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ملخص                 

  

 

لمشكلة كوشي لبعض الفئات المعينة للمعادلات التفاضلية (  الشاذة)الحلول الفريدة تمت دراست  

اذ نبني الحلول الصريحة التي تم . مزدوجة الخطية و غير الخطية في المجال المعقد الشاذةالجزئية 

 .إنشاؤها بواسطة الدوال فوق الهندسية و التي تسمح بوصف الشذوذ للحل

 

أظهرت بالفعل النتائج الأخيرة المتوصل اليها، أن المعادلات التي تقع خارج نطاق النتائج العامة  و قد    

لديها حلول فوق الهندسية، و يبدو أن هذه هي الطريقة الوحيدة للحل التي لديها معلومات عن الشذوذ، من 

لنبرهن في . ات عامةالحل مع العلم أنه لا توجد طرق منهجية لنزع الشذوذ بهدف الحصول على نظري

   .(الخواص)حول المميزات الأخير أن الحل في الحالة العامة هو متشعب 

  

، المعادلة  التقارب الفرديةفوق الهندسي  الدوال،  التمديد التحليلي ، مشكلة كوشي : كلمات المفتاحيةال

.التفاضلية الجزئية  

 

 

 

 

 

 

 

 

 

 

 

 

 

II 

 



 

 

 

Résumé 

 

     

    Nous étudions dans cette thèse la propagation des singularités de la solution 

du problème de Cauchy pour certaines classes d'équations aux dérivées partielles 

singulières à caractéristiques doubles linéaires et non linéaires dans le domaine 

complexe. 

    On construit explicitement des solutions engendrées par des fonctions 

hypergéométriques qui permettent de décrire les singularités de la solution. En 

effet des résultats récents ont montré que des équations qui ne relèvent pas du 

champ d'application de résultats généraux possèdent des solutions 

hypergéométriques et il semblerait que c'est le seul moyen d'avoir des 

informations sur les singularités de la solution vu qu'on ne dispose pas de 

méthodes de désingularisation systématique permettant d'obtenir des théorèmes 

généraux. 

    On montre que la solution est en général ramifiée autour des caractéristiques. 

 

 

    Mots-clés : Problème de Cauchy, fonction hypergéométrique, prolongement 

analytique, singularité, convergence, Equation aux dérivées partielles. 
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Abstract 

 

 

    We study the singularities propagation of the solution of the Cauchy problem 

for certain classes of singular partial differential equations with double linear 

and non-linear characteristics in the complex field. 

    We construct explicit solutions generated by hypergeometric functions that 

describe the singularities of the solution. Indeed recent results have shown that 

equations that fall outside the general scope results have hypergeometric 

solutions and it seems that this is the only way to have information on the 

singularities of the solution seen that there is no systematic desingularization 

methods for obtaining general theorems. 

    It is shown that the solution is in general about characteristics branched. 

    Keywords : Cauchy problem, hypergeometric function, analytical extension, 

singularity, convergence, partial differential equation. 
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                

               

           

              

 

          

           

              

            

   

           

           

     

          



             

                 

          

             

           

           







          

             

           

         

             

          

          

     

     

     



   

                 

 

   

     

            

     

      





          

 

    


 

    

    

             

            

     

            

         

         

               

  

  



     

    

            

  


 




 


   

 



 






           

            

     

    

           

           



            

         

     

            

            

    

          





 



         

          

             

     

            

             



        

             

    

  

    

           






   

   
 



   

 









                     

              

            

 

 


     

   



    

             

             

              



 

         

    


   

 






              

     




    

   

 

        





 

                

  

    





 


 

 



    





 


 

 



            

    




  

 





    





 

 


    

          

           

       


    

      


    

   


   


    

   


   


    







 

                  

         

   

      



   

         




   

  


    

             

           

 
 


   




  

                 

                  

 

                 

       





     

            

  

            

               

 

     



         

                  

       



             

                 

         



         





 

           

             

  

                 

       

              

  

     

            

  

       

    




     

    






    







  





   

          

            


     

     






       

 
 







     

          

   

 
 


   




   

       

                

    

     



    

      




          

             

       

     


 


      

     




          

      

 

               

        





         

   

   
         

           





      





  
           

                

  

 

             

         

 

          

       





             

 
 




   

  

            

      

       

  

   

  

            

          

    

           



   

            

 

   





      

             

           

              

    
 

 
  



            

 
   

   

 

            

   

   

           

   

   

   

       

   

       

   

         

   

   

 

   

    

              

 

      

     





   

   

   

   

   


            




 

 

  

  
   

   

  
 

 
 

    
   

   

 

 

    

    


   

  





 



   

   



 

 


 





 

 
 

 

    
 

 
  





    

         

  

             

           

  

 

            

 

             

       

                

              

                    

           

               

 





  





  

               

     





    

      
  




  



     

          

    

 

       

     

 

     

            

 

         





 

     

         

 

       

              

            

             



  

             

            

               

   




    





 

       

   

   

   

       

  

  

 

       

   

    

  

    

              





 

     

     

  

  

 

             

            

 

            

     

     

     





                 

          

   

             

             

 

 


 
        

            

             

            

            

      

  

     

      

           

         

     

    


  















             

     

     

             

             



 

    

     

       

    


  

         

         

    

   

  

 





            

   

     

           

     

  


 

    


       

     











  
            

           

                 

     

         





  

      

           

 

           



        



   
  







              

             



        

  

             

   

  







     

     
 

   

     

         

    
 

    





         

     



 

 


  

 


     




     

       

       

               

            

      

    



                

 

            



    

    



   

  

  







     

            

  



   

  





 

   



             

      

         

 

             

  


  

       

     

        



 

   

  





     

        





   






       


            




    

    

             

     

     

          


  

            

 

  



    

      





          

       

         

         



  

          

             



         

       

 

       

        

       

        

               

              

           

       

              



 





          

   


      



 








    

         








 

   

   

    

           

          

             

    

 

          

    











   












          

        
 





 


 

 











     

   


    

 


  

 

        

      

                  

      

          

          


  

 

       






 

      

       

    

   



        

       





    




  

 

   

       

   

   



        

      

        





 

     

       

   

   



   

      

        

 

      

       

   

   



      

       





  



  

          





     
           

         



 

      

           

         



 

  

    

      
  

    



 

    

                 

 

                 

               

              

        


  

    





              

        

      

     

            

      

 

              

        

 


  

 

 


 


   

 




           


   

     


    











 

       

   

      

  

 

      

  

      

      

  


 

 
 

    













 







    





           

  
 

   





 

 

  


     










  





   


  










 


  


  



 

     


  




  





   
 


 



  


        

       

        

  

     





    

  
 

 



 



 
 





 
 





     

   





 

     

 


  

 
       

               



   

    







     






                   

   

     










            






 

 



 








   







        





  

 


  

 


       


    







        



           

 
            

     

     



            

   
 

 

             

 






   

   



         

 

          

    

            

            

  


 






  




             

           









 



          








 





 


    

          










            

         





  

  

   





       

     

             

       

       



       

         

        


      






 


      

           

       

   



 


  





 

     

     

  

  

 

              

  

             

             

          

           





     

         

             
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
 



 
 

             

 

          


   







       

                


 

   

   



     

     

        


 


 

  


 

     

 

     


 

   


  


 

  


  









 

  


  


  


 

  


   


 





      

  


  









  




  


   


  




  


     


 

 


       

       

 


      

    

 


      

 


      

 


   

 


    

  

  


    

      

   





 
               

            

           

    



              

          

                  

         

           

  

       







   

     


    





 




 




  

    

  


    



 

            

      





  


  


    



   






           

             

  








 

            

 

 


 
 

 


 
 

 


  
 

 


  
 

  


  
 





          

 



  




  




 
 



 
 




 











   

      

 


  




  





 
 



 
 




 

    

 


   



  




   


 
 




 

 


     

       





          

 

       

   

        

 

 


    

  
 

            

    

  





    

      

 



   

  
   

  
 

      

 
 

        





  








 
    

  


       

 


          

      

        

         

           





 

   

   

  

 

           

           

               

            

         

     





              

        

              

   

        

   

    



                   

 

            

           

       

            

        

           

 

            

 

       

         

   













 

        

        

  

  

        

  







       

  



      

     

   

           

     

       

     

          

     





 

              

   





 




  

  


  

   


 







   

 


  

   


 

 

    
  


       

 

  


  

   


 







  

 


  

   


 









 


   






        




  












































































             

  


   


    

       

  

            

      

            

 

  


   


  

         

        

           

 





   


  

  

  


  

          

  


  

  


  

       
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Exemple : On pose : C=-2. 
 h : la solution hypergéométrique complète y. 
yp=h2 : la solution particulière.  
Yh=h3 : la solution homogène. 
u : la solution générale de problème. 
 
> sigma:=2; 

 
 
> h1:=(z^sigma)/(sigma*(sigma-(1/2)))*(hypergeom( 
[1,sigma+1,sigma+(1/2)],[sigma+1,sigma+(1/2)],(z) )); 
 

 
> h2:=simplify(h1); 

 
> h3:=simplify(hypergeom( [1,1/2],[1/2],(z) )); 
 

 
> h:=(h2)+(h3); 

 
> simplify(h); 

 
  
> (z*(1-z)*diff(diff(h,z),z))+(((1/2)-(5/2)*z)*(diff(h,z)))-
((1/2)*h); 
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h1 := 1
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z 2
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h := - 
z 2
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6 -1 + z( )
 + 1

2 -1 + z( )



 
 
 
 
> simplify((z*(1-z)*diff(diff(h,z),z))+(((1/2)-
(5/2)*z)*(diff(h,z)))-((1/2)*h)); 
 

 
> u:=-ln((1-z)*(simplify(h))); 
 

 
 

> simplify(u); 
 

 
 

> L:=subs(z=(t^2)/x,u); 
 

 
> simplify(L); 
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> LU:=utt+2*t*(utx)-2*(ux)+4*x*((ux)^2)-((ut)^2); 
 

 
 
> simplify(LU); 
 

 
 
 
> simplify(exp(u)); 
 

 
 

 > feu:=simplify(exp(u))*(-4)*(x^(-sigma-1))*(t^(2*sigma-2))*(x-
t^2); 
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2
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12 -x + t 2( ) t 2
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



 
 
 
Exemple 4.3 : On pose : C=-2. 
w : la solution hypergéométrique complète y. 
k : la solution homogène. 
u : la solution générale de problème. 
 
 
> sigma:=1; 

 
> tau:=-1; 

 
> (f(sigma+n)):=(z^(sigma+n))/((sigma+n)*((sigma+n)-
(1/2)))*(hypergeom( 
[1,(sigma+n)+1,(sigma+n)+(1/2)],[(sigma+n)+1,(sigma+n)+(1/2)],(z) 
)); 
 

 
> simplify(f(sigma+n)); 
 

 
 

> h:=((((GAMMA(n+1-tau))*(simplify(f(sigma+n))))/((GAMMA(1-
tau))*((n)!)))); 
 

 
 

> K:=simplify(hypergeom( [1,1/2],[1/2],(z)) ); 
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s := 1

t := -1

f 1 + n( ) := z
1 + n( ) hypergeom 1[ ], [], z( )

1 + n( ) 1
2

 + næ
ç
è

ö
÷
ø

- 
2 z 1 + n( )

1 + n( ) 1 + 2 n( ) -1 + z( )

h := - 
2 G 2 + n( ) z 1 + n( )

1 + n( ) 1 + 2 n( ) -1 + z( ) n!

K := - 1
-1 + z



 
 
> P:=sum(h,n=0..infinity)+K; 
 

 
 
> w:=simplify(P); 
 

 
 

> simplify((z*(1-z)*diff(diff(K,z),z))+(((1/2)-
(5/2)*z)*(diff(K,z)))-((1/2)*K)); 

 
> simplify((z*(1-z)*diff(diff(w,z),z))+(((1/2)-
(5/2)*z)*(diff(w,z)))-((1/2)*w)); 

 
> ug:=-ln((1-z)*w); 

 
> u:=simplify(subs(z=(t^2)/x,ug)); 
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         

   


 

  

  


 

          

    


  

  


   

             

     

  

     


 





      

        

      

              

    

  

        

   

 

      

              

            

         

      


 

     

       








             

       


      





   





    






  




 





   

     

 


       

            

     

      

      





 


       


 

 


      

  


 

  

 


     

   
  





            

  

 


     

   
 






  
  




 


 




  
 













     

     

  
 

 
  

  



 

  

          

 

 


  

  

      







    

  





  

       


 

        


 

     

          

       

 


   
   




            

  


   
   

 






      
   

   
 




      

  
 


  

 




        





  
 














 




 




























             

  



   
   

   






 









 



   

   


  

  

        





 

               

        

          

 

         

     

            

        

           

      

             

            

           

  

           

          

             

            

 

           

       

          

      

             

            

      





          

          

   

             

           

    

              

            

     

             

     

            

           

   

           

        

          

             

   

             

   

             

        

             

     

             
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SINGULARITIES OF SOLUTIONS TO PARTIAL DIFFERENTIAL
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Abstract. We give an explicit representation of the solution of the following
singular Cauchy problem with analytic data,

utt � xuxx + Cux �B(t2 � 4x)�1u = 0:
We also study the singularities of this solution.

Theorem[section] [theorem]Lemma [theorem]Remark [theorem]Example

1. Introduction

In this article, we study the singularities of the solution to the following Cauchy
problem with analytic data in the complex domain

LU = @2tU � x@2xU + C@xU �B(t2 � 4x)�1U = 0;
U(0; x) = U0x);

Ut(0; x) = U1(x);

(1.1)

where C and B are real numbers. The variables t; x and the unknown U are complex
numbers. Our aim is to give an explicit representation of the solution in terms of
Gauss hypergeometric functions and study its singularities.
Equation (1.1) arises naturally by linearizing the nonlinear partial di¤erential

equation with double characteristics in involution

@2tU � x@2xU + C@xU = aUp;

around its self-similar solution U = (t2�4x)
�1
p�1 , where a is real number, p > 1 and

B = ap.
In the complex domain, the study of the singularities of the solutions of the

nonlinear Cauchy problem is very complicated. Especially if the roots of the char-
acteristic polynomial are double and not holomorphic at the origin (as is in our
case). Indeed the technical di¢ culties are such that even in the linear case there
are no methods for obtaining general theorems.
However in the case of second order equations, many authors showed that the

solutions of certain evolution or degenerate linear equations can be expressed in
terms of hypergeometric functions. Since these hypergeometric functions have in-
trinsic singularities, they permit the analysis of the structure of the solutions and
therefore to describe their singularities; see [2, 3, 4, 5, 7].
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We will show that the solution, depending on various parameters, might have
singularities on the characteristic surfaces:

K1 : x = 0; K2 : 4x� t2 = 0: (1.2)

Before developing the theory and to get some insight to the problem, we present
four concrete examples.

Example 1. In C2 consider the Cauchy problem

@2tU � x@2xU + 2@xU � 28(t2 � 4x)�1U = 0;
U(0; x) = x4;

Ut(0; x) = 0:

The solution is

U(t; x) =
1

42
(4x� t2)2(x2 � t2x+ t

4

6
):

We observe that U is polynomial.

Example 2. The Cauchy problem

@2tU � x@2xU � 2@xU � 12(t2 � 4x)�1U = 0;
U(0; x) = x;

Ut(0; x) = 0;

has solution

U(t; x) =
1

16
x�1(4x� t2)2:

Thus it is singular only on K1 : x = 0.

Example 3. In C2 consider the Cauchy problem

@2tU � x@2xU + @xU + 6(t2 � 4x)�1U = 0;
U(0; x) = x;

Ut(0; x) = 0:

Its solution is

U(t; x) = 4x2(4x� t2)�1:
Thus, U(t; x) is singular only on K2 : 4x� t2 = 0.

Example 4. Consider the Cauchy problem

@2tU � x@2xU � @xU � 4(t2 � 4x)�1U = 0;
U(0; x) = x;

Ut(0; x) = 0:

Its solution is

U(t; x) =
1

4

�
t
p
(4x� t2) arcsin( t

2
p
x
) + (4x� t2)

�
:

Thus, U(t; x) is singular both on K1 : x = 0 and on K2 : 4x� t2 = 0.
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2. Statement of the problem

In a neighborhood 
 of the origin of C2, we consider the Cauchy problem with
analytic data:

LU = @2tU � x@2xU + C@xU �B(t2 � 4x)�1U = 0;
U(0; x) = u0(x);

Ut(0; x) = u1(x);

(2.1)

where

u0(x) =
1X
l=0

alx
l; u1(x) =

1X
l=0

blx
l

are analytic and C, B are real numbers.
Our purpose is to construct an exact solution in terms of hypergeometric func-

tions and to show that the solution might have singularities on the characteristic
surfaces (1.2). We denote


R = f(t; x) 2 C2 : jtj < R; jxj < Rg;
K1 = f(t; x) 2 
R : x = 0g;

K2 = f(t; x) 2 
R : 4x� t2 = 0g:

Using these notation, we have the following theorems.

Theorem 1. The Cauchy problem (2.1) has a unique solution of the form :

U(t; x) =
X
l�0
(alVl;� + blWl;�0);

with
V (t; x) = Vl;�(t; x)

= (4)��(x)l��(4x� t2)�F
�
� � l; C + � � l + 1; 1

2
;
t2

4x

�
;

(2.2)

where � satis�es

�(2l � � � C � 1
2
) =

1

4
B;

W (t; x) =Wl;�0(t; x) =

= (4)��
0
(x)l��

0
(4x� t2)�

0
tF
�
�0 � l; C + �0 � l + 1; 3

2
;
t2

4x

�
;

(2.3)

where

�0(2l � �0 � C + 1
2
) =

1

4
B;

and F denotes the Gauss hypergeometric function. This solution might have singu-
larities on K = K1 [K2.

2.1. Construction of the solutions. According to the principle of superposition,
it is su¢ cient to study the following two Cauchy problems:

LV = 0;

V (0; x) = xl;

Vt(0; x) = 0;

(2.4)
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and
LW = 0;

W (0; x) = 0;

Wt(0; x) = x
l:

(2.5)

First we solve (2.4). Setting the Characteristics equations x = �1 and 4x� t2 =
�2. Let V (t; x) = Vl(t; x) = �l1v(z) with z = 1 � �2

4�1
. Substituting �l1v(z) for V ,

LV = 0 becomes

LV =
1

2
�l�11 V 0 + z�l�11 V 002�l�11 V 00 � 2z�l�11 V 0 + lz�l�11 V 0

+ zl�l�11 V 0 � l(l � 1)�l�11 V + C(l�l�11 V � z�l�11 V 0) +
B

�2
�l1V = 0:

Simplifying this equation and replacing �1
�2
by 1

4(1�z) , we have

z(1� z)v00 +
�1
2
� (C + 2(1� l))z

�
v0

+ (l(C � l + 1)� 1
4
B(

1

z � 1))v = 0:
(2.6)

The substitution v = (1� z)�y leads to

z(1� z)y00 +
�1
2
� (C + 2(1� l + �))z

�
y0

+
�
l(C � l + 1) + �(� + C + 1� 2l)

�
y = 0:

(2.7)

Therefore (2.7) is equivalent to a Gauss di¤erential equation with parameters�
� � l; C + � � l + 1; 1

2

�
;

if and only if

�
�
2l � � � C � 1

2

�
=
1

4
B: (2.8)

According to hypergeometric equation theory, we have: A �rst solution of Gauss
equation for jzj < 1 is

y1(z) = F (a; b; c; z) = F
�
� � l; C + � � l + 1; 1

2
; z
�
:

A second solution is

y2(z) = z
1=2F

�
a� c+ 1; b� c+ 1; 2� c; z

�
= z1=2F

�
� � l + 1

2
; C + � � l + 3

2
;
3

2
; z
�
:

A complete solution of the Gauss equation is

y = DF
�
� � l; C + � � l + 1; 1

2
; z
�

+ Ez1=2F
�
� � l + 1

2
; C + � � l + 3

2
;
3

2
; z
�
;

(2.9)

with z = t2

4x , for jzj < 1, where D and E are constants.
It follows that V = xl(1� z)�y is a solution of LV = 0. Taking into account the

Cauchy data
V (0; x) = xl; Vt(0; x) = 0:
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we have to choose D = 1 and E = 0. Hence V (t; x) reduces to

V (t; x) = Vl�(t; x) = x
l
�
1� t2

4x

��
F
�
� � l; C + � � l + 1; 1

2
;
t2

4x

�
: (2.10)

In a similar way, we solve the second Cauchy problem (2.4) by setting

W (t; x) = txl
�
1� t2

4x

��0
y;

we obtain
W (t; x) =Wl;�0(t; x)

= t(4)��
0
xl��

0
(4x� t2)�

0
F
�
�0 � l; C + �0 � l + 1; 3

2
;
t2

4x

�
;

(2.11)

where �0 and l satisfy

�0(
1

2
+ 2l � C � �0) = B

4
:

Remark 1. When � � l = �n or C + � � l + 1 = �n; n 2 N, the solution V of
(2.4) is

V (t; x) = (4)l�n(x)n(4x� t2)l�n
� nX
i=0

�i(
t2

4x
)i
�
;

= (4)l�n(4x� t2)l�n
� nX
i=0

�ix
n�i(

t2

4
)i
�
;

its last term is
cnt

2n(4x� t2)l�n;
where cn depends on parameters C; l and �.

Therefore, we have some results for V .
(1) When l � n � 0, the solution V (t; x) is a polynomial.
(2) When l � n < 0, the solution is singular on the surface K2 : 4x� t2 = 0.
(3) When C + � � l + 1 = �n, we have the following results:

(i) For C < �n� 1, the solution is singular on the surface K1.
(ii) For C > �n� 1 and l � (C + n+ 1) < 0, the solution is singular on

the surface K2.
(iii) For C > �n� 1 and l � (C + n+ 1) > 0, the solution is polynomial.

2.2. Singularities. In this section, we study the singularities of the solution. The
mapping

z =
t2

4x
;

transforms

t = 0; into z = 0;

K2 : t
2 � 4x = 0; into z = 1;

K1 : x = 0; into z =1:
By construction, the solution U is composed of a hypergeometric function which

is holomorphic on D � (0; 1;1), where D is the Riemann sphere. So, the study
of the singularities of the solution is reduced to those corresponding well known
properties of Gauss functions. It follows that U is rami�ed around K1 [K2.
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2.3. Convergence of the solution. The study of the convergence of this solution
is reduced to estimate the Gauss functions. For this, we apply the following result.

Lemma 2. If a � b > c > 0 and d = a+ b� c, then for jzj < 1,

F (a; b; c; z)� (1� z)�d�(c)�(d)
�(a)�(b)

: (2.12)

For the proof of this lemma, see [6].

Theorem 3. The series
P

l�0 alVl and
P

l�0
P
blWl converge for jxj < R

4 , where
R is the radius of convergence of u0 and u1.

Proof. We have

V (t; x) = Vl(t; x) = (x)
l
�
1� t2

4x

��
F
�
� � l; C + � � l + 1; 1

2
;
t2

4x

�
:

Let

� = �1 =
2l � C � 1

2 �
p
�

2
be one of the roots of the equation (2.8), where

� =
�
2l � C � 1

2

�2 �B (2.13)

Putting : a = � � l, b = C + � � l + 1, and c = 1
2 , we have

d = a+ b� c = 2� � 2l + C + 1
2
= �

p
� < 0:

In this case, we recall the Euler transformation

F (�; �; 
; z) = (1� z)
����F (
 � �; 
 � �; 
; z):

Applying this transformation to F (� � l; C + � � l + 1; 12 ;
t2

4x ), we obtain

F
�
� � l; C + � � l + 1; 1

2
;
t2

4x

�
=
�
1� t2

4x

�p�
F
�
l � � + 1

2
; l � C � � � 1

2
;
1

2
;
t2

4x

�
:

For l large, l � � = l + o(1), and so by applying Lemma 2 to F
�
l � � + 1

2 ; l � C �
� � 1

2 ;
1
2 ;

t2

4x

�
we have

F
�
l � � + 1

2
; l � C � � � 1

2
;
1

2
;
t2

4x

�
�
�
1� t2

4x

��p�
M;

where y =
p
�
2 and

M =
�( 12 )�(2y)

�(y � 2C+1
4 )�(y + 2C+3

4 )
:

Stirling�s formula gives

M � 22y�1
p
2�(y)y�

1
2 e�y

p
2�(y)ye�y�p

2�(y)y�(
2C+3
4 )e�y

��p
2�(y)y+(

2C+1
4 )e�y

� ;
then M � 22y�1. Therefore,

jV (t; x)j 6 22y�1jxjlj1� t
2

x
j�1 j1� t

2

x
j
p
�j1� t

2

x
j�
p
�
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6 22y�1jxjlj1� t
2

x
j�1 :

As �1 ! 0 for l large, we deduce that

lim sup
l!1

jVlj1=l � 4jxj:

It follows that
P

l�0 alVl converges for

jxj < R

4
:

In the similar way, we show that
P
blWl converges for

jxj < 1

4
R:

This completes the proof. �
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