use of Faedo-Galerkin’s method, which
base on the construction of approximations of the solutions, then we obtain an energy estimates
proving that ¢, =T for n € N. Finally, we pass to the limit of the approximations, for more details
see [23]-[26].

Step 1 : Faedo-Galerkin approximations. For every n =1, let V,, = Span{wi,...,w,}, 1 <i<n,
be a Hilbert basis of the space H, é (0,1) and L2 (0,1). As Hilbert space is a separable space, we

can choose zg, 27, uy and uf € [wy,...,w,] such that

n
20 =Y ajwy — 2o in Hy(0,1),
k=1
n
2t =Y Blwy — 21 in Hy(0,1),

_
Il

1

arwy — ug in Hy(0,1),

<
ox
I
ol
SINT NP
i

(3.10) ul =Y Brwy —u1in Hy(0,1).
k=1

Now, we search for solution having the following form

2" =) gh(Hwy (%),
k=1

u" =) grwy(x),
k=1

of the following approximate system, for 2 =1,...,n
(3.11)
0z fol zhwpdx+aq fol 2lwpedx+ag fol ulwpydx =0,
{ Ou fol ul + [y h(t - r)u?(x,r)dr] , wrdx+as fol ulwpydx+ag fol 2lwpedx + ,Bfol ufwydx =0,

24



3.2. WELL POSEDNESS RESULT

with initial data
(3.12) 2"(x,0) = 25 (x), 27 (x,0) = 27 (%), u"(x,0) = ug(x), uy(x,0) = uj(x).

By using the Caratheodory theorem for an ordinary differential equation, we derive that the
aforementioned Cauchy problem (3.11) —(3.12) has a unique global solution (g’]z @), gZ(t)) bl
defined on [0, %,].

Step 2 : Energy estimates.

..... n

The main purpose of this step is to prove that ¢, = T', we obtain this result by multiplying in
L? the first and the second equation of system (3.11) by ((gz ®), (gZ(t))') respectively, and by

using integration by parts, boundary-initial conditions and (2.4), we find for all ¢ > 0

li[l
2dt Jo

1 1
(3.13) :—(pz—uh(t)+,6)f0 (u?)zdx+p2—ufo h'Ouldx,

t
0z (z?)2+a1(23)2+2a2u222+pu (u?)2+a3 (uZ)2+puf h(t—r)(u?(r))er dx
0

for every n = 1. From the hypotheses on the function £, and by integrating (3.13) over (0,¢), we

obtain

1t n)2 n)2 n_n n)2 n)2 ! n 2
Efo pz(2})" +a1(22)" +2agulzl + pu (u})” +as (uf) +puf0 h(t—r)(u}(r) dr|dx

(3.14)
1 1
< 5\/(‘)

(3.14) may be noted as

t
02 (zi‘)z+a1(zg)2+2a2ugzn8+pu (u'll)2+a3 (u3)2+puf0 h(t—r)(u'll(r))2dr dx.

(3.15) E™(t)<E™(0).

Now, since the energy is nonnegative, from (3.10) and the hypotheses on the function A, we can
write (3.15) as

(3.16) E"(t)<EW0)<C,
where C is a positive constant independent of n and ¢. From (3.16), we deduce that

(3.17) (2",u™) are bounded in L™ ([0,T1;H}(0,1)),
(27,u?) are bounded in L™ ([0,T1; H} (0,1)).

Step 3 : The limit process.
Now, by using Aubin-Lions theorem [47] and up to the subsequence, we can observe from

(3.17) that there exists a subsequences (z™,u™) of (2"”,u"), such that

(3.18) (2™,u™) — (z,u) weak *in L™ ([0,T1;Hs(0,1)),
(27, u) — (24,us) weak * in L™ ([0,T1; H} (0,1)),
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and by using the fact that

L>([0,T1;H}(0,1)) — L% ([0, T1;H§(0,1)).

We get

(3.19) (2",u") are bounded in L?([0,T1;H(0,1)),
(2},u}) are bounded in L? (10,77 ;Hé (0,1)).

Therefore,

(3.20) (z",u") are bounded in H! (10,71 :H(0, 1)).

Since the embedding H' ([0, 71; H'(0,1)) — L2([0,T1;L%(0,1)) is compact, then the subsequences

(8.21) (zm, um) —(z,u) strongly in L? ([O, T1;L? (0, 1)) ,
(27", ul) — (24, uy) strongly in L?([0,T1;L%(0,1)).

Uniqueness : Let (2%,u!) and (22,u2) two solutions of (3.5)-(3.7), and let

z=21-2%and i = u' — u? satisfy
(3.22) pzéti_alfxx_a2ﬁ~xx =0, ) ) )
Ou [ut + [o h(t— r)ut(x,r)dr]t —a3ilyx — Q22 xx + Pl = 0.

Multiplying (3.22) by Z;, ii; respectively, then integrating over (0,1) and by using (2.4), we get

1d 1 t
Eﬁfo pzég+a12~,2c+2a2ﬁxé’x+puﬁ?+a3ﬁi+puf0 h(t—r)ﬁ%(r)dr dx
1 1
(3.23) =—("2—“h(t)+ﬁ) fo ﬁ%dx+p2—” fo h'Oiisdx.
Now, we integrate (3.23) over (0, ), we obtain :
11 =2 =2 L 2 _9 t 2
5[0 pzzt+a12x+2azuxzx+puut+a3ux+puf0 h(t—r)i;(r)dr|dx
pu [* 1oy punl [t (1
(3.24) :—(—f h(r)dr+,6t)/ ﬁtdxds——ff hOid:dxds < 0.
2 Jo 0 2 Jo Jo

From estimate (3.24), we deduce that (Z,%) = (0,0), which implies that problem (3.5)-(3.7) has a
unique solution.

Continuous dependence : Multiplying the first and the second equation of system (3.5) by z;,
u; respectively, we obtain

1d 1 t
(3.25) 55[ pzz?+a123+2a2ux2x+puu?+a3uz+puf h(t—r)u%(r)dr <0,
0 0
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integrating (3.25) over (0,¢), and from the positivity of the energy, we can get the following
estimate:
(3.26)

18]t t

E(t)SE(O)+—f f pzz?+a1z,2c+2a2uxzx+puu?+puf h(t—r)u%(r)dr+a3u32€ dx|dr.

2 Jo 0 —— 0
fo

Now, applying Young’s inequality to fy with the fact that a;as > a%, gives

1 rt 1 t
E®)<E0)+ f f (pzz§+2a1z3++puu§+2a3u§+pu f h(t—r)u?(r)dr)dx drt
0 0 0

tr pl t
(3.27) SE(0)+p1f [[ (z?+zg2c++u?+u§+f h(t—r)u?(r)dr) dx
0 0 0

dr,

where 201 =max (p;,2a1,py,2as3). On the other side, we know that

1 1
E(t)>§f0

1
0

dx,

t
P22 + a’lzi +puu’+ a’3u32c + pu f h(t—r)ui(x,r)dr
0

t
z?+z§+u?+f0 h(t—r)u?(x,r)dr-i—uz dx,

2 2
where 2pg = max(pz,a'l,pu,aé), 20 =a;- Z—z and 2a} = a3 — % From (3.27) — (3.28), we get

1
p[
0

(3.29) <E(0)+p1f
0

t
z?+z2+u?+[ h(t—rui(x,r)dr+u?|dx
0

X
1
)
Applying Gronwall’s inequality on (3.29), we obtain

1
(3.30) f
0

where p3 is a positive constant. From (3.30), we deduce that the solution of problem (3.5)-(3.7)

t

t
22422+ 1ul+u? +[ h(t— r)u?(r)dr) dx|dr.
0

t
22+22+u? +f h(t —rul(x,r)dr +u?| dx < E(0)e’?,
0

continuously depends on initial data. [ ]

3.3 Stability Result

In this section, we set out and prove several fundamental lemmas. Then, we end with the

confirmation of our stability result.

Lemma 3.3.1. The energy functional E, defined by
(3.31)

1 1 1 t
E(t)= 5[ (pzz? +a1232c +2a92, Uy + puu? +a3u,2c) dx + }02—”/ (f h(t— r)u%(x,r)dr dx, t>0,
0 o \Jo
satisfies

1 1
(3.32) E'(t)<-p f uldx+ "2—” f K'Ousdx, t>0.
0 0
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CHAPTER 3. WELL-POSEDNESS AND STABILITY RESULT FOR A SWELLING POROUS
ELASTIC SYSTEM WITH NEUTRAL DELAY AND POROUS DAMPING

Proof. Multiplying the first equation of (3.5) by z;, and integrating by parts over (0, 1), we obtain

pz d

(3.33) T

1 1
2al +——f 2dx+a2[ UrZedx =0.
2d 0

Multiplying the second equation of (3.5) by u;, and integrating by parts over (0, 1), we obtain

(3.34)
Py df 2dx+p f [f h(t—r)uyr)dr utdx+ 3 d 2dx+0tgflz Uidx+ 1uzolx:O.
2 dt “ 2 dt e o 0o ¢
We have
¢ t
(3.35) [f h(t—r)u(r)dr =f h(t —r)uyu(r)dr + h(t)u:(0).
0 t 0

By using (2.4) and (3.35), we get

‘)2” jt f uldx— 2 f hDutdx+—h(t) f 2dx+ f h(t— r)uZ(r)drdx+—d— f uldx

(3.36)
1 1
+ azf Zylpedx+ u?dx =0.
0 0

Now adding (3.33) to (3.36) and by using the fact that the kernenl % is a nonnegative function,

we get, for any ¢ > 0,

2dt
S—ﬁf u?dx+—uf h'Oudx.
0 2 Jo

This completes the proof of the lemma. |

f[pzzt+alz +2a22xux+puut+a3u +puf h(t— r)uz(x rYdrldx

Lemma 3.3.2. The functional
1 t ﬂ 9 as 1
(3.37) Il(t)zpuf (ut+f h(t—r)ut(r)dr) udx+§f dx——pz/ ziudx, t>0,
0 0 a1
satisfies, for any €1 >0,

2

1 1 1
(3.38) I’l(t)s—(ag—a—z)f u?cdx+€1f z?dx+clf dx+—f h(r)drf houdx, t>0,
0 0 0

ai

2 .2
where C1 = py [4;1”222% +f0th(r)dr+ %] .

Proof. A simple differentiation of (3.37) and by using the first and the second equation of (3.5),
we find
a2\ r1 1 1 1 ¢
/ 2 2 2 as
(3.39) I1(t) = - azg — —= f uxdx+puf utdx——pzf ztutdx—i-puf ut[ h(t—r)u(r)drdx.
aifJo 0 air Jo o Jo 0 P

~~ g

f f2

28



3.3. STABILITY RESULT

Applying Young’s inequality to /1 and fs with the help of (2.6), gives

1 a2p2 1
(3.40) f1 Self 22dx + = 22f uldx.
0 deiai Jo

t 1 1 ¢
fo :pu[ h(r)drf u%dx—puf utf h(t—r)(u:(t)—ur))drdx
0 0 0 0

t Pu 1 1 rt 1
(3.41) < pu (f h(r)dr+ —)f u%dx+ —f h(r)drf hou;dx.
0 2 JJo 2Jo 0

Substituting (3.40) and (3.41) into (3.39), we find (3.38). [ |

(3.42) Is(t)=aq t>0,

Lemma 3.3.3. The functional
1 ¢ 1 B (!
f (ut+f h(t—r)ut(r)dr)zdx—f ztudx+—f zudx|,
0 0 0 Pu Jo
satisfies, for any €3> 0,
2

aZ 1 1 1(rt 2 1 1 t 1
I <- f 22dx+ a%sgf 22dx+ — (f h(r)dr) f uldx+— (/ h(r)dr)f hou:dx
2p4 Jo 0 €3 \Jo 0 €3 \Jo 0

1
(3.43)  +Ca(e3) f uldx, t>0,
0

2 2 2
_ % Pu a1 _ as B
where C2 (83) TP + 2 (pz Pu) + 2e3p% °

Proof. A simple differentiation of (3.42) and using the first and the second equation of (3.5), we

obtain
' aj (1 2 a1 ag) ! aj (1 2 ! !
12(t)=——f zydx+as ———)f Zyldx+ — uxdx+a2f zt[ h(t—-r)u(r)drdx
Pu Jo N Pz  PulJO P Pz Jo . Jo 0 B
}; f1
1
a4t +2P [ udx.
[ —
fs

Now, by using Poincaré’s and Young’s inequalities, we get

1 2 pl
(3.45) f3<—f 22dx+ (ﬂ—@)fu,%dx,

252 pz pu
f L ases [t 2dx+ — h ar) a
4 2 J; x+ (t—rur)dr| dx
a%£3 1 2
< 2 j(; dx+2— ( fh(t ) w(t) —us(r)— ut(t)]dr)
a%e;; 2 ? 2
< 2 fo dx+— (f h(@t—r)(u(t)— ut(r))dr) dx+—(f h(r)dr) fo uydx

(3.46) <2T3 dx+—(f h(r)dr)f houtdx+—([ h(r)dr) f u dx,

2 51 2 1
£3a
(3.47) f5sﬂ 22dx + h 2/ uldx.
2 Jo 2e3py Jo
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We end up with (3.43), by substituting (3.45), (3.46) and (3.47) into (3.44) and taking € = plu. [ |

Lemma 3.3.4. The functional

1
(3.48) I3(t) = —pzf zezdx, t>0,
0
satisfies
1y 1y ag 1
(3.49) Ig(t)s—pzf ztdx+2a1f zxdx+zf uydx, t>0.
0 0 0

Proof. A simple differentiation of (3.48) and using the second equation of (3.5), we find

1 1 1
(3.50) IL(t) = —pzf z?dx+a1f zidx+a2f TN
0 0 0
[
fs
Since a1ag > a% and thanks to Young’s inequality, we find
1 1
(3.51) fs5 Salf 22dx+ a_3f uldx.
0 4 Jo

Substituting (3.51) into (3.50), we end up with (3.49). [ |
Lemma 3.3.5. The functional

1 pt
(3.52) I4(t)=e™ f f e K(t —ru2(r)drdx, t >0,
0 JO

where

K(t)= f Y e R\ dr,
t

satisfies

1 1 pt
(3.53) I() = —814(t) + f K(O)u2dx - f f h(t—rui(r)drdzx, t> 0.
0 0 JO

Now, by using the previous lemmas and the Lyapunov functional F(¢) defined by
(3.54) F(@)=NE(@t)+N1I1(t)+ Naolo(t)+I3(t)+Nsly(t), t >0,
where N, N1, Ny and N3 are positive constants. Then, our stability result reads.

Lemma 3.3.6. For some positive constants a1 and ag, the Lyapunov functional F(t) introduced
by (3.54) is equivalent to NE(t) + N3l4(t), such that

(3.55) a1E@)<F(t) < as[E@)+14(1)], t >0,
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Proof. By exploiting relation (3.54) with the use of (3.37), (3.42) and (3.48), we get

1 t N 1
Spule ut+f h(t—r)u(r)dr |u|dx+bf u’d
N
2[3&2[ |z||u|dx+N2a2f ut+f h(t—r)u(r)dr

N
—az( 1Pz +N2)f |zt||u|dx—pzf |zl |z| dx,
a 0 0

1
by using Poincaré’s, Cauchy-Schwarz and Young’s inequalities, we obtain

|F(t) - NE(¢) — N3I4()| =IN111(8) + Nolo(8) + I3(2)]

|z|dx

(3.56) |F(t)-NE(@t)—N3l4(t)| < AE(), A>0.
Thus, (4.26) leads to
(N=-MANE@)+N3lst)<F@)=(N+A)E(t) + N3l4(2),

we conclude (5.45), when we set a1 = min{N — 1, N3} and ag = max{N + 1,N3} such that N is
sufficiently large. ]

Theorem 3.3.7. Under the above assumptions (H), we have
(3.57) E{t)<Me™, t>0,
for some positive constants M and 6.

Proof. Recalling (3.32), (3.38), (3.43), (3.49) and (3.53), we obtain

1 N 1
fu?dx+&f h'Ousdx
0 2 Jo
1
fujzcdx
0

F'(t)<- |[NB-N;:C _Ne th( d 2—NKO
< 1C1 e Uo rydr 4K (0)

Nsas

a2
- | N1 (a3 - a_) NoCa(e3)—

f hou;dx

1
f zxdx [N3p2 N181—N2a%83]f z?dx
0 0

+ (&+—)f h(r)dr
Nga

20y

—2N3a1

1 pt
—6N4I4(t)—N4f f h(t—rui(r)drdzx,

by taking €1 = N and €3 = we end up with

ZN >
4
F'(t)<- N,B—Nlcl—(aZ—NZ)hz NK(O)U 2dx+ f h'Oudx

z

N 4(aaNy)?
+ Tlho % ]/ houdx—

Nga%
20u

'
f uydx
0

1 t
f 2dx-22 z?dx — 8N4 I14(t)— Ny f f h(t—rui(r)drdzx,
0 2 Jo o Jo

ai

a2
Ny (a3 - —) N3Cso

pz | Nazas
a%Nz 4

(3.58) -

—2N3sa1
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where, for all £ =¢¢ >0,
t to
f h(r)dr Zf h(r)Ydr = hy.
0 0
Now, we choose N3 large enough such that

4N3pyai

2 b
ay

N2>

then, we select N1 large enough such that

a? N
N1 ((13——2)—N202( & )— 343 > 0.
ai 4

Finally
N
NB—-N;C1 - —2h% - N4K(0)> 0.
€3

As a result, the relation (3.58) becomes

1
(3.59) F'(t)< —Cgfo (W2 +u+22 + 22+ hxu?)dx — Cql4(t), Vt >0,

where C3 and C4 are positive constants. We also have from (3.31), after using Young’s inequality,
that

1rl 1 t
E(t)< 5[ [0:22 + (a1 +ag) 22 + p,u? + (a3 +a2)u32€]dx+p2—u/ (/ h(t —rui(x,r)dr|dx
0 o o

1 ¢
(3.60) = /11[0 2+22vu?vul+ (fo h(t— r)u?(x,r)dr) dx, A1>0.
The combination of (3.59) and (3.60) results in
(3.61) F'(t) < -C5[E@®) + 14(1)], C5>0.

From (3.61) and the right side of (3.55), we obtain

Cs

(3.62) F(t)<Cge @', t>0,

where Cg is a positive constant. Which yields the desired result (3.57) by using the other side of

the equivalence relation again. [ ]
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CHAPTER

STABILITY RESULT OF LORD-SHULMAN SYSTEM WITH ONLY
MICROTEMPERATURE EFFECTS

4,1 Introduction

The most well-known law for modeling heat conduction is the Fourier law. However, this law
of thermoelasticity based on a parabolic-type heat-conduction presents a physical incoherence
known as infinite heat propagation velocity, which is in disagreement with physical experiments.
Many theories emerged over this time period to overcome this anomaly, we want to focus on the
theory of Lord Shulman [49] which take into account the acceleration of the heat flow. From there,
many researchers have been interested in the formulation of alternative constitutive relations to
prevail this physical paradox (see [7, 17, 18, 20, 30, 73]).

Lord-Shulman thermoelasticity has received a lot of attention among scientists in the last
few years and the amount of contributions to explain this theory is enormous. This theory
consists in studying a system of four hyperbolic equations with heat dissipation. In this case, the
heat equation is also hyperbolic unlike the one obtained for the Fourier law which is parabolic.
The evolution equations for the thermo-poro-elasticity with microtemperatures in the case of

Cattaneo-Maxwell law are

(4.1) puit =Sy, Jou=Hy+G, pE;=Py+q-@Q,

where p is the mass density, / is the equilibrated inertia, S is the stress tensor, g is the heat
flux vector, P is the first heat flux moment, H is the equilibrated stress, G is the equilibrated
body force, @ is the mean heat flux and E is the first moment of energy. The variables u and

@ are, respectively, the displacement of the solid elastic material and the volume fraction. The
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constitutive equations are
S =(A+2u)us+pop, G=-pous—<Sp, q=kiW,
H=aops—p2@We + W), @ =ksW, P =—koW,,
4.2) PoE =-b(@W;+W)— oy,
where W is the microtemperature, A and u are the Lamé’s parameters, pg is the coupling between
the displacement and the porosity, { and pa denote a porosity coefficients, ag is the porosity

diffusion coefficient, and the other parameters k1, ko, k3 and b are usual in the study of the

present theory and satisfy the following inequalities
(4.3) k1—k3>0.

Now, by substituting (4.2) into (4.1), we obtain the following system

PUt = [ Uxx + 0Pz, in (0,1) x (0,00)
(4.4) JPit = aoPyx — 2 (TWiye + Wy) — o, — S, in (0,1) x (0,00)
bW, + W), = koW — p2prs — kW, in (0,1)  (0,00)

2
With,u*:/1+2u,k:k1—k3>0andu*>%.

We consider the boundary conditions

u0,))=u(l,t)=W(O,t)=W(1,t)=0, t>0,

(4.5)
¢x(0,8)= @, (1,£) =0, t>0,

and initial data

(4.6) u(x,0)=u @), us(x,0)=ul(x), ¢ (x,0)= ' (x), x€(0,1),

@(x,0)= @ (x), W(x,0)=WO°(x), W;(x,0)=W(x), x€(0,1),

here u°, ul, (pO, (pl, WO and W! are given functions. Note that for the case 7 = 0, system (4.4)

takes the form

PUs = P Ugy + oWy, in (0,1) x (0,00),
(4.7) JPir = ao@Pxx — 2 Wy — pioux — &, in (0,1) x (0,00),
bW = koWyy — o — kW, in (0,1) x (0,00).

This system was studied by Apalara in [4] where he showed that the system is stable if and only
if
K ao
4.8 =—-—=0
(4.8) X0 PR

holds. Furthermore, if (4.8) does not hold, the system is polynomially stable. For more details on
elastic porous systems with microtemperature effects, we refer the reader to [22, 32, 45, 51, 61-63]

and the references therein.
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Here in this work, our objective, is to complete this result by giving a necessary and sufficient
condition on the coefficients to drive the system to the equilibrium state in an exponential manner.

More precisely, if the coefficients satisfy the following condition

4.9) x=0,

where
*b J

(4.10) )(:,ugr—(aou ! —aokg) (——ﬁ*)
[y ap M

Meanwhile, from the second equation of (4.4) and the boundary conditions in (4.5), we get
2

de?

So, by solving (4.11) and using ¢’s initial data, we arrive at

1 B 1 0 f J ! 1 1 E
fo(p(x’t)dx_(fo (p(x)dx)cos(\/;t)+ \/;(fo (P(x)dx)sm(\/:t).

Consequently, if we set

1 1
(4.11) f @(x,t)dx + E[ @(x,t)dx=0,VE=0.
0 J Jo

1
70,0 =9, [ (a0, 120, x€0,),
0
by integrating the previous equation over (0,1) with respect to x, we find
1
f P(x,t)dx=0,t=0.
0

(u,, W) satisfies the same equations in (4.4)-(4.6). In what follows we will work with @ but, for

convenience, we write ¢ instead of .

4.2 Existence and uniqueness

Our goal in this part is to apply the semigroup theory to transform our problem into a Cauchy
problem in an appropriate Hilbert space. First, we define the vector function U = (u,v, ¢, ¢, W,9)T,
v =us, ¢ =@ and 9 =W,. System (4.4)-(4.6) may therefore be rewritten as follows

Ut = AU, t>0,
(4.12) T
U (0)=Up = (wo,u1,%0,91, Wo, W1) ",
where the operator A : D(A) c H — H is defined by
0 1 0 0 0 0
Lo2() 0 Ho.() 0 0 0
(4.13) A 0 0 0 1 0 0
. = 2
~M5.) 0 WEU_L ~25,0) -5,()
0 0 0 0 1
k0.
0 0 ~30.0 2gE-k 1
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We take into account the following spaces

L20,1)={¥eL2(0,1), [y ¥(@)dx=0},
(4.14) H%(0,1)={¥ € H2(0,1), ¥, (0)= ¥, (1)=0},
H{(0,1)=H'(0,)nL%(0,1),

and let
H=H}(0,1)x L?(0,1) x HL(0,1) x L2 (0,1) x H(0,1) x L?(0,1)

be the Hilbert space with the inner product shown below

(w, U>_pf vidx+ = f¢>¢dx+1(p —@)fo Uydl xdx+@f W Wedax

¢
Ho
2[ ( Uy + f¢)(\/_ux+ f(p)dx+ f(pxq)xdx
(4.15) +—f Wde+éf (W +719) (W + 1) dx,
2 Jo 2 Jo

for U = (u,v,90,0,W,NT eH, U =(@,5,p,p,W,9T e H.

Remark 4.2.1. Relation (4.15) clearly establishes an inner product, and according to assumption

u > £ we have

) 2
U, U= 3 |pv2+Jd¢%+aop?+ (,u* - %)uﬁ (”—\/(’:ux + \/?qo) +b(T0+W)?
+hoTW2 + kTW2] dx,
which yields (U,U)y > 0.

Consequently, we conclude that (U, fj)H defines an inner product on H and the associated

norm |.[l,, is equivalent to the usual one. The domain of A is given by

UeH/ueH?*(0,1)nH}(0,1), ve H}(0,1),
(4.16) D(A) = peH2(0,1)NnHL(0,1), pe HL(0,1),
W e H?(0,1)nH}(0,1), 9€ H3(0,1)

The domain D(A) is clearly dense in H. So, based on inner product (4.15), we have

1 1
(/\U,U)H:—sz Wfdx—kf W2dx <0,
0 0

because of this, the operator A is dissipative. We can now argue that the operator I —A is surjective
using the Lax—Milgram lemma and classical regularity arguments. So, using the Lumer—Phillips
theorem, we can assert that A is an infinitesimal generator of a linear Cyp—semigroup on H, and

the following well-posedness result follows [53].

Theorem 4.2.2. Let Uy € D(A), problem (5.15) has a unique solution U € C (R,,D(A)) N CL (R, H).
Moreover if Uy € H, then the solution U € C (R, ,H).
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4.3 Exponential stability result

In this section, we use the energy method to prove the exponential stability result for (4.4)-(4.6).

1 1
E@t)==
()Zfo ;

(4.17) +hotW2 + RTW3dx, t> 0.

First, we introduce the energy of our system as:
T ?
pu? + (,u* - —0) u+ Jo?+ (“—\/%ux + \/Ego) +ag@? +b@W, + W)

Next, we state the main result of this section

Theorem 4.3.1. Let (u,p,W) be a solution of problem (4.4)-(4.6) and assume that the coefficients
of the system satisfy (4.9). Then E(t) decays exponentially, i.e., there exist two positive constants c1

and cg, where cg depends on the initial data, such that
E@)<cge ¢t Vt=0.

The proof of theorem 4.3.1 will be achieved with the help of a sequence of lemmas. The idea is
to construct a Lyapunov functional L(¢) equivalent to E(¢). For this end, we use the multiplier

technique.

Lemma 4.3.2. The related energy of system (4.4)-(4.6) defined by (4.17) satisfies

1 1
(4.18) E'(t)=—ky f Widx—k [ W2dx<0, ¢>0.
0 0

Lemma 4.3.3. Let (u,p,W) be a solution of (4.4)-(4.6). Then the functional

1
(4.19) Fl(t):—pf usudx, t >0,
0
satisfies
(4.20) F'(t)<—p[1u2dx+ Ho fl u2dx+ 2 o, +f¢2dx t>0.
' BT e T e e o "oy 7

Proof. By differentiating the functional I'; (¢), using (4.4);, then integrating by parts, we get
1 1 1
(4.21) @)= —p[ u?dx+u*f ugdx+,u0f ¢ uydx.
0 0 0

Now, by adding and subtracting the term “ fo u2dx into (4.21) with respect to u* > L0 we obtain

2

1 1
(4.22) r}@)= —pfo u%dx+ (,u* —%)f 2dx+ \/_ ( f;o_ux+ f(p) uydx.
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Applying Young’s inequality, we find

(4.23) \‘;"_ (Tux NG (p)uxdx \/_ (Tux NG (p) dx+ ‘ij? fo luidx.

Then, the relationship (4.20) follows easily, when we substitute (4.23) into (4.22). [ |

Lemma 4.3.4. Let (u,p,W) be a solution of (4.4)-(4.6). Then, we have

1 x
(4.24) I'a(t) = —be TW,+W) ([ (ptdy) dx, t>0,
0 0

satisfies, for any €1, €3> 0

B2J ol 1
(t)<—_/ Py dx+£1f 2dx+£2f grdx+ 22 fo Wfdx+c(8l’82)f0 (1 W) d
k2J
(4.25) +—— W2dx t>0,
H2
b2q2 2p2
where C(g1,€9) = 2:20+lf4oi +%+H2b

Proof. By exploiting the functional I'o(¢) using (4.4)9 and (4.4)3, then integrating by parts over
(0,1) and recalling the fact that fol p:dx =0, we obtain

x 1 x
Fz €3] .U2Jf Pix (f (Ptdy) dx— baO/ TW:+W) (f (pxxdy) dx— Jka xx (f (Ptdy) dx
0

+bu0f (TWt+W)(f uxdy)dx+b€f (TWt+W)f(pdy)dx

+ka (f <ptdy)dx+b/.12f (W + W) [[ (Wi +Wo)dy | d

consequently, we get
1 1 1 1
Fé(t):—ung (p?dx—baof (px(TWt+W)dx+k2Jf cpthdx+,uobf u(TW; +W)dx
0 0 0 0

1 x 1 x 1
(4.26) +5b[ U (pdy)(TWt+W)dx+ka (f (ptdy)de+,u2bf W, + W)t dx,
0 0 0 0 0

by using Young, Poincaré and Cauchy-Schwarz inequalities

b22

ki

baof (px(TWt+W)dx<—f ¥;
1
pob[ u(TWt+W)de£1f uid“(’—f W, + W)2dx,
0 0 4e1 Jo

1 x €9 1 9 €2b2 1 0
5bf (f <de) @W;+W)dx < —f pdx+ f TW;+W)“dx,
o \Jo 2 Jo 2 0

€2
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1 J [l k2J rl
ngf ©:Wyedx < % (p?dx+Lf Wfdx,
0 0

1 x J
(4.27) % f ( f (ptdy) Wdx < “fT 2dx L f W2dx
o \Jo
We conclude (4.25), when we estimate (4.26) by (4.27)’s quantities. ]
Lemma 4.3.5. Let (u,p,W) be a solution of (4.4)-(4.6). Then, we have
1 bt r}
(4.28) T3(t)=-b f 2W,Wdx - > f W2dx, t>0,
0 0
satisfies, for any €3> 0
b rl 1 1 22\ !
(4.29) Tyt < ——f TW; + W) dx +53f @2dx+(b +kr)f W2dx + | the + —2 f Wdx.
2 Jo 0 0 des | Jo
Proof. Differentiating I'3(¢) using (4.4)3, we obtain
1 1 1 1 1
T (1) =brf0 W,Wdx - rszo W Wdx +u2‘rf0 PrxWdx + krfo W2dx - bfo 2W2dx
1
(4.30) —brf W:Wdx,
0
by integrating by parts (4.30), we find
1 1 1 1
Ty (t) = —bfo @W)? dx + rszo Widx - mfo o Wydx +krf0 W2dx.
By using the fact that
1 1 1
2 b 2 2
—b[ (TWy) dxs——f TW+W) dx+bf Wdx,
0 2 Jo 0
and Young’s inequality
1
‘[/.12[ (pthde£3f dx+ f W2
0
Thus, estimate (4.29) easily follows. ]

Lemma 4.3.6. Let (u,p,W) be a solution of (4.4)-(4.6). Then the functional

T4(t) = Jf (pt(\/_ux+ f(p) —M(i——)f TW; +W)udx

ps /€ \@o
J k 1
(4.31) + Hodop ut Qrdx— a0 (— —ﬁ*) 2#2'%[ Wyeurdx — ot \/Ef Wo.dx, t>0,
pr /o Ky wlo Ve Jo 0

satisfies, for any €4, €5 >0
2
1 1 1 1
Fﬁl(t)s—gf (pzdx—ﬁf &ux+ VEp dx+£4f u?dx+£5f uldx
2 Jo 2 Jo \ V& 0 0
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1 1 g2 r1
NN NG f (p?dx+C(e5)f Wfdx+—1f W2dx
2 0 0 deq Jo

Ug 1 Lo 1
(4.32) + 2 f @EW+W)2dx - ——y f Wiuxdx, t>0,
o Jo ¢ Jo

H2

ﬂ)andC(s)—”ﬂf +U§.

N"

Proof. Direct differentiation, using (4.4), (4.4)9 and (4.4)3, gives

where g = a_\/og(

1
o
F’(t):aof (pxx( Uy + fw)dx uzf (Tth+W)( Uy + f(p)
! o \VE VE
1
Ho Ho 020 2
—uof ux(—ux+ \/ap)dx—cff (p(—ux+ \/E(p)dx+ f @ dx
Ve 0 pr/Edo T
kaolo Hoao
+Jf (pt( up+ f¢) dx+ (———)[ Wudx + — uxx(pxdx
; pz /& \ao VE Jo
_—kZGOHO (i—— f Wxxutd +aOﬂ2NO( ) (Ptxutdx
ps /& \ao 2 /€
* b 1
—M(i——)f (W + W) el +220H0 ( )f (TWy + W) pedx
puz /& \@o ppz /& 0
uzr\/gle(p dx+,uoaop u(p dx — aO(J )kzuﬂtole udx
— tx tPix T tx%x
0 pr /€ Jo 1T ) VE Jo
J k 1
SO L) R [ o T f Wipsd.
palao w*) & Jo 0

Integrating by parts, we obtain

2 1 2,1 1 1
P Q0 [ Ho 2. Ho 2. Ho 2
MO _\/F (f _M*)fo PLdx _\/Efo utdx ffo (p(—ux+ \/E(p)dx+ \/EJf p;dx

_ ' _ ! [J()aok( )
Ko \/?fo uxpdx szo Wx(\/-ux+ f¢) NTACT fWutdx

“b 1 aob J
, QoK b uo( uﬁ)] Woud _0_“0(___)f (W, + W) prdx
ao

p2p /€ pug /€ \a
+ pet \/Ef Wepidx — (ao,u bt aokz) (i - %)] f Wicudx.
0 M2 \F ao K J1Jo

0

The use of the fact that,

Ve[ [ ux+f<p)2dx——— e [ o B VB
—#0\/?[0 uypdx,
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results in
1 1 2 1
I 2 Ho
Iy =-—% e—— [ prdx— ﬁf —u+V/Eo dx+u2r\/€[ Wepda
VE 0 (VA 0
>
1 1 k
+ \/EJf w?dx—/uzf Wx(&ux"' \/Etﬂ)dx sl (———)f Wudx
0 0 VE luz
_g1
*aobug (J 1 buz (J
+M(——%) quxdx—ao—'uo(———)f TWe+W)p.dx
pH2 /¢ \ao 1) Jo pug /& \ao
=0 =03
b J 1
(4.33) __bo /J%T - (aou ‘ -a 2) (— - ﬁ*)] Wit odx
U2 \/EL ap M
=X

Applying Young’s inequality, we get

1 1 1
o7 V/E f Woprds < M f it %g f Wldz,
0 0

Lo (o f o ’ A -
uzfo Wx(\/?ux+\/€<p)dx_ f ux+ \/E(p dx+2\/€[0 W;dx,
2

1 01 ) 1y
o1 Wutdxs — W dx+e4 | ujdx,
484 0 0

1
agf W, uxdx< — W2dx+£5f ugdx,
0

2
g 2 o3 * 2
o3 (TWt +W)p,dx < — (pxdx +—= | (@W;+W)“dx.
0 2 0 o Jo
The substitution of the previous estimates into (4.33), yields (4.32). [ |

Lemma 4.3.7. Let (u,p,W) be a solution of (4.4)-(4.6). Then the functional

1 1 b(J
F5(t)=Lp QOxudx+dJ (ptuxdx—aL(———)f (W +W)udx
0 M2 \ao
ko (d 1
(4.34) _ qoF2 (— PV Weueds, ¢>o0,
H2 \ao M

satisfies, for any €¢ >0
Lo g2 rl 1 g2 r1
F5(t)<——f 2dx+Cf @2dx + 4[ W2dx+86f u?dx+—5f W2dx
2 Jo 0 Ho Jo
(4.35) +% f (TWt+W)2dx+— f Wiatiedx, ¢ >0,
0

aoky & | o6

where C = Tt
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Proof. By differentiating expression (4.34), using (4.4)1, (4.4) and (4.4)3, we obtain

1 k
Fg(t)Z—uof 2dx+ﬂ0 Of dx Ef (puxdx+ai(———)f Wu,;dx
1 aob (J 1
—/.tgf (Wi + W u,d _,UO_O(__ﬁ)[ <px(TWt+W)dx+aof Prxlldx
0 pH2 \ao { 0
1 k J 1
+dJ (ptutxdx—w(———)f Wicu,dx + p[ (ptxutdx+a0f Uy Prdx
0 M2 \ag 0
k J bu* (J 1
—ﬂ(———)f Wxxutdx—u(——ﬁ*)f U W+ W)dx
K2 \ao pu2 \ag M7 Jo
J 1 ko (dJ 1
+ H290 (——ﬁ*)f (ptxutdx—w(——%) Weugdx.
p2 \ao p*JJo M2 \ao U™ ]Jo

Integrating by parts provides

1 1 B(J 1
Fg(t)Z—,uo/ 2d9c+ Z,Uo (p,zcdx—g‘f (puxdx+ai(——£) Wu:dx
0 0 0

baop* [ J 1 b J 1
M(__ﬁ)_/@] i quxdx—M(——ﬁ) 0 W,+ W)dx

L ppz \ag p puz \ag p*
=05 =06
1 *b J 1
(4.36) -— [y%r - (aop ! —aokz) (— - ﬁ*)] f Wiru,dx.
Hz | p ao K J/1Jo
=1

Using Young’s and Poincaré’s inequalities, we get

1 1 2 1
sff Qudx < @f 2dac+f f ?Cdx,
4 Jo Ho

02 1
04/ Wuidx < 4— Wzdx+£6f u?dx,
0

o2 1
a5f Wuxdx<—[ —5f Wfdx,
Ho Jo
6 2 06 1 2
Uﬁf (TWt+W)(pxde—f (pxdx+—f (W +W)*dx.
0 2 Jo 2 Jo

The substitution of the aforementioned inequalities into (4.36), gives (4.35).

4.4 Proof of theorem 4.3.1

Using the preceding lemmas and the Lyapunov functional L(¢), defined by
L(t)=NE()+T1(¢t)+ Nol'a(t) + N3TI's(t) + N4L4(¢)+ N5T'5(2), t >0,

for N and N; >0, i =2,5, we have
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L(t)<_

sz Tz,u2 9
k2N_M_N2_ Tk2+4— N3—C(£5)N4——N5 f W dx
E2J )
kN—u—Nz (b+kT)N3——N4——N5 f W<dx
2

- [p—84N4—£6N5][) u%dx—

1
f (W, + W) dx

486
J 1
Mz N2—€3N3—(%+ \/EJ)NAL}f prdx
0
b U% Og
- §N3—C(81,E2)N2——N4——N5
\/gN Ho f (’JO Uy + f¢) dx— [—N4 62N2—CN5][
2/¢ VE
1
Ho Ho
- EN5—51N2—85N4——2\/E fougdx.
By settingNg,:%,el:B\;‘{EM,m sz = 13 &4 = 4‘04 &5 = 8\/_N4 and 56_4N , we get
k2J 122N, 12 2 02N
L) <— | koN - “22 Ny 1hy + 222 | Ny — pr VT VEoiNs N
122} 4 2 2f Ho
202 1 B2J 402
> fWfdx—[kN——Nz—(b+kr)N3——1NZ——4
1]

Vo
|12y, (“ZT\F fJ)N4—

2

f @ 1u?cdac— Bflu?dx
\/f 0 2 Jo
+&2 2
%o fr + 2 +2u0 N2—2N4—&
2C  b\/EN, o
o, _3C f Ho
—|=Ns—— f P2dx - ]f ( +f(p) x.
2 ﬁ} 2\F -

Now, all the terms on the right-hand side of the last inequality become positive if we select

b
- 5N?,—Z)Z\/E(

our parameters in an appropriate manner. First, we choose N4 large enough, so that

060)

A

Ny >max(

Then, N2 must be selected such that

ped o (“2Tf+fJ) 4—1>0.

2

Also, we select N3 large enough so that

b aZ+& o3 06
~N3-b2 0O ° 4 +2u|N2- 22N, - >0,
5 Vs \/E( NG Ho | Ny = —=N4
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Finally, we choose N sufficiently large such that

k2J 122N 2 2,/i02N 202
ng—LNQ—(Tk2+M N3— MzT\/E+ as? + \/E 24 N4— 5 >0,
12 4 2 2,/& Ho o
k2J o2 402
EN - —=Ny—(b+k1)N3— —<N2-—2>0.
M2 1Y ps

All these choices lead to
L'(t)< —c3E(), t>0.

Moreover, it is easy to see that there exist two positive constants 1 and 72 such that
mE @) <L) <n:E(t), t >0,
and then we conclude for y =7n2/n1 and ¢1 = 1% that

E(t)<yE(0)e 1, t>0.

4.5 The lack of exponential decay

Now, we prove the lack of exponential decay under the assumption y # 0 by using Gearhart-Priiss

theorem [48]. We can write y as

b

2
p_J)_ KT
r=¢ (_ - _) i
ao
where { = kg — %.
Theorem 4.5.1. The Cy-semigroup of contractions associated with the operator A on the Hilbert

space H is exponentially stable if and only if
iR={ia,a e R} c p(A)

and

lim [[GGal -A)|,; < +oo.
|a|—o0
The main result of this section is as follow :

Theorem 4.5.2. Let A be the operator defined by (4.13) and we assume that y # 0. Then the

semigroup associated with A is non-exponentially decaying.
Proof. [67] It is sufficient to demonstrate the existence of F € H, with [|F'||y < oo such that
1Ually = |Gl -AY 1 F|,, = oo,
Let as assume that there exists U € H, |U||y; # O so that
(ial -A)U=F,
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therefore, for fixed F= (0, 52272),0,0,0,0) € H we get

(4.37) v=iau, ¢=iap, I=iaW,
and

Lapv — U Uy, — oy = Sin(nmx),
(4.38) iadp—agQey + T2, + uaWy + oty +E@ =0,
iabt9+b9—kaWyy + kW + pgcp, = 0.

Using (4.37), the system (4.38) can be written as

—a?pu — P Uy, — po@y = sin(nmx),
(4.39) (E—a?J)p—aopux + (1 +iat) ugWy + pouy =0,
(bia +k— aQbT) W —koWy, +iausp, =0,

we take into account the boundary conditions and we set
u=Xsin(nnx), ¢ =Y cos(nnx), W =Zsin(nnx),

then we can write (4.39) as

D, Honrw 0 X 1
(4.40) Hotn D2 D4 Y = 01,
0 —imaugn Ds Z 0
where
D1 = (u*n%n?-a?p),

Dy = (¢ —a?d) + n2agn?,
D3 = (bia+k—abt)+ken?n?,

Dy=1+1iart)ugsnn.

(4.41)

By solving (4.40), the solutions X, Y and Z are as follow

D2D3+i7ma/,t2D4
X —n2D3n2,ug+i7wc/,42D1D4n+D1D2D3
Y |= —nn Dy
- IJO —n2D3nzug+inaugD1D4n+D1D2D3
Z —inln2 Ho
Ln aIJO —JI2D3n2ug+inap2D1D4n+DngD3
We can write the solution X as Q
X=—r
21,2,,27
D1Q —n*n®pg
where
. Dy
(4.42) Q :D2+mau2nD—.
3
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After that, for some selected r € R, we take a such that D(a) =r. Then, we have

(4.43) —pa?=r-pu*n?n?,
by substituting D3 and D4 into (4.42) and using (4.43), we get

—d?1+ia

m2n2l+k+ l’% +iab

(4.44) Q =Dy + (ugmn)?

We discuss two cases :
The first case : Let { =0 and by choosing r =0, @ can be written as
2.2 2

_ N 2 —a°“T+ia
Q =¢+(aop Ju)—p + (uamn)” ————,

and as @ = a, = \/u* nn . Since r =0, then D = 0. Therefore for a, large

—rZn?y2
2 .
_ My apT—i 3 +J,u*—a0p
- 2 ; 2,22 2
pg k+iand  w2n?ug P
xca,+c,
T3 1 _ Jput—aop
where ¢ = =% and ¢’ = =—=~*. Then, we have
ibug Py

2 2 2
Ul = pllval® = pas, |

0

2
= P05 S P2 cay, + |2,

[\
[\

This implies that
lim ||Uy, |l — oo.
n—oo
The second case: Let y # 0 and { #0. Then from (4.44) we get

I(wn?n?+r)-ia,

2
Q =Dy —(ugmn
(kzn) 7202 +k + 2L+ iayco

* k+lanco+rz—)—zan

)2 p((

72n2f + l’% +Ek+ia,co

=Dy - (,ugnn)2 gr_ (uznn

where c( is constant independent of n. Using (4.41), we have

u*

B 2
Q=¢+— Lo+ ag——dJ - ,UZ ) n®—(ugmn
1Y 1Y p¢ (
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We take r such that

Y 2
[ oH'T 2 peHy
(4.45) ag——dJ —pu )r:u >r=— ,
p” TPpt 0 Hraoy
by utilizing (4.45), we obtain
ko
2222 _
o- “0+5+’”J (mﬂn)2 p( (k+mnco+r”*) iay,
r P n2n2(+%+k+ianco
2.2 92
°n kot
(4.46) ~ u°+£+ J+—k+r 21 S +idnc.
r p p¢% pg?
Now for the solution X,, we have
e _if, mnhm
" D1Q -n?n?u D1 D1Q —n?n?p2

2
then using (4.46) and D1 =r = p‘;ﬂ 0 thus

1 ,u2 r+pcx2
an— 1+_2 r T kot
H £+5J+Wk+r & +zanco

Y Hoy r+pa2
4T Ty rJ+’;(§k+r};§§+ianc'0

Therefore

2 2
1Unlli = e llopll® = pay,

2
n

pa ?
- #:Cxa

This means that if y # 0, then

lim |Uplly — oo.
n—o0

As a result, our conclusion follows. We direct the reader to other related research for further in-
formation on [4, 27, 43]. [ ]

4.6 Polynomial decay

In this part, we investigate problem (4.4)-(4.6) that arises when

*b J
(4.47) X = u%r - (aou ! —aokg) (— - %) #0
P ap M

and provide a polynomial decay result.
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We need to apply second order energy E . (t) to get the intended outcome of this section, which

is given by
1o, N 2 2 Ho ’ 2 2
E*(t):§f puyt|n —— uxt+J(ptt+ —= Uyt T \/E(pt +a0(pxt+b(Tth+Wt)
0 ¢ VE
(4.48) +hotW2 +kTW2]dx, ¢>0.

Theorem 4.6.1. Let (u,,W) be a solution of problem (4.4)-(4.6) and assume that the coefficients
of the system satisfy (4.47). Then E(t) decays polynomially, i.e., there exists a positive constant A
depending on the initial data, such that

A
(4.49) E@)= 7 t>0.

This theorem requires an extra lemma to be proven.

Lemma 4.6.2. Since (u,p,W) is the solution of (4.4)-(4.6), the functional E .(t) satisfies the

following estimate

1 1
(4.50) E'\(t)= ks f Widx -k f W2dx<0, t>0.
0 0

Lemma 4.6.3. Given that (u,@,W) is the solution of (4.4)-(4.6), the functional T 4(t) defined by
(4.31) meets the following estimate

\/? 1 Mo 1 3e5 (1 2
I’ (t)<——f 2d ——f Uy + dx+£ f u; 2dx+ =2 | u?dx
1 1 o2 rl
+(%g+ \/EJ)f <p?dx+0(55)f Wfdx+ﬁf Wl s OV thxdx
0 0 4 J0

255“2

o2 rl
(4.51) +-3 f (W, + W)2dx, ¢t>0.
g Jo

Proof. By doing the lemma 4.3.6 proof calculations again and accounting for (4.47), we obtain
/ o ! MO ! 2
F4(t)s—§f d ——/ ux+ f(p dx+£4f udx+£5f u,dx
0 0
o2 1
L[rer Ve, NG f (p?dx+C(s5)f W2dx+ —1f W2dax + —3f Wy + W)2dx
2 0 0 deq Jo o Jo

(4.52) dx.

M2
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1 Wirudx, we find

1
deE—Sf uidx NoX thzxdx
2 Jo 2£5p2§

We conclude (4.51), when we replace (4.53) into (4.52). [ |

(4.53)

Lemma 4.6.4. Given that (u,p,W) is the solution of (4.4)-(4.6), the functional I's(¢) defined by
(4.34) meets the following estimate

2 1 1 2
F5(t)<—@f 2alx+Cf (pzdx+ 4[ W2dx+86f u; dx+— W2dx
4 Jo 0 0 Ho
1
(4.54) . 26 f W, + W)2dx+ 2 X s | Widx, ¢>o,
HoHg JO
aoo |, & | o
where C = F +%+?“.

Proof. By following lemma 4.3.7 proof steps and accounting for (4.47), we get

1 1
l"'5(t)<—%f0 uldx +( Z’uo ft0+%)f0 <p2dx+4€6f W2dx+86f0 uZdx

2

(4.55) 2 W2d + ? (TWt-}-W) dx+— thuxdx
Ho
By applying Young’s 1nequahty, we have
1 1 2 1
(4.56) X Wupde< B2 f uldx+ 2 f W2dx.
2 Jo 4 Jo HoMs
The substitution of (4.56) into (4.55) yields (4.54). [ ]

We define the Lyapunov functional ¢(¢) by
(4.57) C(t)=NI[E(t)+E.(8)]+T'1(t) + NoI'o(2) + N3I'3(¢) + N4I'4(t) + N5I'5(2), ¢ >0,

where N, N2, N3, Ny and N5 > 0. Additionally, it is simple to establish that two positive constants
71 and 72 exist such that

(4.58) MIE®) +E (1)< &) < i [E@) +EL(1)], t > 0.
Now, by recalling (4.18), (4.50), (4.20), (4.25), (4.29), (4.51) and (4.54), we obtain

k2J 12112
) =- ng—”—NQ—(Tk2+4—)N3—C(85)N4——N5]f W2dx
2

k2J o2
_ kN_'u_Nz—(b+kr)N3——N4—EN5}/ W2dx— Nkf W2dx
6

b1 Ny- L 5 N5
2e55¢ Hok3

- MNz— N3—(“272f+ \/EJ)N4

- ng— f tdx p 84N4 £6N5]f

f p7dx
0
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b
— §N3—C(81,82)N N4——N5]f (TWt-f-W) dx

f 2
2\/-f _ux \/E(p dx
Mo '

(4.59) 4N5 2\/? fouxdx,

a similar selection of No, €1, €9, €3, €4 and &g as in the proof of theorem 4.3.1, where €1 =

- —N4 £2N2—CN5][ (p2dx—

3e
Ho N2——5N4

Ko
8V/EN,’
, (4.59)

- _C -1 _ P P . . _ 4
&g = NG €3 = 3;» €4 = 1n, and &g N> besides by setting N5 Ve and €5 =

12 N
will be f *

?u3N3 pot VE 13 .3 VEOTEN,
N3 N4

4 2 2 f Ho

k2

EN — —Nz —(b+kT)N3— —1N4

k2
kzN— —Nz - Tk2 +
405

- W2dx—
Vo f
- “ZJNZ—(””‘F+ \/EJ)N4—1

¢(t)<-

1 1
3 2dx - Ho_ uldx— B[ uldx
0

4/&Jo
b +<f o2 20
- §N3—\/Eb ( k2 +2#0)N2 03N4— 6

f EbNo

j TW; +W)?dx

[z

Ho

NG

(4.60) |2 4——]f (p2dx_

much farther, we select N4 such that

Ny >max(

and we choose N3 so that
b +€
§N 5= /b2 (

Finally, N must be selected such that

2
o 2
+2NO)N§—?3N4—ﬁ > 0.

Ve

K2
beg

k2J o2 1602
kN — —N2 (b+hT)N3— N2 —24
e 1Y pé

k2] U2N: 7 3 o2N. 402
ng—u—NQ—(Tkz-F Z 3)N3 (”ﬂf Vol 4)N4 5 S0

2 2f Ho Vo

Although, (4.60) leads, for 1 a positive constant, to

>0,

(4.61) d(t)<-AE(t), Vt=0.

Once we integrate (4.61) over (0,%), we get

t
tE(t) S[ E(s)ds = %(é(O)—é(t)), Vit =0.
0
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The preceding inequality has the following form while keeping relation (4.58) in mind

B <0 12 EO+E.0)
At At

b

_ Ta(EO)+E.(0)

3 , we conclude (4.49).

by posing A
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CHAPTER

WELL POSEDNESS AND STABILITY RESULT OF LORD-SHULMAN
SYSTEM WITH MICROTEMPERATURE EFFECTS: THE CASE {u* = ,LL(Z)

5.1 Introduction

The most well-known law for modeling heat conduction is the Fourier law. This law of thermoe-
lasticity, based on a parabolic-type heat-conduction equation, is characteristic of the paradoxical
behavior of thermoelastic waves with discontinuities and infinite velocities as a function of

frequency. Precisely,
(5.1) q = —«k0Oy,

where x > 0 is the thermal conductivity which depends on the properties of the material. However,
this law may not be applicable in thermal non-equilibrium and/or non-local situations. Thus,
several attempts have been proposed to overcome this physical paradox such as Cattaneo’s law
[17] in which the heat is assumed to be transported by a wave propagation process rather than

diffusion,
(5.2) 709t +q = K0y,

where the parameter 7 is the relaxation time called single-phase-lag. Other modifications of
Fourier’s law has been proposed by Tzou [73] which take into account the acceleration of the heat
flow:

72
(5.3) q+Tqqe+ 5 qu = —K1(T00c +02),

here 7, and 74 are the thermal phase lags of heat flux vector and temperature gradient, respec-

tively, and by Choudhuri [20] which consider the three-phase-lag thermoelastic model. Directly
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from (5.3), we can easily derive the Fourier’s law (5.1) for the special case 7, = 79 = 0 and by
neglecting the terms O (Tg), we find the Cattaneo law (5.2) in the case 19 = 0.
Note that, the well-known Lord-Shulman thermoelasticity has attracted a lot of attention from
scientists in recent years, and a considerable number of results have been obtained see [25, 33]
and the references therein. This study builds on linear thermoelasticity with finite wave speeds,
which deals with the paradox of infinite propagation speeds of thermal signals caused by the
Fourier model of heat conduction. For more results in the case of the thermoelasticity with
microtemperature see [22, 32, 36, 62].

The basic evolution equations for one-dimensional theories of porous materials with microtem-

peratures in the case of the relaxation time are:
(5.4) puw =Sy, Jou=Hy+G, pE;=P,+q-Q,

where p is the mass density, ¢/ is the equilibrated inertia, S is the stress tensor, ¢ is the heat
flux vector, P is the first heat flux moment, H is the equilibrated stress, G is the equilibrated
body force, @ is the mean heat flux and E is the first moment of energy. The variables u and
¢ are respectively, the displacement of the solid elastic material and the volume fraction. The

constitutive equations are:

S =p uy+ pop, H=aops—p2(cT:+T),
(5.5) G = —pouy — <o, PE = -b(tT; +T)— sy,
Q=k3T, q:le7 P=_k2Tx,

where T denotes the microtemperature vector, 7 > 0 is the relaxation parameter and the rest
of the parameters, namely ¢ and us denote a porosity coefficients, ag is the porosity diffusion
coefficient and the other parameters b, k1, k2 and k3 are usual in the study of the present theory.

Among the precedent coefficients, that which satisfy the following inequalities
k=Fk 1— k3 >0,

with u* = 1+2u and A, p are the Lamé’s parameters, pg is the coupling between the displacement

and the porosity which must be different from zero and satisfies the relation

2
(5.6) T %.

Now, by substituting Eq. (5.5) into Eq. (5.4), we obtain the following system

PUtt = U Uy + LoPx, in (0,1) x (0,00),
(5.7) JPr = a0@Pxx — P2 (T Ty + Tx) — ot — €@, in (0,1) x (0,00),
b(TTt+T)t:k2Txx_ﬂ2(ptx_kTa in (0, 1)X(0,00)-
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In order to make system (5.7) well determined, we impose the following initial and boundary

conditions:
5.9 w0,)=u@,)=T0,t)=T(1,5)=0, t>0,
' 92 (0,8) = o (1,8) =0, t>0,
and
5.9) u(x,0)=u(x), us(x,0)=ul(x), @:(x,0)=¢'(x), x€(0,1),
' @ (x,0)= % x), T(x,00=T ), T¢(x,00=T (x), x€(0,1),
0

here u°, ul, (pO, (pl, T and T are given functions.

In [4], Apalara investigated system (5.7) for the case 7 = 0, he showed that the unique
dissipation due to the microtemperatures is strong enough to exponentially stabilize the system
if and only if the wave speeds of the system are equal

*
a
I 0 _g

5.10 -2 _ 2
(5.10) X0 P

Additionally, if (5.10) does not hold, he proved that the system is polynomially stable. In [8],
Bazarra et al. generalized thermoelasticity theory acting on a poroelastic problem with tempera-
ture and microtemperature and established the exponential decay using the method developed by
Liu and Zheng [48]. Recently, Ramos et al. [61] considered system (5.7) under the condition (5.6)
and by using the method based on the Gearhart-Herbst—Priiss—Huang theorem to dissipative
systems [37, 54], they seeked a necessary and sufficient condition to obtain the exponential or
polynomial stability of the system.

In this work, we aim to complement the work of [61] by giving a necessary condition on the
coefficients to drive the system to the equilibrium state in an exponential manner. More precisely,

if the coefficients satisfy the following condition

(5.11) x=0,
where
*b J
(5.12) X=#§T—(a0” L —aokz)(——ﬁ*),
p ap M
and under
(5.13) Ept = .

To the best of our knowledge, Lord—Shulman with porosity and microtemperature but without
temperature with coefficients satisfying (5.13) have not been discussed before.
Meanwhile, from the second equation of (5.7) and the boundary conditions (5.8), we get

2

5.14 —
(5.14) e

1 1
f @(x,t)dx + if @, t)dx=0,Vt=0.
0 J Jo
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So, by solving (5.14) and using the initial data of ¢, we arrive at

1 B 1 . i i 1 ) ) i
f()(p(x,t)dx—(fo <p(x)dx)cos(\/:t)+\/:(/0 w(x)dx)sm(\/;t).

Consequently, if we set

1
Px,t) = (x,t) —f @(x,t)dx, t=0, x€[0,1],
0

we find 1
[ o(x,t)dx=0,t=0.
0

(u, @, 0) satisfies the same equations in (5.7)-(5.9) with

7(x,0)=3° (x) = °(x) - [y p°(x)dx,
?,(x,0) =9 (%) = 91 ()~ [ ' (x)dx.

In what follows we will work with @ but, for convenience, we write ¢ instead of .

5.2 Well posedness

In this section, we will use the semigroup theory to transform our problem into a Cauchy problem
in the proper Hilbert space. First, we define the vector function U = (u,‘I’,(p,E,T,@)T where
VY =u;, Z2=¢; and O = T, leading to the following rewriting of system (5.7)-(5.9)

Ut = AU, t> 0,
(5.15)

U (0)=Uog = (wo, u1, 9o, 1, To, Tl)T,
where the definition of the operator A:D(A)cH — H is

0 I 0 0 0 0

K pe2 Ho

- D“ 0 > D 0 0 0

A 0 0 0 I 0 0
- 2 2_¢ jZ poT ’

—7°D 0 ‘f}’D -3I 0 —72D —%D
0 0 0 0 0 I
0 0 0 ~ep kp2_kp _1p

where D' = 6‘3—; and we denote by I the identity operator. The domain of A is given by:

U=@,¥Y,¢=T,0)"cH/u, TeH?(0,1)nHL(0,1);

(5.16) D(A) = .
e H2(0,1))nHL(0,1); ¥, ®€ H}(0,1); € HL(0,1)

Let
H=Hg(0,1)x L*(0,1) x H} (0,1) x L% (0,1) x H{(0,1) x L?(0,1)
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be the Hilbert space, where

L2(0,1) = {‘I’ELZ(O,l), A (x)dx=0 }
(5.17) H!(0,1)=H'(0,1)nL2(0,1),
HZ%(0,1)={¥ € H?(0,1), ¥, (0)=¥,(1)=0},

with the following inner product

(U,0) =p/(;1‘{"i’dx+f01 (,U_\/ozuﬁ \/E(p) (”—\/"Eaﬁ \/E(fo)dx

1 1 1 1
+a0f (px(i)xdx+Jf Eidx+kzrf TxTxdx+ka TTdx
0 0 0 0
1
(5.18) +bf (TO+T)(10+T)dx,
0

with éu* = u% and for all U = (u,‘I’,(p,E,T,G))T eHand U = (d,‘P,@,E,T,@)T € H. The correspond-

ing norm in H is

2
pw2+(&ux+ \/Eq;) +agp2+JE? +kotTe +kTT? +b (10 + T)?

Ve

The well-posedness of problem (5.7)-(5.9) is given in the following theorem.

1
(5.19) Ul = fo dx.

Theorem 5.2.1. Let Uy € H, then there exists a unique solution U € C(R;,H) to Problem (5.7)-(5.9).
Moreover, if Uy € D(A), then the solution U € C (R, D(A))N cl (Ry,H).

Proof. First, we would prove that A is a maximal dissipatif operator. So, by using (5.15) and the

boundary conditions, we have for U € D (A):

1 1
(AU, U)H:—kgf T,%dx—kf T?dx <0.
0 0

Next, to prove that the operator (I — A) is surjective, we follow the same steps as in [61]. Conse-
quently, using the Lumer—Phillips theorem [53], it follows that A generates a Cy-semigroup of

contractions on H. So, the conclusion of theorem 5.1 follows. [ |

5.3 Exponential stability

In this part, we demonstrate the exponential stability result for system (5.7)-(5.9), by using the
energy technique where we introduce a stability number y. We begin by establishing our system’s

energy as follows

2
pul+Jo? +agp?+ b T+ T)% +kotT2 + kTT2 + (&ux + \/Ew)

Ve

1 1
(56.20) E(t)= —f dx.
2Jo

The main result of this section is given by the following theorem.
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Theorem 5.3.1. Let (u,¢,T) be a solution of problem (5.7)-(5.9) and assume that the coefficients
of the system satisfy (5.11) and (5.13). Then the energy E(t) decays exponentially, i.e., there exist

two positive constants a and y, where « is dependent of the initial data such that

(5.21) E@t)<ae™, Vt=0.

Many lemmas will be used to establish the proof of this theorem.

Lemma 5.3.2. Let (u,@,T) be a solution of (5.7)-(5.9). Then, the energy functional E(t), defined
by (5.20) satisfies

1 1
(5.22) E'(t)=—ks f T2dx—F f T?dx <0, t>0.
0 0

Proof. Let’s multiply the three equations of system (5.7), respectively by u;, ¢; and (zT;+ T).
Then, integrating by parts over (0,1), we get

pd [ty o pd o, !
Eﬁfo utdx+5a A uxdx=—u0f0 YU dx,

1d 1 1 1
5%[0 (Jo? +aop?+Ep?)dx = uzfo T+ T)pedx — ,uofo Urpidx,
1d [l 1 1 1
——f [6(tTy+T)* +kotT? +k1T?] dx = —sz T2dx —kf T?dx— “2f @t (0T + T)dx,
2dt Jo 0 0 0
by summing the above equations, we obtain
1d (!
5%[ [ou? + p*u2 + T2 +agp? +E@® + 2u0puy + b (T Ty + T)? + kot T2 + k1T?] dx
0
1 1
(5.23) =-k f T?dx—ky f T2dx.
0 0
Condition (5.13) clearly shows that
! 2 ! 2 ! L po ?
(5.24) ,u*f uxdx+£f @ dx+2p0f ux(pdx:f = u+ V| dx.
0 0 0 0o\ V&
Now, the relation (5.22) is proved by substituting (5.24) into (5.23). [ |

Lemma 5.3.3. The functional I'1 defined by

1
(5.25) i@ = —pf usudx, t >0,
0
satisfies
2
1 5 1 o 75 1
(5.26) @) < - f u2dx+—f U+ dx+—f 2dx, t> 0.
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Proof. By differentiating I'y and integrating by parts over (0, 1), we obtain

1 1 1
(5.27) F’l(t):y*fo u?cdx—pofo <pxudx—pf0 uldx.

Recalling (5.13) and using Poincaré’s inequality, we arrive at

1, U o 2 1 o JE 2 1,
5.28 * dx = —uy| dx<2 — Uy dx+2 ax,
( ) pfouxxfo(\/gu) x fo(\/gu+ f(p) x+§f0(px

in the same way, after using the inequality of Young

2
1 111 1
I,uo[ (pxudxls—f (&ux) dx+€f (pgdx
0 4Jo \ /€ 0
2

1! 3¢ 1
(5.29) < —f &ux+ \/c,?(p dx+—gt <p,26dx.
2Jo \ /& 2 Jo
The substitution of (5.28) and (5.29) into (5.27), yields (5.26). [ |

Lemma 5.3.4. The functional I'e defined by
'y bt (1, o

(5.30) Fg(t):—bf T Ttde_?f T*dx, t>0,
0 0

satisfies, for any €1 >0,

2,2

(5.31) F’Z(t)s—f (TTt+T)2dx+(b+kT)f Tzdx+£1f P?dx+|Thy + —2 f T2dx, ¢t >0.
2 Jo 0 0 4e1 ) Jo

Proof. A simple differentiation of I'g, using (5.7)3 and then integrating by parts, we get

1 1 1 1
(5.32) Th(t) = —bf @Ty)?dx + Tkgf T2dx— m[ @+ Todx +krf T?dx.

0 0 0 0
Applying Young’s inequality
1 1 2 'u2 1
(5.33) ~THy f ¢ Tedx <e; f o2dx+—2 f T2dx,
0 0 dey Jo
and using the fact that
1 -b 1 1

(5.34) —bf (tTy?dx < 7] (T +TY dx+ bf T%dx,

0 0 0

we obtain (5.31). [ |
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Lemma 5.3.5. The functional I's defined by

’ t>07

o 1 i
" Uy f(pdy dx
0
0

1 1
5.35 I's(t)=—%= |J d
(5.35) 3(2) NG fo P

satisfies the following estimate, for any €9 > 0,

2
Ha 2
+2\/Ea0f T+ T) dx+(\/_ pr— )f p;dx

1
(5.36) +£2f u?dx, t>0.
0

Tyt <-

Proof. Direct computation, using equation (5.7); and (5.7)9, we find

1
I =—— f @0 o+ T2 it ] s+~ [ giax

1 3 1 3
1o f PHo
Kty + Hoz) (fwdy) dx - f ut(fwtdy) dx.
fﬂ 5 Ve Jo 5

Thus,

1 X
us ( f wtdy) dx
0
0

1 1 1
, ao ) J 2
F(t):—f cpxxcpdx——f (TTx+Tx)(pdx+—f @rdx—
AV VEdo ! N

1

_ 1 (Hou +f(p)(pdx—f1(uou+ H% (p) f(pdy dx
e do o o v e )\ o)

by integrating by parts over (0, 1), using the fact that { = and f ¢dx =0, we arrive at

1 1 1
Fg(t)z—& A (pzdx+ﬂ—2€f0 (TTt+T)(pxdx—f0 (&ux+ \/E(p)godx

Ve Ve
2 Ho w1
(5.37) \/_f (ptdx+f (\/zux+ \/Eq)) pdx \/E,u*fo ut(of(ptdy) dx.

Young’s and Cauchy Schwarz’s inequalities, lead
1 1 2 1
M2 f ao 2 Ha 2
— | @Ty+T)e dxs—f @ dx+ f T+ T) dx,
VEdo e Td T e e !

oo 1 i 1 02 1
——f Uy f(ptdy dxsezf u?dx+ *f (p?dx
VEurJo J 0 deap* Jo

By inserting the previous inequalities into (5.37), we conclude (5.36). |
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Lemma 5.3.6. The functional T'y defined by

T4(t) = Jf <pt(\/_ux+ f(p) —M(i——Jf T +T)udx

k
txdx—w(———)f Teudx— pgrf[ Tedx, t>0,

V&g \ao

Mo 0p

T e do

satisfies, for any €3, €4 >0,

, VE [ po ’ V&R o%agb?uti) 1o
F4(t)S—TL 7Eux+ \/E(p dx+ 1 + fo(pxdx

484102#3

2.2 2., %2 2 2 2 2
T 20 b k%a
+(“2 \/E+ H )f T2dx fT2dx+83f uldx
0

4J \/E P /JQ 4e 3:“2

1
(5.39) +2\/EJ f P?dx+ey f T+ T dx—
0 0

(5.38)

)(f Tyuxdx, t>0.
#2

Proof. Differentiating functional (5.38), using (5.7)1, (5.7)2 and (5.7)3. Then, integrating by

parts, we obtain
2\ p1 2 .1 1
It =- 20 - ,u_g f @2dx - ﬁf uldx+ ot \/E/ T pidx
VEU 1o VDo
1
_.u2f x( Uy + f‘l’)dx gok b'uo( )[ T, uxdx
Ve p2p /€ \ao

k aob J
,uoao ((10 )[ Tutdx—o—'uo(———)f @Ti+T)pedx

fﬂ2 Pﬂz\/g
—uox/?fo ux<pdx+\/3Jf0 Zdx— éf ( ux+fw)

M —aokg) (i - —)] f Tiurdx,
0

__Ho HZT_(
s /& L?

ao
and noting that
1 2
—\/Efo (“—\/%uxﬂ/?tp) dx=— \/_ 2dx uoff updx— ff (—ux+f¢)

we arrive at

/ ! Ho ? ! 1 2
Iy =- \/9?/(; (Wux‘Ir \/E(P) dx+N2T\/€?f Trpidx+ \/EJf ¢rdx

b
—ao—”o(i——)f (T + T pydx + F-O00K0 (———)[ Toudx
puz /€ \@o pH2 /€
v o | R R e
+ —_ - Tuidx—pg | Ty —ux+\/E(p dx
p2 /€ \ao t Ve
o 9 aou’ bt
(5.40) - u T—( —aokg) (———)][ Tirudx.
p2 V& | ? p t

v~

=X
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Applying Young’s and Poincaré’s inequalities with the use of u*¢ = y%, we get
p2rff Tx¢tdx<fJf 02dx +“2 fTZ

—,ugfolTx(u—\/%ux+ \/E<p)dxs\“/—2_f T2dx + ff (—ux+ \/qu)zdx,

kaopo o’k*ag 2
f Tutdx<—f T dx+€3f uldx,
2 VE \ao de3ps 0
=0
,U*aOb,UO J o 1 202u*2a%b2 f /.l() 2
- (—— —*)f Tiuydx<——— f dx
puz /& \ao p*)Jo p2udE
20_2 *2a2b2 3
i f dex+£f p2dx
p? Hy f 0 4 Jo
2
1
+ﬁf (&ux+ \/E(p) dx,
aobu? (J oa b2 *2 1
—O—'UO(———)[ (TTt+T)cpxdx_0—£f dx+£4f (TTt+T)2dx.
pug \/E \a 4e4p? ,u2 0 0
The substitution of the previous estimates into (5.40), yields (5.39). [ |
Lemma 5.3.7. The functional I's defined by
1 x
(5.41) F5(t)——7 be (th+T)(f (ptdy)dx , t>0,
0 0

satisfies, for any €5 >0,

F’(t)<—£f1<p2dx+k§—Jf1Tzdx+£—5 ' Ho +Ep 2dx+£5f1(p2dx
5 = 2\/? 0 t fﬂz x 3 \/g_ x 0 x
3 2b2 2
(5.42) ( %>, H2b | 95 "r)f (T + T2 dx + f T2dx, ¢>0.
4e56 \/9? Vs

Proof. By exploiting the functional I'5(¢) using (5.7) and (5.7)s. Then integrating by parts with
the relation fol pidx =0, we get

J i kod
l"g(t):—& (p?dx+ 2 fo(ptdx+

N

Ve Ve
b 1 1 x

(5.43) —%fo (px(TTt+T)dx+%f0 u@T;+T)dx+ \/g?bj(; (fo (pdy)(TTt+T)dx,

1T(/ d )d + fl(TT +T)"d
x K25 2 dx
pay \/~ ¢
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by using Young’s, Cauchy Schwarz’s and Poincaré’s inequalities

aob 322

VEdo

buo

1 2
73 A u(TTt+T)dxsg—‘::f0 (&ux) dx+
< (—u f(p) dx+—f P2dx
=3¢ ), \/_ <+
2
3£b / (T Tt+T) dx,

1 x
b\/gf (f (pdy)(TTt+T)de—5f (pazcdx+—f (TTt+T)2dx,
o o 3 Jo 4e5 Jo

Bod 1 J rl k2 1
2 Tx(ptalxs'u2 Pldx+ 2 ngdx,

Ve o 4o T g do
kJ 1 X pod 1 9 k2J 1 9
— | T dyldx=—— d T dx,
N (fo & y) * 4\/Efo praxT \/Eu2f() *

we conclude (5.42), when we estimate (5.43) by the previous quantities. [ ]

q%uﬂ+me<—j‘ jmﬁﬂ+TFdx

3éb2

1
jm(th+732dx

5.4 Proof of theorem 5.3.1
Utilizing the previous lemmas with the following Lyapunov functional L(¢)
L#)=NE@)+T'1(t)+ N1I'o+ Nol's + N3I'4 + N4I'5, t >0,

for N, N1, No, N3 and N4 > 0, we have

L'(t)<- CT'[ T2dx— le[ T?dx—-C,, utdx Cwnf @2dx— Cw¢[ @2dx
0

2
_C(TTt+T)f() (TTt+T)2dx— (”°u+f¢)f (\/V;(Lux+ fw) dx,

where

2.[2 2 202 2b2 k2
Cr,=Nko— Nl(Tk2+ 4[12) N3(,U2 \/E+ Ha H )

+
€1 4. \/g p2u2f \/-,LLQ
0.2k2a2 * k2J
Cr=NE-N1(b+k1)—N3 Ozﬂ —Ny ,
despy Vs
f €5 5

C, =p—Noeg— N C =Ng— - Ny— ——
u, =P 2€2 3€3, (“—\/‘}uxﬂ/?w] 3 2 435 5

pod J p*
Cy, =Ny —Nie1-No[—+ —|-2N3 V¢,
NG (\/? 462#)
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3 2a2b2 *25 7
Cy. =Ny el f 0 #2 —N485——€,
2f 484p2u2 2
b 13 3a2b%  ugb  9b%¢
C(th+T) Nl——Nz —N384 N4 0 +IJ2 + .
2/ Eag des5¢  \fE 4des
BysettlngN3— \/E £1= N1 , E9 = 4]‘\’,2,83:4%,3,64:1and55:%,Weobtain
N T2 2 7 2.[2 2 20,2 *2a2b2 k2J
CTx:NkZ_Nl (‘L’k2+ ! ”2)— (”2 \/E+ Ha + H 0 42—7
4 ) Vel 4 Ve p2E e Qe
4902k2a2 u* k2J
Cr=Nk-Ny(b+k7)- S :
PH3 VEus
o 1 ,UQJ J N2
C =, C ==, Cp,=N4——-1-Ny|—+ —-14J
Ut 27 (ﬂux+\/g?(p) 27 (o 42\/3 2( é_ % >
ao f UZG%bzu*zf
C(prNQ + 5 2 —5¢,
2./ \/F 4 4p2p3
b ,Ug 7 N4a(2)b2 uob 3N4b2
Curar :Nl—— ————Ny4 + + .

If we choose our parameters correctly, all of the terms on the right-hand side of the final inequality
turn positive. First, we select N9 large enough, so that

a0 ( \/“3 2(1(2)52/1*25)
Cyp, =N: -

56>0
28 VE 4p%yu;
and we pick N4 large enough, such that
J N
Cp =Ny 2 —1- N2( ") 14J > 0.
2/¢ f
Then, N1 must be large enough so that
b 2 7 Nsalb®  pgb  3Nub2
Cur+Ty=N1= - - + + 0
@T+T) 1 9 2 fao \/E 4( 282 \/? 9
Finally, we choose N sufficiently large such that
N T2 2 7 2,[2 2 20.2 *2 2b2 kZJ
CTx=Nk2—N1(rk2+ 1 :“2)_ (Hz \/EJr Ha
4 VEU 4T T o2 T f T
4902k2%a2 u* k2J
Cr=Nk-Niy(b+kr)- S > 0.
Spus VEe

All of these options yield to

(5.44) L'(t) < -BE(#), t >0, for some > 0.
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Moreover, it is simple to establish that two positive constants, 71 and 79, exist such that
(5.45) mE@) <L) <nE(t), t>0.

From (5.44) and the right side of (5.45), we obtain

(5.46) L= Cre ', t>0,

where C1 is a positive constant. which yields the desired result (5.21) by using the other side of

the equivalence relation again.

5.5 Polynomial decay

In this part, we study the polynomial decay result of system (5.7)-(5.9) in the case when
*b J
(5.47) X:ﬂgr-(“"“ ! —a0k2) (——ﬁ*) £0,
P ap M
and prove a polynomial decay result. In addition to the first-order energy, given by (5.20), we

define the second-order energy E . (t) by
(5.48)

1 1
Exw=§ﬁ

We can see that

2
pu?t+J(p?t+(&uxt+ \/E(Pt) +aop?, +b (T +Th)? +x91T2 +x1T? | dx.

Ve

1 1
(5.49) E\(t)= —sz T2,dx— kf T2dx<0, t>0.
0 0

Lemma 5.5.1. The functional Ty defined by (5.38) satisfies the following estimate

V[ (VB o
F4(t)_—Tf0 %ux+\/g(p dx+ 2 + fo(pxdx

de4p?;
2.2 2 2,,%2 272
T 20 agb 1 2¢2 1 1
+(:u2 4J\/E+ :;2?+ 2,[12\/0? )f ngx+ 2%[ thxdx+£3f u?dx
P Hy 0 15 0 0
(5.50) e o f T?dx +2 \/EJf <p?dx+g4f T, +TYdx, t>0.
€3y 0 0 0

Proof. Following the steps of lemma 5.3.6 and recalling (5.47), we get
2 2 272 %2
VE Y po V3 oPadbiutiE) 1,
F’(t)s——f —u,+ V| dx+ + f dx
IJ%T2 \/2 ﬂ% 20'2/.1*20,(2)192 1 ) O'2k2a%/.t* 1 )
+ + + Tidx+———— | T dx
4J \/E png \/E 0 483[12 0
1 1 1 1
(5.51) +£3f u?dx+2 \/EJf (p?dx+£4f (TTt+T)2dx— Ho )(f Tiurdx.
0 0 0 0

.Uz\/g
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Applying Young’s inequality to the last term of (5.51), we find

B [ T 2 [ thxdﬁgf (&u) dx
p2 /& Jo p2 /& Jo o &

2
272 (1, VE 1, VE [ 1o
(5.52) < T dx+ f dx+—f — Uyt dx.
,Ug \/E 0 tx 4 0 (px 4 0 \/E \/E(p
We end up with (5.50), by substituting (5.52) into (5.51). [ |

Theorem 5.5.2. Suppose that (5.47) is valid. Problem (5.7)-(5.9) is then polynomially stable,

when A is a positive constant and

A
(5.53) E(t)< e t>0.

Proof. We define the Lyapunov functional ¢(¢) by
¢(t) = N[E()+E.()]+T'1(t) + N1I'a(t) + NoI's(t) + N3I'4(t) + N4I'5(2), ¢>0,

where N, N1, N3, N3 and N4 > 0. Additionally, it is simple to establish that two positive constants,
1 and 72, exist such that

(5.54) MIE@+E.H)]<c@)<n2[E@)+E.()], t>0.

Now, by recalling the previous lemmas with (5.49) and (5.50), we obtain

1 1 1 1 1 1
¢t)<-Cr, f T2dx-Cr f T?dx—C,, | u?dx-C,, | ¢?dx-Cr, f T?dx—C,, f @2dx
0 0 0 0 0 0

1 1 2 L
Ho 9
-Car, f(TT +TYdx-C f —uy+ dx-C ff T;.dx,
@z | T (%uﬁﬁw) AW Ve T | Tix
where
722 2.2 2 952,42,2p2 B2
CTx:Nk2—N1(‘[k2+ﬁ)_N3(u2 \/E-i- H2 + IJZ 0 )_ . 9 ’
e RGN NG Ve
C :NSE_N4E_5_§
(e Vo) T4 BT 2
o2B2a2u* B2
Cr=NE-Ny(b+kt)-Ns oF N, ,
des iy V2
2)(2
Csz ZNk2_N3—, Cut :p—N282—N3£3, CTz :Nk’
/.12\/3
(5.55)
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—N4 —N1€1 ( ) 2N3\/&d,
Zxﬁ? »/* 4e;

3 222" 7

Cp, =N DNy Ve 220 2 ‘ NE5——(f

2/ 2 4e4p? iy 2’
b 13 3a2b b 9b2
(5.56) Carsm) = Nl——Nz —N3zeqs—Ny 22 :
2/ Eag des¢  \JE 4des

A similar selection of ¢; J 1 8 in the proof of theorem 5.3.1 with N3 = \/E and €5 = 2154, then the

relation (5.56) takes the form

k2

2,2 2.2 2 2 2 2
Cszng—N1(1k2+N1T “2)—N3(”2T ‘/E+ i | 20K ash )
4 Ve pzuzf
2 2
Cr, =Nky—Ns

X
ua /&

Cr=NEk—-Ni(b+k1)—

Cr, =NE,

25602k%adp* k2 J

_N4 )
VEpus VEus

b 12 16 NsaZb®  pgb  3Nub?
C —Nj2 - -2 ,
«T+1) = N1g 2fa0 NG 4( 2¢2 +\/E+ 5
4

Cy, _N 2 1—N2(i+ NZP) 324,

2/¢ T ou

1 3 2a2b2 *2

C,. = Np 20 _ 16 Ve, e ‘) se,

2& JE 2 4p2p3

0

(6570 Cu =7, C(

=1.
St V)

Also as in the proof of theorem 5.3.1, we select N2 large enough, such that

oo o

Px -5{>0,
2F T 423 )

in addition, N4 must be large enough so that

C(Pt :N4

J J  4N.
H2 —1—N2( 2P

2./T JE

) 32J > 0.

\/E+

Now, we fixed N1 large enough, so that

2fao VE
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CHAPTER 5. WELL POSEDNESS AND STABILITY RESULT OF LORD-SHULMAN SYSTEM

WITH MICROTEMPERATURE EFFECTS: THE CASE ¢{u* = p%

Finally, we pick N large enough so that

N22 2.2 2 22*22b2 k2J
CTx:NkZ_Nl(Tk2+ 1’ Hz)_N3(H2T \/E+ Ha + 0'2#2 %o — N4 2 >0,
4 4J VE  pudE VEus
25602k2a2u* k2J
Cr=Nk—Ni(b+k7)- N, >0,
VEpuz VEus
2 2
Cr,, =Nko—N3 2)( > 0.
/Jz\/?

Although, (5.57) leads, for 1 a positive constant, to
(5.58) &)< -AE(®), Yt =0.

Once we integrate (5.58) over (0,t), we get

t
tE(t) Sf E(s)ds = %(6(0) —¢(1)),vVt=0.
0

The preceding inequality has the following form while keeping the relation (5.54) in mind

&0) _ 12(E0)+E.(0)

Et)s—<
At At

_ Ta(BO)+E.(0)

by posing A 3

, we conclude (4.49).
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CONCLUSION

Based on the preceding studies and research, we derive numerous conclusions.

In chapter 3, we studied the asymptotic behavior of a swelling porous elastic system in the
presence of porous damping and neutral delay. Our findings show that the porous damping
dissipation is powerful enough to stabilise the system exponentially even with neutral delay.

In chapter 4, We were able to study the stability result of Lord-Shulman system with microtemper-
ature effect, where we achieved a positive result in just one damping owing to microtemperature
and when y* > ”?g; we gain exponential stability when (4.9) prevails. While its absence results in
a lack of exponential decay on one side, we get polynomial decay on the other, which is a slower
sort of stability. For the optimality of theorem 4.6.1, we cite the result of Ramos et al. [61], where
they used theorem 2.4 in Borichev and Tomilov [12] to prove the polynomial decay of order 1/2 for
the same system (4.4).

In chapter 5, we were also able to prove the exponential stability of the same system as in the
previous chapter but with a non-positive energy, i.e., when u* = %‘2’, and nder an appropriate new

assumption about the coefficients of the system.
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