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ABSTRACT

This thesis is devoted to the study of the existence, uniqueness and the asymptotic behavior
of some porous elastic systems.
The first system is a one-dimensional swelling porous elastic system with neutral delay

and porous damping acting on the second equation. We prove that the porous damping dissipation
is powerful enough to stabilize the system exponentially even in the presence of neutral delay.
The second system is a Lord-Shulman porous-elastic system with dissipation due to microtemper-
ature effects, where the thermal conduction has a single-phase-lag that acts as a relaxation time.
We show that the system is exponentially stable provided that the new stability number χ= 0.
Otherwise, we prove the lack of exponential stability under the assumption χ, 0. Furthermore,
in the last case, we show that the solution decays polynomially.
The final system is the same as the preceding system. However, the energy associated with the
solution is not required to be positive definite

(
ξµ∗ =µ2

0
)
. We introduce a stability number χ and

prove the exponential decay of the system if χ = 0 is valid. Otherwise, we show that the system
decays polynomially.
The method we have used for studying the asymptotic behavior of solutions is the multiplier
method based on the energy estimate and Lyapunov direct method. Semi-group and Faedo-
Galerkin techniques are those used for the study of the existence and uniqueness.

Key Words and Phrases: Swelling porous; neutral delay; porous damping; Faedo-Galerkin
method; Lyapunov functional; exponential stability; microtemperature effects; lack of exponential
stability; polynomial stability; Lord-Shulman thermoelasticity; stability number.
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RÉSUMÉ

Cette thèse est consacrée à l’étude de l’existence, de l’unicité et du comportement asymp-
totique de certains systèmes élastiques poreux.
Le premier système est un système élastique poreux de gonflement unidimensionnel avec

un retard neutre et un amortissement poreux agissant sur la deuxième équation. Nous prouvons
que la dissipation d’amortissement poreuse est suffisamment puissante pour stabiliser le système
de manière exponentielle, même en présence d’un retard neutre.
Le deuxième système est un système poreux-élastique de Lord-Shulman avec dissipation due
aux effets de microtempérature, où la conduction thermique a un décalage monophasé qui agit
comme un temps de relaxation. Nous montrons que le système est exponentiellement stable à
condition que le nouveau nombre de stabilité χ= 0. Sinon, nous prouvons le manque de stabilité
exponentielle sous l’hypothèse χ, 0. De plus, dans le dernier cas, nous montrons que la solution
se désintègre polynomialement.
Le système final est le même que le système précédent. Cependant, l’énergie associée à la solution
n’est pas nécessaire conçue pour être définie positive

(
ξµ∗ =µ2

0
)
. Nous introduisons un nombre de

stabilité χ et prouvons la décroissance exponentielle du système si χ= 0 est valide. Sinon, nous
montrons que le système se désintègre polynomialement. La méthode que nous avons utilisée
pour étudier le comportement asymptotique des solutions est la méthode multiplicateur basée
sur l’estimation de l’énergie et la méthode directe de Lyapunov. Les techniques de semi-groupes
et de Faedo-Galerkin sont celles utilisées pour l’étude de l’existence et de l’unicité.

Mots clés et phrases: Gonflement poreux; retard neutre; amortissement poreux; méthode de
Faedo-Galerkin; fonctionnelle de Lyapunov; stabilité exponentielle; effets de la microtempérature;
absence de stabilité exponentielle; stabilité polynomiale; thermoélasticité de Lord-Shulman;
nombre de stabilité.
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THESIS STRUCTURE

This manuscript is divided into five chapters:

1. The first chapter reviews the fundamental concepts and mathematical techniques re-
quired for this thesis.

2. The second chapter is meant to provide a broad introduction.

3. The third chapter is devoted to the study of the existence, uniqueness, and exponential
stability of a swelling porous elastic system with neutral delay and porous damping using
the Faedo-Galerkin approach and the multiplier technique. This result has been published
in the Filomat journal.

4. The fourth chapter focuses on the study of the well posedness and stability result of
Lord-Shulman system with only microtemperature effects. A new number of stability was
introduced and proved that the unique dissipation due to micro-temperatures is strong
enough to drive the system to equilibrium exponentially. This study has been submitted for
prospective publication.

5. The fifth chapter extends the results obtained in chapter 4 by studying the same Lord-
Shulman system with only micro-temperature effect, but this time under different condi-
tions. Exponential and polynomial stability were identified. This result has been published
in the Mathematical Methods in the Applied Sciences journal.
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1
GENERAL INTRODUCTION

Understanding and predicting the long-term behavior of solutions to evolution equations and

systems originating from mechanics and physics is crucial for practical applications, which makes

the study of their asymptotic behavior an important topic. Asymptotic behavior of differential

equations has been studied since Bellman [10, 11], Fubini [28], and Sansone [64] published their

papers. The concept of asymptotic behavior and its relationship to stability and boundlessness

were provided by Bellman [10]. Recall that the comparison of a differential equation’s solution or

its norm with elementary functions as t goes to infinity is known as the asymptotic behavior of

the solution. As we will explain later, the stability notion introduced by A. Lyapunov in 1899 has

a strong connection to the idea of asymptotic behavior of different systems. Here we will provide a

brief overview of the ideas related to porous elastic systems with various damping circumstances.

1.1 Porous elastic materials

Elastic solids with voids are a straightforward extension of classical elasticity theory. This method

treats porous materials with elastic matrix and void interstices. Goodman and Cowin [29] pro-

posed a continuum theory of granular materials with interstitial spaces. Aside from the normal

elastic effects, these materials contain a microstructure with an interesting property: the mass in

each location can be calculated as the product of the mass density of the material matrix and the

volume percentage. Nunziato and Cowin [52] utilized this concept to present a nonlinear theory

of elastic materials with voids. This refers to materials with elastic skeleton or matrix material

and interstices. Ieşan and others have spoken about these kinds of materials extensively [39].

The large number of papers that have been published in the previous three decades addressing

applications to many sectors of physics and engineering (such as the petroleum industry, material

science, biology, etc.) clearly indicate the relevance of elastic materials with microstructure. Solids

1



CHAPTER 1. GENERAL INTRODUCTION

with tiny, dispersed pores, including rocks, soils, wood, ceramics, pressed powders, or biological

materials like bones, should be treated according to the poroelasticity principle.

Figure 1: Building materials’ pores. Figure 2: Bone pores.

In [21], Cowin outlined the linear theory of elastic materials with voids. For an isotropic

material, he emphasized that the equations are of the form

ρüi = Ti j, j +ρbi,

ρκφ̈i = hi,i + g+ρl,

where Ti j, j represents the symmetric stress tensor, bi is the body force vector, κ is the equilibrated

inertia, hi denotes the equilibrated stress vector, g and l are the intrinsic and the extrinsic

equilibrated body forces, respectively. The theory’s constitutive equations are provided by

Ti j, j = λδi jEkk +2µE i j +βφδi j,

hi = αφi, g =−ωφ̇i −ξφ−βEkk,

the details of this argument λ, µ, β, α, ω, ξ, φ, δi j and Ekk are described in [29], satisfying the

relations

µ≥ 0, α≥ 0, ξ≥ 0, κ=λ+2µ/3≥ 0 and κξ−β2 ≥ 0.

The substitution of the constitutive equations into the evolution ones gives the following one-

dimensional porous elastic system:

(1.1)

{
ρ0utt =µuxx +βϕx, in (0,L)× (0,∞) ,

ρ0κϕtt =αϕxx −βux −ξϕ, in (0,L)× (0,∞) .

In [56], Quintanilla studied the previous system in the presence of a viscoporous damp occurring

in the second equation of (1.1) and found a slow decay, deducing that −τϕt was insufficient to

stabilise system (1.1) exponentially. In [3], Apalara demonstrated that the system studied in [56]

is exponentially stable with identical wave propagation speeds. In [50], Magaña and Quintanilla

considered the case where viscoelasticity and porous dissipation (γutxx and −τϕt ) were both

2



1.2. THERMOELASTICITY

present. They proved by using the semigroup arguments, due to Liu and Zheng (1999), that the

two dissipations were enough to have exponential stability. Determining the stability result for

elastic systems with voids has generally been the subject of several articles [65, 66].

Eringen (1994) developed a complete formulation of mixture theory for a porous elastic solid

filled with fluid and gas. This formulation has many applications in various practical problems,

such as swelling fields, oil explanation, slurred, and consolidation. Thus, Eringen has classified

expansive (swelling) soils under the classification of porous media theory. The discussion of the

mathematical study of the swelling porous elastic systems is the primary focus of Chapter 3.

1.2 Thermoelasticity

Both mechanical and thermal loadings are applied to structures in many significant stress analy-

sis issues. Heat transmission by conduction is caused by thermal processes in an elastic solid,

and this movement of thermal energy creates a temperature field within the material. Since most

solids experience a volumetric change in response to temperature changes, the existence of a

temperature distribution often results in strains resulting from internal or boundary limitations.

These stresses have the potential to cause structural damage if the temperature change is large

enough, particularly for fragile materials. Thus, understanding thermal stress analysis may be

crucial for many issues requiring large temperature variations.

Using the temperature effect on porous elas-

tic materials (Thermo-Poro-Elasticity) as an

example, the figure on the right illustrates

the detrimental effects of temperature on

pores: the higher the temperature, the more

the pores enlarge and the more fragile the

material. Temperature effect on porous elastic

materials.

Fourier law is the renowned law for modeling heat conduction, which is also known as the

thermoelasticity law.

q =−κθx,

where θ is the difference temperature, q is the heat conduction vector and κ is the coefficient of

thermal conductivity. Several authors investigated thermo-porous system using Fourier’s law.

Where in [15], Casas and Quintanilla established system (1.1) with thermal effects, as follow
ρutt =µuxx +bϕx −βθx,

Jϕtt =αϕxx −bux −ξϕ−τϕt +mθ,

cθt = k∗θxx −βux −mϕt.

3



CHAPTER 1. GENERAL INTRODUCTION

they proved that the combination of porous-viscosity and thermal factors results in exponential

stability of solutions. In [50], Magaña and Quintanilla showed that viscoelasticity damping and

temperature produced slow decay in time for the same system.

We observe that the previous studies applied the classical linear theory of thermoelasticity,

allowing the traditional dilemma of unlimited propagation speeds of thermoelastic perturbation.

The infinite speed of propagation phenomenon leads to an unrealistic property that a sudden

disturbance at one point will be noticed instantly everywhere else in the materials. Experiments

have shown that this paradox also produces inadequate or inaccurate representations of how a

solid might behave to a short transient loading, such as that induced by brief laser pulses. Several

experts have advanced numerous generalized thermoelasticity theories that use hyperbolic

governing equations as a result of these drawbacks. In the footsteps of Maxwell and Cattaneo,

Lord and Shulman’s extended thermoelasticity theory, involving one relaxation time known as the

single-phase-lag model and Green and Lindsay’s temperature-rate-dependent thermoelasticity

theory involving two relaxation times called dual-phase-lag model, are two major concepts of the

generalized theory of thermoelasticity. For more details, we refer the reader to the introduction of

chapter 5.

1.3 Microtemperature

The term microtemperature is a blend word that consists of two words: microscopic and tempera-

ture which means the effect of temperature on a micro-volume.

The latter idea was first introduced by Nunziato and Cowin [52] in their seminal work on elastic

materials with voids. Temperature and microtemperatures were added to the concept by Ieşan

[39–41] and Ieşan and Quintanilla [42]. In [16], Casas and Quintanilla utilized the semigroup

technique for the following system
ρutt =µ∗uxx +bϕx −βθx,

Jϕtt =αϕxx −bux −ξϕ−dwx +mθ,

cθt = kθxx −γutx − lϕt +κ1wx,

δwt = κ∗4 wxx −dϕtx −κ3θx −κ2w,

to demonstrate the exponential stability of solutions in a one-dimensional porous-elastic system

with thermal effect and microtemperature damping. The solutions were stable regardless of wave

propagation speed. In [50], viscoelasticity combined with microtemperatures created exponential

stability, as shown by Magaña and Quintanilla in the following system
ρutt =µuxx +bϕx +γutxx,

Jϕtt = δϕxx −bux −ξϕ−dwx,

αwt = κ4wxx −dϕtx −κ2w.

4



1.3. MICROTEMPERATURE

Similarly, for the case of porous-viscosity combined with microtemperatures and in the absence

of elastic dissipation, as introduced below
ρutt =µuxx +bϕx,

Jϕtt = δϕxx −bux −ξϕ−dwx −τϕt,

αwt = κ4wxx −dϕtx −κ2w.

The same authors proved a slow decay when Jµ, δρ. And they summarized their main results

as below:

Combining effects from the right and left squares results in exponential stability. However,

considering two simultaneous impacts from a single square results in slow decay. Of course,

combining more than two of these processes results in exponential stability.

5
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PRELIMINARIES

In this chapter, we provide different lemmas, inequalities and definitions of various basic tools

that will be employed later. For more details see [14, 68–70]

2.1 Basic spaces

This section covers the basic spaces (Banach, Hilbert, Lebesgue and Sobolev).

2.1.1 Banach space
Banach space (pronounced [’banax]), named

after the Polish mathematician Stefan Ba-
nach, is a complete normed vector space.

Thus, a Banach space is a vector space with

a metric that allows the computation of vec-

tor length and distance between vectors and

is complete in the sense that a Cauchy se-

quence of vectors always converges to a well-

defined limit that is within the space. Stefan Banach.

Definition 2.1.1. A Banach space is a complete normed linear space X. Its dual space X ′ is the

linear space of all continuous linear functional f : X →R.

Proposition 2.1.2. X ′ equipped with the norm ∥.∥X ′ defined by

(2.1) ∥ f ∥X ′ = sup
{| f (u)| : ∥u∥ ≤ 1

}
is also a Banach space.

7



CHAPTER 2. PRELIMINARIES

2.1.1.1 The weak and weak star topologies

Let X be a Banach space and f ∈ X ′. Denote by

φ f : X →R

x 7→φ f (x),(2.2)

when f cover X ′, we obtain a family (φ f ) f ∈X ′ of applications to X in R.

Definition 2.1.3. The weak topology on X, denoted by σ(X , X ′), is the weakest topology on X for

which every (φ f ) f ∈X ′ is continuous.

We will define the third topology on X ′, the weak star topology, denoted by σ(X ′, X ). For all x ∈ X

φx : X ′ →R

f 7→φx( f )=< f , x >X ′,X ,(2.3)

when x cover X, we obtain a family (φx)x∈X of applications to X ′ in R.

Definition 2.1.4. The weak star topology on X ′ is the weakest topology on X ′ for which every

(φx)x∈X is continuous.

Remark 2.1.5. Since X ⊂ X ′′, it is clear that, the weak star topology σ(X ′, X ) is weaker than

σ(X ′, X ′′) topology, and this later is weaker than the strong topology.

Definition 2.1.6. A sequence (un)n∈N in X is weakly convergent to X if and only if

lim
n→+∞ f (un)= f (u),

for every f ∈ X ′, and this is denoted by un * u.

Remark 2.1.7. We have:

1. If the weak limit exist, it is unique.

2. If un → u ∈ X (strongly), then un * u (weakly).

3. If dim X <+∞, then the weak convergent implies the strong convergent.

Proposition 2.1.8. On the compactness in the three topologies in the Banach space X:

1. First, the unit ball B ≡ {x ∈ X : ∥x∥ ≤ 1} in X is compact if and only if dim(X )<∞.

2. Second, the unit ball B′ in X ′ (The closed subspace of a product of compact spaces) is weakly

compact in X ′ if and only if X is reflexive.

3. Third, B′ is always weakly star compact in the weak star topology of X ′.

8



2.1. BASIC SPACES

Proposition 2.1.9. Let ( fn)n∈N be a sequence in X ′. We have:

1.
[

fn
∗
* f in σ(X ′, X )

]
⇔

[
fn(x)→ f (x), ∀ x ∈ X

]
.

2. If fn → f (strongly), then fn * f in σ(X ′, X ′′),
If fn * f in σ(X ′, X ′′), then fn

∗
* f in σ(X ′, X ).

3. If fn
∗
* f in σ(X ′, X ), then ∥ fn∥ is bounded and ∥ f ∥ ≤ l im inf ∥ fn∥.

4. If fn
∗
* f in σ(X ′, X ) and xn → x (strongly) in X, then fn(xn)→ f (x).

2.1.2 Hilbert space

Hilbert space, named after David Hilbert,

the most significant function space in con-

temporary physics and analysis, are crucial

for rigorously studying partial differential

equations.

David Hilbert.
Definition 2.1.10. A Hilbert space H is a vectorial space supplied with inner product < u,v >
such that ∥u∥ = p< u,u > is the norm which let H complete.

Theorem 2.1.11. Let (un)n∈N be a bounded sequence in the Hilbert space H, then it possess a

subsequence which converges in the weak topology of H.

Theorem 2.1.12. In Hilbert space, all sequence which converges in the weak topology is bounded.

Theorem 2.1.13. (Lax Milgram) Assume that a(., .) : H×H → R is a continuous and coercive

bilinear form, then for every linear continuous form b ∈ H′, there exists a unique element u ∈ H

such that

a(u,v)= b(v), ∀v ∈ H.

2.1.3 Lebesgue space
Lp spaces are an important type of Banach

spaces in functional analysis, as well as

topological vector spaces. Because of their

importance in the mathematical study of

measure and probability spaces, Lebesgue

spaces, named after Henri Lebesgue, are

utilized in the theoretical discussion of is-

sues in physics, statistics, economics, fi-

nance, engineering, and other fields. Henri Lebesgue.

9
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Definition 2.1.14. Let Ω be a domain in R, the space Lp(Ω) is defined as follow:

• For 1≤ p <∞, the space Lp(Ω) is for the real functions f on Ω, such that f is measurable

and ∫
Ω
| f (x)|p dx <∞.

If f ∈ Lp(Ω), the associated norm is defined by

∥ f ∥p =
(∫
Ω
|( f (x)|p dx

) 1
p

.

• For p =∞, the space Lp(Ω) is for the measurable functions f which are essentially bounded

on Ω.

If f ∈ L∞(Ω), the associated norm is defined by

∥ f ∥∞ =Ω | f (x)| = inf
{
A ≥ 0 :µ

{
x ∈Ω : f (x)> A

}= 0
}
.

2.1.4 Sobolev space
Sobolev spaces are named after the Rus-

sian mathematician Sergei Sobolev. Their

importance comes from the fact that weak

solutions of some important partial differen-

tial equations exist in appropriate Sobolev

spaces, even when there are no strong solu-

tions in spaces of continuous functions with

the derivatives understood in the classical

sense. Sergei Sobolev.

2.1.4.1 Sobolev space W1,p(Ω)

Let C∞
0 (Ω) be the space of functions indefinitely derivable with compact support.

Definition 2.1.15. Let Ω be an open domain in Rn and 1 ≤ p ≤ ∞. Then, the Sobolev space

W1,p(Ω) is defined by

W1,p(Ω)=
{
u ∈ Lp(Ω), ∃ g ∈ Lp(Ω), such that:

∫
Ω

u(x)φ′(x)dx =−
∫
Ω

g(x)φ(x)dx, ∀φ ∈ C∞
0 (Ω)

}
.

• When p = 2, we prefer to denote W1,2(Ω) by H1(Ω).

2.1.4.2 Sobolev space Wm,p(Ω)

Definition 2.1.16. Let Ω be an open domain in Rn, m ≥ 2 and 1≤ p ≤∞. Then, the Sobolev space

Wm,p(Ω) is defined by

Wm,p(Ω)=
{
u ∈ Lp(Ω), ∀α ∈Nn with |α| ≤ m, ∃ gα ∈ Lp(Ω), such that:∫
Ω

u(x)Dαφ(x)dx = (−1)|α|
∫
Ω

gα(x)φ(x)dx, ∀φ ∈ C∞
0 (Ω)

}
,

10
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where |α| =
n∑

i=1
αi and Dαφ= ∂|α|φ

∂α1 x1∂
α2 x2...∂αn xn

.

The Sobolev space Wm,p(Ω) is equipped with the following norm

∥u∥Wm.p(Ω) = ∥u∥Lp(Ω) +
∑

0<α≤m
∥Dαu∥Lp(Ω).

• When p = 2, we prefer to denote Wm,2(Ω) by Hm(Ω). The Hm(Ω) space is equipped with the

following scalar product

< u,v >Hm(Ω)=< u,v >L2(Ω) +
m∑
α=1

< Dαu,Dαv >L2(Ω), ∀u and v ∈ Hm(Ω).

2.1.4.3 Sobolev space W1,p
0 (Ω)

Let Ck
c (Ω) be the function space k times derivable and the order derivative k is continuous with

compact support.

Definition 2.1.17. Let 1≤ p <∞, we denote by W1,p
0 (Ω) the closure of C∞

c (Ω) in W1,p(Ω).

• For p = 2, we note W1,2
0 (Ω)= H1

0(Ω).

Notation 2.1.18. W−1,p(Ω) is the dual space of W1,p
0 (Ω), where 1≤ p <∞, and H−1(Ω) is the dual

space of H1
0(Ω).

Theorem 2.1.19. We have:

1. Hm(Ω) equipped with inner product < ., .>Hm(Ω) is a Hilbert space.

2. If m ≥ m′, Hm(Ω) ,→ Hm′
(Ω), with continuous embedding.

Lemma 2.1.20. Since C∞
0 (Ω) is dense in Hm

0 (Ω), we identify a dual space H−m(Ω) of Hm
0 (Ω) in a

weak subspace on Ω, and we have

C∞
0 (Ω) ,→ Hm

0 (Ω) ,→ L2(Ω) ,→ H−m(Ω) ,→ (C∞
0 (Ω))′.

2.2 Useful inequalities

2.2.1 Hölder inequality

The Hölder inequality, so named in honor of

Otto Hölder, is a fundamental inequality

with regard to Lp function spaces, such as

lp sequence spaces.

This is a generalization of the Cauchy-

Schwarz inequality.
Otto Hölder.

11
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Lemma 2.2.1. For p and q two conjugated real numbers, i.e. 1
p + 1

q = 1, for f and g two positive

measurable functions. Then, for all f ∈ Lp(Ω), g ∈ Lq(Ω): f g ∈ L1(Ω), we have

• If p, q ∈ [1,+∞], we have∫
Ω
| f (x)g(x)|dx ≤

(∫
Ω
| f (x)|p dx

) 1
p
(∫
Ω
|g(x)|q dx

) 1
q

.

• If p = 1, q =+∞, we have∫
Ω
| f (x)g(x)|dx ≤

(∫
Ω
| f (x)|dx

)
∥g∥L∞(Ω).

Remark 2.2.2. The Cauchy-Schwarz inequality is a special case of Hölder’s inequality when p = 2

and q = 2.

Theorem 2.2.3. Let a1, ...,an and b1, ...,bn be real. Then

(a1b1 + ...+anbn)2 ≤ (
a2

1 + ...+a2
n
)(

b2
1 + ...+b2

n
)
,

with equality if and only if the vectors a = (a1, ...,an) and b = (b1, ...,bn) are collinear, i.e.,

∃ k ∈R, such that: a = kb.

• Particular case: If ∀ i = 1, ...,n : bi = 1. Then (a1b1 + ...+anbn)2 ≤ n
(
a2

1 + ...+a2
n
)
.

2.2.2 Young inequality
A mathematical inequality concerning the

product of two integers is known as Young’s

inequality for products. William Henry
Young is honored by the name of the in-

equality.

Hölder’s inequality may be shown using

Young’s inequality for products. Since it en-

ables one to estimate a product of two terms

by a sum of the same terms raised to a

power and scaled, it is also often used to

estimate the norm of nonlinear terms in

PDE theory.

William Henry Young.

Lemma 2.2.4. For p and q two conjugated real numbers. Then, for all f and g ∈R+, we have

f g ≤ 1
p

f p + 1
q

gq.

Remark 2.2.5. The above inequality is expressed as follows for p = q = 2

∀ε> 0, f g ≤ ε f 2 + 1
4ε

g2.

12
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2.2.3 Poincaré inequality
Sobolev’s theory of spaces leads to the math-

ematical inequality known as Poincaré. The

French mathematician Henri Poincaré is

honored by the name of the inequality.

A function may be limited using this in-

equality by estimating its derivatives and

the geometry of its domain of definition. For

the modern, direct approach of estimating

variations, these estimations are crucial. Henri Poincaré.

Lemma 2.2.6. There exists a positive constant K, for Ω a bounded domain in Rn+, such that

∀ f ∈ H1
0(Ω), ∥ f ∥H1(Ω) ≤ K∥∇ f ∥L2(Ω),

where ∇ f =
(
∂ f
∂x1

, ∂ f
∂x2

, ..., ∂ f
∂xn

)
.

The following is the usual Poincaré inequality in L2(Ω):

Lemma 2.2.7. Let f ∈ H1
0(Ω). Then, there exists a positive constant K, so that

∥ f ∥L2(Ω) ≤ K∥∇ f ∥L2(Ω).

2.3 Convolution product

Definition 2.3.1. The convolution product of two real or complex functions, f and g, results in

another function, denoted as ( f ∗ g) and defined by:

( f ∗ g)(t)=
∫ t

0
f (r)g(t− r)dr =

∫ t

0
f (t− r)g(r)dr, t ≥ 0.

Definition 2.3.2. We define the binary operators □ and ◦ respectively by

(h□ut)(t)=
∫ t

0
|h(t− r)| |ut(t)−ut(r)|dr,

(h◦ut)(t)=
∫ t

0
|h(t− r)| |ut(t)−ut(r)|2 dr.

Lemma 2.3.3. We have for t ≥ 0∫ 1

0
ut(t)

∫ t

0
h(t− r)utt(x, r)drdx

=−1
2

∫ 1

0
h′□utdx+ 1

2
d
dt

∫ 1

0

∫ t

0
h(t− r)u2

t (x, r)drdx+ 1
2

h(t)
∫ 1

0
u2

t dx−h(t)
∫ 1

0
ut(t)ut(0)dx,(2.4)

for all ut ∈ C1 (
[0,∞) ;L2 (0,1)

)
and h ∈ C1 ([0,∞)).

13
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Lemma 2.3.4. Let ut ∈ C1 (
[0,∞) ;L2 (0,1)

)
and h ∈ C1 ([0,∞)). Then, we have

[(h□ut)(t)]2 ≤
(∫ t

0
|h(t− r)|dr

)
(h◦ut)(t).(2.5)

Proof. By applying Cauchy-Schwarz’s inequality, we get

[(h□ut)(t)]2 =
[∫ t

0
|h(t− r)| |ut(t)−ut(r)|dr

]2

=
[∫ t

0
|h(t− r)| 1

2 |h(t− r)| 1
2 |ut(t)−ut(r)|dr

]2

≤
[(∫ t

0
|h(t− r)|dr

) 1
2
(∫ t

0
|h(t− r)| |ut(t)−ut(r)|2 dr

) 1
2
]2

≤
(∫ t

0
|h(t− r)|dr

)
(h◦ut)(t).

■

Lemma 2.3.5. Let ut ∈ C1 (
[0,∞) ;L2 (0,1)

)
and h ∈ C1 ([0,∞)). Then, we have

[(ut ∗h)(t)]2 ≤ 2
(∫ t

0
h(t− r)dr

)2

u2
t +2

(∫ t

0
h(t− r)dr

)
(h◦ut)(t).(2.6)

Proof. By using the fact that ( f + g)2 ≤ 2 f 2 +2g2, and (2.5), we obtain

[(ut ∗h)(t)]2 =
[∫ t

0
h(t− r)ut(r)dr

]2

=
{∫ t

0
−h(t− r) [−ut(r)+ut(t)−ut(t)]dr

}2

=
{∫ t

0
−h(t− r) [ut(t)−ut(r)]dr+

∫ t

0
h(t− r)ut(t)dr

}2

≤ 2
[∫ t

0
h(t− r)ut(r)dr

]2

+2
{∫ t

0
h(t− r) [ut(t)−ut(r)]dr

}2

≤ 2
[∫ t

0
h(t− r)ut(r)dr

]2

+2
(∫ t

0
h(t− r)dr

)
(h◦ut)(t).

■

2.4 Integral inequalities

In this part, we review several well-known and extensively utilized integral inequalities for

improving the efficiency of dissipative and non-dissipative evolution systems. A. Haraux [34, 35]

and V. Komornik [46] proposed the following lemmas for estimating the energy of dissipative

issues.
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Lemma 2.4.1. Let E : R+ → R+ be a decreasing continuous function and G : R+ → R+ a strictly

increasing function of class C1(R+) such as

G(0)= 0 and lim
t→+∞G(t)=+∞.

We suppose that ∃ p ≥ 0 and ∃ q > 0 such that∫ +∞

s
G′(t)Ep+1dt ≤ 1

d
Ep(0)E(s), ∀s > 0.

Then,

• E(t)≤ E(0)e1−dG(t), ∀t > 0, if p = 0.

• E(t)≤ E(0)( 1+p
1+pdG(t) )

1
p , ∀t > 0, if p > 0.

In the particular case where G(t)= t, we deduce the following inequalities:

• E(t)≤ E(0)e1−dt, ∀t > 0, if p = 0.

• E(t)≤ E(0)( 1+p
1+pdt )

1
p , ∀t > 0, if p > 0,

called respectively, exponential estimation and polynomial estimation.

2.5 Operators notions

Let E and F be two spaces of Banach, and let B(E) be a space of bounded linear operators from E

to E.

Definition 2.5.1. (Unbounded linear operator)
A linear operator is a linear application defined on a vector subspace D(A)⊂ E which has values

in F, (D(A) is called the operator domain of A).

A :D(A)⊂ E → F,

D(A)=
{
u ∈ E, Au ∈ F

}
,

and ∀ u, v ∈D(A), ∀ λ in C

A(u+v)=Au+Av,

A(λu)=λAu.

Definition 2.5.2. A is a bounded linear operator if it exists c ≥ 0 such that

∀u ∈D(A), ∥Au∥F ≤ c∥u∥E.

We note that A ∈ B(E).

15
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Definition 2.5.3. (Graph-Kernel-Image )
The graph of A is the vector subspace of E×F noted Gr(A), defined by

Gr(A)=
{

(u,Au) : u ∈D(A)
}
.

The kernel of A is the subspace of E noted ker(A), defined by

ker(A)=
{
u ∈D(A) :Au = 0

}
.

The image of A is the subspace of F noted Im(A), defined by

Im(A)=
{
Au, u ∈D(A)

}
.

• If ker(A)= 0, then A is injective.

• If Im(E)= F, then A is surjective.

• If A is simultaneously injective and surjective, it is bijective.

Definition 2.5.4. (Invertible Operator)
An operator A :D(A)⊂ E → F is invertible if it is bijective and has a bounded inverse

A−1 : F →D(A)⊂ E.

Definition 2.5.5. (Maximal Monotone Operators)
An unbounded linear operator A :D(A)⊂ H → H is said to be monotone if it satisfies

<Av,v > ≥ 0, ∀v ∈D(A).

In the case of a complex Hilbert space, the previous condition will be

Re <Av,v > ≥ 0, ∀v ∈D(A).

It is called maximal monotone if in addition Im(I +A) = H, i.e., ∀ f ∈ H, ∃u ∈ D(A), such that

u+Au = f .

Proposition 2.5.6. Let A be a maximal monotone operator. Then

• D(A) is dense in H,

• A is a closed operator,

• ∀ λ> 0, (I +λA) is bijective from D(A) onto H, (I +λA)−1 is a bounded operator,

and ∥(I +λA)−1∥ ≤ 1.

Remark 2.5.7. If −A is monotone, we say that A is dissipative.
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Definition 2.5.8. (Dissipative operator)
The operator A is called dissipative if

∀x ∈D(A), <Ax, x > ≤ 0.

In the case of a complex Hilbert space, the previous condition will be

∀x ∈D (A), Re <Ax, x > ≤ 0.

Definition 2.5.9. An unbounded linear operator A in E is said m-dissipative if

• A is dissipative.

• ∀ f ∈ E, ∀λ> 0, ∃x ∈D(A), such that λx−Ax = f .

Theorem 2.5.10. Let E be a Banach space. If A is m-dissipative, then for all λ> 0, the operator

λI−A has an inverse, where (λI−A)−1 f belongs to D(A), for all f ∈ E and (λI−A)−1 is a bounded

linear operator on E verifying

∥(λI −A)−1∥ ≤ 1
λ

.

2.5.1 The spectrum and the resolvent set of an operator

Let H be a space of Hilbert, and B(H) be a space of bounded linear operators from H to H.

Definition 2.5.11. Let A be an operator defined on H. The resolvent set of A, denoted by ϱ(A), is

the set of λ ∈C such that λI −A is invertible.

ϱ(A)=
{
λ ∈C : (λI −A)−1 is inversible in B(H)

}
.

Definition 2.5.12. Let A be an operator defined on H. The spectrum σ (A) of operator A is the

complement of the resolvent set, i.e.,

σ (A)=C\ϱ(A).

Definition 2.5.13. (Resolvent application)
The resolvent application of A is the one defined as follow:

R (.,A) : ϱ (A)→ B (H)

λ→ R (λ,A)= (λI −A)−1 , ∀λ ∈ ϱ(A).

Proposition 2.5.14. For a bounded operator A on a Banach space, the spectrum σ (A) is always

compact and not empty, hence its spectral radius

r (A)= sup
{
|λ| :∀λ ∈σ (A)

}
,

satisfies r (A)≤ ∥A∥.

Theorem 2.5.15. If A ∈ B(H) and ∥A∥ < 1, then I −A is invertible and

(I −A)−1 =
∞∑

n=1
An.
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2.6 Exponential stability of C0-semigroup

Let L(H) be the space of all bounded linear operator over H.

2.6.1 C0-semigroup

Definition 2.6.1. A family
{
S(t)

}
t≥0 of linear continuous operator is called semigroup strongly

continuous (C0-semigroup) on H if it satisfies the following properties

• S(0)= I, (I is the identity operator of x).

• S(t+ s)= S(t)S(s), ∀t, s ≥ 0.

• lim
t→0+ S(t)x = x, ∀x ∈ H.

Definition 2.6.2. We call an infinitesimal generator of a C0-semigroup
{
S(t)

}
t≥0 an operator A

defined on the set

D(A)=
{

x ∈ H, lim
t→0+

S(t)x− x
t

∃
}
,

for

Ax = lim
t→0+

S(t)x− x
t

, ∀x ∈D(A).

Sometimes we note
{
eAt}

t≥0 instead of
{
S(t)

}
t≥0.

Definition 2.6.3.
{
eAt}

t≥0 is said to be exponentially stable if there exist two positive constants, α

and M, such that

∥eAt∥L(H) ≤ Me−αt, ∀t ≥ 0.

2.6.2 C0-semigroup generated by a dissipative operator

We suppose that the linear operator A generates a C0-semigroup eAt on a space of Hilbert H.

Theorem 2.6.4. (Hille-Yosida) A linear operator (unbound) A :D(A)⊂ H → H is the infinitesimal

generator of a C0-semigroup of contraction
{
S(t)

}
t≥0, if and only if:

• A is closed and D(A)= H.

• The resolvent set ρ(A) of A contains R+, and

∀λ> 0, ∥ (λI −A)−1 ∥L(H) ≤
1
λ

.

Theorem 2.6.5. (Lumer-Phillips) An unbounded linear operator A in H is the infinitesimal

generator of a C0-semigroup of contractions on H, if and only if A is m-dissipative and dense

domain in H.
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Theorem 2.6.6. Let A be a linear operator with dense domain D(A) in a Hilbert space H. If

A is dissipative and 0 ∈ ρ(A), the resolvent set of A, then A is the infinitesimal generator of a

C0-semigroup of contractions on H.

Theorem 2.6.7. Let A :D(A)⊂ H → H is the infinitesimal generator of a C0-semigroup of contrac-

tion
{
S(t), t ≥ 0

}
. Then, for each ξ ∈D(A) and each t ≥ 0, we have S(t)ξ ∈D(A) and the mapping

(2.7) t → S(t)ξ

is of class C1 on [0,+∞) and satisfies

(2.8)
d
dt

(S(t)ξ)=AS(t)ξ= S(t)Aξ.

Theorem 2.6.8. (Existence and uniqueness: Hille-Yosida) Let A be a maximum operator

monotone (m-dissipative ) in a space of Hilbert H. Then for all u0 ∈D(A) it exists a unique function

u ∈ C1([0,+∞[;H)∩C([0,+∞[;D(A)),

such that 
du
dt

−Au = 0, on Ω× [0,+∞[,

u(x,0)= u0(x).

In addition, we have

∥u(t)∥ ≤ ∥u0∥, and ∥Au(t)∥ ≤ ∥Au0∥, ∀t ≥ 0.

2.6.3 Exponential stability

Theorem 2.6.9. Let S(t) = eAt a C0-semigroup on a Hilbert space. Then S(t) is exponentially

stable if and only if

sup
{
Re(λ), λ ∈ ρ(A)

}< 0,

and

sup∥(λI −A)−1∥L(H) <∞.

Theorem 2.6.10. (Gearhart-Pruss) Let
{
eAt}

t≥0 be a C0-semigroup of contraction generated by

operator A in a Hilbert space H. Then the semigroup is exponentially stable if and only if

iR= {
iλ, λ ∈R}⊂ ρ(A),

and

lim|λ|→∞∥(iλI −A)−1∥L(H) <∞, λ ∈R.
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2.6.4 Lack of exponential decay

According to Gerhart-Prüss-Huang theorem, to prove that a solution U of a linear systemUt(t)=AU(t), t ≥ 0,

U(0)=U0,

is not exponentialy stable, it suffices to prove that there exists a sequence (Fn)n∈N ⊂ H with

bounded norm ∥Fn∥ < 1, such that

lim
|λ|→∞

∥ (iλI −A)−1 Fn∥H = lim
|λ|→∞

∥Un∥H =∞.
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3
WELL-POSEDNESS AND STABILITY RESULT FOR A SWELLING POROUS

ELASTIC SYSTEM WITH NEUTRAL DELAY AND POROUS DAMPING

3.1 Introduction

In recent decades, the theory of mixtures of solids has received a lot of attention by researchers

and an increasing interest has been oriented to the study of the qualitative properties of solutions

related to mixtures composed by two interacting continua, see [6]-[9]-[13]. Note that one of the

first works in continuity theory applied to mixtures were the contributions of [72]-[31]. Eringen

in [24] developed the first mathematical model consisting of three partial differential equations

that give form to the problem of saturation of porous solids by the action of a gas or fluids. This

mathematical model represents, in fact, the theory of mixtures for the saturation of porous solids

by the action of a gas or fluid. Then, several mathematical results on the existence, uniqueness

and asymptotic behaviour for this theory have been developed by many researchers see [58]-

[5]. Alves et al in [2], considered the one-dimensional system composed of a mixture of two

thermoelastic solids. By using the semigroup method, they established a necessary and sufficient

condition over the coefficients of the system to get the exponential stability of the corresponding

semigroup. As established by Ieşan [38], towards the end of the 19th century and simplified by

Quintanilla in [55], the basic field equations for the theory of swelling of one-dimensional porous

elastic soils are given by

ρzztt = P1x −G1 +H1(3.1)

ρuutt = P2x +G2 +H2,

here Pi denote the partial tensions, Hi are the external forces, G i are internal body forces

associated with the dependent variables z and u, respectively. z is the displacement of the fluid,
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u is the elastic solid material and the coefficients ρz and ρu are the densities of each constituent.

We assume that the constitutive equations of partial tensions are given by

(3.2)

(
P1

P2

)
=

(
a1 a2

a2 a3

)
︸          ︷︷          ︸

=A

(
zx

ux

)
,

where a1, a3 > 0 and a2 , 0 is a real number. The matrix A is positive definite such that

a1a3 > a2
2. Ramos et al. [60] studied the case H1 = 0 and H2 =−γ (t) g (ut) where γ (t) g (ut) is a

nonlinear damping term, which acts only in the second equation. Using the multiplier method

and some properties of convex functions, they established an exponential decay rate provided

that the wave speeds of the system are equal. Similarly, in [74] Wang and Guo considered (3.1)
with initial and some mixed boundary conditions and took

(3.3) G1 =G2 = 0, H1 =−ρuγ(x)ut, H2 = 0,

where γ(x) is an internal viscous damping function with positive mean. Using the Riesz basis

approach, they proved that the whole system can be exponentially stabilized by a single internal

viscous damping. For more interesting results on swelling porous elastic soils, we refer the reader

to [57]-[19].

Now, on the other hand, the scientific community is observing a considerable growth interest

in problems involving time delays, because most phenomena naturally depend not only on the

current state but also on some past events see [59]-[1]. Tatar in [71], considered the following

damped wave equation with neutral delay

utt = uxx −ut −
∫ t

0
h (t− s)utt (s)ds, x ∈ (0,1) , t > 0,

with initial and boundary conditions{
u (x,0)= u0 (x) , ut (x,0)= u1 (x) , x ∈ (0,1) ,

u (0, t)= u (1, t)= 0, t ≥ 0,

he demonstrated that the solution decays exponentially under certain conditions on the kernel h.

In many cases, it has been shown that delay is a source of instability unless additional conditions

or control terms are added, as in the work of Kerbal and Tatar [44], where they investigated the

following neutrally delayed viscoelastic Timoshenko beam system
ϕtt =

(
ϕx +ψ

)
x ,(

ψt +
∫ t

0
k (t− s)ψt (s)ds

)
t
=ψxx −

∫ t

0
g (t− s)ψxx (s)ds− (

ϕx +ψ
)
,

for x ∈ (0,1), t > 0 with initial and boundary conditions{
ϕ (x,0)=ϕ0 (x) , ϕt (x,0)=ϕ1 (x) , x ∈ (0,1) ,

ψ (x,0)=ψ0 (x) , ψt (x,0)=ψ1 (x) , x ∈ (0,1) .{
ϕ (0, t)=ϕ (1, t)=ψ (0, t)=ψ (1, t)= 0 , t ≥ 0,
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they obtained an exponential stability result.

Our present work focuses on the study of system (3.1) with internal and external body forces,

which act only on the elastic solid, present the porous dissipation and the neutral delay term

respectively.

(3.4) G1 = 0, G2 =−βut, H1 = 0, H2 =−
[∫ t

0
h(t− r)ut(r)dr

]
t
,

where β is a positive constant and h is a given kernel.

Thus, when we substitute (3.4) into (3.1), our system becomes

(3.5)
ρzztt = a1zxx +a2uxx, in Ω

ρu

[
ut +

∫ t
0 h(t− r)ut(x, r)dr

]
t
= a3uxx +a2zxx −βut, in Ω

with initial conditions

(3.6)
z(x,0)= z0(x), zt(x,0)= z1(x),

u(x,0)= u0(x), ut(x,0)= u1(x), x ∈ [0,1]

and boundary conditions given by

(3.7) z(0, t)= z(1, t)= u(0, t)= u(1, t)= 0, t ≥ 0,

where Ω= (0,1)× (0,∞) .

(H) The kernel h is a nonnegative continuously differentiable and summable function satisfying

(3.8) h′(t)≤−ηh(t),
∫ +∞

0
eτr |h(t)|dr <∞, t ≥ 0,

for some positive constants η and τ.

The associated energy E(t) is a nonnegative functional defined as

E(t)= 1
2

∫ 1

0

(
ρzz2

t +a1z2
x +2a2zxux +ρuu2

t +a3u2
x
)
dx+ ρu

2

∫ 1

0

(∫ t

0
h(t− r)u2

t (x, r)dr
)

dx.

Observing that

a3u2
x +2a2uxzx +a1z2

x =
1
2

[
a3

(
ux + a2

a3
zx

)2
+a1

(
zx + a2

a1
ux

)2
+

(
a3 −

a2
2

a1

)
u2

x +
(
a1 −

a2
2

a3

)
z2

x

]
,

with the use of assumption a3a1 > a2
2, we get

a3u2
x +2a2uxzx +a1z2

x >
1
2

[(
a3 −

a2
2

a1

)
u2

x +
(
a1 −

a2
2

a3

)
z2

x

]
.

Now, we conclude that

E(t)> 1
2

∫ 1

0
[ρzz2

t +a′
1z2

x +ρuu2
t +a′

3u2
x +ρu

∫ t

0
h(t− r)u2

t (x, r)dr]dx,

where 2a′
1 = a1 − a2

2
a3

and 2a′
3 = a3 − a2

2
a1

.
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3.2 Well posedness result

In this part, we will use Faedo-Galerkin technique to demonstrate the global existence and

uniqueness of system’s solutions (3.5)-(3.7), where we shall utilize the regular Lebesgue space

L2 (0,1) and the Sobolev space H1
0 (0,1) with their typical scalar products and norms . The space

H is defined as

(3.9) H= [
H1

0 (0,1)×L2 (0,1)
]2

.

The following theorem is used as the first outcome.

Theorem 3.2.1. For all (z0, z1,u0,u1) ∈H, (H) is verified, and T > 0, there existes a unique weak

solution of problem (3.5)-(3.7) on (0,T), such that

(z,u) ∈ C([0,T] ,H1
0 (0,1))∩C1([0,T] ,L2 (0,1)),

(zt,ut) ∈ L2([0,T] , (0,1))∩L2([0,T] ,H1
0 (0,1)).

Proof. Existence : The main tool of our proof is the use of Faedo-Galerkin’s method, which

base on the construction of approximations of the solutions, then we obtain an energy estimates

proving that tn = T for n ∈N. Finally, we pass to the limit of the approximations, for more details

see [23]-[26].

Step 1 : Faedo-Galerkin approximations. For every n ≥ 1, let Vn = Span {w1, ...,wn}, 1 ≤ i ≤ n,

be a Hilbert basis of the space H1
0 (0,1) and L2 (0,1). As Hilbert space is a separable space, we

can choose zn
0 , zn

1 , un
0 and un

1 ∈ [w1, ...,wn] such that

zn
0 =

n∑
k=1

αn
kwk → z0 in H1

0 (0,1) ,

zn
1 =

n∑
k=1

βn
kwk → z1 in H1

0 (0,1) ,

un
0 =

n∑
k=1

ᾱn
kwk → u0 in H1

0 (0,1) ,

un
1 =

n∑
k=1

β̄n
kwk → u1 in H1

0 (0,1) .(3.10)

Now, we search for solution having the following form

zn =
n∑

k=1
gn

k (t)wk (x) ,

un =
n∑

k=1
ḡn

k (t)wk (x) ,

of the following approximate system, for k = 1, ...,n

(3.11){
ρz

∫ 1
0 zn

ttwkdx+a1
∫ 1

0 zn
x wkxdx+a2

∫ 1
0 un

x wkxdx = 0,

ρu
∫ 1

0

[
un

t +
∫ t

0 h(t− r)un
t (x, r)dr

]
t
wkdx+a3

∫ 1
0 un

x wkxdx+a2
∫ 1

0 zn
x wkxdx+β∫ 1

0 un
t wkdx = 0,
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with initial data

(3.12) zn(x,0)= zn
0 (x), zn

t (x,0)= zn
1 (x), un(x,0)= un

0 (x), un
t (x,0)= un

1 (x).

By using the Caratheodory theorem for an ordinary differential equation, we derive that the

aforementioned Cauchy problem (3.11)− (3.12) has a unique global solution
(
gn

k (t) , ḡn
k(t)

)
k=1,...,n

defined on [0, tn] .

Step 2 : Energy estimates.
The main purpose of this step is to prove that tn = T, we obtain this result by multiplying in

L2 the first and the second equation of system (3.11) by
((

gn
k (t)

)′ , (
ḡn

k(t)
)′) respectively, and by

using integration by parts, boundary-initial conditions and (2.4), we find for all t > 0

1
2

d
dt

∫ 1

0

[
ρz

(
zn

t
)2 +a1

(
zn

x
)2 +2a2un

x zn
x +ρu

(
un

t
)2 +a3

(
un

x
)2 +ρu

∫ t

0
h(t− r)

(
un

t (r)
)2 dr

]
dx

=−
(ρu

2
h(t)+β

)∫ 1

0

(
un

t
)2 dx+ ρu

2

∫ 1

0
h′□un

t dx,(3.13)

for every n ≥ 1. From the hypotheses on the function h, and by integrating (3.13) over (0, t), we

obtain

1
2

∫ 1

0

[
ρz

(
zn

t
)2 +a1

(
zn

x
)2 +2a2un

x zn
x +ρu

(
un

t
)2 +a3

(
un

x
)2 +ρu

∫ t

0
h(t− r)

(
un

t (r)
)2 dr

]
dx

≤ 1
2

∫ 1

0

[
ρz

(
zn

1
)2 +a1

(
zn

0
)2 +2a2un

0 znn
0 +ρu

(
un

1
)2 +a3

(
un

0
)2 +ρu

∫ t

0
h(t− r)

(
un

1 (r)
)2 dr

]
dx.

(3.14)

(3.14) may be noted as

(3.15) En(t)≤ En(0).

Now, since the energy is nonnegative, from (3.10) and the hypotheses on the function h, we can

write (3.15) as

(3.16) En(t)≤ E(0)≤ C,

where C is a positive constant independent of n and t. From (3.16), we deduce that(
zn,un)

are bounded in L∞ (
[0,T] ;H1

0 (0,1)
)
,(3.17) (

zn
t ,un

t
)

are bounded in L∞ (
[0,T] ;H1

0 (0,1)
)
.

Step 3 : The limit process.
Now, by using Aubin-Lions theorem [47] and up to the subsequence, we can observe from

(3.17) that there exists a subsequences (zm,um) of (zn,un), such that(
zm,um)→ (z,u) weak * in L∞ (

[0,T] ;H1
0 (0,1)

)
,(3.18) (

zm
t ,um

t
)→ (zt,ut) weak * in L∞ (

[0,T] ;H1
0 (0,1)

)
,
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and by using the fact that

L∞ (
[0,T] ;H1

0 (0,1)
)
,→ L2 (

[0,T] ;H1
0 (0,1)

)
.

We get

(
zn,un)

are bounded in L2 (
[0,T] ;H1

0 (0,1)
)
,(3.19) (

zn
t ,un

t
)

are bounded in L2 (
[0,T] ;H1

0 (0,1)
)
.

Therefore,

(3.20)
(
zn,un)

are bounded in H1 (
[0,T] ;H1 (0,1)

)
.

Since the embedding H1 (
[0,T] ;H1 (0,1)

)
,→ L2 (

[0,T] ;L2 (0,1)
)

is compact, then the subsequences

(
zm,um)→ (z,u) strongly in L2 (

[0,T] ;L2 (0,1)
)
,(3.21) (

zm
t ,um

t
)→ (zt,ut) strongly in L2 (

[0,T] ;L2 (0,1)
)
.

Uniqueness : Let
(
z1,u1)

and
(
z2,u2)

two solutions of (3.5)-(3.7), and let

z̃ = z1 − z2 and ũ = u1 −u2 satisfy

(3.22)

{
ρz z̃tt −a1 z̃xx −a2ũxx = 0,

ρu

[
ũt +

∫ t
0 h(t− r)ũt(x, r)dr

]
t
−a3ũxx −a2 z̃xx +βũt = 0.

Multiplying (3.22) by z̃t, ũt respectively, then integrating over (0,1) and by using (2.4), we get

1
2

d
dt

∫ 1

0

[
ρz z̃2

t +a1 z̃2
x +2a2ũx z̃x +ρu ũ2

t +a3ũ2
x +ρu

∫ t

0
h(t− r)ũ2

t (r)dr
]

dx

=−
(ρu

2
h(t)+β

)∫ 1

0
ũ2

t dx+ ρu

2

∫ 1

0
h′□ũtdx.(3.23)

Now, we integrate (3.23) over (0, t), we obtain :

1
2

∫ 1

0

[
ρz z̃2

t +a1 z̃2
x +2a2ũx z̃x +ρu ũ2

t +a3ũ2
x +ρu

∫ t

0
h(t− r)ũ2

t (r)dr
]

dx

=−
(
ρu

2

∫ t

0
h(r)dr+βt

)∫ 1

0
ũ2

t dxds− ρuη

2

∫ t

0

∫ 1

0
h□ũtdxds ≤ 0.(3.24)

From estimate (3.24), we deduce that (z̃, ũ)= (0,0), which implies that problem (3.5)-(3.7) has a

unique solution.

Continuous dependence : Multiplying the first and the second equation of system (3.5) by zt,

ut respectively, we obtain

(3.25)
1
2

d
dt

∫ 1

0

[
ρzz2

t +a1z2
x +2a2uxzx +ρuu2

t +a3u2
x +ρu

∫ t

0
h(t− r)u2

t (r)dr
]
≤ 0,
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integrating (3.25) over (0, t), and from the positivity of the energy, we can get the following

estimate:

(3.26)

E(t)≤ E(0)+ 1
2

∫ t

0

∫ 1

0

ρzz2
t +a1z2

x +2a2uxzx︸      ︷︷      ︸
f0

+ρuu2
t +ρu

∫ t

0
h(t− r)u2

t (r)dr+a3u2
x

dx

dτ.

Now, applying Young’s inequality to f0 with the fact that a1a3 > a2
2, gives

E(t)≤ E(0)+ 1
2

∫ t

0

[∫ 1

0

(
ρzz2

t +2a1z2
x ++ρuu2

t +2a3u2
x +ρu

∫ t

0
h(t− r)u2

t (r)dr
)

dx
]

dτ

≤ E(0)+ρ1

∫ t

0

[∫ 1

0

(
z2

t + z2
x ++u2

t +u2
x +

∫ t

0
h(t− r)u2

t (r)dr
)

dx
]

dτ,(3.27)

where 2ρ1 =max
(
ρz,2a1,ρu,2a3

)
. On the other side, we know that

E(t)> 1
2

∫ 1

0

[
ρzz2

t +a′
1z2

x +ρuu2
t +a′

3u2
x +ρu

∫ t

0
h(t− r)u2

t (x, r)dr
]

dx,

> ρ2

∫ 1

0

[
z2

t + z2
x +u2

t +
∫ t

0
h(t− r)u2

t (x, r)dr+u2
x

]
dx,(3.28)

where 2ρ2 =max
(
ρz,a′

1,ρu,a′
3
)
, 2a′

1 = a1 − a2
2

a3
and 2a′

3 = a3 − a2
2

a1
. From (3.27)− (3.28), we get

ρ2

∫ 1

0

[
z2

t + z2
x +u2

t +
∫ t

0
h(t− r)u2

t (x, r)dr+u2
x

]
dx

< E(0)+ρ1

∫ t

0

[∫ 1

0

(
z2

t + z2
x ++u2

t +u2
x +

∫ t

0
h(t− r)u2

t (r)dr
)

dx
]

dτ.(3.29)

Applying Gronwall’s inequality on (3.29), we obtain

(3.30)
∫ 1

0

[
z2

t + z2
x +u2

t +
∫ t

0
h(t− r)u2

t (x, r)dr+u2
x

]
dx ≤ E(0)eρ3 t,

where ρ3 is a positive constant. From (3.30), we deduce that the solution of problem (3.5)-(3.7)
continuously depends on initial data. ■

3.3 Stability Result

In this section, we set out and prove several fundamental lemmas. Then, we end with the

confirmation of our stability result.

Lemma 3.3.1. The energy functional E, defined by

(3.31)

E(t)= 1
2

∫ 1

0

(
ρzz2

t +a1z2
x +2a2zxux +ρuu2

t +a3u2
x
)
dx+ ρu

2

∫ 1

0

(∫ t

0
h(t− r)u2

t (x, r)dr
)

dx, t > 0,

satisfies

(3.32) E′(t)≤−β
∫ 1

0
u2

t dx+ ρu

2

∫ 1

0
h′□utdx, t > 0.
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Proof. Multiplying the first equation of (3.5) by zt, and integrating by parts over (0,1), we obtain

(3.33)
ρz

2
d
dt

∫ 1

0
z2

t dx+ a1

2
d
dt

∫ 1

0
z2

xdx+a2

∫ 1

0
uxztxdx = 0.

Multiplying the second equation of (3.5) by ut, and integrating by parts over (0,1), we obtain

ρu

2
d
dt

∫ 1

0
u2

t dx+ρu

∫ 1

0

[∫ t

0
h(t− r)ut(r)dr

]
t
utdx+ a3

2
d
dt

∫ 1

0
u2

xdx+a2

∫ 1

0
zxutxdx+β

∫ 1

0
u2

t dx = 0.

(3.34)

We have

(3.35)
[∫ t

0
h(t− r)ut(r)dr

]
t
=

∫ t

0
h(t− r)utt(r)dr+h(t)ut(0).

By using (2.4) and (3.35), we get

ρu

2
d
dt

∫ 1

0
u2

t dx− ρu

2

∫ 1

0
h′□utdx+ ρu

2
h(t)

∫ 1

0
u2

t dx+ ρu

2
d
dt

∫ 1

0

∫ t

0
h(t− r)u2

t (r)drdx+ a3

2
d
dt

∫ 1

0
u2

xdx

+a2

∫ 1

0
zxutxdx+β

∫ 1

0
u2

t dx = 0.

(3.36)

Now adding (3.33) to (3.36) and by using the fact that the kernenl h is a nonnegative function,

we get, for any t > 0,

1
2

d
dt

∫ 1

0
[ρzz2

t +a1z2
x +2a2zxux +ρuu2

t +a3u2
x +ρu

∫ t

0
h(t− r)u2

t (x, r)dr]dx

≤−β
∫ 1

0
u2

t dx+ ρu

2

∫ 1

0
h′□utdx.

This completes the proof of the lemma. ■

Lemma 3.3.2. The functional

(3.37) I1(t)= ρu

∫ 1

0

(
ut +

∫ t

0
h(t− r)ut(r)dr

)
udx+ β

2

∫ 1

0
u2dx− a2

a1
ρz

∫ 1

0
ztudx, t > 0,

satisfies, for any ε1 > 0,

(3.38) I ′1(t)≤−
(
a3 −

a2
2

a1

)∫ 1

0
u2

xdx+ε1

∫ 1

0
z2

t dx+C1

∫ 1

0
u2

t dx+ ρu

2

∫ t

0
h(r)dr

∫ 1

0
h◦utdx, t > 0,

where C1 = ρu

[
a2

2ρ
2
z

4ρuε1a2
1
+∫ t

0 h(r)dr+ 3
2

]
.

Proof. A simple differentiation of (3.37) and by using the first and the second equation of (3.5),

we find

(3.39) I ′1(t)=−
(
a3 −

a2
2

a1

)∫ 1

0
u2

xdx+ρu

∫ 1

0
u2

t dx− a2

a1
ρz

∫ 1

0
ztutdx︸                ︷︷                ︸

f1

+ρu

∫ 1

0
ut

∫ t

0
h(t− r)ut(r)drdx︸                                 ︷︷                                 ︸

f2

.
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Applying Young’s inequality to f1 and f2 with the help of (2.6), gives

f1 ≤ ε1

∫ 1

0
z2

t dx+ a2
2ρ

2
z

4ε1a2
1

∫ 1

0
u2

t dx.(3.40)

f2 = ρu

∫ t

0
h(r)dr

∫ 1

0
u2

t dx−ρu

∫ 1

0
ut

∫ t

0
h(t− r) (ut(t)−ut(r))drdx

≤ ρu

(∫ t

0
h(r)dr+ ρu

2

)∫ 1

0
u2

t dx+ 1
2

∫ t

0
h(r)dr

∫ 1

0
h◦utdx.(3.41)

Substituting (3.40) and (3.41) into (3.39), we find (3.38). ■

Lemma 3.3.3. The functional

I2(t)= a2

[∫ 1

0

(
ut +

∫ t

0
h(t− r)ut(r)dr

)
zdx−

∫ 1

0
ztudx+ β

ρu

∫ 1

0
zudx

]
, t > 0,(3.42)

satisfies, for any ε3 > 0,

I ′2(t)≤− a2
2

2ρu

∫ 1

0
z2

xdx+a2
2ε3

∫ 1

0
z2

t dx+ 1
ε3

(∫ t

0
h(r)dr

)2 ∫ 1

0
u2

t dx+ 1
ε3

(∫ t

0
h(r)dr

)∫ 1

0
h◦utdx

+C2 (ε3)
∫ 1

0
u2

xdx, t > 0,(3.43)

where C2 (ε3)= a2
2
ρz

+ ρu
2

(
a1
ρz

− a3
ρu

)2 + β2

2ε3ρ2
u
.

Proof. A simple differentiation of (3.42) and using the first and the second equation of (3.5), we

obtain

I ′2(t)=− a2
2

ρu

∫ 1

0
z2

xdx+a2

(
a1

ρz
− a3

ρu

)∫ 1

0
zxuxdx︸                          ︷︷                          ︸

f3

+ a2
2

ρz

∫ 1

0
u2

xdx+a2

∫ 1

0
zt

∫ t

0
h(t− r)ut(r)drdx︸                                ︷︷                                ︸

f4

+ a2β

ρu

∫ 1

0
ztudx︸             ︷︷             ︸

f5

.(3.44)

Now, by using Poincaré’s and Young’s inequalities, we get

f3 ≤
a2

2ε2

2

∫ 1

0
z2

xdx+ 1
2ε2

(
a1

ρz
− a3

ρu

)2 ∫ 1

0
u2

xdx,(3.45)

f4 ≤
a2

2ε3

2

∫ 1

0
z2

t dx+ 1
2ε3

∫ 1

0

(∫ t

0
h(t− r)ut(r)dr

)2

dx

≤ a2
2ε3

2

∫ 1

0
z2

t dx+ 1
2ε3

∫ 1

0

(
−

∫ t

0
h(t− r) [ut(t)−ut(r)−ut(t)]dr

)2

dx

≤ a2
2ε3

2

∫ 1

0
z2

t dx+ 1
ε3

∫ 1

0

(∫ t

0
h(t− r) (ut(t)−ut(r))dr

)2

dx+ 1
ε3

(∫ t

0
h(r)dr

)2 ∫ 1

0
u2

t dx

≤ a2
2ε3

2

∫ 1

0
z2

t dx+ 1
ε3

(∫ t

0
h(r)dr

)∫ 1

0
h◦utdx+ 1

ε3

(∫ t

0
h(r)dr

)2 ∫ 1

0
u2

t dx,(3.46)

f5 ≤
ε3a2

2

2

∫ 1

0
z2

t dx+ β2

2ε3ρ
2
u

∫ 1

0
u2

xdx.(3.47)
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We end up with (3.43), by substituting (3.45), (3.46) and (3.47) into (3.44) and taking ε2 = 1
ρu

. ■

Lemma 3.3.4. The functional

(3.48) I3(t)=−ρz

∫ 1

0
ztzdx, t > 0,

satisfies

(3.49) I ′3(t)≤−ρz

∫ 1

0
z2

t dx+2a1

∫ 1

0
z2

xdx+ a3

4

∫ 1

0
u2

xdx, t > 0.

Proof. A simple differentiation of (3.48) and using the second equation of (3.5), we find

(3.50) I ′3(t)=−ρz

∫ 1

0
z2

t dx+a1

∫ 1

0
z2

xdx+a2

∫ 1

0
uxzxdx︸            ︷︷            ︸
f5

.

Since a1a3 > a2
2 and thanks to Young’s inequality, we find

(3.51) f5 ≤ a1

∫ 1

0
z2

xdx+ a3

4

∫ 1

0
u2

xdx.

Substituting (3.51) into (3.50), we end up with (3.49). ■

Lemma 3.3.5. The functional

(3.52) I4(t)= e−δt
∫ 1

0

∫ t

0
eδrK(t− r)u2

t (r)drdx, t > 0,

where

K(t)=
∫ +∞

t
eτr |h(t)|dr,

satisfies

(3.53) I ′4(t)=−δI4(t)+
∫ 1

0
K(0)u2

t dx−
∫ 1

0

∫ t

0
h(t− r)u2

t (r)drdx, t > 0.

Now, by using the previous lemmas and the Lyapunov functional F(t) defined by

(3.54) F(t)= NE(t)+N1I1(t)+N2I2(t)+ I3(t)+N3I4(t), t > 0,

where N, N1, N2 and N3 are positive constants. Then, our stability result reads.

Lemma 3.3.6. For some positive constants α1 and α2, the Lyapunov functional F(t) introduced

by (3.54) is equivalent to NE(t)+N3I4(t), such that

(3.55) α1E(t)≤ F(t)≤α2 [E(t)+ I4(t)] , t > 0,
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Proof. By exploiting relation (3.54) with the use of (3.37), (3.42) and (3.48), we get

|F(t)−NE(t)−N3I4(t)| =|N1I1(t)+N2I2(t)+ I3(t)|

≤ρuN1

∫ 1

0

∣∣∣∣ut +
∫ t

0
h(t− r)ut(r)dr

∣∣∣∣ |u|dx+ βN1

2

∫ 1

0
u2dx

+ N2βa2

ρu

∫ 1

0
|z| |u|dx+N2a2

∫ 1

0

∣∣∣∣ut +
∫ t

0
h(t− r)ut(r)dr

∣∣∣∣ |z|dx

−a2

(
N1ρz

a1
+N2

)∫ 1

0
|zt| |u|dx−ρz

∫ 1

0
|zt| |z|dx,

by using Poincaré’s, Cauchy-Schwarz and Young’s inequalities, we obtain

(3.56) |F(t)−NE(t)−N3I4(t)| ≤λE(t), λ> 0.

Thus, (4.26) leads to

(N −λ)E(t)+N3I4(t)≤ F(t)≤ (N +λ)E(t)+N3I4(t),

we conclude (5.45), when we set α1 = min {N −λ, N3} and α2 = max {N +λ, N3} such that N is

sufficiently large. ■

Theorem 3.3.7. Under the above assumptions (H), we have

(3.57) E(t)≤ Me−δt, t > 0,

for some positive constants M and δ.

Proof. Recalling (3.32), (3.38), (3.43), (3.49) and (3.53), we obtain

F ′(t)≤−
[

Nβ−N1C1 − N2

ε3

(∫ t

0
h(r)dr

)2

−N4K(0)

]∫ 1

0
u2

t dx+ Nρu

2

∫ 1

0
h′□utdx

−
[

N1

(
a3 −

a2
2

a1

)
−N2C2 (ε3)− N3a3

4

]∫ 1

0
u2

xdx

+
[(

N1

2
+ N2

ε3

)∫ t

0
h(r)dr

]∫ 1

0
h◦utdx

−
[

N2a2
2

2ρu
−2N3a1

]∫ 1

0
z2

xdx− [
N3ρz −N1ε1 −N2a2

2ε3
]∫ 1

0
z2

t dx

−δN4I4(t)−N4

∫ 1

0

∫ t

0
h(t− r)u2

t (r)drdx,

by taking ε1 = ρz
4N1

and ε3 = ρz

4a2
2N2

, we end up with

F ′(t)≤−
[

Nβ−N1C1 − 4(a2N2)2

ρz
h2

0 −N4K(0)
]∫ 1

0
u2

t dx+ Nρu

2

∫ 1

0
h′□utdx

+
[

N1

2
h0 + 4(a2N2)2

ρz
h0

]∫ 1

0
h◦utdx−

[
N1

(
a3 −

a2
2

a1

)
−N2C2

(
ρz

4a2
2N2

)
− N3a3

4

]∫ 1

0
u2

xdx

−
[

N2a2
2

2ρu
−2N3a1

]∫ 1

0
z2

xdx− ρz

2

∫ 1

0
z2

t dx−δN4I4(t)−N4

∫ 1

0

∫ t

0
h(t− r)u2

t (r)drdx,(3.58)
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where, for all t ≥ t0 > 0, ∫ t

0
h(r)dr ≥

∫ t0

0
h(r)dr = h0.

Now, we choose N2 large enough such that

N2 > 4N3ρua1

a2
2

,

then, we select N1 large enough such that

N1

(
a3 −

a2
2

a1

)
−N2C2

(
ρz

4a2
2N2

)
− N3a3

4
> 0.

Finally

Nβ−N1C1 − N2

ε3
h2

0 −N4K(0)> 0.

As a result, the relation (3.58) becomes

(3.59) F ′(t)≤−C3

∫ 1

0

(
u2

t +u2
x + z2

t + z2
x +h∗u2

t
)
dx−C4I4(t), ∀t > 0,

where C3 and C4 are positive constants. We also have from (3.31), after using Young’s inequality,

that

E(t)≤ 1
2

∫ 1

0

[
ρzz2

t + (a1 +a2) z2
x +ρuu2

t + (a3 +a2)u2
x
]
dx+ ρu

2

∫ 1

0

(∫ t

0
h(t− r)u2

t (x, r)dr
)

dx

≤λ1

∫ 1

0

[
z2

t + z2
x +u2

t +u2
x +

(∫ t

0
h(t− r)u2

t (x, r)dr
)]

dx, λ1 > 0.(3.60)

The combination of (3.59) and (3.60) results in

(3.61) F ′(t)≤−C5 [E(t)+ I4(t)] , C5 > 0.

From (3.61) and the right side of (3.55), we obtain

(3.62) F(t)≤ C6e−
C5
α2

t, t > 0,

where C6 is a positive constant. Which yields the desired result (3.57) by using the other side of

the equivalence relation again. ■
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4
STABILITY RESULT OF LORD-SHULMAN SYSTEM WITH ONLY

MICROTEMPERATURE EFFECTS

4.1 Introduction

The most well-known law for modeling heat conduction is the Fourier law. However, this law

of thermoelasticity based on a parabolic-type heat-conduction presents a physical incoherence

known as infinite heat propagation velocity, which is in disagreement with physical experiments.

Many theories emerged over this time period to overcome this anomaly, we want to focus on the

theory of Lord Shulman [49] which take into account the acceleration of the heat flow. From there,

many researchers have been interested in the formulation of alternative constitutive relations to

prevail this physical paradox (see [7, 17, 18, 20, 30, 73]).

Lord-Shulman thermoelasticity has received a lot of attention among scientists in the last

few years and the amount of contributions to explain this theory is enormous. This theory

consists in studying a system of four hyperbolic equations with heat dissipation. In this case, the

heat equation is also hyperbolic unlike the one obtained for the Fourier law which is parabolic.

The evolution equations for the thermo-poro-elasticity with microtemperatures in the case of

Cattaneo-Maxwell law are

(4.1) ρutt = Sx, Jϕtt = Hx +G, ρE t = Px + q−Q,

where ρ is the mass density, J is the equilibrated inertia, S is the stress tensor, q is the heat

flux vector, P is the first heat flux moment, H is the equilibrated stress, G is the equilibrated

body force, Q is the mean heat flux and E is the first moment of energy. The variables u and

ϕ are, respectively, the displacement of the solid elastic material and the volume fraction. The
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constitutive equations are

S = (
λ+2µ

)
ux +µ0ϕ, G =−µ0ux −ξϕ, q = k1W ,

H = a0ϕx −µ2 (τWt +W) , Q = k3W , P =−k2Wx,

ρE =−b (τWt +W)−µ2ϕx,(4.2)

where W is the microtemperature, λ and µ are the Lamé’s parameters, µ0 is the coupling between

the displacement and the porosity, ξ and µ2 denote a porosity coefficients, a0 is the porosity

diffusion coefficient, and the other parameters k1, k2, k3 and b are usual in the study of the

present theory and satisfy the following inequalities

(4.3) k1 −k3 > 0.

Now, by substituting (4.2) into (4.1), we obtain the following system

(4.4)


ρutt =µ∗uxx +µ0ϕx, in (0,1)× (0,∞)
Jϕtt = a0ϕxx −µ2 (τWtx +Wx)−µ0ux −ξϕ, in (0,1)× (0,∞)
b (τWt +W)t = k2Wxx −µ2ϕtx −kW, in (0,1)× (0,∞)

with µ∗ =λ+2µ, k = k1 −k3 > 0 and µ∗ > µ2
0
ξ

.

We consider the boundary conditions

(4.5)
u (0, t)= u (1, t)=W (0, t)=W (1, t)= 0, t > 0,

ϕx (0, t)=ϕx (1, t)= 0, t > 0,

and initial data

u (x,0)= u0 (x) , ut (x,0)= u1 (x) , ϕt (x,0)=ϕ1 (x) , x ∈ (0, 1) ,(4.6)

ϕ (x,0)=ϕ0 (x) , W (x,0)=W0 (x) , Wt (x,0)=W1 (x) , x ∈ (0, 1) ,

here u0, u1, ϕ0, ϕ1, W0 and W1 are given functions. Note that for the case τ = 0, system (4.4)

takes the form

(4.7)


ρutt =µ∗uxx +µ0ϕx, in (0,1)× (0,∞) ,

Jϕtt = a0ϕxx −µ2Wx −µ0ux −ξϕ, in (0,1)× (0,∞) ,

bWt = k2Wxx −µ2ϕtx −kW, in (0,1)× (0,∞) .

This system was studied by Apalara in [4] where he showed that the system is stable if and only

if

(4.8) χ0 = µ∗

ρ
− a0

J
= 0

holds. Furthermore, if (4.8) does not hold, the system is polynomially stable. For more details on

elastic porous systems with microtemperature effects, we refer the reader to [22, 32, 45, 51, 61–63]

and the references therein.
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Here in this work, our objective, is to complete this result by giving a necessary and sufficient

condition on the coefficients to drive the system to the equilibrium state in an exponential manner.

More precisely, if the coefficients satisfy the following condition

(4.9) χ= 0,

where

(4.10) χ=µ2
2τ−

(
a0µ

∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)
.

Meanwhile, from the second equation of (4.4) and the boundary conditions in (4.5), we get

(4.11)
d2

dt2

∫ 1

0
ϕ(x, t)dx+ ξ

J

∫ 1

0
ϕ(x, t)dx = 0, ∀ t ≥ 0.

So, by solving (4.11) and using ϕ’s initial data, we arrive at∫ 1

0
ϕ(x, t)dx =

(∫ 1

0
ϕ0(x)dx

)
cos

√
ξ

J
t

+
√

J
ξ

(∫ 1

0
ϕ1(x)dx

)
sin

√
ξ

J
t

 .

Consequently, if we set

ϕ(x, t)=ϕ(x, t)−
∫ 1

0
ϕ(x, t)dx, t ≥ 0, x ∈ (0,1) ,

by integrating the previous equation over (0,1) with respect to x, we find∫ 1

0
ϕ(x, t)dx = 0, t ≥ 0.

(u,ϕ,W) satisfies the same equations in (4.4)-(4.6). In what follows we will work with ϕ but, for

convenience, we write ϕ instead of ϕ.

4.2 Existence and uniqueness

Our goal in this part is to apply the semigroup theory to transform our problem into a Cauchy

problem in an appropriate Hilbert space. First, we define the vector function U = (u,v,ϕ,φ,W ,ϑ)T ,

v = ut, φ=ϕt and ϑ=Wt. System (4.4)-(4.6) may therefore be rewritten as follows

(4.12)

{
Ut =AU , t > 0,

U (0)=U0 =
(
u0,u1,ϕ0,ϕ1,W0,W1

)T ,

where the operator A :D(A)⊂H−→H is defined by

(4.13) A=



0 1 0 0 0 0
µ∗
ρ
∂2

x (.) 0 µ0
ρ
∂x (.) 0 0 0

0 0 0 1 0 0

−µ0
J ∂x (.) 0 a0∂

2
x(.)

J − ξ
J 0 −µ2

J ∂x (.) −µ2τ
J ∂x (.)

0 0 0 0 0 1

0 0 0 −µ2
τb∂x (.) k2∂

2
x(.)

τb − k
τb −1

τ


.
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We take into account the following spaces

(4.14)

L2∗ (0,1)=
{
Ψ ∈ L2 (0,1) ,

∫ 1
0 Ψ (x)dx = 0

}
,

H2∗ (0,1)= {
Ψ ∈ H2 (0,1) , Ψx (0)=Ψx (1)= 0

}
,

H1∗ (0,1)= H1 (0,1)∩L2∗ (0,1) ,

and let

H=H1
0 (0,1)×L2 (0,1)×H1

∗ (0,1)×L2
∗ (0,1)×H1

0 (0,1)×L2 (0,1)

be the Hilbert space with the inner product shown below

〈
U ,Ũ

〉=ρ
2

∫ 1

0
vṽdx+ J

2

∫ 1

0
φφ̃dx+ 1

2

(
µ∗− µ2

0

ξ

)∫ 1

0
uxũxdx+ k2τ

2

∫ 1

0
WxW̃xdx

+ 1
2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)(
µ0√
ξ

ũx +
√
ξ ϕ̃

)
dx+ a0

2

∫ 1

0
ϕxϕ̃xdx

+ kτ
2

∫ 1

0
WW̃dx+ b

2

∫ 1

0
(W +τϑ)

(
W̃ +τϑ̃)

dx,(4.15)

for U = (u,v,ϕ,φ,W ,ϑ)T ∈H, Ũ = (ũ, ṽ, ϕ̃, φ̃,W̃ , ϑ̃)T ∈H.

Remark 4.2.1. Relation (4.15) clearly establishes an inner product, and according to assumption

µ∗ > µ2
0
ξ

, we have

(U ,U)H = 1
2
∫ 1

0

[
ρv2 + Jφ2 +a0ϕ

2
x +

(
µ∗− µ2

0
ξ

)
u2

x

(
µ0p
ξ

ux +
√
ξϕ

)2
+b (τϑ+W)2

+k2τW2
x +kτW2]

dx,

which yields (U ,U)H > 0.

Consequently, we conclude that
(
U ,Ũ

)
H

defines an inner product on H and the associated

norm ∥.∥
H

is equivalent to the usual one. The domain of A is given by

(4.16) D(A)=


U ∈H / u ∈ H2 (0,1)∩H1

0 (0,1) , v ∈ H1
0 (0,1) ,

ϕ ∈ H2∗ (0,1)∩H1∗ (0,1) , φ ∈ H1∗ (0,1) ,

W ∈ H2 (0,1)∩H1
0 (0,1) , ϑ ∈ H1

0 (0,1)

 .

The domain D(A) is clearly dense in H. So, based on inner product (4.15), we have

〈AU ,U〉H =−k2

∫ 1

0
W2

x dx−k
∫ 1

0
W2dx ≤ 0,

because of this, the operatorA is dissipative. We can now argue that the operator I−A is surjective

using the Lax–Milgram lemma and classical regularity arguments. So, using the Lumer–Phillips

theorem, we can assert that A is an infinitesimal generator of a linear C0−semigroup on H, and

the following well-posedness result follows [53].

Theorem 4.2.2. Let U0 ∈D(A), problem (5.15) has a unique solution U ∈ C (R+,D(A))∩C1 (R+,H).

Moreover if U0 ∈H, then the solution U ∈ C (R+,H) .
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4.3 Exponential stability result

In this section, we use the energy method to prove the exponential stability result for (4.4)-(4.6).

First, we introduce the energy of our system as:

E (t)=1
2

∫ 1

0

[
ρu2

t +
(
µ∗− µ2

0

ξ

)
u2

x + Jϕ2
t +

(
µ0√
ξ

ux +
√
ξϕ

)2

+a0ϕ
2
x +b (τWt +W)2

+k2τW2
x +kτW2dx, t > 0.(4.17)

Next, we state the main result of this section

Theorem 4.3.1. Let
(
u,ϕ,W

)
be a solution of problem (4.4)-(4.6) and assume that the coefficients

of the system satisfy (4.9). Then E(t) decays exponentially, i.e., there exist two positive constants c1

and c2, where c2 depends on the initial data, such that

E(t)≤ c2e−c1 t, ∀t ≥ 0.

The proof of theorem 4.3.1 will be achieved with the help of a sequence of lemmas. The idea is

to construct a Lyapunov functional L(t) equivalent to E(t). For this end, we use the multiplier

technique.

Lemma 4.3.2. The related energy of system (4.4)-(4.6) defined by (4.17) satisfies

(4.18) E′ (t)=−k2

∫ 1

0
W2

x dx−k
∫ 1

0
W2dx ≤ 0, t > 0.

Lemma 4.3.3. Let (u,ϕ,W) be a solution of (4.4)-(4.6). Then the functional

(4.19) Γ1 (t)=−ρ
∫ 1

0
utudx, t > 0,

satisfies

(4.20) Γ′1 (t)≤−ρ
∫ 1

0
u2

t dx+ µ0

2
√
ξ

∫ 1

0
u2

xdx+ µ0

2
√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx, t > 0.

Proof. By differentiating the functional Γ1 (t), using (4.4)1, then integrating by parts, we get

Γ′1 (t)=−ρ
∫ 1

0
u2

t dx+µ∗
∫ 1

0
u2

xdx+µ0

∫ 1

0
ϕ uxdx.(4.21)

Now, by adding and subtracting the term µ2
0
ξ

∫ 1
0 u2

xdx into (4.21) with respect to µ∗ > µ2
0
ξ

, we obtain

Γ′1 (t)=−ρ
∫ 1

0
u2

t dx+
(
µ∗− µ2

0

ξ

)∫ 1

0
u2

xdx+ µ0√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)
uxdx.(4.22)
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Applying Young’s inequality, we find

(4.23)
µ0√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)
uxdx ≤ µ0

2
√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ µ0

2
√
ξ

∫ 1

0
u2

xdx.

Then, the relationship (4.20) follows easily, when we substitute (4.23) into (4.22). ■

Lemma 4.3.4. Let (u,ϕ,W) be a solution of (4.4)-(4.6). Then, we have

(4.24) Γ2 (t)=−bJ
∫ 1

0
(τWt +W)

(∫ x

0
ϕtd y

)
dx, t > 0,

satisfies, for any ε1, ε2 > 0

Γ′2 (t)≤− µ2J
2

∫ 1

0
ϕ2

t dx+ε1

∫ 1

0
u2

xdx+ε2

∫ 1

0
ϕ2

xdx+ k2
2J
µ2

∫ 1

0
W2

x dx+C (ε1,ε2)
∫ 1

0
(τWt +W)2 dx

+ k2J
µ2

∫ 1

0
W2dx, t > 0,(4.25)

where C (ε1,ε2)= b2a2
0

2ε2
+ µ2

0b2

4ε1
+ ξ2b2

2ε2
+µ2b.

Proof. By exploiting the functional Γ2(t) using (4.4)2 and (4.4)3, then integrating by parts over

(0,1) and recalling the fact that
∫ 1

0 ϕtdx = 0, we obtain

Γ′2 (t)=µ2J
∫ 1

0
ϕtx

(∫ x

0
ϕtd y

)
dx−ba0

∫ 1

0
(τWt +W)

(∫ x

0
ϕxxd y

)
dx− Jk2

∫ 1

0
Wxx

(∫ x

0
ϕtd y

)
dx

+bµ0

∫ 1

0
(τWt +W)

(∫ x

0
uxd y

)
dx+bξ

∫ 1

0
(τWt +W)

(∫ x

0
ϕd y

)
dx

+kJ
∫ 1

0
W

(∫ x

0
ϕtd y

)
dx+bµ2

∫ 1

0
(τWt +W)

[∫ x

0
(τWtx +Wx)d y

]
dx,

consequently, we get

Γ′2 (t)=−µ2J
∫ 1

0
ϕ2

t dx−ba0

∫ 1

0
ϕx (τWt +W)dx+k2J

∫ 1

0
ϕtWxdx+µ0b

∫ 1

0
u (τWt +W)dx

+ξb
∫ 1

0

(∫ x

0
ϕd y

)
(τWt +W)dx+kJ

∫ 1

0

(∫ x

0
ϕtd y

)
Wdx+µ2b

∫ 1

0
(τWt +W)2 dx,(4.26)

by using Young, Poincaré and Cauchy-Schwarz inequalities

ba0

∫ 1

0
ϕx (τWt +W)dx ≤ ε2

2

∫ 1

0
ϕ2

xdx+ b2a2
0

2ε2

∫ 1

0
(τWt +W)2 dx,

µ0b
∫ 1

0
u (τWt +W)dx ≤ ε1

∫ 1

0
u2

xdx+ µ2
0b2

4ε1

∫ 1

0
(τWt +W)2 dx,

ξb
∫ 1

0

(∫ x

0
ϕd y

)
(τWt +W)dx ≤ ε2

2

∫ 1

0
ϕ2

xdx+ ξ2b2

2ε2

∫ 1

0
(τWt +W)2 dx,
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k2J
∫ 1

0
ϕtWxdx ≤ µ2J

4

∫ 1

0
ϕ2

t dx+ k2
2J
µ2

∫ 1

0
W2

x dx,

kJ
∫ 1

0

(∫ x

0
ϕtd y

)
Wdx ≤ µ2J

4

∫ 1

0
ϕ2

t dx+ k2J
µ2

∫ 1

0
W2dx.(4.27)

We conclude (4.25), when we estimate (4.26) by (4.27)’s quantities. ■

Lemma 4.3.5. Let (u,ϕ,W) be a solution of (4.4)-(4.6). Then, we have

(4.28) Γ3(t)=−b
∫ 1

0
τ2WtWdx− bτ

2

∫ 1

0
W2dx, t > 0,

satisfies, for any ε3 > 0

Γ′3 (t)≤−b
2

∫ 1

0
(τWt +W)2 dx+ε3

∫ 1

0
ϕ2

t dx+ (b+kτ)
∫ 1

0
W2dx+

(
τk2 +

τ2µ2
2

4ε3

)∫ 1

0
W2

x dx.(4.29)

Proof. Differentiating Γ3(t) using (4.4)3, we obtain

Γ′3 (t)=bτ
∫ 1

0
WtWdx−τk2

∫ 1

0
WxxWdx+µ2τ

∫ 1

0
ϕtxWdx+kτ

∫ 1

0
W2dx−b

∫ 1

0
τ2W2

t dx

−bτ
∫ 1

0
WtWdx,(4.30)

by integrating by parts (4.30), we find

Γ′3 (t)=−b
∫ 1

0
(τWt)2 dx+τk2

∫ 1

0
W2

x dx−τµ2

∫ 1

0
ϕtWxdx+kτ

∫ 1

0
W2dx.

By using the fact that

−b
∫ 1

0
(τWt)2 dx ≤−b

2

∫ 1

0
(τWt +W)2 dx+b

∫ 1

0
W2dx,

and Young’s inequality

τµ2

∫ 1

0
ϕtWxdx ≤ ε3

∫ 1

0
ϕ2

t dx+ τ2µ2
2

4ε3

∫ 1

0
W2

x dx.

Thus, estimate (4.29) easily follows. ■

Lemma 4.3.6. Let (u,ϕ,W) be a solution of (4.4)-(4.6). Then the functional

Γ4(t)=J
∫ 1

0
ϕt

(
µ0√
ξ

ux +
√
ξϕ

)
dx− a0bµ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τWt +W)utdx

+ µ0a0ρ

µ∗
√
ξ

∫ 1

0
utϕxdx− a0

µ2
2

(
J
a0

− ρ

µ∗

)
k2µ2µ0√

ξ

∫ 1

0
Wxuxdx−µ2τ

√
ξ

∫ 1

0
Wϕxdx, t > 0,(4.31)

satisfies, for any ε4, ε5 > 0

Γ′4(t)≤− σ

2

∫ 1

0
ϕ2

xdx−
√
ξ

2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ε4

∫ 1

0
u2

t dx+ε5

∫ 1

0
u2

xdx
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+
(
µ2τ

√
ξ

2
+

√
ξ J

)∫ 1

0
ϕ2

t dx+C (ε5)
∫ 1

0
W2

x dx+ σ2
1

4ε4

∫ 1

0
W2dx

+ σ2
3

σ

∫ 1

0
(τWt +W)2 dx− µ0

µ2
√
ξ
χ

∫ 1

0
Wtxuxdx, t > 0,(4.32)

where σ= a0p
ξ

(
ξ− µ2

0
µ∗

)
and C (ε5)= µ2τ

p
ξ

2 + µ2
2

2
p
ξ
+ σ2

2
4ε5

.

Proof. Direct differentiation, using (4.4)1, (4.4)2 and (4.4)3, gives

Γ′4(t)=a0

∫ 1

0
ϕxx

(
µ0√
ξ

ux +
√
ξϕ

)
dx−µ2

∫ 1

0
(τWtx +Wx)

(
µ0√
ξ

ux +
√
ξϕ

)
dx

−µ0

∫ 1

0
ux

(
µ0√
ξ

ux +
√
ξϕ

)
dx−ξ

∫ 1

0
ϕ

(
µ0√
ξ

ux +
√
ξϕ

)
dx+ µ2

0a0

µ∗
√
ξ

∫ 1

0
ϕ2

xdx

+ J
∫ 1

0
ϕt

(
µ0√
ξ

ux +
√
ξϕ

)
t

dx+ ka0µ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Wutdx+ µ0a0√

ξ

∫ 1

0
uxxϕxdx

− k2a0µ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Wxxutdx+ a0µ2µ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
ϕtxutdx

− a0bµ∗µ0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τWt +W)uxxdx+ a0bµ2

0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τWt +W)ϕxdx

−µ2τ
√
ξ

∫ 1

0
Wϕtxdx+ µ0a0ρ

µ∗
√
ξ

∫ 1

0
utϕtxdx− a0

µ2
2

(
J
a0

− ρ

µ∗

)
k2µ2µ0√

ξ

∫ 1

0
Wtxuxdx

− a0

µ2
2

(
J
a0

− ρ

µ∗

)
k2µ2µ0√

ξ

∫ 1

0
Wxutxdx−µ2τ

√
ξ

∫ 1

0
Wtϕxdx.

Integrating by parts, we obtain

Γ′4(t)=− a0√
ξ

(
ξ− µ2

0

µ∗

)∫ 1

0
ϕ2

xdx− µ2
0√
ξ

∫ 1

0
u2

xdx−ξ
∫ 1

0
ϕ

(
µ0√
ξ

ux +
√
ξϕ

)
dx+

√
ξ J

∫ 1

0
ϕ2

t dx

−µ0
√
ξ

∫ 1

0
uxϕdx−µ2

∫ 1

0
Wx

(
µ0√
ξ

ux +
√
ξϕ

)
dx+ µ0a0k√

ξµ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Wutdx

+ a0µ
∗bµ0

µ2ρ
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Wxuxdx− a0bµ2

0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τWt +W)ϕxdx

+µ2τ
√
ξ

∫ 1

0
Wxϕtdx− µ0

µ2
√
ξ

[
µ2

2τ−
(

a0µ
∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)]∫ 1

0
Wtxuxdx.

The use of the fact that,

−
√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx =− µ2
0√
ξ

∫ 1

0
u2

xdx−ξ
∫ 1

0
ϕ

(
µ0√
ξ

ux +
√
ξϕ

)
dx

−µ0
√
ξ

∫ 1

0
uxϕdx,
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results in

Γ′4(t)=− a0√
ξ

(
ξ− µ2

0

µ∗

)
︸            ︷︷            ︸

=σ

∫ 1

0
ϕ2

xdx−
√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+µ2τ
√
ξ

∫ 1

0
Wxϕtdx

+
√
ξ J

∫ 1

0
ϕ2

t dx−µ2

∫ 1

0
Wx

(
µ0√
ξ

ux +
√
ξϕ

)
dx+ ka0µ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)
︸                 ︷︷                 ︸

=σ1

∫ 1

0
Wutdx

+ µ∗a0bµ0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)
︸                    ︷︷                    ︸

=σ2

∫ 1

0
Wxuxdx− a0bµ2

0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)
︸                   ︷︷                   ︸

=σ3

∫ 1

0
(τWt +W)ϕxdx

− µ0

µ2
√
ξ

[
µ2

2τ−
(

a0µ
∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)]
︸                                         ︷︷                                         ︸

=χ

∫ 1

0
Wtxuxdx.(4.33)

Applying Young’s inequality, we get

µ2τ
√
ξ

∫ 1

0
Wxϕtdx ≤ µ2τ

√
ξ

2

∫ 1

0
ϕ2

t dx+ µ2τ
√
ξ

2

∫ 1

0
W2

x dx,

µ2

∫ 1

0
Wx

(
µ0√
ξ

ux +
√
ξϕ

)
dx ≤

√
ξ

2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ µ2
2

2
√
ξ

∫ 1

0
W2

x dx,

σ1

∫ 1

0
Wutdx ≤ σ2

1

4ε4

∫ 1

0
W2dx+ε4

∫ 1

0
u2

t dx,

σ2

∫ 1

0
Wxuxdx ≤ σ2

2

4ε5

∫ 1

0
W2

x dx+ε5

∫ 1

0
u2

xdx,

σ3

∫ 1

0
(τWt +W)ϕxdx ≤ σ

2

∫ 1

0
ϕ2

xdx+ σ2
3

σ

∫ 1

0
(τWt +W)2 dx.

The substitution of the previous estimates into (4.33), yields (4.32) . ■

Lemma 4.3.7. Let (u,ϕ,W) be a solution of (4.4)-(4.6). Then the functional

Γ5(t)=a0ρ

µ∗

∫ 1

0
ϕxutdx+ J

∫ 1

0
ϕt uxdx− a0b

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
(τWt +W)utdx

− a0k2

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Wxuxdx, t > 0,(4.34)

satisfies, for any ε6 > 0

Γ′5(t)≤− µ0

2

∫ 1

0
u2

xdx+ C̃
∫ 1

0
ϕ2

xdx+ σ2
4

4ε6

∫ 1

0
W2dx+ε6

∫ 1

0
u2

t dx+ σ2
5

µ0

∫ 1

0
W2

x dx

+ σ6

2

∫ 1

0
(τWt +W)2 dx+ χ

µ2

∫ 1

0
Wtxuxdx, t > 0,(4.35)

where C̃ = a0µ0
µ∗ + ξ2

µ0
+ σ6

2 .
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Proof. By differentiating expression (4.34), using (4.4)1, (4.4)2 and (4.4)3, we obtain

Γ′5(t)=−µ0

∫ 1

0
u2

xdx+ µ0a0

µ∗

∫ 1

0
ϕ2

xdx−ξ
∫ 1

0
ϕuxdx+ a0k

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Wutdx

−µ2

∫ 1

0
(τWtx +Wx)uxdx− µ0a0b

ρµ2

(
J
a0

− ρ

µ∗

)∫ 1

0
ϕx (τWt +W)dx+a0

∫ 1

0
ϕxxuxdx

+ J
∫ 1

0
ϕt utxdx− a0k2

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Wtxuxdx+ a0ρ

µ∗

∫ 1

0
ϕtxutdx+a0

∫ 1

0
uxxϕxdx

− k2a0

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Wxxutdx− a0bµ∗

ρµ2

(
J
a0

− ρ

µ∗

)∫ 1

0
uxx (τWt +W)dx

+ µ2a0

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
ϕtxutdx− a0k2

µ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Wxutxdx.

Integrating by parts provides

Γ′5(t)=−µ0

∫ 1

0
u2

xdx+ a0µ0

µ∗

∫ 1

0
ϕ2

xdx−ξ
∫ 1

0
ϕuxdx+ a0k

µ2

(
J
a0

− ρ

µ∗

)
︸              ︷︷              ︸

=σ4

∫ 1

0
Wutdx

+
[

ba0µ
∗

ρµ2

(
J
a0

− ρ

µ∗

)
−µ2

]
︸                          ︷︷                          ︸

=σ5

∫ 1

0
Wxuxdx− ba0µ0

ρµ2

(
J
a0

− ρ

µ∗

)
︸                 ︷︷                 ︸

=σ6

∫ 1

0
ϕx (τWt +W)dx

− 1
µ2

[
µ2

2τ−
(

a0µ
∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)]
︸                                         ︷︷                                         ︸

=χ

∫ 1

0
Wtxuxdx.(4.36)

Using Young’s and Poincaré’s inequalities, we get

ξ

∫ 1

0
ϕuxdx ≤ µ0

4

∫ 1

0
u2

xdx+ ξ2

µ0

∫ 1

0
ϕ2

xdx,

σ4

∫ 1

0
Wutdx ≤ σ2

4

4ε6

∫ 1

0
W2dx+ε6

∫ 1

0
u2

t dx,

σ5

∫ 1

0
Wxuxdx ≤ µ0

4

∫ 1

0
u2

xdx+ σ2
5

µ0

∫ 1

0
W2

x dx,

σ6

∫ 1

0
(τWt +W)ϕxdx ≤ σ6

2

∫ 1

0
ϕ2

xdx+ σ6

2

∫ 1

0
(τWt +W)2 dx.

The substitution of the aforementioned inequalities into (4.36), gives (4.35). ■

4.4 Proof of theorem 4.3.1

Using the preceding lemmas and the Lyapunov functional L(t), defined by

L(t)= NE(t)+Γ1(t)+N2Γ2(t)+N3Γ3(t)+N4Γ4(t)+N5Γ5(t), t > 0,

for N and Ni > 0, i = 2,5, we have
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L′(t)≤−
[

k2N − k2
2J
µ2

N2 −
(
τk2 +

τ2µ2
2

4ε3

)
N3 −C (ε5) N4 −

σ2
5

µ0
N5

]∫ 1

0
W2

x dx

−
[

kN − k2J
µ2

N2 − (b+kτ) N3 −
σ2

1

4ε4
N4 −

σ2
4

4ε6
N5

]∫ 1

0
W2dx

− [
ρ−ε4N4 −ε6N5

]∫ 1

0
u2

t dx−
[
µ2J

2
N2 −ε3N3 −

(
µ2τ

√
ξ

2
+

√
ξ J

)
N4

]∫ 1

0
ϕ2

t dx

−
[

b
2

N3 −C (ε1,ε2) N2 −
σ2

3

σ
N4 − σ6

2
N5

]∫ 1

0
(τWt +W)2 dx

−
[ √

ξ

2
N4 − µ0

2
√
ξ

]∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx−
[σ

2
N4 −ε2N2 − C̃N5

]∫ 1

0
ϕ2

xdx

−
[
µ0

2
N5 −ε1N2 −ε5N4 − µ0

2
√
ξ

]∫ 1

0
u2

xdx.

By setting N5 = 2p
ξ

, ε1 = µ0

8
p
ξN2

, ε2 = C̃p
ξN2

, ε3 = 1
N3

, ε4 = ρ
4N4

, ε5 = µ0

8
p
ξN4

and ε6 = ρ
4N5

, we get

L′(t)≤−
[

k2N − k2
2J
µ2

N2 −
(
τk2 +

τ2µ2
2N3

4

)
N3 −

(
µ2τ

√
ξ

2
+ µ2

2

2
√
ξ
+ 2

√
ξσ2

2N4

µ0

)
N4

− 2σ2
5√

ξµ0

]∫ 1

0
W2

x dx−
[

kN − k2J
µ2

N2 − (b+kτ) N3 −
σ2

1

ρ
N2

4 −
4σ2

4

ρξ

]∫ 1

0
W2dx

−
[
µ2J

2
N2 −

(
µ2τ

√
ξ

2
+

√
ξ J

)
N4 −1

]∫ 1

0
ϕ2

t dx− µ0

4
√
ξ

∫ 1

0
u2

xdx− ρ

2

∫ 1

0
u2

t dx

−
[

b
2

N3 −b2 √
ξ

(
a2

0 +ξ2

2C̃
+ µ2

b
√
ξN2

+2µ0

)
N2

2 −
σ2

3

σ
N4 − σ6√

ξ

]∫ 1

0
(τWt +W)2 dx

−
[
σ

2
N4 − 3C̃√

ξ

]∫ 1

0
ϕ2

xdx−
[ √

ξ

2
N4 − µ0

2
√
ξ

]∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx.

Now, all the terms on the right-hand side of the last inequality become positive if we select

our parameters in an appropriate manner. First, we choose N4 large enough, so that

N4 >max

(
µ0

ξ
,

6C̃

σ
√
ξ

)
.

Then, N2 must be selected such that

µ2J
2

N2 −
(
µ2τ

√
ξ

2
+

√
ξ J

)
N4 −1> 0.

Also, we select N3 large enough so that

b
2

N3 −b2 √
ξ

(
a2

0 +ξ2

2C̃
+ µ2

b
√
ξN2

+2µ0

)
N2

2 −
σ2

3

σ
N4 − σ6√

ξ
> 0.
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Finally, we choose N sufficiently large such that

k2N − k2
2J
µ2

N2 −
(
τk2 +

τ2µ2
2N3

4

)
N3 −

(
µ2τ

√
ξ

2
+ µ2

2

2
√
ξ
+ 2

√
ξσ2

2N4

µ0

)
N4 −

2σ2
5√

ξµ0
> 0,

kN − k2J
µ2

N2 − (b+kτ) N3 −
σ2

1

ρ
N2

4 −
4σ2

4

ρξ
> 0.

All these choices lead to

L′(t)≤−c3E(t), t > 0.

Moreover, it is easy to see that there exist two positive constants η1 and η2 such that

η1E (t)≤ L(t)≤ η2E (t) , t > 0,

and then we conclude for γ= η2/η1 and c1 = c3
η2

that

E(t)≤ γE(0)e−c1 t, t > 0.

4.5 The lack of exponential decay

Now, we prove the lack of exponential decay under the assumption χ, 0 by using Gearhart-Prüss

theorem [48]. We can write χ as

χ= ζ
(
ρ

µ∗
− J

a0

)
− µ2

2τ

a0
,

where ζ= k2 − µ∗bτ
ρ

.

Theorem 4.5.1. The C0-semigroup of contractions associated with the operator A on the Hilbert

space H is exponentially stable if and only if

iR≡ {iα,α ∈R}⊂ ρ(A)

and

lim
|α|→∞

∥∥(iαI −A)−1∥∥
H
<+∞.

The main result of this section is as follow :

Theorem 4.5.2. Let A be the operator defined by (4.13) and we assume that χ , 0. Then the

semigroup associated with A is non-exponentially decaying.

Proof. [67] It is sufficient to demonstrate the existence of F ∈ H, with ∥F∥H < ∞ such that

∥Uα∥H = ∥∥(iαI −A)−1 F
∥∥
H

α→∞→ ∞.

Let as assume that there exists U ∈ H, ∥U∥H , 0 so that

(iαI −A)U=F,
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therefore, for fixed F=
(
0, sin(nπx)

ρ
,0,0,0,0

)
∈H we get

(4.37) v = iαu, φ= iαϕ, ϑ= iαW ,

and

(4.38)


iαρv−µ∗uxx −µ0ϕx = sin(nπx),

iαJφ−a0ϕxx +τµ2ϑx +µ2Wx +µ0ux +ξϕ= 0,

iαbτϑ+bϑ−k2Wxx +kW +µ2φx = 0.

Using (4.37), the system (4.38) can be written as

(4.39)


−α2ρu−µ∗uxx −µ0ϕx = sin(nπx),(
ξ−α2J

)
ϕ−a0ϕxx + (1+ iατ)µ2Wx +µ0ux = 0,(

biα+k−α2bτ
)
W −k2Wxx + iαµ2ϕx = 0,

we take into account the boundary conditions and we set

u = X sin(nπx), ϕ=Y cos(nπx), W = Z sin(nπx),

then we can write (4.39) as

(4.40)


D1 µ0nπ 0

µ0πn D2 D4

0 −iπαµ2n D3




X

Y

Z

=


1

0

0

 ,

where

(4.41)


D1 =

(
µ∗π2n2 −α2ρ

)
,

D2 =
(
ξ−α2J

)+π2a0n2,

D3 =
(
biα+k−α2bτ

)+k2π
2n2,

D4 = (1+ iατ)µ2πn.

By solving (4.40), the solutions X , Y and Z are as follow
X

Y

Z

=


D2D3+iπnαµ2D4

−π2D3n2µ2
0+iπαµ2D1D4n+D1D2D3

−πnµ0
D3

−π2D3n2µ2
0+iπαµ2D1D4n+D1D2D3

−iπ2n2αµ0
µ2

−π2D3n2µ2
0+iπαµ2D1D4n+D1D2D3

 .

We can write the solution X as

X = Q
D1Q−π2n2µ2

0
,

where

(4.42) Q = D2 + iπαµ2n
D4

D3
.
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After that, for some selected r ∈R, we take α such that D1(α)= r. Then, we have

(4.43) −ρα2 = r−µ∗π2n2,

by substituting D3 and D4 into (4.42) and using (4.43), we get

(4.44) Q = D2 +
(
µ2πn

)2 −α2τ+ iα

π2n2ζ+k+ brτ
ρ

+ iαb
.

We discuss two cases :

The first case : Let ζ= 0 and by choosing r = 0, Q can be written as

Q = ξ+ (
a0ρ− Jµ∗

) π2n2

ρ
+ (
µ2πn

)2 −α2τ+ iα
k+ iαb

,

and as α=αn = √
µ∗ πn . Since r = 0, then D1 = 0. Therefore for αn large

Xn = Q
−π2n2µ2

0

=αn
µ2

2

µ2
0

αnτ− i
k+ iαnb

− ξ

π2n2µ2
0
+ Jµ∗−a0ρ

ρµ2
0

≈ cαn + c′,

where c = τµ2
2

ibµ2
0

and c′ = Jµ∗−a0ρ

ρµ2
0

. Then, we have

∥Un∥2
H ≥ ρ ∥vn∥2 = ρα2

n
∥∥Xn

∥∥2
∫ 1

0
(sin(πnx))2 dx

= ρα2
n
∥∥Xn

∥∥2

2
≥ ρ

2
α2

n
∥∥cαn + c′

∥∥2 .

This implies that

lim
n→∞∥Un∥H→∞.

The second case: Let χ, 0 and ζ, 0. Then from (4.44) we get

Q = D2 −
(
µ2πn

)2
τ
ρ

(
µ∗π2n2 + r

)− iαn

π2n2ζ+k+ brτ
ρ

+ iαnc0

= D2 −
(
µ2πn

)2 µ
∗τ
ρζ

− (
µ2πn

)2
µ∗τ
ρζ

(
k+ iαnc0 + r k2

µ∗

)
− iαn

π2n2ζ+ brτ
ρ

+k+ iαnc0
,

where c0 is constant independent of n. Using (4.41), we have

Q = ξ+ r
ρ

J+
(
a0 − µ∗

ρ
J−µ2

2
µ∗τ
ρζ

)
π2n2 − (

µ2πn
)2

µ∗τ
ρζ

(
k+ iαnc0 + r k2

µ∗

)
− iαn

π2n2ζ+ brτ
ρ

+k+ iαnc0
.
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We take r such that

(4.45)
(
a0 − µ∗

ρ
J−µ2

2
µ∗τ
ρζ

)
r =µ2

0 ⇒ r = ρζµ2
0

µ∗a0χ
,

by utilizing (4.45), we obtain

Q = π2n2µ2
0

r
+ξ+ r

ρ
J− (

µ2πn
)2

µ∗τ
ρζ

(
k+ iαnc0 + r k2

µ∗

)
− iαn

π2n2ζ+ brτ
ρ

+k+ iαnc0

≈ π2n2µ2
0

r
+ξ+ r

ρ
J+ µ∗τ

ρζ2 k+ r
k2τ

ρζ2 + iαnc
′
0.(4.46)

Now for the solution Xn we have

Xn = Q
D1Q−π2n2µ2

0
= 1

D1

(
1+ π2n2µ2

0

D1Q−π2n2µ2
0

)
,

then using (4.46) and D1 = r = ρζµ2
0

χ
, thus

Xn = 1
r

1+ µ2
0

µ∗
r+ρα2

n

ξ+ r
ρ

J+ µ∗τ
ρζ2 k+ r k2τ

ρζ2 + iαnc′
0


= µ∗a0χ

ρζµ2
0

1+ µ2
0

µ∗
r+ρα2

n

ξ+ r
ρ

J+ µ∗τ
ρζ2 k+ r k2τ

ρζ2 + iαnc′
0

 .

Therefore

∥Un∥2
H ≥ ρ ∥vn∥2 = ρα2

n
∥∥Xn

∥∥2
∫ 1

0
(sin(πnx))2 dx

= ρα2
n
∥∥Xn

∥∥2

2
≈ Cχα2

n.

This means that if χ, 0, then

lim
n→∞∥Un∥H→∞.

As a result, our conclusion follows. We direct the reader to other related research for further in-

formation on [4, 27, 43]. ■

4.6 Polynomial decay

In this part, we investigate problem (4.4)-(4.6) that arises when

(4.47) χ=µ2
2τ−

(
a0µ

∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)
, 0

and provide a polynomial decay result.
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We need to apply second order energy E∗(t) to get the intended outcome of this section, which

is given by

E∗(t)=1
2

∫ 1

0

[
ρu2

tt +
(
µ∗− µ2

0

ξ

)
u2

xt + Jϕ2
tt +

(
µ0√
ξ

uxt +
√
ξϕt

)2

+a0ϕ
2
xt +b (τWtt +Wt)2

+k2τW2
xt +kτW2

t
]
dx, t > 0.(4.48)

Theorem 4.6.1. Let
(
u,ϕ,W

)
be a solution of problem (4.4)-(4.6) and assume that the coefficients

of the system satisfy (4.47). Then E(t) decays polynomially, i.e., there exists a positive constant λ

depending on the initial data, such that

(4.49) E(t)≤ λ

t
, t > 0.

This theorem requires an extra lemma to be proven.

Lemma 4.6.2. Since (u,ϕ,W) is the solution of (4.4)-(4.6), the functional E∗(t) satisfies the

following estimate

(4.50) E′
∗(t)=−k2

∫ 1

0
W2

xtdx−k
∫ 1

0
W2

t dx ≤ 0, t > 0.

Lemma 4.6.3. Given that (u,ϕ,W) is the solution of (4.4)-(4.6), the functional Γ4(t) defined by

(4.31) meets the following estimate

Γ′4(t)≤− σ

2

∫ 1

0
ϕ2

xdx−
√
ξ

2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ε4

∫ 1

0
u2

t dx+ 3ε5

2

∫ 1

0
u2

xdx

+
(
µ2τ

√
ξ

2
+

√
ξ J

)∫ 1

0
ϕ2

t dx+C (ε5)
∫ 1

0
W2

x dx+ σ2
1

4ε4

∫ 1

0
W2dx+ µ2

0χ
2

2ε5µ
2
2ξ

∫ 1

0
W2

txdx

+ σ2
3

σ

∫ 1

0
(τWt +W)2 dx, t > 0.(4.51)

Proof. By doing the lemma 4.3.6 proof calculations again and accounting for (4.47), we obtain

Γ′4(t)≤− σ

2

∫ 1

0
ϕ2

xdx−
√
ξ

2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ε4

∫ 1

0
u2

t dx+ε5

∫ 1

0
u2

xdx

+
(
µ2τ

√
ξ

2
+

√
ξ J

)∫ 1

0
ϕ2

t dx+C (ε5)
∫ 1

0
W2

x dx+ σ2
1

4ε4

∫ 1

0
W2dx+ σ2

3

σ

∫ 1

0
(τWt +W)2 dx

− µ0

µ2
√
ξ
χ

∫ 1

0
Wtxuxdx.(4.52)
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By applying Young inequality on − µ0

µ2
p
ξ
χ

∫ 1
0 Wtxuxdx, we find

(4.53) − µ0

µ2
√
ξ
χ

∫ 1

0
Wtxuxdx ≤ ε5

2

∫ 1

0
u2

xdx+ µ2
0χ

2

2ε5µ
2
2ξ

∫ 1

0
W2

txdx.

We conclude (4.51), when we replace (4.53) into (4.52). ■

Lemma 4.6.4. Given that (u,ϕ,W) is the solution of (4.4)-(4.6), the functional Γ5(t) defined by

(4.34) meets the following estimate

Γ′5(t)≤− µ0

4

∫ 1

0
u2

xdx+ C̃
∫ 1

0
ϕ2

xdx+ σ2
4

4ε6

∫ 1

0
W2dx+ε6

∫ 1

0
u2

t dx+ σ2
5

µ0

∫ 1

0
W2

x dx

+ σ6

2

∫ 1

0
(τWt +W)2 dx+ χ2

µ0µ
2
2

∫ 1

0
W2

txdx, t > 0,(4.54)

where C̃ = a0µ0
µ∗ + ξ2

µ0
+ σ6

2 .

Proof. By following lemma 4.3.7 proof steps and accounting for (4.47), we get

Γ′5(t)≤− µ0

2

∫ 1

0
u2

xdx+
(

a0µ0

µ∗
+ ξ2

µ0
+ σ6

2

)∫ 1

0
ϕ2

xdx+ σ2
4

4ε6

∫ 1

0
W2dx+ε6

∫ 1

0
u2

t dx

+ σ2
5

µ0

∫ 1

0
W2

x dx+ σ6

2

∫ 1

0
(τWt +W)2 dx+ χ

µ2

∫ 1

0
Wtxuxdx.(4.55)

By applying Young’s inequality, we have

(4.56)
χ

µ2

∫ 1

0
Wtxuxdx ≤ µ0

4

∫ 1

0
u2

xdx+ χ2

µ0µ
2
2

∫ 1

0
W2

txdx.

The substitution of (4.56) into (4.55) yields (4.54) . ■

We define the Lyapunov functional č(t) by

č(t)= N [E(t)+E∗(t)]+Γ1(t)+N2Γ2(t)+N3Γ3(t)+N4Γ4(t)+N5Γ5(t), t > 0,(4.57)

where N, N2, N3, N4 and N5 > 0. Additionally, it is simple to establish that two positive constants

η̄1 and η̄2 exist such that

(4.58) η̄1 [E(t)+E∗(t)]≤ č′(t)≤ η̄2 [E(t)+E∗(t)] , t > 0.

Now, by recalling (4.18), (4.50), (4.20), (4.25), (4.29), (4.51) and (4.54), we obtain

č′(t)≤−
[

k2N − k2
2J
µ2

N2 −
(
τk2 +

τ2µ2
2

4ε3

)
N3 −C (ε5) N4 −

σ2
5

µ0
N5

]∫ 1

0
W2

x dx

−
[

kN − k2J
µ2

N2 − (b+kτ) N3 −
σ2

1

4ε4
N4 −

σ2
4

4ε6
N5

]∫ 1

0
W2dx−Nk

∫ 1

0
W2

t dx

−
[

k2N − µ2
0χ

2

2ε5µ
2
2ξ

N4 − χ2

µ0µ
2
2

N5

]∫ 1

0
W2

xtdx− [
ρ−ε4N4 −ε6N5

]∫ 1

0
u2

t dx

−
[
µ2J

2
N2 −ε3N3 −

(
µ2τ

√
ξ

2
+

√
ξ J

)
N4

]∫ 1

0
ϕ2

t dx
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−
[

b
2

N3 −C (ε1,ε2) N2 −
σ2

3

σ
N4 − σ6

2
N5

]∫ 1

0
(τWt +W)2 dx

−
[σ

2
N4 −ε2N2 − C̃N5

]∫ 1

0
ϕ2

xdx−
[ √

ξ

2
N4 − µ0

2
√
ξ

]∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx

−
[
µ0

4
N5 − µ0

2
√
ξ
−ε1N2 − 3ε5

2
N4

]∫ 1

0
u2

xdx,(4.59)

a similar selection of N2, ε1, ε2, ε3, ε4 and ε6 as in the proof of theorem 4.3.1, where ε1 = µ0

8
p
ξN2

,

ε2 = C̃p
ξN2

, ε3 = 1
N3

, ε4 = ρ
4N4

and ε6 = ρ
4N5

, besides by setting N5 = 4p
ξ

and ε5 = µ0

12
p
ξN4

, (4.59)
will be

č′(t)≤−
[

k2N − k2
2J
µ2

N2 −
(
τk2 +

τ2µ2
2N3

4

)
N3 −

(
µ2τ

√
ξ

2
+ µ2

2

2
√
ξ
+ 3

√
ξσ2

2N4

µ0

)
N4

− 4σ2
5√

ξµ0

]∫ 1

0
W2

x dx−
[

kN − k2J
µ2

N2 − (b+kτ) N3 −
σ2

1

ρ
N2

4 −
16σ2

4

ρξ

]∫ 1

0
W2dx

−
[
µ2J

2
N2 −

(
µ2τ

√
ξ

2
+

√
ξ J

)
N4 −1

]∫ 1

0
ϕ2

t dx− µ0

4
√
ξ

∫ 1

0
u2

xdx− ρ

2

∫ 1

0
u2

t dx

−
[

b
2

N3 −
√
ξ b2

(
a2

0 +ξ2

2C̃
+ µ2√

ξ bN2
+2µ0

)
N2

2 −
σ2

3

σ
N4 − 2σ6√

ξ

]∫ 1

0
(τWt +W)2 dx

−
[
σ

2
N4 − 5C̃√

ξ

]∫ 1

0
ϕ2

xdx−
[ √

ξ

2
N4 − µ0

2
√
ξ

]∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx,(4.60)

much farther, we select N4 such that

N4 >max

(
10C̃

σ
√
ξ

,
µ0

ξ

)
,

and we choose N3 so that

b
2

N3 −
√
ξ b2

(
a2

0 +ξ2

2C̃
+ µ2√

ξ bN2
+2µ0

)
N2

2 −
σ2

3

σ
N4 − 2σ6√

ξ
> 0.

Finally, N must be selected such that

kN − k2J
µ2

N2 − (b+kτ) N3 −
σ2

1

ρ
N2

4 −
16σ2

4

ρξ
> 0,

k2N − k2
2J
µ2

N2 −
(
τk2 +

τ2µ2
2N3

4

)
N3 −

(
µ2τ

√
ξ

2
+ µ2

2

2
√
ξ
+ 3

√
ξσ2

2N4

µ0

)
N4 −

4σ2
5√

ξµ0
> 0.

Although, (4.60) leads, for λ̄ a positive constant, to

(4.61) č′(t)≤−λ̄E(t), ∀t ≥ 0.

Once we integrate (4.61) over (0, t), we get

tE(t)≤
∫ t

0
E(s)ds ≤ 1

λ̄
(č(0)− č(t)) , ∀t ≥ 0.
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The preceding inequality has the following form while keeping relation (4.58) in mind

E(t)≤ č(0)
λ̄t

≤ η̄2 (E(0)+E∗(0))
λ̄t

,

by posing λ= η̄2(E(0)+E∗(0))
λ̄

, we conclude (4.49).
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5
WELL POSEDNESS AND STABILITY RESULT OF LORD-SHULMAN

SYSTEM WITH MICROTEMPERATURE EFFECTS: THE CASE ξµ∗ =µ2
0

5.1 Introduction

The most well-known law for modeling heat conduction is the Fourier law. This law of thermoe-

lasticity, based on a parabolic-type heat-conduction equation, is characteristic of the paradoxical

behavior of thermoelastic waves with discontinuities and infinite velocities as a function of

frequency. Precisely,

(5.1) q =−κθx,

where κ> 0 is the thermal conductivity which depends on the properties of the material. However,

this law may not be applicable in thermal non-equilibrium and/or non-local situations. Thus,

several attempts have been proposed to overcome this physical paradox such as Cattaneo’s law

[17] in which the heat is assumed to be transported by a wave propagation process rather than

diffusion,

(5.2) τ0qt + q =−κθx,

where the parameter τ0 is the relaxation time called single-phase-lag. Other modifications of

Fourier’s law has been proposed by Tzou [73] which take into account the acceleration of the heat

flow:

(5.3) q+τqqt +
τ2

q

2
qtt =−κ1 (τθθtx +θx) ,

here τq and τθ are the thermal phase lags of heat flux vector and temperature gradient, respec-

tively, and by Choudhuri [20] which consider the three-phase-lag thermoelastic model. Directly
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0

from (5.3), we can easily derive the Fourier’s law (5.1) for the special case τq = τθ = 0 and by

neglecting the terms O (τ2
q), we find the Cattaneo law (5.2) in the case τθ = 0.

Note that, the well-known Lord-Shulman thermoelasticity has attracted a lot of attention from

scientists in recent years, and a considerable number of results have been obtained see [25, 33]

and the references therein. This study builds on linear thermoelasticity with finite wave speeds,

which deals with the paradox of infinite propagation speeds of thermal signals caused by the

Fourier model of heat conduction. For more results in the case of the thermoelasticity with

microtemperature see [22, 32, 36, 62].

The basic evolution equations for one-dimensional theories of porous materials with microtem-

peratures in the case of the relaxation time are:

(5.4) ρutt = Sx, Jϕtt = Hx +G, ρE t = Px + q−Q,

where ρ is the mass density, J is the equilibrated inertia, S is the stress tensor, q is the heat

flux vector, P is the first heat flux moment, H is the equilibrated stress, G is the equilibrated

body force, Q is the mean heat flux and E is the first moment of energy. The variables u and

ϕ are respectively, the displacement of the solid elastic material and the volume fraction. The

constitutive equations are:

(5.5)
S =µ∗ux +µ0ϕ, H = a0ϕx −µ2 (τTt +T) ,

G =−µ0ux −ξϕ, ρE =−b (τTt +T)−µ2ϕx,

Q = k3T, q = k1T, P =−k2Tx,

where T denotes the microtemperature vector, τ > 0 is the relaxation parameter and the rest

of the parameters, namely ξ and µ2 denote a porosity coefficients, a0 is the porosity diffusion

coefficient and the other parameters b, k1, k2 and k3 are usual in the study of the present theory.

Among the precedent coefficients, that which satisfy the following inequalities

k = k1 −k3 > 0,

with µ∗ =λ+2µ and λ, µ are the Lamé’s parameters, µ0 is the coupling between the displacement

and the porosity which must be different from zero and satisfies the relation

(5.6) µ∗ > µ2
0

ξ
.

Now, by substituting Eq. (5.5) into Eq. (5.4), we obtain the following system

(5.7)


ρutt =µ∗uxx +µ0ϕx, in (0,1)× (0,∞) ,

Jϕtt = a0ϕxx −µ2 (τTtx +Tx)−µ0ux −ξϕ, in (0,1)× (0,∞) ,

b (τTt +T)t = k2Txx −µ2ϕtx −kT, in (0,1)× (0,∞) .
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In order to make system (5.7) well determined, we impose the following initial and boundary

conditions:

(5.8)
u (0, t)= u (1, t)= T (0, t)= T (1, t)= 0, t > 0,

ϕx (0, t)=ϕx (1, t)= 0, t > 0,

and

(5.9)
u (x,0)= u0 (x) , ut (x,0)= u1 (x) , ϕt (x,0)=ϕ1 (x) , x ∈ (0, 1) ,

ϕ (x,0)=ϕ0 (x) , T (x,0)= T0 (x) , Tt (x,0)= T1 (x) , x ∈ (0, 1) ,

here u0, u1, ϕ0, ϕ1, T0 and T1 are given functions.

In [4], Apalara investigated system (5.7) for the case τ = 0, he showed that the unique

dissipation due to the microtemperatures is strong enough to exponentially stabilize the system

if and only if the wave speeds of the system are equal

(5.10) χ0 = µ∗

ρ
− a0

J
= 0.

Additionally, if (5.10) does not hold, he proved that the system is polynomially stable. In [8],

Bazarra et al. generalized thermoelasticity theory acting on a poroelastic problem with tempera-

ture and microtemperature and established the exponential decay using the method developed by

Liu and Zheng [48]. Recently, Ramos et al. [61] considered system (5.7) under the condition (5.6)

and by using the method based on the Gearhart–Herbst–Prüss–Huang theorem to dissipative

systems [37, 54], they seeked a necessary and sufficient condition to obtain the exponential or

polynomial stability of the system.

In this work, we aim to complement the work of [61] by giving a necessary condition on the

coefficients to drive the system to the equilibrium state in an exponential manner. More precisely,

if the coefficients satisfy the following condition

(5.11) χ= 0,

where

(5.12) χ=µ2
2τ−

(
a0µ

∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)
,

and under

(5.13) ξµ∗ =µ2
0.

To the best of our knowledge, Lord–Shulman with porosity and microtemperature but without

temperature with coefficients satisfying (5.13) have not been discussed before.

Meanwhile, from the second equation of (5.7) and the boundary conditions (5.8), we get

(5.14)
d2

dt2

∫ 1

0
ϕ(x, t)dx+ ξ

J

∫ 1

0
ϕ(x, t)dx = 0, ∀ t ≥ 0.
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So, by solving (5.14) and using the initial data of ϕ, we arrive at

∫ 1

0
ϕ(x, t)dx =

(∫ 1

0
ϕ0(x)dx

)
cos

√
ξ

J
t

+
√

J
ξ

(∫ 1

0
ϕ1(x)dx

)
sin

√
ξ

J
t

 .

Consequently, if we set

ϕ(x, t)=ϕ(x, t)−
∫ 1

0
ϕ(x, t)dx, t ≥ 0, x ∈ [0,1] ,

we find ∫ 1

0
ϕ(x, t)dx = 0, t ≥ 0.

(u, ϕ, θ) satisfies the same equations in (5.7)-(5.9) with

ϕ (x,0)=ϕ0 (x)=ϕ0 (x)−∫ 1
0 ϕ

0(x)dx,

ϕt (x,0)=ϕ1 (x)=ϕ1 (x)−∫ 1
0 ϕ

1(x)dx.

In what follows we will work with ϕ but, for convenience, we write ϕ instead of ϕ.

5.2 Well posedness

In this section, we will use the semigroup theory to transform our problem into a Cauchy problem

in the proper Hilbert space. First, we define the vector function U = (u,Ψ,ϕ,Ξ,T,Θ)T where

Ψ= ut, Ξ=ϕt and Θ= Tt, leading to the following rewriting of system (5.7)-(5.9)

(5.15)

{
Ut =AU , t > 0,

U (0)=U0 =
(
u0, u1, ϕ0, ϕ1, T0, T1

)T ,

where the definition of the operator A :D(A)⊂H−→H is

A=



0 I 0 0 0 0
µ∗
ρ

D2 0 µ0
ρ

D 0 0 0

0 0 0 I 0 0

−µ0
J D 0 a0

J D2 − ξ
J I 0 −µ2

J D −µ2τ
J D

0 0 0 0 0 I

0 0 0 −µ2
bτD k2

bτD2 − k
bτ I −1

τ
I


,

where D i = ∂i

∂xi and we denote by I the identity operator. The domain of A is given by:

(5.16) D(A)=
(

U = (u,Ψ,ϕ,Ξ,T,Θ)T ∈H / u, T ∈ H2 (0,1)∩H1
0 (0,1) ;

ϕ ∈ H2∗ (0,1)∩H1∗ (0,1) ; Ψ, Θ ∈ H1
0 (0,1) ; Ξ ∈ H1∗ (0,1)

)
.

Let

H= H1
0 (0,1)×L2 (0,1)×H1

∗ (0,1)×L2
∗ (0,1)×H1

0 (0,1)×L2 (0,1)
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be the Hilbert space, where

(5.17)

L2∗ (0,1)=
{
Ψ ∈ L2 (0,1) ,

∫ 1
0 Ψ (x)dx = 0

}
,

H1∗ (0,1)= H1 (0,1)∩L2∗ (0,1) ,

H2∗ (0,1)= {
Ψ ∈ H2 (0,1) , Ψx (0)=Ψx (1)= 0

}
,

with the following inner product

〈
U ,Ũ

〉=ρ ∫ 1

0
ΨΨ̃dx+

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)(
µ0√
ξ

ũx +
√
ξ ϕ̃

)
dx

+a0

∫ 1

0
ϕxϕ̃xdx+ J

∫ 1

0
ΞΞ̃dx+k2τ

∫ 1

0
TxT̃xdx+kτ

∫ 1

0
TT̃dx

+b
∫ 1

0
(τΘ+T)

(
τΘ̃+ T̃

)
dx,(5.18)

with ξµ∗ =µ2
0 and for all U = (u,Ψ,ϕ,Ξ,T,Θ)T ∈H and Ũ = (ũ,Ψ̃, ϕ̃,Ξ̃, T̃,Θ̃)T ∈H. The correspond-

ing norm in H is

∥U∥H =
∫ 1

0

[
ρΨ2 +

(
µ0√
ξ

ux +
√
ξϕ

)2

+a0ϕ
2
x + JΞ2 +k2τT2

x +kτT2 +b (τΘ+T)2

]
dx.(5.19)

The well-posedness of problem (5.7)-(5.9) is given in the following theorem.

Theorem 5.2.1. Let U0 ∈H, then there exists a unique solution U ∈ C (R+,H) to Problem (5.7)-(5.9).

Moreover, if U0 ∈D(A), then the solution U ∈ C (R+,D(A))∩C1 (R+,H) .

Proof. First, we would prove that A is a maximal dissipatif operator. So, by using (5.15) and the

boundary conditions, we have for U ∈D (A):

〈AU , U〉H =−k2

∫ 1

0
T2

x dx−k
∫ 1

0
T2dx ≤ 0.

Next, to prove that the operator (I −A) is surjective, we follow the same steps as in [61]. Conse-

quently, using the Lumer–Phillips theorem [53], it follows that A generates a C0-semigroup of

contractions on H. So, the conclusion of theorem 5.1 follows. ■

5.3 Exponential stability

In this part, we demonstrate the exponential stability result for system (5.7)-(5.9), by using the

energy technique where we introduce a stability number χ. We begin by establishing our system’s

energy as follows

E (t)= 1
2

∫ 1

0

[
ρu2

t + Jϕ2
t +a0ϕ

2
x +b (τTt +T)2 +k2τT2

x +kτT2 +
(
µ0√
ξ

ux +
√
ξϕ

)2]
dx.(5.20)

The main result of this section is given by the following theorem.
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Theorem 5.3.1. Let
(
u,ϕ,T

)
be a solution of problem (5.7)-(5.9) and assume that the coefficients

of the system satisfy (5.11) and (5.13). Then the energy E(t) decays exponentially, i.e., there exist

two positive constants α and γ, where α is dependent of the initial data such that

(5.21) E(t)≤αe−γt, ∀t ≥ 0.

Many lemmas will be used to establish the proof of this theorem.

Lemma 5.3.2. Let (u,ϕ,T) be a solution of (5.7)-(5.9). Then, the energy functional E (t), defined

by (5.20) satisfies

(5.22) E′ (t)=−k2

∫ 1

0
T2

x dx−k
∫ 1

0
T2dx ≤ 0, t > 0.

Proof. Let’s multiply the three equations of system (5.7), respectively by ut, ϕt and (τTt +T).

Then, integrating by parts over (0,1), we get

ρ

2
d
dt

∫ 1

0
u2

t dx+ µ∗

2
d
dt

∫ 1

0
u2

xdx =−µ0

∫ 1

0
ϕutxdx,

1
2

d
dt

∫ 1

0

(
Jϕ2

t +a0ϕ
2
x +ξϕ2)

dx =µ2

∫ 1

0
(τTt +T)ϕtxdx−µ0

∫ 1

0
uxϕtdx,

1
2

d
dt

∫ 1

0

[
b (τTt +T)2 +k2τT2

x +kτT2]
dx =−k2

∫ 1

0
T2

x dx−k
∫ 1

0
T2dx−µ2

∫ 1

0
ϕtx (τTt +T)dx,

by summing the above equations, we obtain

1
2

d
dt

∫ 1

0

[
ρu2

t +µ∗u2
x + Jϕ2

t +a0ϕ
2
x +ξϕ2 +2µ0ϕux +b (τTt +T)2 +k2τT2

x +kτT2]
dx

=−k
∫ 1

0
T2dx−k2

∫ 1

0
T2

x dx.(5.23)

Condition (5.13) clearly shows that

(5.24) µ∗
∫ 1

0
u2

xdx+ξ
∫ 1

0
ϕ2dx+2µ0

∫ 1

0
uxϕdx =

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx.

Now, the relation (5.22) is proved by substituting (5.24) into (5.23). ■

Lemma 5.3.3. The functional Γ1 defined by

(5.25) Γ1 (t)=−ρ
∫ 1

0
utudx, t > 0,

satisfies

(5.26) Γ′1 (t)≤−ρ
∫ 1

0
u2

t dx+ 5
2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ 7ξ
2

∫ 1

0
ϕ2

xdx, t > 0.
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Proof. By differentiating Γ1 and integrating by parts over (0,1), we obtain

(5.27) Γ′1 (t)=µ∗
∫ 1

0
u2

xdx−µ0

∫ 1

0
ϕxudx−ρ

∫ 1

0
u2

t dx.

Recalling (5.13) and using Poincaré’s inequality, we arrive at

(5.28) µ∗
∫ 1

0
u2

xdx =
∫ 1

0

(
µ0√
ξ

ux

)2

dx ≤ 2
∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+2ξ
∫ 1

0
ϕ2

xdx,

in the same way, after using the inequality of Young

|µ0

∫ 1

0
ϕxudx| ≤ 1

4

∫ 1

0

(
µ0√
ξ

ux

)2

dx+ξ
∫ 1

0
ϕ2

xdx

≤ 1
2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ 3ξ
2

∫ 1

0
ϕ2

xdx.(5.29)

The substitution of (5.28) and (5.29) into (5.27), yields (5.26) . ■

Lemma 5.3.4. The functional Γ2 defined by

(5.30) Γ2(t)=−b
∫ 1

0
τ2TtTdx− bτ

2

∫ 1

0
T2dx, t > 0,

satisfies, for any ε1 > 0,

(5.31) Γ′2 (t)≤ −b
2

∫ 1

0
(τTt +T)2 dx+ (b+kτ)

∫ 1

0
T2dx+ε1

∫ 1

0
ϕ2

t dx+
(
τk2 +

τ2µ2
2

4ε1

)∫ 1

0
T2

x dx, t > 0.

Proof. A simple differentiation of Γ2, using (5.7)3 and then integrating by parts, we get

(5.32) Γ′2 (t)=−b
∫ 1

0
(τTt)2 dx+τk2

∫ 1

0
T2

x dx−τµ2

∫ 1

0
ϕtTxdx+kτ

∫ 1

0
T2dx.

Applying Young’s inequality

(5.33) −τµ2

∫ 1

0
ϕt Txdx ≤ ε1

∫ 1

0
ϕ2

t dx+ τ2µ2
2

4ε1

∫ 1

0
T2

x dx,

and using the fact that

(5.34) −b
∫ 1

0
(τTt)2 dx ≤ −b

2

∫ 1

0
(τTt +T)2 dx+b

∫ 1

0
T2dx,

we obtain (5.31). ■
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Lemma 5.3.5. The functional Γ3 defined by

(5.35) Γ3(t)= 1√
ξ

J
∫ 1

0
ϕtϕdx− ρµ0

µ∗

∫ 1

0
ut

 x∫
0

ϕdy

dx

 , t > 0,

satisfies the following estimate, for any ε2 > 0,

Γ′3(t)≤− a0

2
√
ξ

∫ 1

0
ϕ2

xdx+ µ2
2

2
√
ξa0

∫ 1

0
(τTt +T)2 dx+

(
J√
ξ
+ ρ2

4ε2µ∗

)∫ 1

0
ϕ2

t dx

+ε2

∫ 1

0
u2

t dx, t > 0.(5.36)

Proof. Direct computation, using equation (5.7)1 and (5.7)2, we find

Γ′3(t)= 1√
ξ

∫ 1

0

[
a0ϕxx −µ2 (τTtx +Tx)−µ0ux −ξϕ

]
ϕdx+ J√

ξ

∫ 1

0
ϕ2

t dx

− µ0√
ξµ∗

∫ 1

0

(
µ∗uxx +µ0ϕx

) x∫
0

ϕd y

dx− ρµ0√
ξµ∗

∫ 1

0
ut

 x∫
0

ϕtdy

dx.

Thus,

Γ′3(t)= a0√
ξ

∫ 1

0
ϕxxϕdx− µ2√

ξ

∫ 1

0
(τTtx +Tx)ϕdx+ J√

ξ

∫ 1

0
ϕ2

t dx− ρµ0√
ξµ∗

∫ 1

0
ut

 x∫
0

ϕtd y

dx

− 1√
ξ

∫ 1

0

(
µ0ux +ξϕ

)
ϕdx−

∫ 1

0

(
µ0√
ξ

ux +
µ2

0√
ξµ∗

ϕ

)
x

 x∫
0

ϕd y

dx,

by integrating by parts over (0,1), using the fact that ξ= µ2
0

µ∗ and
1∫

0

ϕdx = 0, we arrive at

Γ′3(t)=− a0√
ξ

∫ 1

0
ϕ2

xdx+ µ2√
ξ

∫ 1

0
(τTt +T)ϕxdx−

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)
ϕdx

+ J√
ξ

∫ 1

0
ϕ2

t dx+
∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)
ϕdx− ρµ0√

ξµ∗

∫ 1

0
ut

 x∫
0

ϕtd y

dx.(5.37)

Young’s and Cauchy Schwarz’s inequalities, lead

µ2√
ξ

∫ 1

0
(τTt +T)ϕxdx ≤ a0

2
√
ξ

∫ 1

0
ϕ2

xdx+ µ2
2

2
√
ξa0

∫ 1

0
(τTt +T)2 dx,

− ρµ0√
ξµ∗

∫ 1

0
ut

 x∫
0

ϕtd y

dx ≤ ε2

∫ 1

0
u2

t dx+ ρ2

4ε2µ∗

∫ 1

0
ϕ2

t dx.

By inserting the previous inequalities into (5.37) , we conclude (5.36). ■
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Lemma 5.3.6. The functional Γ4 defined by

Γ4(t)=J
∫ 1

0
ϕt

(
µ0√
ξ

ux +
√
ξϕ

)
dx− a0bµ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τTt +T)utdx

+ µ0a0ρ

µ∗
√
ξ

∫ 1

0
utϕxdx− k2µ0a0√

ξµ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Txuxdx−µ2τ

√
ξ

∫ 1

0
Tϕxdx, t > 0,(5.38)

satisfies, for any ε3, ε4 > 0,

Γ′4(t)≤−
√
ξ

2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+
( √

ξ 3

4
+ σ2a2

0b2µ∗2ξ

4ε4ρ2µ2
2

)∫ 1

0
ϕ2

xdx

+
(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)∫ 1

0
T2

x dx+ σ2k2a2
0µ

∗

4ε3µ
2
2

∫ 1

0
T2dx+ε3

∫ 1

0
u2

t dx

+2
√
ξ J

∫ 1

0
ϕ2

t dx+ε4

∫ 1

0
(τTt +T)2 dx− µ0

µ2
√
ξ
χ

∫ 1

0
Ttxuxdx, t > 0.(5.39)

Proof. Differentiating functional (5.38) , using (5.7)1, (5.7)2 and (5.7)3. Then, integrating by

parts, we obtain

Γ′4(t)=− a0√
ξ

(
ξ− µ2

0

µ∗

)∫ 1

0
ϕ2

xdx− µ2
0√
ξ

∫ 1

0
u2

xdx+µ2τ
√
ξ

∫ 1

0
Txϕtdx

−µ2

∫ 1

0
Tx

(
µ0√
ξ

ux +
√
ξϕ

)
dx+ a0µ

∗bµ0

µ2ρ
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Txuxdx

+ µ0a0k√
ξµ2

(
J
a0

− ρ

µ∗

)∫ 1

0
Tutdx− a0bµ2

0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τTt +T)ϕxdx

−µ0
√
ξ

∫ 1

0
uxϕdx+

√
ξ J

∫ 1

0
ϕ2

t dx−ξ
∫ 1

0
ϕ

(
µ0√
ξ

ux +
√
ξϕ

)
dx

− µ0

µ2
√
ξ

[
µ2

2τ−
(

a0µ
∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)]∫ 1

0
Ttxuxdx,

and noting that

−
√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx =− µ2
0√
ξ

∫ 1

0
u2

xdx−µ0
√
ξ

∫ 1

0
uxϕdx−ξ

∫ 1

0
ϕ

(
µ0√
ξ

ux +
√
ξϕ

)
dx,

we arrive at

Γ′4(t)=−
√
ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+µ2τ
√
ξ

∫ 1

0
Txϕtdx+

√
ξ J

∫ 1

0
ϕ2

t dx

− a0bµ2
0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τTt +T)ϕxdx+ µ∗a0bµ0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Txuxdx

+ ka0µ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Tutdx−µ2

∫ 1

0
Tx

(
µ0√
ξ

ux +
√
ξϕ

)
dx

− µ0

µ2
√
ξ

[
µ2

2τ−
(

a0µ
∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)]
︸                                         ︷︷                                         ︸

=χ

∫ 1

0
Ttxuxdx.(5.40)
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Applying Young’s and Poincaré’s inequalities with the use of µ∗ξ=µ2
0, we get

µ2τ
√
ξ

∫ 1

0
Txϕtdx ≤

√
ξ J

∫ 1

0
ϕ2

t dx+ µ2
2τ

2
√
ξ

4J

∫ 1

0
T2

x dx,

−µ2

∫ 1

0
Tx

(
µ0√
ξ

ux +
√
ξϕ

)
dx ≤ µ2

2√
ξ

∫ 1

0
T2

x dx+
√
ξ

4

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx,

ka0µ0

µ2
√
ξ

(
J
a0

− ρ

µ∗

)
︸        ︷︷        ︸

=σ

∫ 1

0
Tutdx ≤σ

2k2a2
0µ

∗

4ε3µ
2
2

∫ 1

0
T2dx+ε3

∫ 1

0
u2

t dx,

µ∗a0bµ0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
Txuxdx ≤2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

∫ 1

0
T2

x dx+
√
ξ

8

∫ 1

0

(
µ0√
ξ

ux

)2

dx

≤2σ2µ∗2a2
0b2

ρ2µ2
2

√
ξ

∫ 1

0
T2

x dx+
√
ξ 3

4

∫ 1

0
ϕ2

xdx

+
√
ξ

4

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx,

− a0bµ2
0

ρµ2
√
ξ

(
J
a0

− ρ

µ∗

)∫ 1

0
(τTt +T)ϕxdx ≤σ

2a2
0b2µ∗2ξ

4ε4ρ2µ2
2

∫ 1

0
ϕ2

xdx+ε4

∫ 1

0
(τTt +T)2 dx.

The substitution of the previous estimates into (5.40), yields (5.39). ■

Lemma 5.3.7. The functional Γ5 defined by

(5.41) Γ5 (t)=− 1√
ξ

[
bJ

∫ 1

0
(τTt +T)

(∫ x

0
ϕtd y

)
dx

]
, t > 0,

satisfies, for any ε5 > 0,

Γ′5 (t)≤− µ2J

2
√
ξ

∫ 1

0
ϕ2

t dx+ k2
2J√
ξµ2

∫ 1

0
T2

x dx+ ε5

3ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ε5

∫ 1

0
ϕ2

xdx

+
(

3a2
0b2

4ε5ξ
+ µ2b√

ξ
+ 9b2ξ

4ε5

)∫ 1

0
(τTt +T)2 dx+ k2J√

ξµ2

∫ 1

0
T2dx, t > 0.(5.42)

Proof. By exploiting the functional Γ5(t) using (5.7)2 and (5.7)3. Then integrating by parts with

the relation
∫ 1

0 ϕtdx = 0, we get

Γ′5 (t)=−µ2J√
ξ

∫ 1

0
ϕ2

t dx+ k2J√
ξ

∫ 1

0
Txϕtdx+ kJ√

ξ

∫ 1

0
T

(∫ x

0
ϕtd y

)
dx+ µ2b√

ξ

∫ 1

0
(τTt +T)2 dx

− a0b√
ξ

∫ 1

0
ϕx (τTt +T)dx+ bµ0√

ξ

∫ 1

0
u (τTt +T)dx+

√
ξ b

∫ 1

0

(∫ x

0
ϕdy

)
(τTt +T)dx,(5.43)
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by using Young’s, Cauchy Schwarz’s and Poincaré’s inequalities

− a0b√
ξ

∫ 1

0
ϕx (τTt +T)dx ≤ε5

3

∫ 1

0
ϕ2

xdx+ 3a2
0b2

4ε5ξ

∫ 1

0
(τTt +T)2 dx,

bµ0√
ξ

∫ 1

0
u (τTt +T)dx ≤ ε5

6ξ

∫ 1

0

(
µ0√
ξ

ux

)2

dx+ 3ξb2

2ε5

∫ 1

0
(τTt +T)2 dx

≤ ε5

3ξ

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+ ε5

3

∫ 1

0
ϕ2

xdx

+ 3ξb2

2ε5

∫ 1

0
(τTt +T)2 dx,

b
√
ξ

∫ 1

0

(∫ x

0
ϕd y

)
(τTt +T)dx ≤ε5

3

∫ 1

0
ϕ2

xdx+ 3b2ξ

4ε5

∫ 1

0
(τTt +T)2 dx,

k2J√
ξ

∫ 1

0
Txϕtdx ≤ µ2J

4
√
ξ

∫ 1

0
ϕ2

t dx+ k2
2J√
ξµ2

∫ 1

0
T2

x dx,

kJ√
ξ

∫ 1

0
T

(∫ x

0
ϕtd y

)
dx ≤ µ2J

4
√
ξ

∫ 1

0
ϕ2

t dx+ k2J√
ξµ2

∫ 1

0
T2dx,

we conclude (5.42), when we estimate (5.43) by the previous quantities. ■

5.4 Proof of theorem 5.3.1

Utilizing the previous lemmas with the following Lyapunov functional L(t)

L(t)= NE(t)+Γ1(t)+N1Γ2 +N2Γ3 +N3Γ4 +N4Γ5, t > 0,

for N, N1, N2, N3 and N4 > 0, we have

L′(t)≤−CTx

∫ 1

0
T2

x dx−CT

∫ 1

0
T2dx−Cut

∫ 1

0
u2

t dx−Cϕt

∫ 1

0
ϕ2

t dx−Cϕx

∫ 1

0
ϕ2

xdx

−C(τTt+T)

∫ 1

0
(τTt +T)2 dx−C(

µ0p
ξ

ux+
p
ξϕ

) ∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx,

where

CTx = Nk2 −N1

(
τk2 +

τ2µ2
2

4ε1

)
−N3

(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)
−N4

k2
2J√
ξµ2

,

CT = Nk−N1 (b+kτ)−N3
σ2k2a2

0µ
∗

4ε3µ
2
2

−N4
k2J√
ξµ2

,

Cut = ρ−N2ε2 −N3ε3, C(
µ0p
ξ

ux+
p
ξϕ

) = N3

√
ξ

2
−N4

ε5

3ξ
− 5

2
,

Cϕt = N4
µ2J

2
√
ξ
−N1ε1 −N2

(
J√
ξ
+ ρ2

4ε2µ∗

)
−2N3

√
ξ J,
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0

Cϕx = N2
a0

2
√
ξ
−N3

( √
ξ 3

4
+ σ2a2

0b2µ∗2ξ

4ε4ρ2µ2
2

)
−N4ε5 − 7ξ

2
,

C(τTt+T) = N1
b
2
−N2

µ2
2

2
√
ξa0

−N3ε4 −N4

(
3a2

0b2

4ε5ξ
+ µ2b√

ξ
+ 9b2ξ

4ε5

)
.

By setting N3 = 7p
ξ

, ε1 = 1
N1

, ε2 = ρ
4N2

, ε3 = ρ
4N3

, ε4 = 1 and ε5 = 3ξ
2N4

, we obtain

CTx = Nk2 −N1

(
τk2 +

N1τ
2µ2

2

4

)
− 7√

ξ

(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)
−N4

k2
2J√
ξµ2

,

CT = Nk−N1 (b+kτ)− 49σ2k2a2
0µ

∗

ξρµ2
2

−N4
k2J√
ξµ2

,

Cut =
ρ

2
, C(

µ0p
ξ

ux+
p
ξϕ

) = 1
2

, Cϕt = N4
µ2J

2
√
ξ
−1−N2

(
J√
ξ
+ N2ρ

µ∗

)
−14J,

Cϕx = N2
a0

2
√
ξ
− 7√

ξ

( √
ξ 3

4
+ σ2a2

0b2µ∗2ξ

4ρ2µ2
2

)
−5ξ,

C(τTt+T) = N1
b
2
−N2

µ2
2

2
√
ξa0

− 7√
ξ
−N4

(
N4a2

0b2

2ξ2 + µ2b√
ξ
+ 3N4b2

2

)
.

If we choose our parameters correctly, all of the terms on the right-hand side of the final inequality

turn positive. First, we select N2 large enough, so that

Cϕx = N2
a0

2
√
ξ
− 7√

ξ

( √
ξ 3

4
+ σ2a2

0b2µ∗2ξ

4ρ2µ2
2

)
−5ξ> 0,

and we pick N4 large enough, such that

Cϕt = N4
µ2J

2
√
ξ
−1−N2

(
J√
ξ
+ N2ρ

µ∗

)
−14J > 0.

Then, N1 must be large enough so that

C(τTt+T) = N1
b
2
−N2

µ2
2

2
√
ξa0

− 7√
ξ
−N4

(
N4a2

0b2

2ξ2 + µ2b√
ξ
+ 3N4b2

2

)
> 0.

Finally, we choose N sufficiently large such that

CTx = Nk2 −N1

(
τk2 +

N1τ
2µ2

2

4

)
− 7√

ξ

(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)
−N4

k2
2J√
ξµ2

> 0,

CT = Nk−N1 (b+kτ)− 49σ2k2a2
0µ

∗

ξρµ2
2

−N4
k2J√
ξµ2

> 0.

All of these options yield to

(5.44) L′(t)≤−βE(t), t > 0, for some β> 0.
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Moreover, it is simple to establish that two positive constants, η1 and η2, exist such that

(5.45) η1E (t)≤ L(t)≤ η2E (t) , t > 0.

From (5.44) and the right side of (5.45), we obtain

(5.46) L(t)≤ C1e−
β

η2
t, t > 0,

where C1 is a positive constant. which yields the desired result (5.21) by using the other side of

the equivalence relation again.

5.5 Polynomial decay

In this part, we study the polynomial decay result of system (5.7)-(5.9) in the case when

(5.47) χ=µ2
2τ−

(
a0µ

∗bτ
ρ

−a0k2

)(
J
a0

− ρ

µ∗

)
, 0,

and prove a polynomial decay result. In addition to the first-order energy, given by (5.20), we

define the second-order energy E∗(t) by

E∗(t)= 1
2

∫ 1

0

[
ρu2

tt + Jϕ2
tt +

(
µ0√
ξ

uxt +
√
ξϕt

)2

+a0ϕ
2
xt +b (τTtt +Tt)2 +κ2τT2

xt +κτT2
t

]
dx.

(5.48)

We can see that

(5.49) E′
∗(t)=−k2

∫ 1

0
T2

xtdx−k
∫ 1

0
T2

t dx ≤ 0, t > 0.

Lemma 5.5.1. The functional Γ4 defined by (5.38) satisfies the following estimate

Γ′4(t)≤−
√
ξ

4

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+
( √

ξ 3

2
+ σ2a2

0b2µ∗2ξ

4ε4ρ2µ2
2

)∫ 1

0
ϕ2

xdx

+
(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)∫ 1

0
T2

x dx+ 2χ2

µ2
2

√
ξ

∫ 1

0
T2

txdx+ε3

∫ 1

0
u2

t dx

+ σ2k2a2
0µ

∗

4ε3µ
2
2

∫ 1

0
T2dx+2

√
ξ J

∫ 1

0
ϕ2

t dx+ε4

∫ 1

0
(τTt +T)2 dx, t > 0.(5.50)

Proof. Following the steps of lemma 5.3.6 and recalling (5.47), we get

Γ′4(t)≤−
√
ξ

2

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx+
( √

ξ 3

4
+ σ2a2

0b2µ∗2ξ

4ε4ρ2µ2
2

)∫ 1

0
ϕ2

xdx

+
(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)∫ 1

0
T2

x dx+ σ2k2a2
0µ

∗

4ε3µ
2
2

∫ 1

0
T2dx

+ε3

∫ 1

0
u2

t dx+2
√
ξ J

∫ 1

0
ϕ2

t dx+ε4

∫ 1

0
(τTt +T)2 dx− µ0

µ2
√
ξ
χ

∫ 1

0
Ttxuxdx.(5.51)
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0

Applying Young’s inequality to the last term of (5.51), we find

− µ0

µ2
√
ξ
χ

∫ 1

0
Ttxuxdx ≤ 2χ2

µ2
2

√
ξ

∫ 1

0
T2

txdx+
√
ξ

8

∫ 1

0

(
µ0√
ξ

ux

)2

dx

≤ 2χ2

µ2
2

√
ξ

∫ 1

0
T2

txdx+
√
ξ 3

4

∫ 1

0
ϕ2

xdx+
√
ξ

4

∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx.(5.52)

We end up with (5.50), by substituting (5.52) into (5.51). ■

Theorem 5.5.2. Suppose that (5.47) is valid. Problem (5.7)-(5.9) is then polynomially stable,

when λ is a positive constant and

(5.53) E(t)≤ λ

t
, t > 0.

Proof. We define the Lyapunov functional č(t) by

č(t)= N [E(t)+E∗(t)]+Γ1(t)+N1Γ2(t)+N2Γ3(t)+N3Γ4(t)+N4Γ5(t), t > 0,

where N, N1, N2, N3 and N4 > 0. Additionally, it is simple to establish that two positive constants,

η̄1 and η̄2, exist such that

(5.54) η̄1 [E(t)+E∗(t)]≤ č(t)≤ η̄2 [E(t)+E∗(t)] , t > 0.

Now, by recalling the previous lemmas with (5.49) and (5.50), we obtain

č′(t)≤−CTx

∫ 1

0
T2

x dx−CT

∫ 1

0
T2dx−Cut

∫ 1

0
u2

t dx−Cϕt

∫ 1

0
ϕ2

t dx−CTt

∫ 1

0
T2

t dx−Cϕx

∫ 1

0
ϕ2

xdx

−C(τTt+T)

∫ 1

0
(τTt +T)2 dx−C(

µ0p
ξ

ux+
p
ξϕ

) ∫ 1

0

(
µ0√
ξ

ux +
√
ξϕ

)2

dx−CTxt

∫ 1

0
T2

txdx,

where

CTx = Nk2 −N1

(
τk2 +

τ2µ2
2

4ε1

)
−N3

(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)
−N4

k2
2J√
ξµ2

,

C(
µ0p
ξ

ux+
p
ξϕ

) = N3

√
ξ

4
−N4

ε5

3ξ
− 5

2
,

CT = Nk−N1 (b+kτ)−N3
σ2k2a2

0µ
∗

4ε3µ
2
2

−N4
k2J√
ξµ2

,

CTxt = Nk2 −N3
2χ2

µ2
2

√
ξ

, Cut = ρ−N2ε2 −N3ε3, CTt = Nk,

(5.55)
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Cϕt = N4
µ2J

2
√
ξ
−N1ε1 −N2

(
J√
ξ
+ ρ2

4ε2µ∗

)
−2N3

√
ξ J,

Cϕx = N2
a0

2
√
ξ
−N3

( √
ξ 3

2
+ σ2a2

0b2µ∗2ξ

4ε4ρ2µ2
2

)
−N4ε5 − 7ξ

2
,

C(τTt+T) = N1
b
2
−N2

µ2
2

2
√
ξa0

−N3ε4 −N4

(
3a2

0b2

4ε5ξ
+ µ2b√

ξ
+ 9b2ξ

4ε5

)
.(5.56)

A similar selection of ε j j=1,4
as in the proof of theorem 5.3.1 with N3 = 16p

ξ
and ε5 = 3ξ

2N4
, then the

relation (5.56) takes the form

CTx = Nk2 −N1

(
τk2 +

N1τ
2µ2

2

4

)
−N3

(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)
−N4

k2
2J√
ξµ2

,

CTtx = Nk2 −N3
2χ2

µ2
2

√
ξ

, CTt = Nk,

CT = Nk−N1 (b+kτ)− 256σ2k2a2
0µ

∗√
ξρµ2

2

−N4
k2J√
ξµ2

,

C(τTt+T) = N1
b
2
−N2

µ2
2

2
√
ξa0

− 16√
ξ
−N4

(
N4a2

0b2

2ξ2 + µ2b√
ξ
+ 3N4b2

2

)
,

Cϕt = N4
µ2J

2
√
ξ
−1−N2

(
J√
ξ
+ 4N2ρ

µ∗

)
−32J,

Cϕx = N2
a0

2
√
ξ
− 16√

ξ

( √
ξ 3

2
+ σ2a2

0b2µ∗2ξ

4ρ2µ2
2

)
−5ξ,

Cut =
ρ

2
, C(

µ0p
ξ

ux+
p
ξϕ

) = 1.(5.57)

Also as in the proof of theorem 5.3.1, we select N2 large enough, such that

Cϕx = N2
a0

2
√
ξ
− 16√

ξ

( √
ξ 3

2
+ σ2a2

0b2µ∗2ξ

4ρ2µ2
2

)
−5ξ> 0,

in addition, N4 must be large enough so that

Cϕt = N4
µ2J

2
√
ξ
−1−N2

(
J√
ξ
+ 4N2ρ

µ∗

)
−32J > 0.

Now, we fixed N1 large enough, so that

C(τTt+T) = N1
b
2
−N2

µ2
2

2
√
ξa0

− 16√
ξ
−N4

(
N4a2

0b2

2ξ2 + µ2b√
ξ
+ 3N4b2

2

)
> 0.
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0

Finally, we pick N large enough so that

CTx = Nk2 −N1

(
τk2 +

N1τ
2µ2

2

4

)
−N3

(
µ2

2τ
2
√
ξ

4J
+ µ2

2√
ξ
+ 2σ2µ∗2a2

0b2

ρ2µ2
2

√
ξ

)
−N4

k2
2J√
ξµ2

> 0,

CT = Nk−N1 (b+kτ)− 256σ2k2a2
0µ

∗√
ξρµ2

2

−N4
k2J√
ξµ2

> 0,

CTtx = Nk2 −N3
2χ2

µ2
2

√
ξ
> 0.

Although, (5.57) leads, for λ̄ a positive constant, to

(5.58) č′(t)≤−λ̄E(t), ∀t ≥ 0.

Once we integrate (5.58) over (0, t), we get

tE(t)≤
∫ t

0
E(s)ds ≤ 1

λ̄
(č(0)− č(t)) ,∀t ≥ 0.

The preceding inequality has the following form while keeping the relation (5.54) in mind

E(t)≤ č(0)
λ̄t

≤ η̄2 (E(0)+E∗(0))
λ̄t

,

by posing λ= η̄2(E(0)+E∗(0))
λ̄

, we conclude (4.49). ■
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CONCLUSION

Based on the preceding studies and research, we derive numerous conclusions.

In chapter 3, we studied the asymptotic behavior of a swelling porous elastic system in the

presence of porous damping and neutral delay. Our findings show that the porous damping

dissipation is powerful enough to stabilise the system exponentially even with neutral delay.

In chapter 4, We were able to study the stability result of Lord-Shulman system with microtemper-

ature effect, where we achieved a positive result in just one damping owing to microtemperature

and when µ∗ > µ2
0
ξ

; we gain exponential stability when (4.9) prevails. While its absence results in

a lack of exponential decay on one side, we get polynomial decay on the other, which is a slower

sort of stability. For the optimality of theorem 4.6.1, we cite the result of Ramos et al. [61], where

they used theorem 2.4 in Borichev and Tomilov [12] to prove the polynomial decay of order 1/2 for

the same system (4.4).

In chapter 5, we were also able to prove the exponential stability of the same system as in the

previous chapter but with a non-positive energy, i.e., when µ∗ = µ2
0
ξ

, and nder an appropriate new

assumption about the coefficients of the system.
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